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ENERGY MODELS WITH INCOMPLETELY IONIZED IMPURITIES 1

Abstract. The paper deals with two-dimensional stationary energy models for semicon-
ductor devices, which contain incompletely ionized impurities. We reduce the problem to a
strongly coupled nonlinear system of four equations, which is elliptic in nondegenerated states.
Heterostructures as well as mixed boundary conditions have to be taken into account. For bound-
ary data which are compatible with thermodynamic equilibrium there exists a thermodynamic
equilibrium. Using regularity results for systems of strongly coupled linear elliptic differential
equations with mixed boundary conditions and nonsmooth data and applying the Implicit Func-
tion Theorem we prove that in a suitable neighbourhood of such a thermodynamic equilibrium
there exists a unique stationary solution, too.

1. Model equations.

The charge transport in semiconductor devices is described by the van Roosbroeck
equations (see [17] and e.g. [4, 11, 14]). They consist of two continuity equations for the
densities n and p of electrons e and holes h, respectively, and a Poisson equation for the
electrostatic potential . Physical parameters occurring in these equations depend on
the device temperature 1. Therefore, under nonisothermal conditions a balance equation
for the density of total energy must be added, and a so called energy model arises (see
[2, 18]) . Finally, if incompletely ionized impurities (for example radiation induced traps
or other deep recombination centers) are taken into account, we have to consider further
continuity equations for the densities of (in general immobile) species X;, j = 1,...,k.
These species exist in different charge states which are transformed into each other by
ionization reactions. For the sake of simplicity we assume that each reaction is a binary
one. Let X; be an acceptor-like impurity which can accept an electron e or deliver a hole
h and let X be its ion. Then we have to consider the reactions

(1) e +X; =X, hT+Xj =X
If X; is a donor-like impurity which can deliver an electron e or accept a hole h and X;
denotes its ion, then the reactions are

(2) e +X =X, hT+X; =X

If X; is a donor (an acceptor) we denote by ug; 1 the density of X; (of X;') and by uy;
the density of Xj (of X;). Furthermore, we define charge numbers as follows:

G2j =1+q—1, j=1,...,k

0 if X, is a donor
q2j—1 ‘= . . )
—1 if X; is an acceptor

Then the continuity equations have the form

k k
on ) 0 .
(3) E—FV']n:RO‘f‘ZRJ’h a—?+V-Jp=Ro+ZRﬂv
j=1 Jj=1
Ouo s Oug; .
(4) %:* i1+ Rjo, a—?:leijQa J=1,...,k,
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while the Poisson equation reads as

2k
(5) —V-(&?Vgp):fo—n—i-p—l—z:qiui.

i=1
Here j,, j, denote the particle flux densities of electrons and holes, R;1, Rj2 denote the
reaction rates of the first and second reaction in (1) or in (2), respectively, while Ry is
the reaction rate of a (direct) electron-hole generation-recombination

e”+ht =0
Finally, ¢ is the dielectric permittivity and fj is a given charge density arising from other
completely ionized impurities. Adding both equations in (4) we find
O(ug;_1 + ug;)
ot

in other words ug;_1(t,x) + ugj(t,z) = fj(z) for all t > 0 such that f; is a prescribed
(local) invariant of the instationary reaction system (4) . This invariant must be taken

:()7

into account in the stationary case, too. Therefore, in this case the equations in (4) have
to be replaced by the equations

Rj —RJQ:O, UQj,1+UQj:fj, 7=1,... k.

Special isothermal models of the form (3) — (5) are presented in [15]. There also results
of simulations with WIAS-TeSCA [5] are compared with experimental results.

In this paper we consider the stationary, but nonisothermal situation. Let Qg be the
domain which is occupied by the semiconductor device. We assume that each impurity
X, and its corresponding ion live only on some subset 2; C {}g. In order to simplify the
notation we formally set ugj_1 = ug; = 0 and R;; = Rjo =0o0n Qy\ Q;, j =1,... k.
The basic equations are

2%k
(6) =V-(eVp) = fo*nﬂLpﬁLZQiUi, Vije=0, V:jp=Ry, V-j,=Ry onll,
i=1

(7) le_RjQZO, Ugj—1 + Ugj :fj on Qj, 7=1,...,k.
Here j. denotes the flux density of the total energy, and Ry, Ry are given by
k
(8) Ry=Ro+>» Ry, 1=1,2
j=1

In (6) — (8) we have to specify the underlying kinetic relations. For these purposes we
introduce the electrochemical potentials ¢, of electrons, ¢, of holes, as well as ;-1 and
(o; of the j-th impurity and its ion, respectively. These quantities are implicitly defined
by state equations which we suppose to have the form

(9) n:Fn<x,T,Cn;gp), p:Fp<x,T,Cp;@) on ,

(10) U541 = F2j+l (.’L’,T, w#) on Qj, = *1,0, j = 1, e ,]{?.



