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Functional central limit theorem for the occupation time of
the origin for branching random walks in d > 3

Matthias Birkner and Iljana Zahle

21 February 2005

Abstract

We show that the centred occupation time process of the origin of a system of critical
binary branching random walks in dimension d > 3, started off either from a Poisson field
or in equilibrium, when suitably normalised, converges to a Brownian motion in d > 4.
In d = 3, the limit process is fractional Brownian motion with Hurst parameter 3/4 when
starting in equilibrium, and a related Gaussian process when starting from a Poisson field.
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1 Introduction and main result

We study the fluctuation behaviour of the occupation time in a single point of a system of
critical binary branching random walks (BRW). BRW consists of particles which move inde-
pendently on Z? in continuous time according to a given random walk kernel a. Additionally,
each particle has an exponentially distributed life time with parameter p > 0. At the end of
its life, a particle leaves either two or zero offspring at its current location, each possibility
occuring with probability 1/2. The behaviour of different particles alive at the same time is
independent. We denote by & (x) the number of particles present at location x at time t. We
assume that the transition rate matrix a(z,y) = a(0,y — x) governing the individual motion
of particles is symmetric, irreducible and has finite second moments, which implies

(Qij)ije1,..d= (Zm a(0, x)xzx])” is finite and invertible. (1.1)

We have ) a(0,z)x = 0 by symmetry, and we can assume without loss of generality that a
is stochastic, i.e. Y a(0,z) = 1.

It is well known that BRW in d < 2, starting from any initial condition with bounded local
density, suffers local extinction, i.e. {(z) — 0 in probability as t — oo for any x € Z%. On
the other hand, in d > 3, there exists a one-parameter family of extremal invariant probability
measures Ay, ¥ > 0, parametrised by the expected density: [&(z) Ay(d§) = 9. Each Ay is
shift-invariant, and {&(z) : = € Z% ¢ > 0} under Ay is ergodic with respect to space- and
time-shifts.



Let us denote the distribution of a Poisson field on Z? with homogeneous intensity 9 by H (1),
i.e. under H(4), the rv’s &(z), z € Z¢, are i.i.d. Poisson(d). If Z(&) = H(¥), we have
Z (&) — Ay weakly as t — oo.

Let Z(&) € {H(9), Ay}. By ergodicity the occupation time of any point = € Z¢ satisfies

1 T
T / &(x)dt — ¥ almost surely as T — oo.
0

Thus, a natural question concerns the random fluctuations of the occupation time around its
asymptotic limit. This is the content of our main result:

Theorem 1 1.) If (&)s>0 is started in the (unique extremal) equilibrium distribution Ay with
intensity ¥ > 0, then the processes

Nt
XN - ﬁ/o (€.(0) —9)ds, t>0

converge towards a Brownian motion in d > 4 and to a fractional Brownian motion with Hurst
parameter 3/4 in d =3 as N — oo, where the norming is given by

£3/4, d=3
ha(t) = { +/tlogt, d=4
Vi, d>5.

The covariance of the limiting process X is given by

—3;(32 (det Q)~1/29p [t3/2 + 53/2 — |t — s|3/2] , d=3
Cov(Xs, Xi) = ¢ (27)2(det Q)~1/20p x (s A 1), d=14

2 [37 duay(0,0) + p [° duua,(0,0)]9 x (s At), d=>5.

2.) The same conclusions hold if £ (&) = H(VY), and d > 4. In the case £ (&) = H(V) and
d = 3, the processes XN converge towards a Gaussian process X with covariance given by

22 1 1
Cov(Xs, X¢) = F\g/;(det Q) V20p |13/2 + 3% — Slt= s3/2 — S+ )32\ (1.2)

The normalisations hy are dictated by the requirement of a non-trivial covariance function
for the limit process, and this in turn is determined by the decay properties of the transition
probabilities of the underlying random walk a, see the calculations in Section 4.2. Note that
with p = 0, BRW becomes a system of independent random walks, and has the family H(?}),
¥ > 0 of shift-invariant extremal equilibria. In the situation p = 0, we see from Theorem 1
that the limit process X is trivial in d < 4 and a Brownian motion in d > 5. This is in keeping
with the ‘metatheorem’ that the introduction of branching shifts ‘critical dimensions’ by 2: In
a system of independent random walks, the occupation time requires normalisation by 3/% in
d =1, /tlogt in d = 2 and v/t in d > 3 in order to obtain a non-trivial limit (see [CG84]).

While for non-branching random walks, the non-classical norming is due to recurrence prop-
erties of the individual particles, the behaviour in our case is governed by the recurrence
properties of families: The equilibrium of a BRW can be decomposed into a Poisson system



of ‘clans’ of particles with a common ancestor (see e.g. [Zah02]), and such a clan will visit the
origin infinitely often if and only if d < 4. It is remarkable that the correlations introduced by
the branching are strong enough that in d = 3, the limit process itself depends on the initial
condition, not only on its density. Even though &, starting from H(#), converges in distribu-
tion to Ay, the ‘building up’ of equilibrium is reflected in the different covariance structure of
the renormalised occupation time process.

Note that the centred Gaussian process (X;) with covariance given by (1.2) can be represented
as X = (B£3/4) + B£E/4))/\/§, where (Bt(3/4))teR is a fractional Brownian motion with Hurst
parameter 3/4 and B(()S/ - (see [BGTar]). It remains an intruiging question to explain this
representation from the point of view of branching particle systems.

Corresponding functional central limit theorems for the occupation time of reversible inter-
acting particle systems are well known, see e.g. [Kip87], [QJS02], or more generally [KV86]
for central limit theorems for additive functionals of reversible Markov processes. In the non-
reversible situation of a branching system, non-functional versions of central limit theorems
have been obtained in [DGWO01]. One might argue that we have traded reversibility for in-
finite divisibility, which opens the possibility of rather explicit calculations. This is indeed
true to some extent: we obtain the Gaussianity of the limit process using a relatively general
martingale decomposition inspired by [QJS02], but we have to resort to fourth moment cal-
culations in order to prove tightness. This is feasible, although cumbersome, because of the
independence of families founded by different particles. While in principle moment formulas
for BRW are well known, we found ourselves compelled to develop a formalism to represent
arbitrary space-time moments of BRW in terms of integrals over tree-indexed random walks
(in the spirit of [Dyn88|, who elaborated an analogous scheme for super-Brownian motion).

A program similar to ours has been carried out by Bojdecki, Gorostiza and Talarczyk in
[BGT04a] and [BGT04b] in a somewhat different scenario with completely different techniques:
They consider critical binary branching particles in R¢, where the individual particle moves
according to a symmetric a-stable process, with a € (0, 2], and obtain the following results:
for a < d < 2a, starting from a homogeneous Poisson process, the occupation time requires
a non-classical norming and converges to sub-fractional Brownian motion, whereas the limit
process is Brownian for d > 2«, (with a logarithmic correction to the norming in the boundary
case d = 2a).

Our set-up is different in the following respect: we consider the lattice instead of continuous
space, and we focus on the occupation time of a single point, whereas Bojdecki, Gorostiza
and Talarczyk consider S’(R%)-valued processes. As to the techniques: Bojdecki et al rely
on computations of Laplace functionals and Fourier analysis, while in our case the discrete-
ness of space allows to use martingale decompositions of the occupation time, and to employ
techniques from the field of interacting particle systems (similar to [Kip87], [QJS02]) . Our
scenario, namely individual motion with a finite second moment, combined with critical bi-
nary branching, corresponds to the case a = 2. This invites to conjecture that if we used
an individual motion which is in the domain of attraction of an a-stable law (with general
a € (0,2]), we would find the same a-dependence of regimes as Bojdecki et al. On the other
hand, our Theorem 1, part 1.) suggests that in the scenario of [BGT04al, starting off from an
extremal equilibrium for the branching system instead of a Poisson process, the limit process
should be a fractional Brownian motion.

The rest of this paper is organised as follows: We collect some well-known facts about random
walks and branching random walks in Section 2. Convergence and asymptotic Gaussianity of
finite dimensional distributions is proved in Section 3: in the case d > 4 we decompose the



occupation time into a martingale plus an asymptotically negligible remainder term (Subsec-
tion 3.1), in the case d = 3 we ‘distill’ a white noise out of the fluctuations of the particle
system and represent the occupation time as an integral with respect to this noise (Subsec-
tion 3.2). In order to prove tightness, we use moment estimates; in Section 4 we develop
representations of moments of branching random walks in terms of integrals over tree-indexed
random walks. These are used in Section 5 to complete the proof of Theorem 1. Finally, we
collect some auxiliary calculations as well as a list of all the relevant tree types appearing in
our computations in an appendix.

Acknowledgement The authors would like to thank Anton Wakolbinger for many stimulating
discussions and his constant interest during the preparation of this work. Part of this work
was completed while the authors enjoyed the hospitality of Erwin Schrodinger Institute for
Mathematical Physics, Vienna.

2 Preliminaries

2.1 Formulas related to random walks

The underlying motion process has generator

Lf(x) = ) a(,y)(f(y) - f(x)).

yezZ?

Denote the transition probabilities by a;(x,y). They solve the backward equation

o aa(o) = (Lol 9) ().

We denote the transition semigroup by Sif(z) := >, ar(x,y) f(y). Let

o0
o) = [ alwy)de
0
be the Green’s function and -
gx = / e May(x,y) dt
0

the resolvent. We denote the Green operator by

Gf(x) = g(z,9)f(y).
)

The function = — g(x, 0) is a solution of —L¢ = ¢y and x — gy (z, 0) a solution of A¢— Lo = dp.
Define

t
w(oy) = [ ooy ds
0
the Green’s function of a random walk killed at time ¢. The function (¢, x) — wu¢(z, 0) solves
(O — D)o =60, o(x)=0.

The Dirichlet form of the underlying random walk is

S alz,y)(6ly) — é(@))” = 2(6, (~L)e) for ¢ € bo(Z7).

