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Abstract

A two-site spatial coagulation model is considered. Particles of masses m
and n at the same site form a new particle of mass m + n at rate mn . Inde-
pendently, particles jump to the other site at a constant rate. The limit (for
increasing particle numbers) of this model is expected to be non-deterministic
after the gelation time, namely, one or two giant particles randomly jump be-
tween the two sites. Moreover, a new effect of induced gelation is observed -
the gelation happening at the site with the larger initial number of monomers
immediately induces gelation at the other site. Induced gelation is shown to
be of logarithmic order. The limiting behaviour of the model is derived rigor-
ously up to the gelation time, while the expected post-gelation behaviour is
illustrated by a numerical simulation.
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1 Introduction

We consider a minimal spatial model of coagulation with the gelling kernel mn
describing the coagulation rate and an independent motion of particles between two
sites 0 and 1 which happens at a given rate x for each particle irrespective of its
mass. 5o the basic model is a continuous time Markov process with the following
time evolution:

o At time 0 there are Ny resp. N; particles of mass 1 (monomers) each at the
sites 0 and 1.

e An (unordered) pair of particles of masses m resp. n at the same site has a
tendency to coalesce (independently of the other particles’ configuration) at
rate mn to form a new particle of mass m + n.

e Each particle has a tendency to jump to the other site at a fixed rate x (again
independently of the other particles’ configuration).

We investigate the limiting behaviour of this model for large particle numbers.
The expected behaviour is notably more complex compared to the well-known case,
where all particles live at the same site (mean-field model or homogeneous model).
Denote the total monomer number Ny + N; by N. While the mean-field model has
a deterministic limit, described by a modified Smoluchowski system of differential
equations (with the modification being urged by the effect of gelation, meaning
that, after rescaling time by ¢t — t/N, at gelation time t4; = 1 a giant particle
of mass comparable to the total mass suddenly appears in a phase transition and
modifies the evolution), the more general model considered here is expected to have
a stochastic limit after gelation time, caused by the fact that the motion of (at most
two) giant particles is no longer governed by the law of large numbers. Moreover, a
new effect of induced gelation is observed: The gelation happening at the site with
the larger initial number of monomers immediately induces a gelation at the other
site. We give a rigorous derivation of the limiting behaviour up to the gelation time
which is based mainly on the cutting techniques developed in [Nor99], [Nor00].

We emphasize that a mathematically rigorous derivation of the limiting be-
haviour after gelation in our model can be expected to be quite difficult since the
existing techniques either are based on a martingale approach and rely heavily upon
the finiteness of the expected particle size per monomer ([Nor99]), which breaks
down at the gelation time, or they make use of random graph techniques ([Bol85])
which admit no (or at least no immediate) generalization to the spatial model.
Also, as will be seen later, the speed of convergence to the limit process is very slow,
namely of logarithmic order in the total particle number, because induced gelation
is an effect of logarithmic effectiveness. Hence, as far as post-gelation behaviour is
concerned (Section 5), this account will be of mainly phenomenological nature and
will deliver evidence for the expected phenomena by numerical simulation. In the
rigorous part we use the notions ’gelation time’ and ’gelation’ in a weaker sense,
meaning the explosion of the second moment.
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2 The Spatial Model

Let us define rigorously the Markov model with continuous time and a countable
state space. A state of the system is given by two sequences of non-negative integers
{€m,0}m>0 and {&m 1}m>o0 both with only a finite number of non-zero entries describ-
ing the numbers of particles of different masses at the two sites. Consequently, a
(time-homogeneous) Markov process is uniquely defined by giving an initial distri-
bution, a state dependent jump rate and the transition probabilities. As for the
initial distribution we will consider at this point the deterministic state given by the
two length-one sequences { No}, { N:} meaning a start with Ny, N; monomers at the
two sites. The jump rate (depending on the scaling parameter N = Ny + N; with
the meaning of the total number of monomers) is given by

3 NN 1) 5 (1)

and at a jump a state ({&mo0}m>0, {€m,1}tm>0) having the property

mem,j = N (2)

changes to a state ({fyln,o}m>0: {57’11,1}m>0) with positive probability iff either

(a) there is an index mq such that (&, 0— f;no,o)(fmo,l — &, 1) = —1, and all other
entries remain unchanged,

(b) there are indices mg,ng, jo such that
é-mOij - 5’:110,].0 = 17 5”07.7.0 - 5’:1.0,].0 = 17 §m0+”07j0 - 5’:110+n0,j0 = _1

and all other entries remain unchanged, or

(c) all entries remain unchanged.

Each transition in case (a) has probability

p(mo) = K/(é-mo,o + fmo,l) (%N(N - 1) + K/Z f"hj) )

in case (b) has probability

-1
) 1 1
q(m07n07.70) = §m0n0§mo,jo (gﬂo,jo - 1m0=ﬂ0) <§N(N - 1) + Kme,j) )
m,j

and case (c) has probability

1= p(m) =) q(m,n,j).

m!”!j
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Observe that

m

Zp(m) = Kme,j (%N(N - 1) + KZ&WLJ) ) (3)

while

> almng) = 3 (Z M inj — Zmzfm,J) (— —1)+ nZ_fm,j)
< % (Ejmnfm,jfn,j - N) (%N(N - 1) + K;fm,j)
— ( ngm,J> ~ N (%N(N—l)—l—anm,j)
< ( ng,w - N (%N(N—l)—l—anm,j)

-1

- 5N(N—1)<2 N -1 +KZ§,W)

by assumption (2). Hence > p(m)+ > -q(m,n,7) <1 and the case (c) prob-
ability is properly defined. It is easy to see that the total mass N is conserved in
either case, so the restriction of the definition of transition probabilities to states
fulfilling (2) is justified.

Let us denote by {&:,m ;}t,m,; the Markov jump process introduced in that way.
The interpretation is as follows: The jumps happen at total rate (1). Then, either,
with probability (3), a randomly selected particle (an aggregation of monomers)
jumps to the opposite site, or with the remainder probability two monomers are
randomly chosen and the corresponding particles coalesce supposed they are not
the same particle and they are at the same site, i.e. supposed we are not in the
situation (c). This means that an unordered pair of different particles of masses
m and n coalesces at rate mn, supposed the particles are located at the same site.
Hence our model is a (minimal) spatial generalization of the Marcus-Lushnikov
stochastic coalescent ML®)(¢) with monomeric initial condition ([Mar68], [Lus78]).

So it is clear that we can describe the evolution as well as a colored graph
evolution (with two colors): Start with Nj isolated red nodes and N isolated green
nodes. Add at constant rate 1 an edge for each unordered pair of nodes, where edges
between differently colored nodes are instantly removed as well as multiple edges,
and let (maximal) connected components change their color at constant rate x.

We consider the limiting behaviour of this model for N tending to infinity while
Ni/Ny — )\, where ) is a given parameter.



3 Comments on the mean field model

Consider the case Kk = 0, N; = 0, i.e. N = Nj, i.e. the mean field model. Then the
graph is completely coloured red for all times and we are in the situation considered
in great detail in the monograph [Bol85]. There the random graph model G(N, p)
is studied which describes a graph with N nodes, where for each pair of nodes an
edge is present with probability p, completely independent from the presence or
non-presence of the other edges. Since the process described above (in the case
k =0, N = Np) connects an unordered pair of different monomers at constant rate
1, the probability of the corresponding edge to be present at time ¢ is 1 — e~
Hence the distribution of {&:m 0}m>0 is given by the joint distribution of maximally

connected components of sizes m = 1,2,3... in the random graph G(N,1 —e™*).

As is well-known in both the coagulation interpretation (cf. the comprehensive
paper [Ald99]) and the random graph set-up ([ER61], [Bol85]) the time-rescaled
(t — t/N) model undergoes at ¢t = 1 (that is at time 1/N in the old scale) a phase
transition called gelation, which is characterized by the occurrence of a single ’giant
particle’ of mass {™** = O(N) (comparable to N in the sense that (£Ma*)~! =
O(N~1)) for t > 1. Up to this gelation time ¢4 = 1 the rescaled particle numbers
N~ mo,m = 1,2,... tend in probability to deterministic quantities ¢, fulfilling
the Smoluchowski system of differential equations

. 1
Com = Z n(m — n)cnCtm—n — MCtm Z NCtr (4)

0<n<m n>0

which conserves the total (rescaled) mass 1,i.e. > o me,m = 1,¢ < 1. At later
times the limiting behaviour is no longer described by this set of equations. As it
was to be expected, the Smoluchowski system does no longer conserve the mass for
t > tge , but it does not take into account the strong effect of the giant particle to
the rest of the system. The actual limiting quantities of the stochastic coalescent
differ from the solutions of (4), though sharing the property that total mass gets
lost.