ENERGY MODELS WITH INCOMPLETELY IONIZED IMPURITIES 3

For the flux densities je, j,, and j, we make the ansatz (see [2, 18])
je=—kVT+ > (G + PT)j,
i1=n,p

(11) i = (00 + Onp)(Vin + PaVT) — 00p(VCy + B,VT),
Jp = —0np(VCy + PVT) — (0p + 00p)(V(p + P,VT)

with conductivities & > 0, oy, 0, > 0, 0pp > 0, and transported entropies P,, P,.
All kinetic coeflicients &, 0y, 0p, Onp, Pn, P, depend on z, T, n and p. Let us note,
that the strong inequalities k > 0, 0, 0, > 0 are valid only for nondegenerated states
0 < T, n, p < 4oo. Finally, according to the mass action law the reaction rates Ry and
R;1, Rjo are given by

RO =To ('7;7 SovTanap) (1 - e(CnJGC)/T) on Q0>
(12) le = le(.’lj, (p,T,n,p) (ec%'*l/T — e((2j-‘rCn)/T)7
Rjy = rj2(x,¢,T,n,p) (egzj/T _ e(Czjfwcp)/T) onQy, j=1,...,k

where the kinetic coefficients r¢, r;1, and r;j2 are positive for nondegenerated states.

We supplement the differential equations (6) by mixed boundary conditions. Let I" be
the boundary of g, and let I'p and I'y denote disjoint, relatively open parts of I' with
mes(I'\ (I'p UT'x)) = 0. We suppose boundary conditions of the form

(13) ¥ = ¥D, T =1Tp, Cn = CnD; Cp = CpD onI'p,
v-(eVyp) = g1, —V - Je = g2, —V - Jn = g3, —V - Jp = g4 on I'y.

In summary, the stationary energy model which we are interested in consists of the
equations (6) — (12) and of boundary conditions as in (13).

2. Basic assumptions.

DEFINITION 1. Let ¥V C R™ be an open set. Let 8 C R? be a measurable set and

¥ C R? be a set of measure zero. We say that a function b: Q x V — R is of the class
D(Q,%,V) iff it fulfills the following properties:

x + b(z, z) is measurable for all z € V,
z + b(x, z) is continuously differentiable for all z € 2\ X.

For every compact subset K C V there exists an M > 0 such that
|b(x,z)| < M and ||0,b(z,2)|| < M for z € Q\ ¥ and z € K.

For every compact subset K C V and 7 > 0 there exists a 6 > 0 such that
|b(x,z) — b(x,Z)| < T and |0,b(x, 2z) — 0.b(x,Z)| < T
for x € Q\ ¥ and z, 7 € K with |z —Z| < 0.

In the paper we make use of the following special open sets V:
V. =R x (0,00)%, V., =R x (0,00) x R?,

(14) N -
Vo=V xR, V;=V,x(0,00), j=1,....,k.
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Concerning the problem (6) — (13) we suppose:

(A1)  Qq is a bounded Lipschitzian domain in R?, T' = 9,
I'p, I'y are disjoint open subsets of I, ' = 'p UT'y U (Tp NTy),
mesT'p > 0, ['p Ny consists of finitely many points,
1; C Qp are measurable subsets, j =1,...,k, 3 C Qg with mes> = 0.

(A2)  on, 0p, Onp, K, Py Py Qo x V — R are of the class D(€p, 3, V)
with V = (0, 00)3.
For all K > 1 there exists a cx > 1 such that
on(z,T,n,p), op(x,T,n,p), k(z,T,n,p) € [1/ck, ck]
forz € Qo \ X, (T,n,p) € [1/K,K]?;
Onp(z, Tyn,p) >0 forz € Qo \ %, (T,n,p) € (0,00)3.

(A3) € L>®(),0<eg<e(x)<e’<ooinQp\ .

(A4)  F;: Q¢ xV — Ry are of the class D(Qg, 2, V) with V = (0,00) x R.
For all K > 1 there exist ¢x > 0, cx > 1 such that %Fyi (x,T,y) > ¢k,
Fi(z,T,y) € [1/ck,ck] forx € Q; \ X, (T,y) € [1/K, K] x [-K, K],
Fi(x,T,y) < cx eVl for x € Q \ %, (T,y) € [I/K, K] x R.
limy_, o Fi(z,T,y) =0, lim,_ 4 Fi(z,T,y) = +o0
forx € Q;\ X, T € (0,00), i =n,p.

Fyjii: Q; x V — Ry are of the class D(Q,;,%,V) with V = (0,00) x R.
For all K > 1 there exists ¢x > 0, cg > 1 such that

Foj(z,T,y) € [1/ex, ex), 234 (2, T, y) > ek

forz e Q\XE, Te[l/K, K|, ye[-K, K]

lim,_,_ o Fojqi(z, T,y) =0, limy_ 4 Foj(x,T,y) = +o00
forz e Q;\ X, T €(0,00),j=1,...,k I =-1,0.