Ry



Note that our assumptions on ¢ imply the following form of the local CLT, cf. Proposition A.2.
a¢(0,0) = (27t) "2 det(Q) V2 + o(t™?) as t — . (2.3)

Furthermore recall that |[g(-,0)[|3 = [;* ds [~ dt as+(0,0), so that g(-,0) € ¢2(Z?) in case
d > 5, whereas ||g1/n(+,0)||3 ~ Clog N in case d = 4.

2.2 Basic results on branching random walk

A convenient choice of the state space for branching random walk (as well as many other
‘spatially homogeneous’ particle systems), going back to Liggett & Spitzer ([LS81]), is
_ . g d.
X= {,u an integer-valued measure on Z% : ZrGZd y(x)p(z) < oo},

where v is a strictly positive function on Z¢ satisfying >_yezd a(z,y)y(y) < Mry(z) for some
constant M > 0. Note that the dependence of X on the particular choice of v is irrelevant for
our purposes, as any random (), czq satisfying sup, E¢, < oo automatically has P({ € X) =1
irrespective of 7. A formal construction of the BRW (&:):>0 as an X-valued Markov process
can be found e.g. in Section 1 of [Gre91]. The generator is given by

LEE) =YY &@az,y)(FEY)-FE)+ ) §£<x>(F<£m’+>+F<£*—>—2F<£>) (2.4)

zeZ4d yeZ4 z€Z4
with %Y = &£ — 0, + 9y, 9T =€ 45, and 5T =€ — 6.

It is well known that a branching random walk ¢ with initial condition £y € X can be con-
structed as the unique solution to

f(z) = gmng[ /0 1(6a(y) > n)N¥(ds dn) — /0 1€, (x) > n)N™Y(ds dn)

+ /0 1(Ea () > ) N™*(ds dn) — /0 1€ (2) > n)N™~(ds dn)

for all x € Z% t > 0. Here, N*¥, x # y, N>t N®~ z € Z% are independent Poisson
processes on [0,00) x N, independent of &y, N*¥ has intensity measure a(z,y)dt ® df, N®7,
N*~ have intensity measure (p/2)dt ®df (dt is Lebesgue measure, ¢ is counting measure). For
fixed &g, (&) is adapted to the filtration generated by these Poisson processes. See e.g. [Bir03],
Lemma 2.1 and Remark 2.3. Define

N /0 1(&s_(2) > n)N™¥(ds dn), NoF = /0 1€ (2) > )N (dsdn)  (2.5)

(with the obvious interpretations: N%* counts the number of births at @, N*~ counts the
number of deaths at x, N™¥ counts how many times a particle jumps from x to y). Thus we
can rewrite

&(x) = &x) + NPT - NP~ + Z (NP — N7, reZ t>0. (2.6)
e



Lemma 2.1 Assume that sup, E[¢y(z)?] < co. The compensated processes

¢ ¢
NP = N™Y — a(z, y) / 6a)ds, Npt o= NP+ / £o(x) ds (2.7)
0 0
are pairwise orthogonal, square integrable martingales with compensators given by
(™), = a(z, y / &) ds, (KoY, = (Ko / e (2.8)

Proof Immediate from the independence properties of the driving Poisson processes N. O

For f; € £1(Z%) put
Fy(&) = (f. €= 0N = > filz — ). (2.9)

z€Z?
Note that this sum is well defined if sup, E [£{(z) — 9| < oo.

Lemma 2.2 Let f : [0,00) x Z% — R satisfy supe<r (|| fel|1 + |0 fe|l1 + || Lfel|1) < oo, and let
F; be defined by (2.9). Then we have
(0 + 2)F(¢) = <(5t + L)fn £— 1%>

fort € [0,T], and the martingale M; := F(&) — fo Fy(&5)ds, 0 <t <T,
can be represented as

M, = Z / fs(@) (ANZT — dNZT) Z / (fs(y YANZY. (2.10)

Proof Note that ®,(¢) := {(z) satisfies Z,(£) = >, (£(y) — &(2))a(y, ), hence

LR = Y file) D> (Ely) =9 — &) +D)aly, o)
x€Z4 yeZe
= Y (&) =) Y aly, x)(flx) — fily)) = (Lfi, & = 00).
yeZd z€Z4

By the linearity of the function Fj(-) we can express (using integration by parts)

F(&) = fs(x) dANT — fs(@) AN~
” / poyRaE
+ (fs(y) — ANZY + Os fs(x)(§s(x) — V) ds
;d/ =l
= Z/ fo(@) (dNPT — dNZ™ Z/ fo(@) (Eo(@ ds—ﬁs( ) ds)
zezd z€Z?
s / (uly) — L)) dNEY 4 3 / (o) — f5(@)€s(@)a(z, y) ds
z,y€Z4 z,y€Z4
+Z/ afs gs )dS—I—Fo(&))
zeZd
_ / fu(@)(@FE — Nz 4 Y / (fuly) — fo(w)) dNZY
reZd z,yE€Z

t
N / (Ds + L) fo, £ — ON) ds + Fo(Eo).
0
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This completes the proof. O

We recall some well-known properties of critical (finite variance) branching random walk in
d > 3. Let a(z,y) = 3(a(z,y) + a(y,z)) be the symmetrised transition kernel. (In our case
a = a.) For a proof of the following results, see e.g. [Gre91] and the references given there.

Theorem 2 Assume that a is transient. Then for each ¥ > 0 there exists exactly one extremal
invariant probability measure Ay € P(N(Z9)) with [ £(0)Ag(d€) = 9. Each Ay is translation
mvariant.

Theorem 3 If £ (&) € {H(¥), Ay},

t
%/0 J(&s)ds t:o/f(ﬁ) Ay(d§)  almost surely and in Ly

(for polynomially bounded, local functions f).

3 Finite dimensional distributions

Proposition 3.1 Let (&) be either Ay or H(V). As N — oo, the processes X~ defined
in Theorem 1 converge in finite dimensional distributions to a Gaussian process X (whose
covariance structure depends on d, ¥ and the choice of the initial condition, as specified in
Theorem 1).

The rest of this section is devoted to the proof of Proposition 3.1 in the various cases.

3.1 The case d > 4

Our strategy is as follows: similarly to the technique applied in [QJS02] we are looking for a
function G (&) that satisfies LG(§) = (£(0) — ) + “small error” in order to obtain a represen-
tation of the form

centered occupation time = martingale + “small error term”.

We then use a general functional central limit theorem to treat the martingale term, while we
use second moment estimates to show that the error term becomes small. Put

GA(&) = D ga(@,0)(E(x) — 9)

zeZd

where g) is the resolvent of the underlying random walk. By Lemma 2.2 we have

(Ald - 2)GA(§) = £(0) — . (3.1)
Again by Lemma 2.2,
M} = Gr(&) - Galé) - /0 L&) ds (3.2)
= > (@0 =gz, 0)NY + Y galw, 0)(NS = NP7) (3.3)
z,yeZ? z€Z4



is a martingale. Using (3.1) we obtain a representation

/ (6(0) — 0) ds = —G(€1) + G (6o) + A / Ga(€)ds + M} = R} + M. (3.4)

We choose A = 1/N and we study the terms hd(N)_lR%tN and hd(N)_lM}V/tN separately in
two steps.

Martingale part: Using Lemma 2.1 we have

Ay = Y (.0 =@ 0)) [ atela) ds+ 3 gm0 [ oo ds

mvyGZd (EGZd
(3.5)

Case 1: (d > 4) The martingale N~ 1/2M1/N has globally bounded jumps (gx(x,0) < g(z,0) <

[l9]]co < 00), furthermore the jump size tends to 0 as N — oo. (3.5) yields for any fixed ¢ > 0

Nt
NN =Y aw ) an5,0) - gn @ 0)’ 5 [ &) ds
z,y€L? 0
Nt
w0 X oo 0Py [ sl
x€Z4

P
— const -t
N—oo

because each summand (1/N) ONt &s(x) ds converges to ¥t almost surely and in L; by Theo-
rem 3. This and the shift-invariance of Ay, resp. H (1)), proves that the r.h.s. converges in L*,

so in particular it converges in probability (note that the Green’s function g is in ¢?(Z?) for
d>4).

Using Proposition A.1 we conclude that (N —1/2)pr ]{,/tN)
of a Brownian motion.

>0 converges in distribution to the law

Case 2: (d = 4) Here we have to slightly modify our approach because the Green’s function
is no longer in £2(Z*). Instead we note that

Z g1/n(z, 0)? e const. > 0
logNmeZd o)

logN > alz,y) (918, 0) — g1/ (x,0))?

,yGZd
1
1OgN<91/N 0), (=L)g1n(-,0)) = 1OgN<91/N ;0), do —N91/N('70)>
< < —

We then argue analogously to the case above that (WM ]1\//tN)t20 converges in distribution

to a Brownian motion.



Error part: Let us first consider Ay as initial condition. We estimate E* [(G(&))?] in order
to treat the remainder term. By Corollary 4.5 we have

EM[(GA&)] = D aa(@,0)gx(y, 0)Cov™ (&o(x), &(v))

z,yeZ4
:19/ dte_At/ dse’\ZatansxO)
z€Z4
gp [ -\t /Oo —)\s/
—1-2/0 dte ; dse ; du Z a(z,0)as(y, 0)ay(z,y)

JYEZ

= 19/ dt/ ds e Mt+s) {at+s(0 0) + / du atys14(0, 0)}
:19/ dre” r{aTOO /dvavOO}

For d > 4 we estimate using (2.3)

Ag 2 > o (/2 4 p—d/241
EM[(Ga(€)] < c(1+/1 dr e (/2 4 ))

< 2C (1 —I—/ dr e_Arr_d/2+2>
1
to find that
A ~1/2 2] . C o/N,. _djaq2dr _ C ¢’
EN (V126w (60)’] < N+c/1 N =S4y 0.

The case d = 4 can be treated analogously

C ds
o [ Nlog N)™\/2G } esINEE g,
(Wlog N)™VEGx (&))" | < Frpop * logN N Now
Thus the second term of R; in (3.4) converges to 0 in L? after norming with hy(N), so in
particular it converges to 0 in probability. By the time-stationarity of (&) started from Ay we
see that also the normed first term in (3.4) converges to 0 in probability. Finally, the remaining
integral term can be estimated in the following way:

1 1 Nt
hqg(N) N

Ay < AEM |hg(N) TGy n(€o)| — 0.