The proper system of equations is

: 1
Com = Y n(m—n)einCimn — mctm (5)

0<n<m

Observe that in contrast to the infinite system of equations (4) the system (5) has
the nice property that the finite subsystems obtained for m < M are autonomous.
It is obtained from (4) by replacing the quantity » . ,7ncin by 1, which simply
means that particles are aggregated to others (including the giant one) at constant
rate 1, representing the invariant rescaled total mass.

The solution to (5) can be given in explicit terms for the case ¢o; = 1, i.e. the
monodisperse initial condition:

Cim =t Im™ 27 Im] (6)



The quantities {mc m fm>o, together with a mass of (; e 1= 1 =3, mcm assigned
to the value 400, form the Borel distribution with parameter ¢, i.e. the distribution
of the total progeny of a Galton-Watson process with Poisson offspring of parameter
t. Observe that for ¢ > 1 the branching process is super-critical and hence the total
offspring is infinite with positive probability, leading to a mass defect:

Giu = cht,m <1,

m>0

reflecting gelation.

While for the system (4) the second moment o, := 3, o m?c; m reaches infinity
exactly at tge and remains infinite, for the system (5) this second moment is infinite
only at ty see Fig. 3 below. In fact, o, is just a reduced second moment, with the
gel mass not being included.

The second moment has a more immediate interpretation as a first moment: It
is the average mass of the particle where a randomly chosen monomer is aggregated
into. So at gelation time this average mass becomes infinite, and it returns to finite
values only because monomers ’get lost’ in the giant particle.

Let us look at the behaviour of the system (5) in some more detail. For this sake
it 1s convenient to change from the consideration of particle numbers to the mass flow
equation which is obtained if we consider the quantities (¢, := mc:,, representing
the mass concentrated in particles of size m at time ¢. Now the evolution equation
becomes

y 1
Ctm = §m Z Ct,ngt,m—n - m(t,m- (7)

0<n<m

We introduce the (probability) generating function

u(m,t)::ZQ,mazm, 0<z<1, 0<t<+oo.

m>0

Observe that due to the gelation effect at times ¢ > 1 the total mass ;. = u(1,1)
is less than 1, hence u is for £ > 1 no longer a probability generating function
in the strict sense. The evolution of u comprises all necessary information about
the limit system including the mass of the gel-particle (; oo = 1 — u(1,t) and the
expected particle size per monomer o; = aa—zu(l, t). iFrom a well-known formula for
the probability generating function of the total progeny of a Galton-Watson process
(cf. [Har63]) we derive the following semi-explicit formula for u:

r = uetl=4), (8)

Now observe some interesting consequences of this solution. First observe that for
each t (8) has the trivial solution w = 1 for z = 1, and it is not difficult to check
that for ¢ < 1 this is the only solution of 1 = yetll—v) fulfilling 0 < w < 1, while
for ¢ > 1 there is a second solution with 0 < u < 1 representing the true value of
u(1,t) = Gu = 1 — (4,00, see Fig. 1, 2. Observe that the singularity at ¢ = 1 appears
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Figure 1: Plot of u(z,t),0<t<3,0<z<1

as a cusp catastrophe in the full solution of (8), and the existence of the gel-particle
seems to find some reflection in the solution u(z,t) = 1.

So for ¢ > 1 the total mass is given by the inverse of the function
—logu

u—t= .
1 —u

Also, it is easy to derive from this that the initial slope of (;. at ¢ = 1 is —2, resp.
the initial growth speed of the gel-particle is 2, a fact mentioned in [Bol85, p.123]
(where it has to be taken into account that the time scaling there differs from ours
by a factor two, such that his value is 4). Then, in course of time (; . tends to zero
exponentially fast.

Another implication of (8) is a relation for the expected particle size per monomer
Ct,*
1=t

in a right neighbourhood of 1 as o; ~ (¢t — 1)~! which shows that |t — 1|7* is the
asymptotics for o near t = 1 (for ¢ < 1 this formula is well-known to be the exact

os which reads as o; = From this it is easy to derive the asymptotics of o

expression for o).

The convergence of the rescaled stochastic coalescent to (6), i.e. the solution of
(5), was shown rigorously ([Bol85]) for all ¢ > 0. This is in contrast to the situation
for more general gelling kernels instead of mn, where typically convergence could be
shown only in the pre-gelation interval [Nor99]. See also [Jeo98], [EMP02], [FG04].
It is worthwhile to make some heuristical comments at this instance explaining the
peculiarity of the mn-kernel in comparison to several other gelling kernels.
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Figure 2: Extended plot of u(z,t),0 <t <3,0<z <25
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Figure 3: Plot of (; . and oy



Kernel (mn)* for 1/2 < a <1

In this case gelation occurs: After a finite time a particle of size ©(N) is formed.
This is at first glance the same situation as in the & = 1 case. But the picture is more
complicated. In fact, the giant particle of size yN absorbs the particles of fixed size
m at arate N~ (ymN)® = }Yval—’f:, i.e. at an asymptotically vanishing rate. So it looks
a bit surprising that it occurs at all. The explanation should be some kind of food
chain. Just as in the @ = 1 case, in the pre-gelation phase the coagulation process
shifts the total mass progressively to particles of larger size (individual mass), letting
at the gelation point the mass flow 'into infinity’ reach an asymptotically positive
speed. That means that for any fixed B the speed at which mass is lost from the
set of all particles of size m < B does no longer go to zero as B tends to infinity
(at a suitable slower speed than N). Hence a positive part of the mass accumulates
at particles of a size which grows to infinity as N goes to infinity. An indicator of
that situation is that the mean particle size per monomer (’second moment’ in the
usual terminology) o grows to infinity. It is not a priori obvious, what should be the
typical size of the particles carrying that lost mass. Anyway, it might be conjectured
that just as in the @ = 1 case the "lost mass’ changes the regime abruptly by bringing
the second moment back to finite values and stopping the ’active’ transfer (from the
point of view of bounded-size particles) of mass to infinity. If this was true, the
lost mass actively would absorb mass from the finite size particles at positive speed,
preferring large particles (that is the reason, why the second moment drops to finite
values for & = 1; it should be noted that ’finite’ always means here: remaining
bounded for N tending to infinity and does not refer to a limit model.) As was
mentioned above, the absorbing power of the giant particle is not enough to do
this. For @ < 1 it must be taken into account that, while the rate at which a
single particle of size YN absorbs m—particles is given by }Yval—’f:, for the same mass
N being distributed on yN'=# particles of size NP the absorbing force is given by
N=lyN*=B(mNP)* = ym>NP(@~1) The exponent is still negative, indicating that,
though splitting the mass into many smaller particles increases the absorbing force,
the totality of ’infinite-size’ particles is unable to actively withdraw mass from the
bounded region. Consequently, gelation will go on in a way very different from the
critical case @ = 1: The bounded size particles do actively transfer mass to infinity
even after the gelation point, and this mass is transported through a kind of food
chain at positive speed to infinity, reaching the giant particle only at the end of
this chain. Observe, that the mass transfer from particles of size N directly to the
giant size N particle is given by a rate N"*N#(NPN)* = NotAl+a)=1 which tends
to zero unless § > }_T_—z So the food chain should be located between exponents 0

e
and o

Some interesting problems turn up:
1. It should be conjectured that, in contrast to the critical case @ = 1, the second
moment o keeps being infinite after the gelation point.

2. As for a corresponding spatial model (with mass-independent jump rate), the
behaviour should be significantly different compared to the critical mn case: The



portion of mass concentrated on finite size particles might behave deterministic after
gelation, too, because of a law of large numbers. This should be a kind of determin-
istic spatial Smoluchowski equation. Since the giant particle(s) at the spatial sites
is/are unable to directly consume mass from below the threshold ;—z,
jumps performed by them (or it) should be without effect on the rest mass.

the random

Kernel m® +n* for a > 1

For any @ > 1 the kernel m* + n® can be expected to be instantaneously and
completely gelling ([Ald99], [Jeo99]). In fact: For large N after an arbitrary short
time an arbitrary large particle of size N’ is present with arbitrary large probability
(of course at the beginning 1 << N’ << N). This particle by the law of large
numbers grows like the solution of the ODE z = 2z, starting at initial value N’. So
it takes an arbitrary short time to consume the rest of the population. Hence no
interesting spatial model should be expected.

Kernel m®n 4+ mn*, a < 1

The behaviour will be similar to the mn-case, since the giant particle is able to
withdraw mass from the bounded region at positive speed in this case.

Kernel m®nf + mPn® for a + 8 > 1

If one of the parameters is greater than one, the argument of the case m*+n*, o > 1
applies. Otherwise, if a,8 < 1, it seems, that anything said about the (mn)* case
could be valid here, too.