(A5)  1o: Qo x Vi — Ry is of the class D(Qq, X, Vi) (see (14)).
rji: @ x Vy — Ry are of the class D(Q;, %, V) (see (14)).
For all K > 1 there exists a cx > 1 such that
rii(z, ¢, T,n,p) € [1/ck,ck] for z € Q; \ 3,
(0. T,n,p) € [-K, K] x [1/K,K]?, j=1,....k, i=1,2.

We use the notation Cimp = (Cl, e 7<2k)> v = ((p,T, Cnagp)a VUVp = (QDD,TDaCnDang)a
9g=1(91,--.,94) and f = (fo, f1,--., fx). With respect to the data we assume that
(D) vp € WI=1/P2(T'p)* for some p € (2, po], where py is specified in Lemma 5,
g€ L=(Tn)", f e L(Q) x [15, {h € L®(Q;): essinfycq, h > o}.
We look for v in the form
v=V+P, viD =Lvp;, 1=1,...,4,

where L denotes the solution operator for the Laplace equation (36) with homogeneous
Neumann boundary conditions on I'y and inhomogeneous Dirichlet boundary conditions
on I'p. Shortly we will write Lvp for the vector (Lvpi,...,Lvps).
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3. Weak formulation (P).

Using the state equations (9) for n and p we can write the kinetic coefficients r¢, rj;
as functions 7, 7j; of the variables z and v = (¢, T, (s, (),

ro(z,o, T,n,p) = ro(x,p,T, F(z,T, C";I“"),Fp(av,T, Cp;p)) = T7o(z,v),

rji(a:,cp,T,n,p) = Tji(.’lf,(p,T,Fn(.%',T, Cn';“r(p%Fp(va? CP;LP)) Fji(x7v)7
i=1,2, j=1,....k

REMARK 1. Assumption (A5) and properties of F),, F}, in (A4) ensure that the
function 74: Qg X V, — Ry is of the class D(Qq, %, 17*), and that the functions 7;;: Q; x
V. — R, are of the class D(Q;, 5, V,). For all K > 1 there exists a cx > 1 such that
7i(z,v) € [1/ck,ck] for . € Q;\ B, v € [-K, K| x [1/K,K| x [-K,K|* i=1,2,j =
1,...,k.

Moreover, we write

Cn—i_@)’F( ,T CP_SO
T

O'i(.’lf,T,n,p) :Ui(Z',T,Fn(.QJ,T, p\ZT, L, T )):52‘(.’13,’[))7 i:n7p7

and analogously o,,,(z,T,n,p) = opp(x,0), (x, Tyn,p) = kK(z,w), Pi(z,T,n,p) = ]si(x,v),
i = n,p. Next, we define the matrix function (see (11))

e 0 0 0
(15) by = | O HEE0 @n e ,
0 Wy On+0np  Onp
0 s Onp Op + Onp
where

@0 = (Ug + ﬁnvg) @1 + (U4 + ﬁp’l)g) @2,

< 1>_<5n+5np 5np > ﬁn
2 Tnp Op + Onp P, |’

< w1 ) o < 5n+5np 5np > ’l)3+f)n’(}2
wo - 5np gp + gnp V4 + ]prg .

REMARK 2. Due to (A2), the functions b;;, 4,7 = 1,...,4, are of the class D(£,%, 17*)
In nondegenerated states the matrix b;;(-,v) is regular, but not symmetric. Note that
there is a change of the generalized forces (VT,V(,, V(,) to the new generalized forces
(V(—%), V%, V%”) leading to a matrix, which is symmetric and positive definite for non-
degenerated states. Thus the Onsager relations are fulfilled for the fluxes (je, jn,j,) and
the new generalized forces. But in this paper we will not make use of this transformation.

£ &)

In our analytical investigations we use the following function spaces and subsets

Xs = (WOLS(QO U FN))4a Yy = (WLS(QO))ALa Hs = (Wl_l/svS(FD))éla ERS (L 00)7

k
Ho = L®(Tn)* x L®(Q), H =H.x [] {h € L°(Q)): essinfyeq h > o}.
j=1
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H is open in L (T y)* x L>(£) x Hle L>(£2;). Moreover, for ¢ € (2,p] and 7 > 1, we
introduce the sets

1 [
Nyr = {vqu: lv;| <71, 1=1,3,4, — <wvy+ <7 on QO},
T
M, = {(V,UD) € X, x Hy: V+ Lup € Nw}.