Gl/N(ES) ds

Putting things together we conclude that (hg(N)~ RI/N)t — 0 as N — oo in the sense of
finite-dimensional distributions.

Now consider Poisson initial conditions. Note that we have 0 < Cov*¥)(&(x), &(y)) <
Cov™ @ (&y(x), o(y)) for all 2,y € Z9, ¢ > 0 (see Corollary 4.5). Thus we have

sup EV[(Ga(&))°] < EM[(GA(%0))7);

>0

and then we argue as before.



3.2 The case d =3

The decomposition (3.4) of the occupation time in a martingale term and a remainder term
as for the case d > 3 can not be used in the case d = 3: First, N_3/4G1/N(£) does not become
small in L?, second, as the limit process cannot be a Brownian motion, the Rebolledo-type
arguments we used above would not help anyway.

Our approach, again inspired by [QJS02], is to instead “distill” a white noise out of the space-
time fluctuations of the ergodic branching random walk system, and to express the normalised
occupation time process as a linear functional of this approximate white noise. Technically,
for a (momentarily fixed) time horizon T', we decompose the occupation time in a term MZ
and a remainder term, where MZ is the final value of a martingale (M );<r.

Recall u(z,0) = fot as(z,0) ds, define
= Z ur—(7, 0)(5(33) - 19)'
z€Z3
Now

= U7 (&)~ UT (&) — /0 (0, + 2)UT () ds (3.6)

is a martingale, and as (0; — L)u(-,0) = 4(-,0), we obtain, using Lemma 2.2, the following
decomposition of the occupation time:

T
/ (6(0) — ) ds = ME + UT (€0).

Being interested in N~ 3/4f (fs( ) — ¥) ds, we find ourselves obliged to study N~3/*M{YT
and N=3/4UNT(&).

Lemma 3.2 Let £(&)) € {Ay, H(9)}. The processes

(N_3/4M1]\\7[71:)T20 and (N_3/4U5VT(£0))T20

converge jointly in the sense of finite dimensional distributions to independent Gaussian limits.

Proof We first consider (N_3/4UéVT(£0))T>O. If we start from a Poisson field, i.e. £ (&) =

H(9), N=3/4UNT will converge in finite dimensional distributions to the zero process: The
norming with N—3/4 is too strong in this case, as can be seen e.g. from

N3/2gH) [(UgVT(go))ﬂ = N9 unr(x,0)2 = O(N 7).

xC€Z3

On the other hand, if £ (&y) = Ay, the norming will be adequate, and the processes N-3/4yNT
will have a non-trivial Gaussian limit. Heuristically, if we could simply replace a:(0, z) by its
local CLT analogue, we would find

NT
N3HUNT () = N7 3 [gg(w / as(0, x) ds
z€Z3 °
NT e
~ NS [eo(w) - 0] /0 (27s) "/ (det Q) /Z exp ( a x?%) ds
z€Z3
NN " [go(@) — Aer(z/VN), .
z€Z3

10



where o7(z fo (2mr)~3/2(det Q) /% exp (- mTQiTz) dr. If furthermore o1 were a Schwartz
function, we could conclude using Theorem 1 in [Z&h02]. The method of proof used there can
be adapted to our situation, technical details are given in Lemma B.1.

Now let us consider MNT. Using Lemma 2.2 we can write (we abbreviate ug(z) := u4(z, 0))

MtT = Z/ ur—s(y) —up—g(x )>de,y

ERTSYA
+§j/uTs JANT Ej/uu JANT
zeZ3 xEZ3

Now we replace ¢t and T by NT and multiply by N~—3/4 which yields

N7 MMEE = 21 (N, T) + Zy(N, T) — Z3(N, T),

where
Z\(N,T) = N3/ Z/ unT—s( —uNT—s(JJ))de’y
x,yeZ3
L(N.T) = NS / unro(@)dNT*
zeZd
Z3(N,T) = 3/42/ unt—s(2)dNT".
z€Z3

We proceed in two steps. In the first step we investigate Z1(N,T') and in the second step we
consider Zo(N,T) and Z3(N,T).

Step 1: The term Z;(N,T) converges to zero in probability, since the second moment con-
verges to zero:

N
E[(Zl(N,T))z} = YN~ 3/2 Z / T(uNT_S(y)—uNT_S(l‘))zdS

ERTSYA

= YN 3/? Z /NT (us(y) —us(a:)>2ds

,y623
= 219N_3/2/ <us, Lus>
0

NT
= 219N_3/2/ (us, 60 — as(+,0))ds
0

IN

NT
29N /2 / us(0) ds < YN~1/2Tg¢(0,0) — 0.
0

Step 2: Now we consider the remaining terms Z5(N,T') and Z3(N,T). We define a random
field Yn 7 on L2([0,T] x R3) via

T
Yy @)= NV [z [ anyNENt o ) N1/4 dNVN“ dz (s, 2),
T, ¢ Ns Ns

11



where | 2|y is determined by |2|y € Z*/V/N and z € |z|y + Ay, with Ay = (— = L]g.
Thus we can write
ZQ(N, T) = <YN,T7 'UN,T>7
where
’UN,T(Sv z) = N1/2 Z uN(T—s)(\/Nx)lr—i-AN (2).
z€Z3 /N

Next we wish to show that Y r converges towards a white noise Y7 on [0,7] x R? (with
covariance measure given by pd/2 times Lebesgue measure). Furthermore, for large N, the
CLT suggests that vx r should be similar to

T—s
vp(s, z) = / pr(2z,0)dr,
0

where p,(z,y) := (27r)~3/2(det Q) 1/ exp ( - W’;ﬂ) Thus we expect Zo(N,T) =~

(Yp, vr), which shows the Gaussian nature. We proceed in two parts to justify this heuristics:

Part 1: Here we show that (Yy 7, ¢) — (Yr,¢) as N — oo when ¢ € Lzlﬂp([(), T] x R3). The
2

index %ﬁp indicates that this is the L?-space corresponding to %ﬁp times the Lebesgue measure
on [0, 7] x R3. We write ||¢||2 for the norm of ¢ in this space. Y7 is a space-time white noise
based on 2Up times the Lebesgue measure on [0, 7] x R3. That is a random field Y7 = (Y7, ¢)
with ¢ € Lz%ﬁp([(), T] x R3), such that Y7 is a linear isometry from Lz%ﬁp([(), T] x R?) to the

space of Gaussian random variables equipped with the L?2-norm. See e.g. Chapter 1 of [Wal86]
for background on white noises.

First we consider test functions consist only of finitely many steps: Let

m(k
where Ayp,..., A, C R3 are disjoint (say, bounded parallelepipeds) and r’f < t'f < 1""2f < t'zf <

ZNyk _ N1/4 Z )\(A N\/N-'Er'r _
;= kN (x+AN)) Ny, , k=1,...,n.
z€Z3/VN

Then (ZMN)o<i<r = (ZtN’l, . -,ZtN’n)OSth is an R"-valued martingale. The assumptions of
Proposition A.1 are fulfilled since:

(i) We observe for k # [ that
Nt
(ZNE 2N = N2 ST A (AR (@ + AN) A (AN (2 + Ay)) / Le(VNa)ds 25 0,
0 2 N—oo
€23 /vVN

since B[(ZNFE ZNAY, ] < pot/(2N3/?) x #{x € Z?/V/N : dist(zx, A)), dist(z, Ay) < N~1/2} =
O(N—1/2),

For k = | we calculate

2 Nt 1
(ZNF, ZNFy = N2 ST ()\(Akﬂ(:c+AN))> / ggs(\/ﬁx) ds NL SUPA (At
z€Z3/vVN 0 o

12



due to Theorem 3.

(ii) We observe that ZV* has jumps of size N~%/4, such that condition (ii) of Proposition A.1
is obviously fulfilled.

By Proposition A.1 we can conclude

(ZNA Lz (22, (3.9)

N—oo

where {Z*} are independent Brownian motions with variance parameter %ﬁp)\(Ak).

For ¢ defined in (3.8) we obtain

n m(k) n m(k)
Oviro) =303 (2" = 2") =2 3030 (2~ 2 )
k=1 I=1 k=1 I1=1

The limit is a sum of independent normal random variables by (3.9). Therefore the limit is
normal with variance Y ;_; Zm(k T9pA(Ag)(tF — rf’) and hence

Ynr,9) — (Y1, ).
N—o0
Then we can extend the convergence statement to all p € L3 ﬂp([(), T] x R3), since the functions
2

of the form (3.8) are dense in Lzlﬁp([O,T] x R3) and since (for ¢ : R® — R such that ¢?
2

Riemann integrable)
1 g 2 2
lim E[(Yn,r, ¢)°] = =0p o(s, 2)%dsdz = ||¢]|5-
N—oo 2 RrR3 Jo
The last assertion can be seen by the following calculation

E[(Ynr @)’ = NV2 - / [/z

> 1
(s,2) dz] Nﬁﬁpds

z€Z3/VN +AN
= —19p Z / / (s,2) dz} [N?’/z/ o(s,w) dw| ds,
z€Z3/VN

which is a Riemannian sum for %19 fOT ng ©?(s,2) dzds. This completes the proof of the asser-
tion.

Part 2: Now we show that (Yn 7, vn 1 — vr) NL 0, in fact we will show that
—00

E [(Ynr,onr — vr)?] — 0. (3.10)

N—oo

13



We have

-1

(lﬁp) x E [<YNT,’UNT—’UT>2]

— N3/2 Z / ds </m+AN z(vn (s, 2) —UT(sz))>2

z€Z3 /N

— N3/2 Z / ds

z€Z3/vVN <

/T Sdr/erAN N3/2aN (VNz,0) — p.(z, 0)))2
—s 2

= N3/2 eg/:\/_/ ds /dr dr...)

coni 3 /ds{[/:dr...p[/ET‘Sdr...r}.

z€Z3/VN

Now note that

2
N3/2 Z / ds / dr/ dzN?’/zaNr(\/Nx,O)}

z€Z3/vVN

1 Ne 2
— N Y [N dra,(VNz, 0)} — N7 june(-, 0)[|2 < C VE,
z€Z3/vVN 0

where we use for the last estimate that
lJue(-,0)|3 = Z/ dr/ dsa,(x,0)as(z,0) —2/ dr/ ds ar45(0,0) ~ Const. x vt
xcZ4

by (2.3). Similarly

€
/ — N3/
N3/2 Z / ds / dr/HANdszZO} = N3/2T Z [/0 dr/HANdzpr(Z,O)

xeZ3/vVN xeZ3/vVN

€ 2 € €
<N Y AN [ de /drpr(z,()) :T/ dz/ dr/ ds py (2, 0)ps(2,0)

€23 /vVN
€ €
_or / dr / ds pr1(0,0) < CVE,
0 r

2

where we used the Cauchy-Schwarz inequality.