4 Limiting behaviour of the spatial model before
gelation

It is not too hard to guess what will happen in our more general situation of a
two-site model at pre-gelation times:

Theorem 1  Let k > 0. Then there is a non-random time t,,; > 0, such that
the rescaled quantities N™'§;/n m ; of our model with asymptotic parameter A and
rescaled jump parameter kN do uniformly converge in probability to deterministic

quantities ci‘,m,j fulfilling a two-site analogue of Smoluchowski’s equation:

A 1
o A A A A
ct,m,j - 5 E : n(m - n)ct,n,jct,m—n,j - E :mnct,m,jct,n,j (9)
0<n<m n>0
A A

_K./ctymyj —I_ K./ctymyl_J
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with initial condition

A 1 A A A

€o,1,0 = TN Co,1,1 = TN Com; =0, m>1

and where t;‘el 18 characterized by the fact that the two quantities

A 2 A
945 = E :m Ct,m,j

m>0

reach infinity for the first time.

Next, let us consider the differential equation describing (as will be seen later,
at the end of the proof of Theorem 4) the behaviour of the second moments at both
sites at pre-gelation times

A
op; = (00 + 8 (000 — 023) (10)

with initial condition
Ué‘,o = (1 + A)_l ) ‘73,1 = >‘(1 + A)_l-

Equation (10) is autonomous and extends in an obvious way the well-known equation

o = o2 valid in the pre-gelation regime for the mean-field model. Writing z(¢) for
0'3:0 and y(t) for 021 we get with zo = (1+2A)7%, yo = A(1+ )~ the following system
of two ODE’s

t=2"+k(y—z), y=v +k(z—y) with zo+yo=1, zo,50>0.

Theorem 2 If k > 0, then there is a positive tge < 2 such that z,y are smooth in
[0,%4e1) and we have z,y — +00 as t — tge simultaneously.

Theorem 3 Ifx > 0 and zo > yo then z >y for allt € [0,%40) and T ~ (tger —t)*
as t — tge while y ~ —klog(tge — t).

Hence (except for & = 0) both second moments (expected particle masses at site j
per monomer) Uéj, 7 = 0,1 become infinite simultaneously (this is trivial for A = 1),
an effect we call induced gelation in view of the mechanism lying behind this: If
A # 1, the immigration shortly before gelation time of large particles from the site
with the larger initial number of particles (i.e. site 0 in the case 0 < A < 1) forces
a gelation on the other site. The numerical studies with particle numbers up to 10°
show that this induced gelation exhibits some special features which distinguish it
clearly from the ’genuine’ gelation taking place at the first site. In fact, we will show
that for A < 1 the growth of 07\, is like (¢ — tger) ™' while the growth of o} is only
of logarithmic order xlog(t — tger)™".

Moreover, the proof of Theorem 3 indicates that, approaching tg.;, the growth
of 021 is finally completely caused by particles with large masses immigrating from

11



site 0, while the 'genuine’ growth by coagulation at the site 1 can be asymptotically
neglected.

On the other hand, it is clear from the logarithmic character of the induced gela-
tion that it can be expected to be practically perceptible only for particle numbers
even the logarithm of which is large enough. Take for instance 10° particles at site
0 and 0 particles at site 1 with x = 0.3. As is known from the one-site model, at
gelation time the size of the giant particle can be expected to be about 1059 = 108.
So in fact the mass of immigrating particles up to gelation time is bounded by this
quantity. Therefore the maximum increase of the (empirical) value for 021 is most
probably less than 6xlog 10 ~ 4. That is an estimate of the maximal increase in-
duced by site 0 shortly before gelation happens there. The gelation at site 1 has
to be accomplished now by own coagulation here, since the immigration of massive
particles from site 0 rather rapidly stops after gelation, because these are rapidly
consumed by the giant particle. The estimated remaining time it takes for site 1 to
reach gelation is now about 1/4, meaning that in fact even for 10° particles a percep-
tible delay occurs until the induced gelation actually takes place. Making x larger
does not help too much, because then the tendency to reach equilibrium between
both sites is stronger, such that it becomes harder to distinguish the induced from
the ’genuine’ gelation, which would have taken place anyway at site 1, if migration
would be stopped shortly before ¢4;. Nonetheless, as we will see (interpreting the
numerical studies), it is for the given choice of parameters not difficult to recognize
the induced gelation by some characteristic properties appearing after ;.

Since tge depends on zg resp. on A, we prefer to write t;‘el.

By a strong mazimal positive solution of the system of ODE (9) we understand

a solution defined in an interval [0,¢) which obeys the property that

(a) all 0 < ¢gmjy,m € N,7 =0,1,t € [0,1)

(b) the second moments oy; = >, m’cim;,J = 0,1, exist for ¢ € [0,%), fulfil
fOT 0, ds < 00, T < t,7=0,1 and

(c) 0< t < 400 is the largest value with these properties (a), (b).
Now we have

Theorem 4 The two-site Smoluchowski equation (9) has a unique strong mazimal

positive solution with t = t;‘el.

5 Some remarks on the expected behaviour after
induced gelation

The following remarks can only be considered heuristical, but they are supported
by the results of numerical simulations.

12



It is clear, that after gelation the spatial model will behave more complex, since
the limiting model cannot be expected to be non-random. In fact, there will be two
gel particles at the two sites immediately after gelation, and these are not subject
to a law of large numbers in their migration behaviour. Consequently, the limiting
behaviour after t,; must be expected to be characterized by jumps of the giant
particle(s) from one site to the other. They immediately coalesce if they happen
to be at the same site. The further time evolution of the quantities ci‘,m,j strongly
depends on the presence or absence of a giant particle at 7.

Hence, in contrast to the (mean field) stochastic coalescent the (asymptotic)
gelation effect does not only imply a loss of total mass (caught by the giant particle)
but additionally the spatial model shows up a stochastic limiting behaviour. So the
limit model cannot be described by a (deterministic) kinetic equation similar to (5).

In order to describe the limiting object as a Markov process it is convenient
to include the two gel-particles with their masses. This is not necessary in the
mean-field model since the gel-particle simply represents the lost mass, whereas in
our situation the distribution of the lost mass between the giant particles and their
random locations are important.

In order to unify the set-up, we consider from this moment rescaled masses
N~'mé; . ; instead of rescaled particle numbers N™'¢; ., ;. With this change of the
point of view the Smoluchowski system valid for ¢ < ¢, gets modified to a mass

flow equation (writing (7, ; for mc},, /)

LA

1
Ct,m,j = §m Z Cfi‘n,jgg,‘m—n,j - m@m,j Z CL‘},‘n,j - KC—t},‘m,j + Hg,‘m,l—j;

0<n<m n>0

for 0 < ¢ <ty . Let us denote the masses of the gel-particles by (f,‘oo,j,i e {0,1}.
They are zero for ¢t < tye. Finally, let w;(t), 7 € {0,1} ,¢ > 0 be two completely
independent renewal processes with exponential waiting time (parameter k™), with
7;(t) denoting the time since the last renewal event occurred. These two processes
are the only random source of the limiting model. We get the stochastic evolution

equations
LA 1 \ \
Ct,m,j = §m Z Ct,n,j(t,m—n,j (11)
0<n<m
i (s Gl ) — i+
n>0
and
t
A
Ct,oo,j = l{ﬂl—j(t)zﬂ'j(t)} / s oo,_7 Z ’)’LCS ’I'L]ds—l_ (12)
t—m;(t) n>0

t
1{71'1 —i () <m; (¢ !Ct w1 —j(t),00 ,J—I_Ct w1 —;(t),00,1— ]—I_/t ) SOO,]Z Csn,y ’
—y_j

n>0

13



for ¢ > 0. This means in more rigorous terms that the limiting process is a Markov
jump process with piecewise continuous trajectories, where the jumps are deter-
mined by the (external) renewal processes m;(¢), and between jumps the trajectory
is described by an ODE (i.e. deterministic), while at the discrete jump times ¢1, ¢, ...
given by 7,(t) a gel-particle of mass Ct‘};,oo,j changes from j to 1 — 7 and forms at site
1 —j together with the gel-particle there (if there is one) a larger gel-particle of mass
Ct‘};,oo,j + Cé,oo,l—j‘ Observe that we need to write the deterministic evolution equation
between jumps as an integral equation since another gelation may have time to occur
at the given site as long as Cf,‘oo,j is zero with the consequence that discontinuities in
the derivative occur. The trajectories of (f,‘m,j are piecewise differentiable between
the jumps.

So, from gelation time up to the first jump time happening after gelation (the
pre-gelation jumps given by ;(¢) are irrelevant) the whole evolution is completely
deterministic and may be described by (11) plus the equation for the gel-particle’s
masses (12) which can be rewritten as C'ti‘oo,j = ()0 ;00

Just as in the mean field model after gelation the equation (10)

LA
o = (00,) + k (00_; — 07;)

has to be modified, taking into account the strong effect of the gel-particle, and
ceases to be autonomous:

LA
O3 = (Uéj)z t K (UtA,l—j - UtA,j) - C,?,oo,j an sA,n,j

n>0

So it involves the second moment of the mass distribution, resp. the 'third moment’
in the traditional notation (referring to ¢ instead of (). So, while 0(s gives the
speed of growth of (., (of the gel-particle), the speed of descent of ¢ now includes
ploo, where p is the second moment of the mass distribution, this being valid in the
mean-field model as well as in our two-site model. The above differential equation
for ¢ may be expected to be valid except for the jump times (where right and
left derivative are different) and except for the gelation time(s) (in our case there
are more than one of them with positive probability as explained above). In the
latter case it becomes meaningless since o exhibits a singularity (and the indefinite
expression 0 - 0o is involved).