Because of the continuous embeddings Wy9(Qo) < W1h9(Qg) — C(Qp) the set N, , is
open in Y, and the set M,  is open in X, x H,,. Clearly, if go > ¢; then Ny,  C Ny, -,
Mgy, C Mq1 -, and we have Ny, C Ny ., My C M, ., for 1 < 1. We define the
operator Wy -1 [[5_; L%(Q)% x Ny x Hy — X7,

< (Clmpav g, fo); > o

/{wa 0)Vo; - V¥ + (o) 5 — 1)(Va+ Vi) de

1,7=1
k S25—1 Co2jtvs  _ " S25 Coj—1+va  _
- Z/ Pl e )V Tl )(et —e )V bde
QJ
16 — _
( ) / (f[)i (l’ U2>M)+Fp($,’02’v4 'Ul)> Vld,l?
Qo V2 V2
- C2j+1 = q2j+1V
3 / S oyt Faya(o v, 5 St Dt g g
& 1=—1
/ Z g:Vidl, VeX,
In =1
Here ¢ = ¢q/(¢ — 1) denotes the dual exponent of q. Now we introduce the operator

For: H L L(9)% X My r x Ho — X3,
Far (Gmps Vo0 9, fo) = U (G, V + Lup, g, fo).-
Finally, let R;, Z;: L>°(£2;)? x M, . — L>(Q) be the operators (see (7))
R;j(C2j-1,C25, Vivp) = (Fjl(-, V 4+ Lup) +7j2(- V + Lup) 6”4/”2)6@“1/”2
— (71 V + Lup) e%/* 4 7ya(, V + Lup) Je /2,

Z;(C2j-1,C25, Vivp) = Z Fajii(-,vg, 254 RUHTIEIL)  j=1,... k.
1=—1,0
Let us remember that ¢ = vy = V) + Lupy, T = vo = Vo + Lups, (, = vs = V3 + Lups
and ¢, = vqy = Vi + Lupy.
A weak formulation of the system (6) — (13) is

Problem (P):
Find (q77_7 Cimpa VvavDag7 f) such that VS (2,]3], T > 17 Cimp € H§:1 LOO(Qj)za

(MUD) € Mq,Ta (gaf) € H7 ﬁq,T(Cimpa‘/avDa.% fO) =0
R;j(C2j—1,C25, Vovp) =0,  Z;j(Coj-1,C25,Vivp) = f5, j=1,...,k.
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We call a solution (g, 7, Cimp, V. vp, g, f) of (f’) a thermodynamic equilibrium, if

v; = V; 4+ Lvp; = const, ¢=2,3,4, v3+vq4 =0,

C2j—1 =Coj tv3, (o5 =Coj—1+vs, Jj=1,... k.
Especially, in thermodynamic equilibrium all reactions are in simultaneous equilibrium.
Note, that the last condition, (2; = (21 +v4, is a direct consequence of the two relations
v3 +vg = 0, (2j—1 = (25 + v3. Moreover, let us remark, that the equilibrium values of
Cimp Needn’t be constant and can be functions of the space variable.

Let us give a short outlook on the methods used in the paper. In a first step (see

Section 4) we globally eliminate the quantities (imp by evaluating the constraints

R;(C2j-1,C25,Viup) =0, Z;(C25-1,C25,Vovp) = fj, j=1,...,k.

Thus we deduce from Problem (P) a reduced Problem (P) which is equivalent to (P).

In the second step (see Section 5) we establish a local existence and uniqueness result
for (P) near a thermodynamic equilibrium. For this purpose first we will ensure that for
boundary data vp;, g;, ¢ = 1,...,4, which are compatible with thermodynamic equilib-
rium, and for given densities fo, ..., fr there exists a thermodynamic equilibrium. Then
we will use the Implicit Function Theorem to prove the existence of a unique stationary
solution to (P) in a neighbourhood of this thermodynamic equilibrium.

We apply a weak formulation in W!'P-function spaces such that the requirements of
the Implicit Function Theorem can be validated. To obtain the necessary differentiability
properties we use properties of Nemyzki operators established in [12]. Additionally, we
take advantage of regularity results for strongly coupled linear elliptic systems with mixed
boundary conditions in [10]. Let us mention, that the methods used here can be applied
only for two-dimensional domains ).

4. Elimination of the constraints. Weak formulation (P).
The first step consists in a discussion of the constraints (7) for fixed j € {1,...,k},
Rj — Rjg =0, Ugj—1 + U2j = fj on Qj.