In order to treat the remaining term we use that (see e.g. Prop. A.2)

|N?*2ap,(VNz,0) — p,(2,0)] < Oeﬁ P(N) (3.11)

uniformly in N, r € [¢,T], x € Z*/v/N, z € & + Ay, where 1»(N) — 0 as N — oo. (Note that

14



this requires only a second moment assumption on a) This yields

v [lf e ] minno]

z€Z3/vVN

< N32y(NYT ( / dr L+AN 1+|z|2/r>

z€Z3 /N

c.T \?
vt 3 ([ i)
wez3 /YR T

< N3Zp(NPPTEC2 N AN dz (14 |22/T)
z€Z3 /N o+hAN

:C§T3w(N)2/ dz (14 |2[2/T) > — 0.
R3

N—o0

Combining we see that limsupy_ ., E [(YMT, UNT — UT>2] < Cy/e, now let € — 0 to obtain
(3.10).

Thus we have shown that Za(N,T) converges to a Gaussian limit. Z3(N,T') can be treated
completely analogously, and as it involves only integrals with respect to (Ntm ), x € 73,
and the martingales N~ and N®% are all pairwise orthogonal, we see that Z5(N,T) and
Z3(N, T) converge jointly to (independent) Gaussian processes. Thus (N ~3/4 )M/ NI converges
as N — oo to a Gaussian process.

Finally, a remark on the joint convergence of UNT and MNT when starting from the invariant
distribution Ay is in order: Note that U (50) ~depends only on the initial condition, whereas
MNT is a function of the driving martlngales N#% gz e 73. Scrutinising the proof the reader
will find that even conditional on & = 1, MNT Wlll converge to the same Gaussian process, as
long as 7 is such that £ (&€ =n) = Ay as t — oo. This is the more careful (but also more
lengthy) argument, we hope to have convinced our reader nonetheless.

|

4 Moment computations for branching random walks

In this section, we express space-time moments of critical binary branching random walk
as sums of certain integrals over tree-indexed random walks. The trees appearing in our
expression for an n-th moment have a natural interpretation as the possible ancestral relations
between n sampled particles in the branching population. Our computation is very much in
the spirit of [Dyn88], Section 2, where a similar program is carried out for super-Brownian
motion, the continuous relative of BRW.

Let time points 0 =: tg < t; < ty < - -- < t,, non-negative test functions fi,..., f, : Z¢ — R,
and coefficients o = (o, ..., o) € R} be given. Our first aim is to find an expression for
E(%) [T (fis &), where E("%) refers to expectation with respect to the &-process starting
at time r > 0 with exactly one particle at € Z%. In order to do this we put

w(r,x,a) = E("92) [eXp ( - Z et yilfis ftﬁ)] )

=1

15



and for A C {1,...,n} put

A
_1)|A|£

wp(r, x) := o

w(r, x, q) ‘a:O

Note that wa implicitly depends on the ¢; and f;, but we will consider them as fixed in the
following. Note that
w (1, z) = Erd) [H(fz', §ti>]

€A

if r < t; for all i € A. The next lemma shows how to compute wp recursively:

Lemma 4.1 Let 1 <iy <---<ix<n, A={iy,..., i} For z € 72, r <t;, we have

wp(r,z) = Kp(r,z —I—p/ ds Z as—r(x,7) Z war, (8, Y)war(s,y) (4.1)
' yez! {M1,M>}
MyUMy=A, disj., both # ()

k j—1 j-1
+Y > ay, (@) x [Jan,-t,  @e—1,20) x [] fim(@m)
Jj=2 (El,...,fﬂj_lezd (=2 m=1
t;
J
X p/ ds Z Gs— ti x] LY Zle(sv y)’lUMQ(S, y)a
i yezt (M1, My}

M1UM2:{Z']',...,Z']€}, dZS], both # @
with Ky (r, x) := R [TLica fi(We,)], where (Wy)i>o is a random walk with kernel a.

Proof Let us write

wp(r, x, ) := E(r9z) [eXp ( Z eyl fis &, >>]

1EA

First of all we prove for r < ¢;;

w(r. 7. ) (42)
= St,—r (e_o‘h fir Stiy—ti, (e_o‘iz fig Stiy—ts, ( S, —tik_le_aik fik) o )) (z)

+ p/ti1 ds Ss_r<%(1 —w(s, -, a))2> (z)

+§ 5 at, —r (T, 1) 5 at,,—t;, (T1, T2) 5 a;, i, (Tj-2,7j-1)

J=2 z1€24 xo €LY xj_1€Z4

- < - Jz—i o b (xm)> p/ti]- ds SS—ti]-_l <%(1 —wa(s, -, a))2> (j-1)-
m=1 b

11

The starting point is the well-known fact that ¢(r, z) := E(%%) exp(—(f, &) (where r < t)
solves

o(r,x) = Sp_, (e_f)(x) + p/ ds Ss_r <% (1 —¢(s, ))2> (z). (4.3)

16



Figure 1: An example, the special nodes are shaded

Now we iterate this. For r € [t;, _,,t;, ), claim (4.2) is true by (4.3). If we assume it to be true
for all 7" € [t;,,t;,,) and consider some r € [t;,_,,t;,) we find by stopping at time #;,

k
wp(r,z, a) = R (r0z) |:e—0£iz(fil’gti>E(ti[’§tiz) [exp ( — Z o <fi]'7 5t1]>>H

j=t+1

B [exp (( = i fi, () +logwaltiys @) &) )|

Hence again by (4.3)

ety fiy () " L 2
’U)A(’I",ZL',CV) :Stil—r <€ et ’U)A(til,',a)> (fL‘)‘I‘ﬂ/ dSSS—T<§(1 —’U)A(S,',a)) )(l‘)
T
This completes the proof of (4.2). We obtain the assertion by differentiating (4.2) with respect
to a;, i € A and evaluating at o = (0, -- - ,0). O

4.1 Trees and bookkeeping

For the bookkeeping of terms appearing in the computation of space-time moments of BRW
we will need finite, rooted, unordered trees 7 in which each node has at most two successors
and the root has exactly one child. For a vertex v # root, we denote by v its predecessor.
We write v < v’ if v/ is a (direct or indirect) descendant of v. We define the degree of a node
v as the number of its direct descendants. Let V' denote the set of all nodes except for the
root. The set V of leaves and inner nodes of degree one plays a special role (see Figure 1),
and each node v € V carries a mark »(v) € N. We only consider such marked trees 7 which
have the property that v < v’ implies p(v) < ¢(v’) and that any m € N appears at most once
as a mark. For a subset A C {1,...,n}, let Ty be the set of all such trees 7 where the set of
marks is the given A.

For given A C {i,i+1,...,n}, 7 € Tp, r < t;, and = € Z% we put

S(r,A;r,x) = (4.4)

#nodes of degree 2 in 7 )
<p ) ( H /IR+ dsv) {1{Vv<v tsu<s,}

veEV\V

Z H Asy—s— (1";7 Ty) H f@(ff) ('Tf’)}

{zy€Zd:0eV} vEV eV

where we implicitly understand that s; = ¢, for all v € V, and spoot = 75 Troot = -

17



Figure 2: Concatenation of trees

Proposition 4.2 Fori <mn, A C{i,i+1,...,n} and r < t; we have

= Z S(r,A;r,x). (4.5)

TETA

Proof Let us assume that A = {i1,4a,...,4)5} With iy < --- <i5;. For £ < [A|let Ty, be
the set of all trees marked with A in which the first branching occurs at height ¢, that is which
look as follows: the root is followed by a string of £ — 1 nodes of degree one (necessarily marked
with 41, ...,4¢—1), then there is an inner node with two subtrees. Th,ja| is the set consisting
just of one tree in Ty which has no branching points at all.

Note that for AYNA” = (), marked trees 7/ € Ty, 7”7 € Tp» and M C Nwithm € M,i € A'UA”
= m < i we obtain a (unique) tree 7 € Tasuauar by the following prescription: A string of
|M| nodes of degree one, marked by the elements of M, is followed by a split node, which
is obtained by identifying the roots of 7" and 7”7 (see Figure 2). We write 7 = 7/ %y, 7.

On the other hand, for each ¢ < |A|, any 7 € Tp, can be constructed in this way (with
M ={iy,...,ip—1} and M =0 for £ =1).

We prove the proposition by induction on |A|. For A = {5} (i < j < n), there is only one
7 € Tp: the tree consisting of the root followed by a leaf which is marked with j. We have

wiy(r, ) = (m L5 (W,)] Z at,—r(z,y) iy Z S(r,A;r, x)
yeZd €Ty

in this case.

Now assume that the claim is true for all A’ C {1,...,n} with |A’] < k—1, and let A =
{i1,...,1k} with k elements i; < --- < iy be given. For 1 < ¢ < |A| we can, according to the
observation above, decompose

Z S(r,A;r,x) = Z Z S(’T/ i1, io 1)} 7" A, x)

TETA . {A A} T'E€Tpr, 7" €T g1

A/UA//:{il7il+17"'7ik}
disj., both # 0

Furthermore, we have for £ > 1

S(r" %y, iy TN T )

= 0 Y, (@mm) > ay, oy (wwe) > an,  u,  (wea,we)

x1€Z4 29€7Z4 xy_1€EZ°

/-1 ti,
H fz']- (x]) / ds Z As—t;, | (xe—h y)S(Tlv A/; S, y)S(Tﬂv A//; 5, y)a
j=1

-1 yezZd

18



for ¢ =1

tiy
S(r *{}7‘ A;r,x) p/ ds Z as_r(z,9)S(T', N 5,9)S(" A; 5,9),
T yeZd

and for the one tree 7 € Ty |5

S(t,A;r,x) = Kp(r, x).