In view of the fact that the consideration of the (probability) generating function
of the mass distribution in the one-site (homogeneous) situation gives a detailed pic-
ture of the behaviour of the limit model also after gelation, it is tempting to try this
method also in our case to retrieve information about the deterministic behaviour
until the first jump happens. So one might hope for some more information about
the asymptotics of (o and o after t4. Of course, it should clearly be expected that
at the inducing site the asymptotics of ¢ remains unchanged as in the one-site case
|t —tge| ™' due to the fact that the influence of the induced site is negligible near tg4;.
It is less clear what will happen at the induced site in a right neighbourhood of t4.,
since here the effects of feeding o (at a logarithmic order, by the still large value of
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its counterpart at the inducing site) and of reducing o by the (comparatively small)
gel-particle are competitive.

Let us introduce the generating functions
u(z,t,7) = Z C:‘m,ja:m.

Then the evolution equations for (f,‘m,j imply the following equation for u, which
should be valid until the first jump happens (after that u itself will be random)

Gu(a,1,) = 2(u(o4,5) ~ Gy — (1, 6,3)) 5w, )
—I_K(u(m:t; 1— .7) - U(:Il,t,j))-

Observe that the first, non-linear term differs from the one-site situation by the
appearance of the total mass Cf,‘oo,j +u(1,t,7) at the given site instead of simply 1
in the one-site expression z(u — 1)3%“' The new linear term is due to the motion of
particles. Of course this equation is not autonomous and has to be supplemented

by
d 0 .
ECt)"oo’j = Cfi‘oo,j ' a_mu(]-)taj)a

which is just the rewritten evolution equation of Cf,‘oo,j from above. Obviously, this
system of PDE looks much less promising for having a (semi-)explicit solution, like
it was the case in the one-site model.

We emphasize again, that all these considerations are heuristical though likely
to be valid, until no rigorous proof of the convergence to the limiting process is
available.

We defined gelation for our model in a weak sense meaning that o tends to
infinity, which is strong evidence (but of course no rigorous proof) for the simulta-
neous appearance of gel particles at the first gelation instance if k > 0. In fact, the
possible later gelation events cannot be induced gelations, since the presence of a
gel-particle at the other site keeps the second moment there at finite values. So the
first gelation is particularly interesting (and the proof of the rigorous limit theorem
can be expected to be difficult mainly because of this special circumstance).

Bear in mind, that, for N being large but finite, only a tiny portion of logarithmic
order of the quantity o feeds the induced gelation at the other site, or, to say it in
different words, there is only a small time window around gelation time where many
very large particles aggregate at the site where the 'genuine’ gelation just started,
so only a small part of them can be expected to migrate to the other site to induce
gelation there. In fact, it is quite likely that just as in the mean field model the
largest particles (except for the gel-particle) are of size < N2/3 and these 'mesoscopic’
particles are present only for a short time around before and after gelation. They
carry the growth of the 0. The respective part of them which succeed to jump to the
other site during their short time of existence is likely to be of logarithmic order in
view of the calculations made in the proof of Theorem 3. This leads to the situation,
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that, in contrast to the inducing site’s growth of the expected particle mass per
monomer to 'infinity’ (in fact, some power N*, o < %), the growth of the expected
particle mass at the induced site is carried only by the few very large particles which
immigrated and will probably be of logarithmic order in N. Therefore three effects
should be likely to be observed even for very large N of the order of Loschmidt’s
constant or even of the order 10'%:

1) the induced gelation happens with a significant delay of the order (log N)™*,

2) since it is carried by only few large 'foreign’ particles , in contrast to the in-
ducinggelation the growth of ¢ in the (delay) pre-gelation interval can be expected
to show visible erratic deviations (caused by jumps from/to the other site and coa-
lescences between the large particles) from the law of large numbers and

3) since the initial growth speed of the gel-particle is governed by the value of o
at gelation time, which is maximally of logarithmic order in N at the induced site,
the second gel-particle’s growth will be slow (we referred in section 3 to the fact that
in the mean-field case and hence probably also at the inducing site the (unrescaled)
primary slope of the gel-particle’s mass is of order 2N).

Though at the time being no quantum computer was available to us to study
019 particles (or only 10?®), the simulations with N = 10° rather
clearly show the predicted peculiarities of the induced gelation, see Fig. 4. In this
simulation, the behaviour at site 0 is clearly governed by the law of large numbers,
except for the random jump of the giant particle from 1 to 0 at time 5.86. At site

simulations with 1

1 the boost of the second moment induced by site 0 around the (inducing) gelation
time is visible, but not too strong. The delay between inducing and induced gelation
is about one time unit, and during this delay time the second moment at site 1 is
mainly carried by just a few particles, which fact causes strong fluctuations visible
as some large jumps respectively a 'Brownian-like’ behaviour around the (induced)
gelation. As criterion for gelation a threshold of size 2 - 10° for the largest particle
was chosen, i.e. 2N?/3,

6 Proofs

We start with quoting a result on differential inequalities in R which will be used
in the following considerations at several places. Let for z,y € R? the notation
z < y mean that z; < y; for 2 = 1,2,...,d. A function g : R — R? is called
quasi-monotone increasing (with respect to this natural semi-ordering) if for each
z € R%0 < z from z < y and (2,z) = (2,y) it follows that (z,g(z)) < (2,9(y)). In
fact, we shall employ this definition only for the cases d = 1 (where any function
is quasi-monotone increasing) and d = 2, where it simply means that g;(z) is a
monotone increasing function of z3_; when z; is fixed, for + = 1,2. Then we have

(cf. [Vol72] or [HLO1])

Theorem 5 Let f : [a,b]xR? — R? be a function such that f(t,-) is quasi-monotone
increasing and locally Lipschitz continuous for each t € [a,b], and let u,v : [a,b] —
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R? be differentiable. Then

u(t) — f(t,u(t)) <o(t) — f(t,0(2),  t€lab]

and

mmply

6.1 Proof of Theorem 2

First observe that the theorem about existence and uniqueness of ODE ensures
that there is a unique maximal local smooth solution to this evolution equation up
to some 0 < Tax < 400, and if Thax < +o0o then necessarily the vector (z,y)

becomes unbounded near Ti,.,. Consider S := z + y. It fulfils the equation S =
z? +y? > %(m +y)? = %Sz. The maximal solution of the corresponding ODE is
(1 —3t)71,0 <t < 2. Hence we see (using Theorem 5 in the case d = 1) that

Tmax < 2 1s finite. Let t4e := Tmax. We know, that at least one of the z,y will
be unbounded near ty;. Assume it is the function z. Since T > 2% — kT > —KT

and y > y* — ky > —ky, the functions are is non-negative for ¢ > 0 (again by
Theorem 5). Furthermore, since z is unbounded near t4, this estimate combined
with Theorem 5 shows that it is in fact monotonously increasing near t4; and hence
tends to +o0. Assume y would be bounded near t4;. Then there would be some ¢
such that y? + s (z —y) > %/m: for t > t4e — § implying y > %/m: for t > tge — 4.

Now represent z as g(tge;—1t) ! in a left neighbourhood of ¢4 with g being smooth
in a right neighbourhood (0, ) of 0 where we may use the same ¢ as above. We get
z =2+ 5y — ) = gty — 1) ?9(tga — t) = *g(tgar — 1), 50 9(t) = (2t — )" +
K(y(tger —t) — z(tge — t)) / (z(tger — t))2 — 1 as ¢t — 0 by assumption. Hence g(t) =
¢(t)t with ¢ being bounded from above and below by a positive constant C (resp.
its inverse C7') in a right neighbourhood of 0. We derive

tQEL_t ) 1 tgel_t
Yltger —t) = yltga —06) + / y(u)du > y(tge — 8) + —n/ z(u)du
tgel—é 2 tgel—é
1 foet -1 -1
= yY(tga — )+ —n/ c(tger —u) (tger —u) " du
2 tgel—é
1 tger—t 1
> —KC/ (tger — u) 'du = —kC(In(tge — &) — Int).
2 tooyd 2
ge
The last expression is unbounded as ¢ — 0 in contradiction to the assumption.
Hence we know that y is unbounded near ¢4, too. As above we may conclude that

Yy — +00 as t — t4 monotonously. We have shown the assertion.
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6.2 Proof of Theorem 3

Consider D = z — y,S = z + y and assume zg > yo. These functions fulfil the
quadratic ODE

5:352+1D2, D =S5D—2xkD
2 2
with initial condition Sy = 1,0 < Dy < Sp. Since S is obviously monotonously
increasing we get D =SD-2xD > (1 — 2k)D from which we infer by Theorem 5
that D > 0 is always fulfilled. (Hence the site with originally more monomers has
always a larger expected particle size.) And, since S goes to infinity monotonously
near tg;, we conclude that D is positive near tg;, so D increases monotonously
near tge, too. Assume D would be bounded near t,;. As above, represent S as
f(tgee —t)7! in a left neighbourhood of ¢, which yields

L | |
S =587+ 5D° = fltou — ) f(tga — t) = S f(tgur )

and we may infer again that f would tend to % near 0 and as above we would obtain
a contradiction, since in this case the integral

tger—t

/t T S(w)D(w)du > Dty — 6) / S(u)du

gel_(s tgel_(s

diverges near tg;. So in fact D increases monotonously to infinity near tg;.