We use the state equations (10), the rate formulas (12) and obtain on €2; two equations
for the quantities (251, (25,

(77]'1 +7j2 e”4/”2) eS2i-1/v2 _ (7’}1 eva/v2 4 77]2) eC2i/vz = ),
(17)

1 — @21V i — Qo
CQ] 1 25—1 1)+F2j(',U2,C2J 27 l)zfj-

F2j71('7 V2,
V2 (%]

The first equation in (17) yields

F'l('av) e’U3/’U2 + 77'2('7’0)
18 i1 =Cos In -2 J — (o (.
( ) CQJ 1 CQJ +U2 n Fjl('av) +77j2('7v) ev4/v2 CQJ +QJ( 7U)7

where the function @;: €; x V, — R is of the class D(Q;, %, ﬁ*) For arguments v with
vy = —vy we find that
0Q,;

1 %)
(19) Do,

(x,v1,v2,v3,—v3) =0 VY(x,v1,v2,v3) € (25 \ £) x R x (0,00) x R.
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Inserting relation (18) into the second equation of (17) leads to

C2J+QJ( v) qgjilvl)-l-F%('avmﬂ) Pi(+ Gy v) = [
2 b2

where the function P;: ; x R x V. — R, is of the class D(Q;, %, R x V).

FQ] 1(

LEMMA 1. There exists a unique function S; = S;(x,v, f;) such that
(20) P (- Go500) = fj
if and only if (o5 = S;(-, v, fj). The function S;: Q; xV; — R is of the class D(;,%,V;).

Proof. 1. The assumptions on Fy;_q, Fy; formulated in (A4) ensure that for all K > 1
there is a cx > 0 such that

OP;
(21) W;j(:g,@j,v) >cx V(z,(5,0) € (Q\E) x [-K,K]* x [+, K] x [-K,K]?,
lei_)Hioo Pj(.’]’j, <2jav) =0, C2£iI_I>100 Pj(xv <2jav) =00 V(z,v) € (Q] \X) x 17*

2. First, let x € Q; \ ¥ be fixed. By the intermediate value theorem we obtain for
arbitrarily given v € V, a unique solution (3; = S;(z,v, f;) of (20). Moreover, if v €
[-K,K] x [1/K,K] x [-K,K]? then |S;(z,v, f;)| < cx. Multiplying the relation

P'(x S-(Z‘,U,fj),’l)) - Pj(xvsj(%@?fj)vﬁ) = fj - fj
by S;(z,v, f;) — S;(x, v, f;), using the locally strong monotonicity property induced by
(21) and dividing by |S;(z,v, f;) — S;(x, v, f;)| we find

cilSi(x, v, f5) = Sj(a, v, f)| <1fj = fil + 1P (x, (=, 0, f;),v) — Pi(, Sj(2,9, f;),v)]-
Using the continuity properties of P; we thus obtain the continuity property of S; for

fixed z € Q; \ ¥ as required for functions of the class D(€2;,%,V;). Differentiating the
relation Pj(x,S;(x,v, f;),v) = f; by v and f;, respectively we obtain

Sl ) = ~(GE Sy 1)) G5 w0 )0,
08, OP; -1
af (0 f) = <Bc (2, 55(z.0, f;),0)) -

Having in mind that P; is of the class D(€;, ¥, R x V,) and the property (21) we can derive
the local boundedness and continuity properties of the derivatives of S; with respect to
z and f; on €; \ ¥ which are required for a function in the class D(€;, 3, V;).

3. For x € ¥ we set S;(z,v, f;) =0.

4. It remains to show the measurability properties of the function S; postulated for
functions of the class D(Q;,%,V;). Since the function P; is in Car(; \ 3,R x V),
Theorem 3 guarantees that for all e > 0 there exists a closed set Ac C (€2, \ X) such
that mes((€2; \ X) \ Ac) < € and Pj|, . . is continuous. For arbitrarily fixed e > 0,
let z,z € A.. Let (v, f;), (0, f;) € V; such that (v, f;), (0, f;) € [-K,K] x [1/K, K] x
[-K,K)?x [1/K,K] and |S;(z,v, f;)|, |S;(Z,7, f;)| < K for suitable K > 1. Multiplying
the relation

Pj(xvsj(x7vvfj)vv) - Pj(j:vsj('i'?@? j)7’l_)) = fj - fj
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by S;(z,v, f;) — S;(Z,0, f;), using the locally strong monotonicity property induced by
(21) and dividing by |S;(z,v, f;) — S;(z, v, f;)| we find

CK|Sj($,’U,f]’) - Sj(jvﬁafj” < |f] - f]| + |Pj(xasj(j7®7fj)’v) 7Pj(‘/fa Sj(jvﬂvfj)a{}vf”'
Since Pj|, ,p,p, 18 continuous this estimate ensures, that S;[4, <y, is continuous, too.
Therefore, again by Theorem 3, S;: (Q2; \ ¥) x V; — R as well as S;: Q; x V; — R are
Caratheodory functions. =

Using the relation (2; = S;(-,v, f;) and (18) we rewrite the reaction rates of the
ionization reactions of acceptors and donors in (1), (2) in the form
S25—1 G2j+vs S25 S2j—1tva ?]-17712 eSi (v, f5)/v2 vatuy
rj1<e va —g V2 ):rﬁ(e”z —e v ): — — (1—6 v2 ) on €.
Tj1 + Ty eva/v2

In other words these reaction rates take the form of a Shockley Read Hall generation-
recombination term with a kinetic coefficient depending on v and f;. To obtain a uniform
notation we define for (v, f;) € V; the functions

?0('7U7f0) = FO(.7U) on QO’
(22) R T T @550 V2
Tj("v’fj) = L
REMARK 3. Remark 1 and Lemma 1 guarantee that 7;: ©; x V; — R4 are of the
class D(Q2;,3,V;),j=0,... k.