Adding up these equations and using the induction hypothesis we see that the r.h.s. of (4.5)
solves (4.1), and thus the claim is proved. O

Remark 4.3 A similar representation can be developed in the general case when the ¢; are not
necessarily pairwise distinct. This would require an appropriate set of trees where the nodes can
carry multiple marks in order to accommodate situations when at a time ¢t; = ;4.1 = - - - = ;4%
a single particle has to be counted several times. We have refrained from making this explicit
as we will not need that generality in the following.

Now we consider the case of Poisson initial configurations.

Proposition 4.4 The multi-space-time moment of the BRW started in a Poisson point process
has the following form

EMO T 6| = > H( > s(r Az, m)
=1

JEA k=1 (A1, Ay} ;€24 TETY,

partition of A

Proof We assume that & is a Poisson point process on Z% with constant intensity ¥ > 0. Let
us write {o = >, dy;, and let (£tZ ) be the family founded by dy; at time 0. We have

E[H(fj,&jﬁ :E[H<fjvzi£tl } > [H (i &, % }

JeA IS (i;)ENA  jEA
= X X E[H [T
R=L ipy Ay =1, i=1j€A;
part. of A pairw. diff.
n 00 k
=> X X E[[en)
F=1 A Ag) lny=1, =1
part. of A pairw. diff.
:Z Z [/ /(HwA 0 xz> — Ogy — —5zk_1)(dxk)---
k=1 Ay A}
part. of A (é0 — 62, ) (dmo)&o(dz1) |-
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For a Poisson point process n with intensity measure v the k-th factorial moment measure is
just v®F see e.g. [DVJI88] Example 7.4(a), p. 227f, so

E [/ . / (ﬁgd%)) (=02 — = Oy ) (dai) - -+ (= b, ) (dw2)mo(dz1)
- f[ [ sitavian).

The result follows from Proposition 4.2. O

As an easy consequence we obtain the well-known second moment formulas for branching
random walk:

Corollary 4.5 Foru <wv, x,y € Z% we have

v+u

B (@)6(y)] = 9 +danule,y) + 2 / ar(w,y) dr,
19 (e}

EV(6@60)] = 0+ donu(en)+ Y [ aley)dn

Proof We apply Proposition 4.4 with A = {1,2}, fi = 1y, fo = 1y and t; = u, to = v
and we use (4.4) to obtain

EHW) [£u(:c)£v(y)] = 192 + Z au(zv x)av_u(x, y)
z€74
+Jp Z/ ds > as(z, w)au_s(w, z)ay_s(w,y)
2€74 0 weZ4
u+v
= 9%+ Yay_u(z,y) + % / dr a,(z,y).

For the second equation note that

EM [6u(2)&o(y)] = Jim E™Oler i (2)ér(v)]

4.2 Covariance computation
In this subsection we compute the covariance of the limit of the renormalised occupation time.

Proposition 4.6 The variance of the limit of the renormalised occupation time is

E* (XN XN —

N—o0
%%(det Q) Y29p [t3/2 +5%/2 — |t — s|3/2] ) d=3,pu= Ay,
327;{/52 (det Q)_l/zﬁp [t3/2 +83/2 — %|t - s|3/2 - %(t + 3)3/2] , d=3,u=H),
(277)_2(det Q)_l/zﬁp X (S A t)v d =4, e {Aﬂv H(’lg)}a
2 [* duay(0,0) + p [ duua,(0,0)]9 x (s At), d>5,pue€{Ay, H(D)}.
0 0
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Proof The proof is split up into different cases. We assume s < ¢t throughout. Let us first
consider the situation £ (§y) = H(}). By Corollary 4.5 we have

1 Ns Nt
EH(ﬁ) [XSNXtN] = W/O du ; dv COVH(ﬁ)(gu(O)vgv(O))
19 NS Nt
- W/ gy a0

Ns Nt
d d dra-(0,0)=: I + I5.
th / u/ v/|vu| ra 1+ 12

Case 1: Let d = 3. We have 0 < I} < 9N 3/2(Ns) Jo° ar(0,0) dr = O(N~Y?), so that this
term is asymptotically negligible. Fix ¢ > 0 for the moment. By (2.3), we can find K > 0
such that a,(0,0) < (14 &)esr3/2 for r > K, where c3 = (27r)~3/2(det Q)~'/2. Thus we can
bound I by

1_1_5 ’l9p63 Ns— K Ns d vtu d’l" 1_1_5 19p63 Ns— K d vtu O 172
TON32 v 1"3/2 o N3/2 v m‘" )

(4.6)
The first term in (4.6) is equal to
2(1+¢)pcs /NS_Kdu/NS dv{ 1 B 1 }
N3/2 0 wix (o= uw)/? (v u)l/?
A1+ e)dpeg [NK 1/2 12]v=Ns
_W/o du [(v—u) —(v+u) L:u+1<
Ns—K
:w/ dud (Ns —u)"/? = K2 — (Ns+u)'/? + (2u+ K)/?
N3/2 0
41 +¢e)pes 2 3/2  7-1/2 3/2 4 3/2] =N K
—W[—g(Ns—u) K u—g(Ns—l—u) 3(2u—|—K) L:o
4
— g(l +e)dpes(4 — 23/2)3/2 as N — .
Analogously, the second term in (4.6) is equal to
2(1+e)dpeg [N5K 1/2 1/2]0= NV
—NiE /0 du [(v —u)/* = (v+u) L:NS
Ns—K
= 20 xeees / du{(Nt — w2~ (Ns — )/ — (Nt +u)'/2 4 (Ns+ u)1/2}
0

4
— 3(1 + e)dpcs (2753/2 — (=) —(t+9)¥?—(2— 23/2)33/2> as N — oo.
Combining these terms and letting € — 0 we see that

8 1 1
limsup Ir, < §C3ﬁp(t3/2 + 32 _ 5(75 _ 3)3/2 _ 5(15—1— 3)3/2),

N—o0

liminfy_,s I2 can be analogously bounded from below, concluding the proof in this case.

Case 2: Let d = 4. We have 0 < I} < 9(NlogN)*(Ns) [~ ar(0,0)dr = O(1/log N), so
that this term is again asymptotically negligible. Arguing as in case 1 we can now bound Iy
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from above by

1 Ns— K Ns v+u 1 Ns— K
+e ﬁp&l / dv/ ﬁ +e ﬁp&l / dv/ O(1/logN),
“NlogN 2 ONTog N
(4.7)

where ¢4 = (27)~2(det Q)~/2. The first term in (4.7) is

1 Ns—K Ns 1 1
7( +€)Upes du / dv( — )
0 u+K

Nlog N v—u vH+u
1 9 Ns—K
_ (I +e)dpey du<10g(Ns_u)_logK—log(Ns—I—u)—I—log(2u—|—K))
NlogN Jy
~ (I4¢e)dpecs

[— (Ns—u)log(Ns—u) —u—ulog K

Nlog N
—(Ns+u)log(Ns+u) +u+ (u+ K/2)log(2u + K) —u}

u=Ns—K

u=0

— (14+¢)0pcys as N — oo.
Now the second term in (4.7) is bounded above by

(1 +€)19pC4 Ns—K Nt dv

d
2NlogN Jq b Ns U—U
(1+e)0pey [No7F
= duq log(Nt — u) — log(Ns —
2N1ogN Jj u{log(Nt — u) — log(Ns — u)}
(1 + E)ﬁpC4 |: u=Ns—K
— S TEUPY (Nt — ) log(Nt — u) — u+ (Ns —u) log(Ns —
SN log N (Nt —u)log(Nt —u) —u+ (Ns—u)log(Ns u)—l—uuzo
_ (A +e)dpcq
= 2Nlog N A Ntlog(Nt) — (N (t = 5) + K) log(N(t — 5) + K) + K log K — Nslog(Ns)}

— 0 asN—>oo.

Thus letting e — 0 we see that limsupy_,, [2 < ¥peys in this case. Again, liminfy_,o I2 can
be bounded analogously, completing this part of the proof.

Case 3: Let d > 5. We have

29 Ns Ns s Nt

9 N
Lo= 5 i du ’ dvav_u(O,O)—l—N/ du . dv ay—y (0, 0)
N

29 Ns %) . s 9]
= — du dra,(0,0)+O(N du dv ay—y(0,0)
N Jo 0 0 Ns
= 2’[98/ dra,(0,0) + O(1/N).
0
We decompose I as

Ns Ns Ns v4u
I, =— du/ dv/ dra,-(0,0) + du/ dv/ dr a,(0,0). (4.8)

The second term in (4.8) is bounded by

Nt [es) Ns—1 Nt 00
CN~! dv/ drar(0,0)—l—CN_l/ du/ dv/ dr a,(0,0)
Ns v—Ns 0 Ns v—u

= O(N7!) + O(N?74/2)
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by (2.3), while the first term is

s N(s—u) v+2Nu
ﬁp/ du/ dv/ dr a,-(0,0)
0 0 v

— ﬁps/ dv/ draT(O,O):ﬁps/ duuay(0,0).
v 0

N—oo

This completes the case d > 5.

Now let us consider the situation .£(£y) = Ay. Then we have

9 Ns Nt
EY [XVX]] = PiSE / du / dv aj,_y) (0,0)

Ns Nt
d d dra-(0,0) =: Iy + I
th / u/ v/|vu| ra 1+ 1o

The computations for d = 4 and d > 5 are entirely analogous to those above, and will be
omitted. Let us briefly comment on the case d = 3 in this situation. [I; is again negligible, and
choosing K large enough we can now bound I} from above by

2(1 +&)pes [N~ K (1+¢e)dpes [N K O(N-1/2
TON3/2 ot ,U_ul/2 N3/2 v—u1/2+ ( )

21 Ns— K
:M/ du[(Ns—u)1/2+(Nt—u)1/2]—I—O(N_1/2)
0

N3/2

4
el 3(1 +¢e)dpcs (t3/2 + 532 - (t— 3)3/2).