Let Q := % < 1. Then it is easy to see that @ fulfils @ = 1D(1 — Q) — 2xQ. If

2
Q would be bounded away from 1 near #g we might conclude from this differential
equation that it would be strictly increasing near tg.;, hence having a limit Qo < 1.

With oy . _
S = 587+ 5D = fltga — 1) f(tgu — 1) = S f(tgut ~ 1)

we would conclude that f would tend to (1 4 @Q2) near 0 and hence fttgell__; S(u)du

as well as fttgjl__; D(u)du would diverge near t4. This would imply the divergence
ge

of () near tye in view of Q = %D(l — Q) — 2kQ, being a contradiction. We derived
that 1 is an accumulation point of @ near t4y. If it would not be the limit, Q
would necessarily assume arbitrary large negative values in contradiction to the
boundedness from below by —2x¢). We derived that ) — 1 as ¢ — t4;. This means

that y/z — 0 as t — tge, provided zo > yo. Repeting the calculations some lines
above, this time with the confirmed value Qo = 1, we get that S = f(tgea — )71,

where f — 1 as t — 0. So there are smooth (in a right neighbourhood of -and
excluding- 0) functions ¢, ¢1, ¢y all tending to 1 as ¢ — 0 such that

S = cl(tgel - t)(tgel - t)_l , D= c2(tgel - t)(tgel - t)_l y L= c(tgel - t)(tgel - t)_l
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if zg > yo. It remains to calculate the asymptotics of y.
We consider the quantity ¢ := y/z < 1 which fulfils ¢ = ¢*(z — &) — gz + &.
We know that g is positive but tends to zero near ¢y, and gz = y tends to infinity.

Hence for ¢ sufficiently close to t4 we have ¢ < —(1 — §)gz with arbitrary small 6.
So

log gl < —(1— &)z < —(1 — 8)c(tyes — t)(tget — £)™F < —(1 — 26)(tger — t)"°

for ¢ sufficiently close to t4e. Consequently we get log g < ¢o + (1 — 26) log(tger — t)
(for some co) in a neighbourhood of tge. So g < €% (tger — t)172 and hence y <
€% (tze1 — t)25. This proves that y is not only a o(z) but even o(z®) for each ¢ > 0.

We return to the original equation y = y? 4 k(z — y). Now it is obvious that
for yo < zo the increase of y near ty is (asymptotically) completely caused by
the migration term sz, while the coagulation term y? can be neglected. For any

positive § we find for ¢ sufficiently close to tge: (1 — 8)sz < y < (1 + &)k and the
z-asymptotics yields

—(1—28)klog(tger — t) < ko +y < —(1 + 26)k log(tger — 1)

in a sufficiently small neighbourhood of tg.;, where ky is a constant depending on
§. Therefore we finally deduced the logarithmic asymptotics of y = —c3(tger —
t)klog(tger — t) with c3 tending to 1 as t — 0.

6.3 Proof of Theorem 4

Existence

Fix some T,0 < T < t;‘el. Consider the following system of ODE

A 1 A A A A A
ctymyj = 5 Z n(m - n)ctynyjctym_nyj - mctymngty*yj - K./ctymyj —I_ K./ctymyl_J
0<n<m
LA N N
Comg = —RCag TR 5 (13)

with initial condition

1 A
03,1,0 = Cé\,*,o RS 03,1,1 = Cé\,*,l “Tan Cé,m,j =0, m>1.

It has obviously a unique solution for all ¢ since, given B € N, the equations for
m < B, together with the equations for Cf,‘*,j form a finite autonomous system. First
observe that all quantities ci‘,m,j, Cf,‘*,j are non-negative. In fact, this is easily seen
for Cf,‘*,j which can be given in explicit terms:

1 1—AX 1 1—AX
A — 2kt A — 2kt
— (142 - (1--—2 .
Ct,*,o 2 ( ]_ Ae ) ’ Ct,*,l 2 ( ]_ Ae )
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To see it for the ci‘,m,j, let us first modify the initial condition to ci‘,m,j =c,m > 1,
where ¢ > 0 i1s an arbitrary fixed value. It is enough to prove the non-negativity
of the corresponding solutions for all times ¢ > 0 in these cases in view of the
theorem about the continuous dependence of solutions of ODE on the initial data.
Assume the opposite. Then there would be some ¢ such that at least one of the ci‘,m,j
reaches 0 for the first time at some time 0 < ¢;. We get the differential inequalities
Pmi > (—m — &)}, being valid for 0 < ¢ < to taking into account (14). But
now we immediately infer from Theorem 5 that cto,m,J > 0 in contradiction to our
assumption. Hence indeed all cf‘mj are non-negative for all times.

— A B _
Next, consider the quantities Ct V= D men MCpp ; and 6,7 : t,*,J — (), ;- We
have
B B
Ceri = 3 E : (k + Dklcys 5 = Cin E : My, + (Ct,*,l i t,*’,j)
k-|—l<B m<B
2 : 2 Z BA
S k lct k,] t s Ct %, m ct ,m,7 + K (Ct,*,l -7 t,*,j)
k,l<B m<B

— ( tag Ct,w) Z m’e} i+ K (Ct,*,l —j 15B*>;) (14)

which implies

5B>‘chtmj—|—/£(5f}1>‘J 55;’\)‘

m<B
The initial values 53;?‘ are zero. So we may conclude, again by Theorem 5, that 5f}?>‘
is non-positive yielding
BA < <1 (15)
t!*y] - t!*y] -
Next, consider the quantity
=Y mi,
m<B
We have
.B,A B ]{; l ]{;l B, B,A
J:i — 3 Z +1) ctk]ctl] Ct*,gzmctmg+” Oi1—j — Ot 4
k+l<B m<B
310 A B, B
S Z k lct,k,jct,lj ( t ) Ct,*,] Z m Ctmj —I_ K (Ut 1-— _7 Ut,j )
kil<B m<B

— (UtBJA) ( t,*,] _ Ct,*,y) Z m ctm] + K (UtBlAJ UfjA) . (16)

Hence, by the above estimate A< Ct .; We arrive at

t*]
B,A

- B B,A B,A B,A
T4 S(Ut ) —I-K(O'tlj o, )
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The function defined by f;(z) := z? + x(z3_; — z;) is quasi-monotone increasing.
Consequently by Theorem 5, (Uff‘)jzo,l is dominated in [O,t;‘el) by the solution of
the ODE

1 A

z=2"+k(y—2z), y=9y"+r(z—y) with a;0:1—|——)\7 yo:l—l——)\

that was considered above, for all B. So (Ut}‘J)J 0,1 1s bounded from above by this

solution, too. Hence Uf‘ is integrable in any compact sub-interval of [0, gel)

Next, consider again the relation (14) which implies

b = Cort
1
/ {5 Z (k + l)klcs k] Sl] S,*,] Z m st (Cf;,}‘l—_y - Cs,*,]) } ds.
0 k+I<B m<B

The quantity >, 5(k + 1)klc}, jc}, ; converges monotonously (as B — co) to-

wards .
5 Z(k —I_ l)klci‘,k,jci‘,l 7 Ut 7 Z mcs m,Jj
k,l

2.2
for each s € [0,t),), in the same way converges y, _pm?c, . towards o}, and

s,*,J : E :mcsmj — Ct k] —

(as we saw some lines above). So from Lebesgue’s theorem about monotonous

Cs . towards

convergence we infer, taking into account the uniform boundedness of all these
quantities in [0,7],T < tgel

= [ o - Qe (@ - e8) e an

Let 625 = (0% — €2, ; < 0 (by (15)) and d = 6557 + 6257 = —655 — 627 and
we get (bearing in mind that for each s we have (),  + (2, ; = 1 in view of (13))

t t
4 = / {_aioaggA — 0315;’3*} ds < 0/ d)ds (18)
0 0

A

37*7.7

for some constant C' depending on T, since o3 is uniformly bounded for 0 < s <

T < tgel Since d) is bounded by 2, we get from (18) for s < 1 that d? is bounded by
1 and by induction that it must be zero in [0, 20] which argument by repetition leads
to the conclusion that d> is zero everywhere in [0, gel) Hence we have C:‘i;‘ = :‘,*,j

everywhere in [0,1),,). Now, substituting o = Y MCa ; Tor (2, 5 in (13) we see
that the unique solution of (13) also satisfies (9) in [0, gel) We proved that this

solution is positive and strong in the sense of integrability of Uéj in any compact
interval contained in [0, 2),;).
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Uniqueness

b

t,m,j
00,A . .