We introduce for (v, f;) € V; the functions

77j1+77jge”4/v2 onf, j=1,...,k.

vs + v V4 — v
HO(.”U’fO):fO_Fn('7v27g)+Fp('7U27 41;2 1) on QO7
S; U, J4 + il,U) — i1
(23) Hj(-v, f5) = q2j—1F2j-1(-,v2, i fi) QJQ( ) — G2j—1 L)

Sj('avvfj) - q2jvl)

V2

+q2jF2j('av2a on Qja jzla"'akv

where @, is given in (18).

REMARK 4. Due to (A4) Hy: Q9 x Vo — R is of the class D(Qg,%,Vy). The
function —Hy(z, -, v2,v3,v4, fo): R — R is monotonic increasing for (x,vq,vs,v4, fo) €
(Q \ B) x (0,00) x R3. For all (vq,v3,v4, fo) € (0,00) x R? there exists a constant
¢ = c(va,v3, 04, fo) > 1 such that |Ho(z,v, fo)| < c(1+ el"tl) for 2 € Qp \ 3, v; € R.

LEMMA 2. The functions H;: Q; x V; — R are of the class D(Q;,%,V;). For all
(v, fj) € V; there exists a constant ¢ = c(f;) > 1 such that Hj(z,v, f;) < ¢ for all
x € Q; \ X. The function —H,;(x,-,ve,v3,—v3, f;): R — R is monotonic increasing for
all (z,v2,vs3, fj) € (2, \ X) x (0,00) x R x (0,00), j =1,...,k.

Proof. According to (A4) and the properties of the functions S; and @; we obtain that
the functions H,: ©Q; x V; — R are of the class D(€2;,X,V;). Due to the definition of H;
and equation (20) we find H;(z,v, f;) < (lg2j—1|+|q2;]) f; for all (z, v, f;) € (2;\X) xV;.

For the proof of the last assertion we differentiate (20) with respect to vy,
ang,l{aSj 0Q); } 1 8F2j{85’j . } 1

“P5 L, T o

— - — 0
oy ovy ovy P2j-1 Vg

() Oy

6’1)1
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According to (19) we have %UJ = 0 in arguments (z,v1,vs,v3, —v3). Therefore the last

equation leads to

85 8F2‘_1 8F2 8F2‘_1 8F2 -1
24 s R ( - Ofaj-n O, )< j J) '
(24) vy P2j-1 oy ©j oy oy + oy
Next, we differentiate H; with respect to v; and obtain

8Hj . ‘ 8F2J 1{ J 4 BQJ ‘ }l i 8F2J{85’ }i
vy P2j-1 oy Oov;  Ovg TRt Ovy TS vy
Using that %TQlj = 0 in arguments (z, vy, v, v3, —v3) and inserting (24) we find
8HJ 1 6F2j,1 8F2] aFijl BFQJ -1
- O O 00 08
dy dy

OFbj 41
Oy

dvy vy Oy oy

for arguments (z,v1,v2,v3,—vs, f;). (A4) guarantees that is nonnegative, [ =

%I:f (x,v1,v2,v3, —vs, f;) is nonpositive for (x, vy, va,vs, f;) € (2;\ X) xR x
(0,00) x R x (0,00), and vy is positive, we obtain the desired result. m
Now, for ¢ € (2,p], T > 1, we introduce the operator
k

k
Gar: Ny x L(Q0) x [[{f; € L®(): essinf f; > 0} — [ L=(2,)?,
j=1 j=1
G _ Gl GQk)
q,T('U7f)— ( q,T(U7f1)7"'7 q,T(’Umfk)) )
G G2 Nor x {f; € L>(8): essinf f; > 0} — L>(Q;),
which are defined pointwise a.e. on {2, by
G (v, fi) (@) = Si(x,v(2), £;(2)) + Qj(z,v(2)), G (v, f;)(x) = Sj(x,v(x), f()),
j=1,...,k, (see (18) and Lemma 1). Next, we use the notation
w:(vDag7f)7 v:V+LUD

and define the operator Fy r: My x H — X, by
(25) For(V,w) = Vo - (Gor(V + Lop, f),V + Lup, g, fo)-
In other words (see (16), (22) and (23)) we have

<-7q T(V w /Q Z bu VUJ v"/}z d.’B - / Zgzwz dF

04,5=1 'y =1

+jz::()/Qj{?j(',v,fj)(e(%—i-m)/w —1)(¢3 +4) — H;(-,v fJ)%}

1 € X . In this notation another weak formulation of the system (6) — (13) is
Problem (P):
Find (g, 7,V,w) such that ¢ € (2,p], 7 > 1, (V,w) € Xy x H,, x H,
(V,op) € My -, Foqr(V,w) =0.