We conclude the proof as above. O

4.3 Fourth centred multi-time moments

First of all we establish a general formula for centred multi-time moments.

Lemma 4.7 Let 0 <t1 < - < tp.

n

EH®) H (ﬁt (0) —

n—1 n m+j—n
DD DS II (Zwo,xi)). (4.9)
J=t m=ntl=i e n) {AryAmijn} 1 i

|M|=m partition of M
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Proof We have

EH®) ﬁ (&j(o) _ 19)

j=1
= (=9)"+ Z (_ﬁ)n—lMlEH(ﬁ) [H gtz(o)]
0£McC{1,...n} ieM
| M| k
= (=0)"+ > (=) IMy” > 19’“H<Zw,\i(0,xi)>,
0£AMC{1,..,n} k=1 (A1, Ay} i=1 N x;

partition of M

where we applied Proposition 4.4 for f; = 14,. For all other parameters fixed we can consider
this as a polynomial in 9. There is no constant term. To obtain 9" we must partition any
given M C {1,...,n} into k = | M| subsets, i.e. into | M| singletons. Thus the coefficient of V"
is

ot + > oMY [T ww@ey = > ()M =a-1nr=o,

0#AMC{1,...,n} Z1,eT M| 1EM Mc{1,...n}

because ) w;(0,7) = > at,(x,0) =1 for each i.

In order to obtain the term for ¥/ (for j € {1,...,n—1}) in (4.9) we have to partition M into
k = |M|+ j — n subsets. Hence the coefficient of ¢/ is

n m+j—n
)SENED SIS DU | B O DIHCES) RECR
m=nt1=j rreq1)n) (Myeohmgjn}  H i
|M|=m partition of M
This completes the proof. O

Let us specialise now to n = 4, and let t; < --- < t4 be fixed for the moment.

Lemma 4.8 Lett; < ---<ty. Then
4
B T (¢,(0) —9)
j=1

= 9> wpps4(0,z)+0° > ( > wAl(O,x1)>< > wAQ(o,xg))

xcZ4 {Al,AQ} (El€Zd (EQEZd
partition of {1,2, 3,4}
[A1]=[Az|=2

Proof We see from (4.9) that the coefficient of 9! is

Z w{1,2,3,4}(07 )

xcZ4
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and the coefficient of ¥? is

- Y D wu(0r) + > ( > wAl(o,x1)>< > wA2(0,$2)>

MC{1,2,374} xcZ4 {Al,AQ} (El€Zd (EQGZd
|M|=3 partition of {1,2, 3,4}
= Z < Z WA, (07 1‘1)> < Z WA, (07 $2)>
{Al,AQ} A To€Z4

partition of {1,2,3,4}
[A1]=|Az]=2

because the terms with |M| = 3 are cancelled by partitions in the second sum which have one
singleton (we use again that ) wg;(0,2) = 1). The coefficient of 92 vanishes: In (4.10) we
have to sum m from 2 to 4. The term for m = 2 contains the sum over the following subsets
(which are then only trivially partitioned) with a +-sign:

{1,2}, {1,3}, {1,4}, {2,3}, {2,4}, {3,4}
For m = 3 we have to sum over the subsets {1, 2,3}, {1,2,4}, {1, 3,4}, {2, 3,4}, giving the
following list of partitions (each with a —-sign):

{125, (33}, {131 {23}, {2,330, {1}, {{n, 2}, {a}}, {{0, 4}, {2} }, {{2. 4}, {1}
{135 {4}, ({1 43, {33}, {3, 43, {13}, {{2,3}, {4}}, {{2,4}, {3}}, {{3,4}, {2}

For m = 4 we have only the full set M = {1, 2, 3,4} which can be partitioned into three subsets
in one of the following ways:

{1}, {23, {3, 43}, {1}, {2, 8%, {43}, {{1. 4}, {2}, {3} },
{{1,25, (33, {43}, {1}, {2, 4}, {3}}, {{1. 3}, {2}, {4} },

and the corresponding terms have a +-sign. Using the fact that singleton partitions do not
contribute because ) w;(0,z) = 1 we see that for each of the six possible subsets M with
2 elements, Y wys(0, ) is counted twice with a +- and twice with a —-sign.

Putting all this together we obtain the assertion. O

Now we are prepared to estimate the fourth moments of the increments of the centred occu—

pation time for d > 4. Recall that g(z) = G1(z) = [;* ar(0,z) dt with Gf(z) = [~ Sif (x
Let g*(z) := G(G1)(x) = [y~ ta:;(0,2) dt. It is Well known that g(z) < oo for d > 3 and
g*(x) < oo for d > 5. Furthermore define g;(x fo as(0,z) ds and g/ (x fo sas(0, ) ds.

Note that g(x) < g(0) for all z € Z%.

Lemma 4.9 For each ty > 0 there is a C = C(tg, ¥, d) such that for all 0 < s < t < tg,
we {H(), Ay} we have

[/ N 4 CN%(log N)2(t — 5)2, d =4,
E* (/NS (fu(O)—ﬁ)du>] < { ON2(t — 5)?, i>5

Proof It suffices to show that

[/ (TNt 4 CN2(log N)2(t — 5)2, d =4,
() _ 9 du .
wo ([ o o) | < QU e
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holds uniformly in NV and T' > 0. Let 0 < s < ¢ < {3 and abbreviate § :=t —s. By Lemma 4.8
we get

(im0

T+Nt T+Nt T+Nt T+Nt 4
= 4 / dty / dts / dts / dty E"O T (&,(0) —0)

T+Ns t1 to t3

J=1
T+Nt T+Nt
= 4! |9 Z / dtl .. / dt4 w{1727374}(0,x) (412)
rczd T+Ns t3
T+Nt T+Nt
+'L92 Z / dtl.../ dt4< Z ’LUAl(O,l‘l))( Z wA2(0,$2)> . (413)
{A1,A0} T s z1 €24 zo€ZY

partition of {1,2, 3,4}
[A1]=|Az]=2

Note that all the terms on the r.h.s. are positive, also recall that the w(-,-) depend on
t1,...,t4, even though this dependence is not explicitly stated.

Let us first treat the (easier) term in line (4.13) without the constant factor 4!92. For a given
A={i,j} C{1,2,3,4}, with i < j, say, wx(0,x) is a sum of two terms representing the two
different possible ancestral trees of two related particles (see Appendix C, case n = 2). The
term for tree 1 can be estimated as follows:

T+Nt T+Nt
/ it / dt; ar, (,0)ar, 1, (0, 0)
t;

cezd? THNs

NS NS
- / dt; [ dtjar,.(0,0) < g(O)N.
0 t;

Tree 2 yields the following expression:

T+Nt T+Nt t;
Z / dtz/ dt]/ du Z au(xvy)ati—u(yv O)Gt]-—u(yv 0)
t; 0

cezd ! TTNs yezd

T+Nt T+Nt t;
= / dtz/ dtj/ duati+t]._2u(0,0)
t

T+Ns 0
i—t

1 N§ ; ) t]'+ti+2T+2NS
= = / dti / dtj / du au(O, 0)
2 Jo ti t—t;

1 Né No—t; o] 1 Né Nto [e'e]
< —/ dti/ dv/ du a,(0,0) < —/ dti/ dv/ du a,,(0,0).
2 Jo 0 v 2 Jo 0 v

Now a,(0,0) < C|1 Au|~%2 by (2.3), hence we see that this is bounded by CN§ for d > 5 and
by CN (log N)¢ for d = 4. Combining we see that each of the terms appearing in (4.13) obeys
a bound as in (4.11).

Now let us turn to the term in (4.12) without the constant factor 419. Recall that w; o3 43(0, 7)
represents a sum over 52 different types of trees given in Appendix C (case n = 4), each of which
represents a possible ancestral structure among four chosen individuals. Let us decompose this
sum according to the number of splitting nodes of the tree.
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0) There is only one tree without any splitting node, namely tree 1. The corresponding term
is

T+Nt T+Nt T+Nt T+Nt
/ dt: / dts / dts / dts 3" an (2, 0)a1, 1, (0, 0)ary_1,(0, 0)ar, 4, (0,0)
T+Ns t1 to t3 ze7d

NS N NS NS 1 52
- / it / dts / dts / 2ty -1,(0, 0ty 1,(0, 0)ar,_1,(0,0) < £ g(0)°N?
0 t1 to t3

by simply integrating out ¢4 and then ¢3 and estimating a;,— (0,0) < 1.

1) There are 11 trees with one splitting node (trees 2, 3, 5, 7, 9, 17, 21, 29, 33, 41, 45).