notations Ct oy = Y m<B mct}‘mj and (05 = Do mct}‘mj, from (9) we infer in the

same way as in (14)

.B,A B
Ctug < ( tag t,m) Z My, + (Ct,*,l -3 t,*’,j)

Let a strong positive solution (¢;,, ;)men j=o,1,6e(0 ©f (9) be given. Using again the

m<B
.B,A
which in view of Ct” Ct” yields Ct” <k (Ct,*,l i tB*’?-) and consequently

Ct,*,O + Ct w1 < 0. Thus the sum of the two positive quantities Ct .y J,j = 0,1 is always
less or equal to its initial value 1 (for B > 1). Letting B tend to mﬁmty we arrive
at the conclusion that both Ct 0> Ct .1 are not greater than one for 0 < ¢ < t. Now
we have

o= e /0 Z (k + Dklc), i)y ds

k+I<B
t
[ Y mie s [n (B - ) as
0

With B — oo the first integral on the right-hand side tends towards

b1 ¢ N ¢
/0 5 Z(k + l)klci‘,k,jC?,l,jds = /0 O, s*?ds < /0 U:‘,jds < 400
k,l

m<B

for each 0 < ¢t < t by the assumption that the solution is strong. The same ar-
gument yields the finiteness of the second integral, which tends to the same limit

t A o0 A . .
Jo o2, sx408. So we arrive at the system of two equations

t
00,A 00,A .
t%,7 - 0,%,7 + /0 K (Cs *,1—7 Cs *,J) dS J = 071

from which we may easily conclude that the bounded quantities Ctoij‘ are continuous
and even continuously differentiable and fulfil the ODE

. 00,A
00,A
Ct,*,J =k t,*,J + K Ct,*,l -7
with initial condition
00,A _ 1 00,A — >‘
0,%,0 1 _I_ )\ ) 0,%,1 1_|_ )\ .

Therefore our solution also fulfils (13) which has a unique solution for all ¢. So the
maximal strong positive solution must be unique.
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Maximality

We still have to show that the maximality implies ¢ = t;‘el. Knowing already that the

solution to (13) in [0, gel) is positive and strong (in view of the fact derived above

that Uéj is bounded from above by the continuous solution of (10)), we just need to

show that ¢ cannot be larger than t;‘el. For this sake we first prove that the second

moments (Uf‘j)j 01, as announced above, fulfil (10) for 0 < ¢ < t;‘el. Denote by

Pt; ,ptj the quantities ) _pm?® th, >, m? cth, respectively, given the solution
to (13). We get, in an analogous way as in (16) for 0 <t < T <t

.Bx 1 B\ B,x
pt,j 25 Z(k—l_l) klctk]ctl,] Ct,*,JZmCth‘FH(P” J_ptyJ)
k+I<B m<B
B, B,
< Z k4lctk_7ctl.7+3 Z k3lzctk1 Ci 1,5 Ct,*,] Z'm c”’”—l_ﬂ(ptl -3 _pt’J )
k,l<B k,l<B m<B

B B A B B
- 3pt_7 ( t,*,J - Ct,*,]) Z m ct m,_j (pt,l—j - pt,j )

, B
< 3Ptj C+r (pt,l—j ~ P ) )

where C is a constant depending on 7', where we made use of the boundedness of
Uf‘J in compact sub-intervals of [0, tgel) From this, in the same way as for the second

moment, we derive that all pt,j and hence also pt)‘,j are bounded by the solution of
the coupled system of ODE

t=3Cz+r(y—x), y=3Cy+cr(z—y) with zo=-—", 3=

in [0,T]. Now we may rewrite the first equation in (16):

oPA / S (b 12Kl ¢ ds

k+I<B

t
B,A B,A
/ Cs,*,Jsz dS —I_ K//O (Us,l—j - Us,j ) dS.

With B — oo the first integral on the right hand side tends monotonously towards

t 1 t
/0 2 > (b + DPklcyy e 5ds = /0 ( oniPoi (Uff)z) ds
k,l

being finite for ¢ < 2, and the second integral converges monotonously towards

/ CS,*,JPS,]

which is finite for these ¢, too. So we may pass to the limit on both sides and get

¢ ¢
Ut}:j = O'S‘,j —I—/O (U:‘,j)2ds + n/o (Uil_j — U:‘,j) ds.
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Thus the 0'3:]- are continuous and even continuously differentiable in [O,t;‘el) and

fulfil (10). Now from Proposition 3 we easily infer that the condition that Uéj be

integrable for each compact sub-interval of [0,%) (strong solution) implies ¢ < t;‘el.

6.4 Proof of Theorem 1

We are now prepared to prove Theorem 1. At this point we take the point of view
that the configuration at time ¢ of our particle system is given by a finite counting
measure X; = Zm,j €tm,j0(m,j) on N x {0,1}. Let us, just for the moment, renounce
from the assumption that the initial configuration be monomeric, i.e. £y, ; may be
positive for m > 1.

In order to prove our limit theorem we consider a coupled system of truncated
versions of the process {X,} indexed by B € N = NU {oo} where the dynamics of
{X2} is given as follows:

1. First define

X()B ::/ 1m<B5(m,z)X0(d(m77/))+/ ]-szm(S(B,O)XO(d(m77:))7
Nx{0,1} N

x{0,1}

i.e. the particles of sizes less than B remain unchanged, while at each site the masses
of all particles larger than B are combined and this mass is assigned to (B,0). X,
can be represented as a finite sum ), ; §(m,,j), where J is a finite index set, and
each X2 can be written as

3" Sty + X2 H(B,0) (5,0, (19)

leJ(B)

where J(B) is the subset of J corresponding to particles of size smaller than B.
Obviously X§° = Xo.

2. It is easily seen that, by simply cutting each X; in an analogous way, the
corresponding quantities will not form a Markov process except for K = 0 (which
corresponds to the one-site case). We intend to let X2 evolve Markovian, thereby
keeping it in close distance to X; for B large, i.e. to introduce a coupled evolution
of (X;, X2) where both marginal processes are Markovian and their distance can be
controlled to be small for large B. To perform this, first introduce a new discrete
parameter assigned to the particles taking two possible values v and h (’visible’,
’hidden’). That means, instead of N x {0,1} we choose Nx{0,1}x{v,h} as phase
space. All particles present in X, with masses below B are marked visible, the
rest (with masses > B) is marked hidden. This gives )/(\'(])3. Given a path (X)i>o

we construct ()?f)tzo as follows, not changing the projection to Nx{0,1} which is
(Xt)tzoi

a) the mark ’hidden’ is dominant, i.e. the combination of two particles occurring
in (X;)i>o produces a hidden particles iff at least one of them was hidden, and
jumping to the other site does not change the status hidden or visible
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b) if a particle of mass at least B is generated by the combination of two
particles, it is marked hidden, and

c) additionally, particles become ’hidden’ by a newly introduced interaction be-

tween particles of different sites: given )/(\'tB, a 'visible’ particle of mass m < B at
site 7 becomes ’hidden’ at rate

m klizl_j,q:hXtB(d(k,’L.,q)).
Nx{0,1}x{v,h}
So the interaction concerns only the newly introduced mark, and has the effect that
any pair of particles with masses m, k at different sites assigns the mark "hidden’ to
the first particle at rate mk, supposed the second particle is already hidden. This
represents a Markovian refinement of the original process.

Now we define X2 by
X7 :/ (8ki) Lr< a=y + 8(B.0)k(La=n)) X7 (d(k,5,q)).
Nx{0,1}x{v,h}

This means, that only visible particles are present in X2 at locations < B, whereas
all hidden particles (in particular those with masses at least B) are collected to form
the mass at B at site 0. Observe that the total rate at which a visible particle of
mass m becomes ’hidden’ is given by the product of m with the total mass of all
other hidden particles.

3. So, if we do not intend to describe the joint dynamics of (X;, X2) but only
that of X2 we may do it as follows, referring to the representation (19): Consider a
family (Tlgl)l,lle‘](B)_l<ll,jl:jl, of independent exponentially distributed random vari-
ables with parameter m;my, a second (independent of the first) family (SP)ics(n)
of independent exponentially distributed random variables with parameter , and a
third independent family (UIB)lej(B) of independent exponentially distributed ran-
dom variables with parameter m; X2 ({(B,0)}). These families are finite in view of
the finiteness of J. Let

T = r?li,n(Tﬁ,, SE.UP).