ENERGY MODELS WITH INCOMPLETELY IONIZED IMPURITIES 11

If (¢, 7,V,w) is a solution to (P) then (¢, 7, V,w) with ¢ € (2,¢] and 7 > 7 is a solution
to (P), too.
We call a solution (g, 7, V,w) of (P) a thermodynamic equilibrium, if

v; = V;+ Lvp; = const, ©¢=2,3,4, v3+vy=0.

REMARK 5 (Relation between the Problems (P) and (P)). There exists the fol-
lowing relation between the Problems (P) and (f’) (¢, 7, Cimp, VoD, g, f) is a solution
to Problem (P) if and only if (¢,7,V,vp,g, f) is a solution to Problem (P) and Gimp =
Gq+(V + Lup, f). Especially, (q,7, Gimp, V,vD, ¢, f) is a thermodynamic equilibrium of
Problem (ﬁ) if and only if (¢,7,V,vp,g, f) is a thermodynamic equilibrium of (P) and
CGimp = Gq,-(V + Lvp, f). Therefore we can consider both problems to be equivalent and
to represent weak formulations of the system (6) — (13). In particular, our main results
(formulated for Problem (P) in Theorem 1, Theorem 2 and Corollary 1) carry over to
the Problem (P).

5. Results for (P).

LeMMA 3 (Differentiability). We assume (A1) — (A5). The operator Fo .+ My - xH —
Xy 1s continuously differentiable for all exponents q € (2,p] and all T > 1.

Proof. Let ¢ € (2,p] and 7 > 1 be arbitrarily fixed. We write v = V + v, where
vP = Lvp € Y,. Remember that L: H, — Y, is a continuous linear operator. Moreover,
for (V,vp) € M, , the pair (V,v”) belongs to

—

Myr = {(V,oP) € Xy x Y, V40P € Ny }.
We prove that the operator .7?(”: M\Q,T xH— Xz,
ﬁi]ﬂ'(‘/’ vDaga f) = \PQ,T(GQ,T(V + UD’f)a V + /UDa.gafO)

is continuously differentiable. Then the desired result follows by the chain rule. We
split up the operator F,, = A° + A' — B, where A%: M, . x L>(Qy) x H?zl {y €
L>(Qy): essinfy > 0} — X5, AL My, — X3, B: L®(Dy)* — X7,

(A° (V0P 1), /Q wa V)VV; - Vi da

04,5=1

+jz;)/gj {?j(-,v,fj)(e(”3+”4)/”2 —1)(¢3+4) — H;(-,v f])¢1}

AW 05, = [ 37 byl Vof - Ve,

0 4j=1
B,y / Zgﬂ/}ldf v=V+0°, Ve X,y
v i=1
For the proof for A%: MM, x L>(Q0) x [T, {y € L>(Q;): essinfy > 0} — X, we refer

to [12, p. 1465, Lemma 2 2] Again using [12, Lemma 2.2] we find that A®: /\ o — Xp
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is continuously differentiable, and the continuous embedding WP < W14 then ensures
also the differentiability of A1 Aq r — X, . Note that our assumptions guarantee the
validity of (H2.1), (H2.2), (H2.3) in [12]. Assertions concerning the operator B are trivial.
Especially, for the linearization of F, ; with respect to V' we have

(OvFor(Viw)V, ) x / Z i (V) VV 4 ubij (-, 0) - V Vu;) - Vb dz
Qo ;=1
(26) Jz:;)/QJ 8UH](>vaf])V7pldx

k
+3° [0 Co £ = 1))V () da
0 J

forall Ve X,andy € X,. =

Next, we describe necessary conditions for the data such that a thermodynamic equi-
librium can exist. Let

A= {w = (vp,g,f) € HpxH: vp; =const, g; =0, i =2,3,4, vpa >0, vp3+uvps = 0}.

THEOREM 1 (Thermodynamic equilibrium). We assume (Al) — (A5). Let w* =
(v, g%, f*) € A be given.
i) Then there exist an exponent qo € (2,p], a constant T > 1, and a function V* €
Wy % (QoUTN) such that the pair (V*,v%) = ((V}*,0,0,0),v%) € My, » and the equation
Fao.r(V*,w*) =0 holds. In other words, (qo,7,V*,w*) is a solution to (P).
i) (qo, 7, V*,w*) is a thermodynamic equilibrium of (P).