First of all we consider trees in which the root is followed by the splitting node (trees 9, 17,
21, 29, 33, 41, 45). Each of the corresponding terms can be estimated as follows. Let 1 and
i € {2, 3,4} be the (labels of the) direct successors of the splitting node. We perform the sum
over x and then over y. For fixed T'+ Ns <t <t; <T + Nt let us integrate out ¢;, j # 1,1.
Each such integral yields at most a factor ¢g(0), thus the term can be estimated as

T+Nt T+Nt t1
4(0)? / it / dt; / ds ar 11, 25(0,0) <

1
—g(0)3N?252.
T+4Ns t 0 2

Now let us consider trees in which the root is followed by the node labelled by 1 (trees 2, 3, 5,
7). In case of tree 2 we perform the sum over z and we estimate the integral over t4 by ¢(0).
After that we perform the sum over y, thus the term for tree 2 can be estimated by

N N N
4(0) / it / dt / dts ag, 1 (0,0)(ts — ta)ag, 1, (0, 0)
0 t1 to
NS N N
< g(O)No / it / dts / dts ag, . (0,0)ar, 1, (0,0) < g(0)*N242.
0 t1 to

In case of trees 3, 5 and 7 the integrals over t3 and ¢4 can be estimated by ¢g(0). We perform
the sum over x and then over y and we end up with

N§ N§ N§ N§
4(0)? / dty / dts (ts—t1)as, 1, (0,0) < g(0)2N§ / dty / dts ag, 1. (0,0) < g(0)3N262.
0 tl 0 tl

2) There are 25 trees with two splitting nodes (trees 4, 6, 8, 10, 11, 13, 15, 18, 19, 22, 23, 25,
27, 30, 31, 34, 35, 37, 39, 42, 43, 46, 47, 49, 51).

a) Consider tree 4 (trees 6, 8 can be treated analogously). We perform the sum over x, we
estimate as,—s, (y1,y2) < 1 and then we perform the sum over y; and yo. Thus we get the
estimate

Né Né Né Né to t3
/ dtl / dtg / dtg / dt4 / d81 / d82 at2_t1 (0, O)at3+t4_252 (0, 0)
0 t1 to t3 t1 s1
1 N§ N§ N6 N6 to t3+ts—251
- / dtl / dtg / dtg / dt4 / d81 / du Aty—tq (0, O)CIU(O, 0)
2 0 t1 to t3 t1 tg—t3

1 N§ N§ N§ NS ta+ty
S —/ dtl/ dtg (tg—tl)atQ_tl(O,O)/ dtg/ dt4/ duau(0,0)
2 Jo 21 0 t3 t4—t3
1 Nto Ntg 3Ntg
< §N262/ dvvav(0,0)/ dr/ du a,,(0,0).
0 0 r
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Using again a,(0,0) < C|1 A u|~%? we see that this is bounded by CN26% for d > 5 and by
CN?(log N)262 for d = 4.

b) Consider tree 10 (trees 22, 34, 46 can be treated analogously). We estimate the integral
over t4 by g(0), we perform the sum over z and then over y; and y, to get

Né Né Né t1

4(0) / it / dts / dts / dsi (3 — t2)at, 4,26, (0, 0)ag, 1, (0, 0).
0 t1 to —T—Ns

Now we estimate the integral over s; by g(0), hence we obtain

NG NG NG NG NG Nto
9(0)2 / it / dts [ dts (ts — t2)as, 1,(0,0) < g(0)® / it / dt / dts tsar, (0,0).
0 t1 t 0 t1 0

2

As a,(0,0) < C[1 A u|~%2, this is bounded by CN26% for d > 5 and by CN2(log N)§? for
d=4.

c) Consider tree 11 (trees 13, 15, 23, 25, 27, 35, 37, 39, 47, 49, 51 can be treated analogously).
We perform the sum over x and then over y; and we estimate the integral over t4 by ¢(0).
Then we change the order of integration of s; and sy, estimate the integral over s; by ¢(0)
and perform the sum over y, to get

Né N6 Né to
9(0)2/0 dtl/t dtg/t dtg/T N d82 at2+t3_232(0,0)
1 2 —1—Ns

1 N§ N§ N§ to+t3+2T+2Ns
= —g(0)? / dt, / dty / dts du a,(0,0)
2 0 t t t

3—t2

1 Né Né Nto [e'e]
< _9(0)2/ dtl/ dtg/ dv/ du a,(0,0).
2 0 t1 0 v

Again we use (2.3) to see that this is bounded by CN?26§? for d > 5 and by CN?(log N)d? for
d=4.

d) Consider tree 18 (trees 19, 30, 31, 42, 43 can be treated analogously). We perform the sum
over x and then over y; and we estimate the integral over t5 by ¢(0). Then we change the
order of integration of s; and ss, estimate the integral over s; by ¢(0) and perform the sum

over Yy to get
Né Né Né ts
9(0)2/ dtl/ dtg/ dt4/ d82 at3+t4_232(0,0)
0 t1 t3 —T—Ns

As in c) this is bounded by CN2§? for d > 5 and by CN?(log N)d? for d = 4.

3) There are 15 trees with three splitting nodes (12, 14, 16, 20, 24, 26, 28, 32, 36, 38, 40, 44,
48, 50, 52). Up to permutation of labels, there are two different types, represented e.g. by tree
12 and tree 20, respectively.

a) Consider tree 12 (trees 14, 16, 24, 26, 28, 36, 38, 40, 48, 50, 52 can be treated analogously).
We perform the sum over z and then over y; and get

N§ N§ N6 N6 t1 to t3
/ dtl / dtg / dtg / dt4 / d81 / d82 / d83 Z
0 t1 to t3 —T—Ns S1 S92

y2,y3 €L
Aty 459—251 (0, Y2)Aty—sy (Y2, 0)Asy—s5 (Y2, Y3) Gts—ss (Y3, 0)at,—s4 (Y3, 0).
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We need to distinguish d > 5 and d = 4.

First consider d > 5. Here we estimate the integral over t4 by ¢g(0), then we perform the sum
over y3. After that we estimate the integral over t3 by ¢*(0) and then we perform the sum
over ys to arrive at the estimate

NS NS 1
/ it / dts / ds1(t2 — 51ty 1,25, (0,0) < $9(0)g" (02N
tl T—Ns

Now let d = 4. We change the order of integration of s; and sy to estimate the integral over
s1 by %g(yg) thus

No No No N6 t3
/ dtl/ dtg/ dtg/ dt4/ d82/ d83 Z y2
T—Ns

y2,Y3€Z4
Aty—so (y27 0)(133_32 (y27 y3)at3—33 (y?n 0)at4—83 (y?n 0) .

Now we change the order of integration of ¢t and t3 and then the order of ¢t and s to estimate
the integral over to by g(yg) then we change the order of integration of so and s3 to estimate
the integral over sy by g(y3 — y2), thus

Né Né Né
/ dtl / dt3/ dt4/ g(y2)2g(y3 - y2)at3—83 (y37 0)at4—83 (y37 0)
T— Ns

Y2,Y3 €Z4

Then we estimate the integral over ¢4 and then the integral over s3 by g(y3), thus we get the
estimate

1
TN Y 9(w2)’a(us — y2)9(vs)?
Y2,y3 €27

Finally note that limjj,|— g(z)||2]|?/log||z]| = 0 (see [Law94], and recall that the Green’s
function of a discrete random walk and its continuous-time analogue agree), hence for any
£ > 0 we have g(x) < C||z||7?¢. Thus we can estimate

Z g(y)2g(z_y)g(z)2 < 0/1 du/ ldvu3v3u—4+26(,u_u)—2+e,u—4+2e
u+

y,zEZ4

* du ot > du dv
:O/l ul- 25/ dv 125”_u 6<C/ wl— 45/ (U_u)2_6<oo

if ¢ < 1/4. We end up with an estimate C' N2§2.

b) Consider tree 20 (trees 32 and 44 can be treated analogously). We perform the sum over x
and then over y;. After that we change the order of integration of s1, so and s3 to estimate
the integral over s; by ¢g(0). Then we perform the sums over ys and y3 and we end up with
the estimate

N Né Né Né
/ dtl/ dtg/ dtg/ dt4/ d82/ d83 at1+t2_232(0,O)at3+t4_233(0,0)
T—Ns T—Ns

No No No No
/ dtl/ dtg/ dtg/ dt4/ du/ dvau(0,0)av(0,0)
t t t to—t1 ta—t3

N§ Nt [e'e] N Nt [e'e]
0) / it / dts | duay(0,0) / dts / dts [ dvay(0,0)
0 0 to 0 0 tq

By (2.3) this is bounded by CN?6?% for d > 5 and by CN?(log N)2§2 for d = 4.

IN

IN
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5 Proof of Theorem 1

Here we complete the proof of Theorem 1. In view of Proposition 3.1 it suffices to check that
the sequence XV, N € N, is tight (e.g. in the space of all continuous processes, equipped with
the norm of locally uniform convergence). In order to do so we use the well-known criterion
on moments of increments, stating that a sequence of processes X%V is tight (and furthermore,
any limit point has continuous paths) if there exist a, 3 > 0 such that for each ¢ty > 0

E[(XY —xM)e] <C(t —s)'tP (5.1)
holds uniformly in N and 0 < s <t <ty (see e.g. [Kal97] Corollary 14.9).

For d > 4, with @« = 4 and § = 1, this is the content of Lemma 4.9. In the case d = 3 it turns
out that second moments (o = 2, 3 = 1/2 in (5.1)) suffice. The corresponding estimate is
provided in Lemma 5.1 below. O

Lemma 5.1 Let d = 3 and p € {H(9), Ay}. For each tg > 0 there exists a constant C' =
C(tg, ) such that
EF[(X)N - XN <Ct—s)%? YO<s<t<t (5.2)

holds uniformly in N.

Proof Note that for any initial distribution p we have

1 Nt Nt
7 [ du [ avCovi(&,0).6.00).

thus we see from Corollary 4.5 that E{(?) (X —XN)?] < EA» (X} — XX)?] and it is hence
sufficient to consider the stationary initial distribution Ay. By stationarity, we can assume
without loss of generality that s = 0, t < to. Put o(r) := Cov (£.(0),&(0)). We have
0 < ¢(r) < C(1 Ar~1/2) by Corollary 4.5 and (2.3). This allows to estimate

0 < B[O — X2V =

EY (X - X3

9 Nt Nt t t t
:W/o du/ dvgo(v—u)zQNl/z/O du/ dmp(N(v—u))SQtNl/Q/O dw o(Nw)

1 t 1
<2CONY2!21(Nt < 1)+ t1(Nt > 1 —+/ d
- { (Ve D+ a1 1/NS¢N—J

= 20t3/2{(Nt)1/21(Nt <1) 4+ (Nt)"Y21(Nt > 1)
+ (t/N)"V21(Nt > 1) (2 t/N — %) }

< 60132,

A Auxiliary results

Proposition A.1 (Rebolledo) Let (Z]);>o with Z)N = (ZNL . ZN™ be a sequence of
R"™-valued martingales with IEJ[ZtN’k]2 < 0o and which fulfils the following assumptions
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(i) (ZN*, ZN’l>tN—> o0kt in probability.
—00

(11) max;<r AZtN’k < cn with ey fe 0 (where AZy .= Zy — Zy— ).
—00

Then the process ZN converges in distribution to an n-dimensional Brownian motion where
the k-th component has vartance parameter oy,.