Define X2 = X8 for t < T and

XOB — 5(,.,”,]'[) — 5("11'71'1') + 5(ml+m1hjl) if T = Tﬁ,,ml +mp < B
X§ = Smui) = Smyniy) + (mu + mu)dpo) if T = T}5, my, my < B,
XB — my+my > B
T XOB - 5("11,1'1) + 5(mz,1—jz) if T = SlBaml <B
XOB - 5("11,1'1) + mlé—(B,O) it T = TlB
XEB otherwise

Starting this construction anew with X% instead of X? we finally define X2 for
arbitrary ¢ > 0, thus arriving at a Markov jump processes {X2}. Observe that
{X} = {X:(XO)H} = {X:}, where v(Xo) := fo{o 1}mX0(d(m,i)) is the total
mass.

The evolution of a single X2 may be described as follows:
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e Particles of sizes m,n at the same site coalesce at rate mn, supposed m,n < B.
If m4+n < B, a new particle of size m +n is generated, whereas for m+n > B
the mass m + n is added to the mass already aggregated at (B,0).

e Moreover, particles of size less than B change their location at rate .

e Finally, particles of size m < B are deleted at a rate given by the product of
their size and the mass already aggregated at (B,0) and their mass is added
to the aggregated mass.

The evolution conserves the total mass
VX0) = va(X8) = [ mXE(dm, ) + XE(B,0)),
Nx{0,1},m<B
being independent of B.

Just as in [Nor99] we proceed at this point, defining some martingales associated
with the coupled family {XP}. Given a finite signed measure u on N x {0,1} we

define a finite signed measure LE’(l)(,u) by setting for any bounded function f on

N x {0,1}

(f, L2M ()

1

= [y i) esca + S(BLO)@ + 1) Lerisn — £(2,5) — £(0,5)
(Nx{0,1})?

1z y<B j=k a;y,u(l)(d[a:,j], ly, k)
n / (WB({(B, 0N {IF(B,0)z — f(z,7)) Locs} zuld]z, )
Nx{0,1}

i / {{f(2,1 = 5) = f(2,3)] Locs} p(d[e, 5]),
Nx{0,1}

where the measure u(*) on (N x {0,1})? is defined by u()(A x A") = p(A)u(4) —
p(AN A", ie. the counting measure on ordered pairs of different particles in case
of u being a counting measure. Moreover, define Q& ()(u) by

(£,Q2M(u))

1

= 5/ (@ + 9,9 eryen + F(B,0)(z + y)lopyzn — f(2,7) — Fy,9)
(Nx{o,1})

1z y<B j=k a;y,u(l)(d[a:,j], ly, k)
" / (WZ ({(B, 0 {[F(B,0)z — f(z, )] Locs} euld]z, )
Nx{0,1}

+”/ {[f(2,1— ) — f(2,5)) Loca ) uld]z, ).
Nx{0,1}

Then, for each f,

t

M= (5,XF) — (£,X8) = [ (7,2200x)) ds (20

0
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is a martingale, having previsible increasing process

t

(), = [ (7,Q200xE)) as. 1)

0

Let, for B € N, Mg denote the space of finite signed measureson (NN [1, B])x{0,1}
and define Lf : Mp — Mp by

(f,LZ (1))
- %/ ) [f(:IJ + yaj)1z+y<B + f(B,O)(:IJ + y)lw-l-yZB - f(maj) - f(yaj)]
(Nx{O,l})
gy jmk - oy (p % p)(d[z, 5], [y, k])
T / (W ({(B,0) {LF(B,0)z — f(z, )] Locs} zu(dlz, 5])
Nx{0,1}

T / (f(e,1 = ) — f(2,7)] Locs} u(dle, 51),

Nx{0,1}

for any bounded function on N x {0,1}.
Fix a finite measure po on [N x {0,1}, B(Nx{0,1})] with

o) = [ opaldfo,d]) < +o0
Nx{0,1}
and define

Wb = / L8y tho(d(m, 7)) + / L 5md(5 cptio(d(m, 1))
Nx{0,1} Nx{0,1}

It is easy to see that for each B € N the equation

t
WP = Py / L (uP)ds (22)
0

has a unique solution which is a continuous map ,UJ?_) :t — Mp. In fact, writing u?

as ZigB,je{o,l} cfi,jcsi,j results in a finite approximation of the two-site Smoluchowski
system:

.B 1
_ B B - B B - B B B B

Cii T 9 E , kme, k,jCm,; — e E :kct,k,j ~ 165,00t T RlCrin—j i)

k+m=i k<B

for 1< B and (23)

B 1 (k+m)kmcB, B 4B k2B
ct7B70 - 2 m mctykyjctymyj ct7B70 ctykyj :

k+m>B k<B

k,m<B

This system of B first order ODE’s obviously has a unique global solution. We may
apply Theorem 5 in the same way as it was done in the first part of the proof of
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Theorem 4 to see that the solution is non-negative. Moreover, it is not difficult to
check that (23) conserves the total mass

v(mo) = vp(ug ) = /Nx{o 5 <BmuoB(d(m,i))+MoB({(B,0)})

being independent of B.

Proposition 6 The solution of the approzimating system (23) with initial condition

1 A
B B B
Co,1,0 — 1+’ Co,1,1 — 1+’ cO,m,j:()) m > 1
fulfils
B-1
Zz|ct>‘” — cfz-,j| < ch,O <B'C,, 0<t<T< t;‘el,
=1

where Cy 15 a constant depending on T and .

P roof. Let us recall the two-site modified Smoluchowski equation (omitting
the upper index A for simplicity)

. 1 .

Cii = g E kmey g jCim,; — 1CeiCei — KCtij + KCrin—j (24)
k+m=2

Ct!*yj = _K./Ct7*7j —I_ K./Cty*yl_j

which we considered for the initial condition

1 A

Co,1,0 = Co,*,o = 1_|_—>\, Co,1,1 = Co,*,l = 1_|_—>\, Com,j — 0, m>1.

The solution obeys (i.; = > kCik,; up to tee as it was shown in the proof of
Theorem 4. Moreover, using the quantity

Ct(,?) = Z ket g = G — Z kcig s,

k>B k<B

we may infer for t < tge from (24)

. 1 . . B
Ctij = 5 E - kmcy g jCom,; — iCui E ek — wt,z',j(t(,j) — KCiij + KChii—j

k+m=1 k<B
for 1< B, t<tg and (25)
. (B) 1
Coj = 9 Z (k +m)kmee g jCtm,; + Ct(,?) Z k’cip; — ”Ct(,]j') + K/Ct(fzj'
k+m>B k<B
k,m<B
Define
Bf’i,j =Gty — cfi,j) 1< B.
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Subtracting (23) from (25) we arrive at the following finite system of ODE:

. . | 5
Bfi,j = 3 Z km(ﬁfk,jﬁfm,j + ZCEk,jﬁfm,j) + Zcfi,j (Ct(,lzj + Z kﬁfk,l—j)

k+m=: k<B

—1B5; (Ct(,?) +) kCt,k,j) + 1Bl — Bris)

k<B

with initial condition Bc]fi,j = 0, which has a unique solution. Again we may apply
Theorem 5 in the same way as it was done in the first part of the proof of Theorem 4
to see that the solution is non-negative, taking into account the boundedness of the
total mass of the solution to (25) by 1 and the fact that this solution was already
proved to be non-negative. Hence we have the relation

ctugct”,z<3t>0 (26)

Thus

B-1

B-1
E :|ct7’i7j t'L,J E : ct’h] t'L,J
=1

=1

and since both systems conserve the total mass we get

B-1

. B B
Z ilesi; — ¢ z,J| = Ct ,B,0 Ct 0 Ct(,l) < C,B,0
=1

So, in order to estimate the total deviation of the solution of (23) with respect to
that of (24) for masses less than B it is enough to estimate ¢f’g ;. We get from (23)
and (26) for any t < T < tge

.B 1
¢ Bo = 5 Z (k + m)kmcfk,jcfm,j + ch,O Z k2ct ki
k+m>B k<B
k,m<B
1
< 5 Z (k +m)kmeg g jcim,; + CEB,O Z kcon,j
k+m>B k<B
k,m<B
1
< 5 Z (k 4+ m)kmcy g jctm,; + CEB,o(Ut,O + 041)
k+m>B
k,m<B
1
< 5 Z (k + m)kmet g jCctmj + ch,OC
k+m>B
k,m<B

where C is a constant depending on 7' as it was shown in the proof of Theorem
4 that the second moments oy, = Uéj are continuous functions in each compact
sub-interval of [0, ¢4e1). Hence in [0, T'] we have (using (t 40+ (01 = 1 for the fourth
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line)

¢tpo < Z kzmct,k,jct,m,j + ch,OC
k+m>B
k,m<B
< Z kzmct,k,jct,m,j + CEB,OC
k+m>B
< Z kzmct,k,jct,m,j + Z kzmct,k,jct,m,j + CEB,OC
k>([B/2] m>[B/2]
k
< Z k2 Ctk,j+ O't,o + Ut,l) Z MCtm,j + CEB,OC
k>[B/2] m>[B/2]
< Z k’cip;+C Z mcth—I-CtBOC
k>[B/2] m>[B/2]
< BT Y Ko +C Y mlam; | +cpeC
k>[B/2] m>[B/2]
< [B/2]” (Zk cth+C(Uto+Ut1)) —I'CEB,OC
< [B/2]” (Zk Cth-I-C)‘l'CEB,oC

< [B/2]H(C"+C%) + ct,B,OC

as, again in the proof of Theorem 4, it was shown that also the third moment is
bounded uniformly in compact sub-intervals of [0,¢4). We used the notation [z] to
denote the integer part of a real number z. Hence we see that the positive quantity
o in [0,T] is bounded (in view of Theorem 5) by the solution of the differential
equation

z=[B/2]7' (C'+C?) + Cx
with initial condition z(0) = 0, which is given by

z(t) = [B/2)7'C~ (C'+ C?) (eF —1).