This is Proposition II.1 in [Reb80].
Proposition A.2 (Local CLT) Under the assumption of finite moment of order s
-2
sup ( <m>s +1) ae(0,2) — p(0, x) [1 + Sz:t_k/sz <i> } — o(t~(d+s=2)/2)
z€Z4 \/l_f \/l_f

k=1
where Py is a polynomial of degree 3k and

xTQ_1x>

pt(0,2) = (27Tt)_d/2 (det Q)_1/2 exp (— 57

The local CLT for discrete time random walks can be found in [BR76] as Corollary 22.3. From
that one can derive the corresponding result for continuous time. This can be done similarly
to [ANT2] page 113, where a result on the Galton-Watson process is transferred from discrete
time to continuous time.

B A particular case of spatial renormalisation of the equilib-
rium in d = 3

Lemma B.1 Assume £(&) = Ay. Then the process (N_3/4UéVT(£0))T>0 converges to a

Gaussian process in the sense of finite dimensional distributions as N — oo.

Proof It suffices to show that for any m € N, a1, ..., € Rand 11, .. .,T,, > 0 the distribu-
tions of the random variables N ~3/4 (o UéVTl(&)) ot U ()) have a Gaussian limit.
We use the decomposition of & under Ay into equilibrium clans %! as in [Z&h02], (3.14). Put

Yk(év) = N_3/4<Z?:1 QRUNT, s Sk’l>. In order to invoke the CLT on p.17 in [Z&h02] it remains
to check condition (3.5) ((3.3) and (3.4) there follow from our covariance computations), i.e.

that
K W)
li 31 =0. )
Jim 5] 55 p| <o (B3
k I=1
Note that

VR < NN N o anyanglune,, (2)un,, (y)unT,, (2)€5 (2)€5 ()€ (2)

z,Y,2 n1,n2,n3=1

< N7MmPa® Y~ unr(@unr(y)unr(2)6 (@) (y)e (2)

m7y7z
with a = maxj<i<m ||, T := maxj<i<m T;, so that it suffices to check (B.3) in the case
m = 1. This is the content of Lemma B.2, see below. O
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Lemma B.2 Let {gk’l, keN,1<I< Nk} be the decomposition of &y under Ay into equilib-
rium clans as given in [Zdh02], (3.14), T > 0. Then

[ZDY&V |3] )T+ 1IN,

k =1

Proof We have

N
B[S mEP| = 9/4E[ZZZuNT Yunr(y)unt(2)€ (@) (1)EM (2)

k =1 k I=1zyz2

=N |3 unr(@)unrur(e@ewee )

z,Y,z

=N S unr(o) [ S une@une(EEEQDE).  (Ba)
T Y,z

Using Lemma B.3 and Lemma B.4 we can rewrite this as

Ny
E[ZZ|YI§,]IV)| } = 9/4192UNT ZUNT y+z)unr(z + /E (2)Q(d¢)

k =1

— N4y Z unt(z)unr(y + 2)unr(z + x)
fE,y,Z

{50 + p00(0) [~ ane(0,2)ds+ o) [
+ 2p? /000 ds /:o dtz as(0, w)as(w, y)agi—s(w, z)
+p/000 ds /Os duzu;ags_u((),w)au(w,y)au(w, z)}

§N_9/4192uNT( + 2N~ 9/419p<f azs(0,0) ds)ZuNT ZuNT z+x)
+ N~ 9/419<f0 ass(0,0 ds)ZuNT ZuNT (x +y)?

+ 2N~ 9/419p2 ZuNT Yunt(y + x)unr(2z + / ds/ dtZas (0, w)as(w, y)agt—s(w, z)
7y7

+ N~ 9/419pZuNT Yunt(y + x)unr(z + / ds/ duZags w(0, w)ay(w, y)ay,(w, 2)
7y7

=: 81+ 82+ S3+ 54 + Ss.

(e}

a2s(07 y) ds + 5yz / a2s(07 y) ds
0

Noting that
NT NT NT NT
z:u]\/T(x)2 = /0 ds/o dt Zas(x, 0)ay(z,0) = /0 ds/o dtas14(0,0) ~ CVNT

we obtain

Sl, SQ, Sg S Const. x N_9/4 X ]\sz:’LLNT(l‘)2 = O(T3/2N_3/4).
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Using symmetry of a we find

9/4 NT NT
2’[9p =N~ / / dtl/ dtg/ dtg{ Z (Itl (It2 x,y)at3(—x, Z)

T,Y,2

[Cas [ dt;asw,w)as<w,y>a2t_s<w,z)}

NT NT NT [e'e) 1 0o
= N—9/4 / dty / dts / dts / ds = / dt
0 0 0 0 2 Js

Z at, (0, 2")apy+s (2, w) a4 (2, w)as(w, 0).

z’/ w

As ag, 4 (2, W) = a1 5(0,w — ') < ag,45(0,0) < C(1 +ty + 5)~3/2 we can estimate

NT NT NT o) 0o
542 < QN‘9/4/ dtl/ dtg/ dtg/ ds(1+t2+s)_3/2/ dt ag, 4 151145(0,0)
29p 2 0 0 0 0 0

NT NT NT 00
< CzN_9/4/ dty / dtg/ dtg/ ds (1 + i+ 8)_3/2(1 + 1t +1t3 + 8)_1/2
0 0 0 0

< CPNY / " / R / "t / [
- \/1+t1 +13 (1+ g+ 5)3/2
dto

NT
— 202N /4 / dt / dt / < C'T2N-Y4,
! 3\/1+t1+t Vit ©

We treat Sy similarly:

NT NT
_N 9/4/ dtl/ dtg/ dtg{ at, (0, —x)a, (—z, y)ar,(—z, 2)
,Y,2
[ s [ w Y a0, w2 |
0 0 "
NT NT NT 00 s
N_9/4/0 dt1/0 dtg/o dtg/o ds/o duzatl(O,x’)at2+u(x’,w)at3+u(x’,w)ags_u(0,w)

NT NT  NT o ps
< N_9/4/ dtl/ dtz/ dt3/ ds/ du C(1+ u+12) " 2ay, 41,4250, 0)
0 0 0 0 0

NT NT NT
< 20N—9/4 / dt, / dts / dts
0 0 0

! /dsC(1+t1+t3+s)_3/2
t2 Jo

NT NT NT 1 1
= 4C2NY/4 / dt, / dts / dts < C'T2NV4,
0 0 0 VIt VI+t +13
The proof is completed by combining these estimates. O

Lemma B.3

o0

[ €010 = )an(=) + pioty) /Oooazsm,z)dsmao(z) /0 a2:(0,y) ds

—|—5yz/ azs(0,7) ds—|—2p2/ ds/ dtZas(O,v)as(v,y)agt_s(v,z)
0 0 s v
o [T [ Y a0, p)one ).

0 0 -
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Proof We use the well-known representation of & under Q(©) as &y + S, € (@) where ¢ are
branching random walks founded at the time points (77, T, . .. ) of a Poisson process with rate
p along the backbone path Y which follows a”-motion starting from 0. Thus

[ewe@@®e) = [(s0(w) + £,600) (dule) + 5,602
=%wwd@+vawEE;d%@]+%umwzﬁ@wﬂ+ﬂ{2m£@wﬁmw) (B.5)

Now
E[Y,0()] = p /0 ins(0,y), E[X,€0(2)] = p /0 s (0, 2), (B.6)

furthermore

E[¥,,€00)60()| (%), T, T, ..

:ZaTi(YTiay)aT YTa +Z{ yz AT; YTa ‘|‘P/ dSZaT —s YTa as(way)as(waz)}'
i#j

Note that E[Zi# f(T)g } =p [o° f(s)ds x p [;° g(t) dt (for suitable f, g), so

E@meWM@Wﬂzﬁ/cmaww/ ar(Yi, 2) di+ 68y | as(Ys,y)ds
0 0 0
—I—p/o dszu;/o du as—y(Ys, w)ay(w, y)ay(w, z).
This yields
E [Zzg f(i)(y)f(j)(z)}
= 2p? /Ooo ds /:o dt vZ;aZ(O, v)al_ (v, w)as(v, y)ay(w, 2)

—|—5yz/ dgs(O,y)ds—l—p/ ds/ duZasT(O,v)as_u(v,w)au(w,y)au(w,z). (B.7)
0 0 0 P

The claim follows by combining (B.5), (B.6) and (B.7) and the assumed symmetry of a = a.
O

Lemma B.4 For symmetric a we have a;(0,z) < as(0,0) for allt >0, x € Z¢ .

C The trees in Ty ), n=2,3,4
Recall that by Proposition 4.2

wir, .y (1, 7) = Z S(T, {1,...,n};r, x)

Here we list all trees in Ty ;3 and some of the terms S(T, {1,...,n};r, l‘) forn =2,3,4.
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1) & 2)

1> (,20) f1(21) D ary 1, (21, 22) fa(22)

t1
2) P/O ds1 Y as, (@,51) Y ary s, (y1,20) f1(21) Y ary s, (31, 22) fa(22)
Y1 21 22

Case n = 3:

® ©)
® ¢
® ®
1) & 2) 3) 5) 7)
8)
Case n = 4:
@ ® O
® @ ®
©)
® ®
1) 2) 3) 5) 7)
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47) 51)

Some selected terms

) p Zatl z,21) fi(z1 Z% —t: (21, 22) fa(22) / ds Zasl —t, (22,1 Z% s1 (Y1, 23) f3(23)

to

Z aty—s, (Y1, 24) fa(24)

to
22(1151 z, 1) f1(21) / dsy Zasl —, (21,01 Zat3 51 y17Z3)f3(Z3)/ dsy
t1 S1

Z sy—s1 (Y1, Y2) Z Aty—s, (Y2, 22) f2(22) Z aty—s (Y2, 24) fa(24)
Y2 Z2 24

t1 t1
20) 03/ ds1 Zasl('r?yl)/ dsy > ey (1,92) D Gty sy (Y2, 21) f1(21)
Y2 Z1

0 Y1 S1

t3
Z ty—sy (Y2, 22) fo(22) / ds3 Z Qsg—s, (Y1, Y3) Z Qty—ss+ (Y3, 23) f3(23)
22 Y3 z3

S1

Z Qty—s3 (y37 Z4)f4(z4)
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