Therefore, there is a constant Cy depending on T such that ch,O < B7'Cyin [0, T].
This proves the proposition. O

Consider a sequence of finite counting measures X = N{'6(1,0) + N7'd(1,1). For
each n, denote by (X7',.)i>0 and (Xt]i{::)tzo the stochastic coalescent with jump
parameter nx and the corresponding coupled family of approximations constructed
above, starting from XJ. Set

=B _1yB
X, =n"1X700

n~ltnk

Xr=nlX"

n—1ltnk’
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Let d be a metric in the set M of all finite measures on [N x {0, 1}, B(Nx{0,1})]
which generates the weak topology, i.e. (f, un) — (f, 1) if and only if d(pn, ) — 0
for each bounded function on N x {0,1}. We may choose d in a way that d(u, u') <
||w — p'|| for each pair of measures. The following assertion is now an easy con-
sequence of the results derived so far and some general martingale result on the
convergence of rescaled particle systems.

Proposition 7 Assume

n 1 n >\
No/n—>1+—>\, Nl/n—>1+—>\ as n — 0.

Then, for allt > 0, _
sup d(X;7", ) — 0

s<t

wn probability as as n — oco.

P r o o f. The sequence of laws corresponding to ()Z'f") is tight, and any
£>0

weak limit point of this sequence is concentrated on the set of solutions of the
equation X2 = XB + fot LB(XB)ds (cf., e.g., [EW03, Th. 2.3]). Since the solution
(uB) of this equation is unique, we get convergence in distribution, which implies
the statement of the proposition (cf., e.g., [Wag96, Sect. 3]). O

We proceed with a stronger result, which can be obtained by adapting the proof
of the corresponding Proposition 4.3 in [Nor99].

Proposition 8 There is a constant C' < oo depending only on A and B such that
for allm > 1 and for all 0 < § < t, with XtB’" = _1XB_711t i

<1

n 1 n

I+ A

then
XPm— g

p (sup > (0o + 5)eCt> < Ce ™/t
s<t

Proof Weregard X’f’" as taking values in the vector space RZ x RB. Observe
that

t
My = /o [ XPr - XPr / L2 ™)(XE™)ds (27)
0

is a martingale having previsible increasing process

/Q XBn
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We make use of the exponential martingale inequality: Given a real-valued martin-
gale M the jumps of which are bounded by some A € R, and which has a continuous
previsible increasing process (M) then for all § > 0 we have

p (sup M, > 6 and (M)_ < 5) < exp (—05 + %0266‘45) )
¢

%
Let f be a bounded function on Nx {0, 1}. Consider the martingale M;* := <f, M?>
The jumps of M[* are bounded by Kn~'/2? and the corresponding previsible increasing
%
process (M™), = <f, <M”> > is continuous and satisfies (M™), < Kt, both for some

¢
K depending only on f, B and po. So by the exponential martingale inequality

quoted above

P (sup M? >4 ) < exp (—05 + %KtmeeK/ﬁ)
s<t
Assume that é < 4/nt and choose 8§ = §/(3Kt). Then K6//n < 1/3, hence
eKoIvr < 2 and we get
p (sup M?>46 ) < exp (—46%/4C1).

s<t

We deduce that for some K’ depending on B and po

p (sup ]\—/}’; > 5) < K'exp (—48%/K'"t)
s<t
supposed ¢ < 4/nt. Hence
P (sup n_1/2]\—/[>:7 > 5) < K'exp (—n52/K't)
s<t

whenever § < t. We get

|22 — Lt (P < ot

for some C’ depending on B and all ¢t > 0. Set Y; := )Z'f’" — uB and subtract the
equations (27), multiplied by n~'/2, and (22) to obtain

t
}/t = Rt + / Lf,’:(Y;)ds
0

where

t
Ry = Yo +n Y207 + / (LB — LB (XBm™)ds
0
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and

f, Lf;"(u)>

/(N oy [flz4+v,7)lasyes + F(B,0)(z + y)loyy>s — f(z,7) — f(y,7)]

N | —

Toyen,mk - 2y((X7" + 1) x p)(dle, 51, v, k)
+/ (X" + w){(B, 0N Af(B,0)z — f(=,5)] Lo<n} ap(d]z, j])
Nx{0,1}

+/' W({(B,0 ) {I£(B,0)z — £(z, )] Locs} 2(XE™ + uP)(d]z, )
Nx{0,1}
+n/ (21— §) — £z, )] Locs} u(dle, ).

Nx{0,1}

‘ L™ (w)

where K" depends on B and uo. We set g(t) = sup,, ||Ys|| and 7(¢) = sup,«; || Rs]|-
Then - -

We have the estimate

<K ull /2

o) < r(t)+ 30 [ ols)is
so g(t) < r(t)e?. For § <t we obtain
P(r(t) > g(0) + 8/2 + Ct/n) < Ce ™ /K",
There is nothing to prove if §2 < C't/n. Otherwise

Ct/n < §2 < Z§eCH/2

N | —

and hence
P (g(t) > (6o + 8)€*) < P(r(t) > g(0) + §/2 + Ct/n) < Ce ™ /%",
This proves the result. 0

The following theorem and its proof adapt Theorem 4.4 of [Nor99] to our situa-
tion. It is a stronger version of Theorem 1.

Theorem 9 Consider the solution (,udt)0<t<txl of the Smoluchowsk:s equation up to
<e<ty,

A
boel - Assume

1 A
NS/’)’L—>1_|_—>\, Nf/n—>1+—>\ as n — 0.

Then for all t < t)

gel

sup d(m)?:(dm), zps(dz)) — 0

s<t
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wmn probability, as n — oo, where XT =n X" . Moreover, for all § > 0 there

n=ltnk

are constants oo > 0 and C > 0, depending only on uo,t and § such that, for alln,

1 A
NY/n— —| 4 NP — 2
‘ o/m 1+/\‘+‘ r/m 14X <
implies
p (sup m)?:(dm) — zps(dz)|| > 5) < e mC,
s<t

P r o o f. For simplicity, we omit the upper index A\. Fix § and t < t4. By
Proposition 6 we find some B such that uZ({(B,0)}) < §/4. By Proposition 7

sup d(X,”", ) = 0
s<t

in probability as n — oco. Since the measures are supported on a compact set we
also have

sup d(zX2™(dz N [1, B)), zuf(dz N [1, B))) — 0

s<t
in probability as n — oco. We have by Proposition 6 for s < ¢, using that the
derivative of uZ({(B,0)}) is non-negative

eps(de) — zp; (dz N (L, B))|| < 20 ({(B, 0)}) < 21’ ({(B,0)}) < é/2.

On the other hand,

o X7 (de) — o XP™(da N [1, B))|| < 2X2({(B,0)})

by the fact that the evolutions of particles smaller than B coincide for {X;} and
{XB} except for those which are hidden and aggregated at (B,0) in {X2}, and by
conservation of the total mass. We may proceed as follows, bearing in mind that
the aggregated mass is increasing in time

o X (de) — o XP"(da 0 [1, B)) | < 2XP({(B,0)})

< 2B({(B,0)}) + 21X "({(B,0)}) — P ({(B,0)})] < 6/2 +2 | K" - f

So, using the property of d to be dominated by the variation distance, we obtain

d(2 X7 (de), apus(d)) < ||e X7 (da) — 2 XPm(da 01 [1, B)) | +
d(zXB"(de N [1, B)),eu®(de N [1, B))) + ||zps(dz) — zpP(de N [1, B))|

X = b || + d@XEn(de 0 1, B)), opf (do N[1, B)))

< 5+2

which gives

P (sup d(z X (dz), zp,(dz)) > 5) —0

s<t
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by Proposition 7, bearing in mind that all metrics considered here are equivalent
on the finite-dimensional vector space corresponding to measures on {1,2,..., B} X
{0,1}.

To obtain the exponential estimate we may proceed in an analogous way, using
the variation norm instead of the weak metric d and applying Proposition 8 instead
of Proposition 7. O
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