Proof. 1. For the given w* = (v}, g%, f*) we define the functions h;: 2, x R — R by

hj(xv d)) = 7Hj(x7 (¢a0a070) + Lv*Da f]*)
and consider the operator £: H} (QoUT'y) — H 1 (Qy UTx),

(E(6), ) 3 cwur s, = /Q V(b + Luty) - Vodr - / GG dr

I'n
(27)

+Z/ 9)dde, §e HY(QUTY).

The properties of I'p, € and H; stated in (A1), (A3) and Remark 4, Lemma 2 supply the
strong monotonicity of the operator £. Next we prove the hemicontinuity of £. We show
that the mapping ¢ — (5(¢+t¢3),a> H1(Qoury) for arbitrarily given ¢, b, e HY(QoUTy)
is continuous on [0, 1]. Let ¢y € [0, 1], t,, — to, t, € [0,1]. Then

(E(d +tnd) — E(d +tod), 5>H1(QOUFN)

28 N7
W, to|u¢um||¢||m+z/ (& + tad) = hj(- 6 +10) | dal.
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According to Remark 4, Lemma 2 we have h;(z, ¢ + tnd) — hj(z, ¢+ to®) and
hy(2, ¢+ tnd)| <1+ OHD) fan 2eQ; j=0,... k

Now we use the embedding result of Trudinger [16] for two-dimensional Lipschitzian
domains which tells us that ||e/*!|| 2 < d(||v||g1) for all v € H' (), where d: R, — Ry
is a continuous, monotonic increasing function with lim,_,, d(y) = co. Since ¢ € L?(£)
we get a integrable upper bound for the integrands in the last term in (28) and Lebesgue’s
Dominated Convergence Theorem leads to the hemicontinuity of £. Since £ is strongly
monotone and hemicontinuous there exists a unique solution ¢ € H} (QoUl x) of E(¢) = 0.
Especially we have ||¢]| g1 < ¢, where ¢ depends only on the data w*.
2. Now we prove that this solution possesses more regularity. We define

(G, 0) 13 (@purn) :/Q { —eVoy™* - V5+¢5} dx+/ g; ¢dl

0 I'n
k
- ;0/9 hi (-, 9)¢dz,

(E(0) D ngianny = [ {V0- Vo +00}dn, G e Hi(R0UTN).

0

Since vP* = Lv},, € WHP(Qg) is a fixed element there is a ¢ > 0 such that [vP*| < €. From
the properties of H; in Remark 4, Lemma 2 we find |h;(z, ¢)| < c(vP*) (1 + ec|”1D*+¢‘) <
E(wP*)(1 +ec??l) faa. z € Q;, j = 0,...,k. And therefore the embedding result of
Trudinger mentioned in the first step of this proof yields

i (D)l 2,y < €(z7*) L+ d(llgllm)) <& §=0,.... k.

Furthermore, using that w* € A is fixed it results that G € W~=1P(Qy U 'y). Thus
taking benefit from Grogers regularity result for elliptic equations with mixed boundary
conditions [10] applied to the equation &)(¢) = G we obtain a gy € (2, p] such that ¢ €
Whao (QoUT y) and [|¢]lw1.a0 < g0 |Gllw-1.0(00ury)- (According to (A1) it is guaranteed
that Qg U 'y is regular in the sense of Groger.)

3. The continuous embedding W14 (Qg) < C(£)y) and the properties of L ensure that
¢+ vP*lcay) < clgo,w*). We set Vi* = ¢, V* = 0,7 = 2,3,4, and use that w* € A.
Thus we find a constant 7 > 1 such that (V*,v}) = ((V/*,0,0,0),v},) € Mg, » and
Fao.r(V*,w*) = 0 which means (g, 7, V*,w*) is a solution to Problem (P). Moreover,
(qo, 7, V*,w*) is a thermodynamic equilibrium of (P). =

We denote by LZS(X,Y") the set of linear isomorphisms between two Banach spaces
X and Y.

LEMMA 4 (Isomorphism property of the linearization). We assume (Al) — (A5).
Let w* = (v}, g%, f*) € A be given. Let (qo, T, V*,w*) be the equilibrium solution from
Theorem 1. Then there exists some q1 € (2,qo] such that the operator Oy Fq, (V*, w*)
belongs to EIS(qu,X;i).

Proof. 1. Let ¢ € (2,q0] and V € X,. The linearization is given in (26) and must
be calculated in the point (V*,w*). Let v* = V* + Lv},. Since Vv = 0, i = 2,3,4,
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vy +v; =0 and
on [?j(.’v*’f;)<e (vz+vi)/vs _ 1)} V= Do (v ,f ) - ( (vi+vl)/vs 1)

_i_;;j(.’v*’f;)e(v;+v2)/v; (—*(73 +V4) _u3 4:21}472)’
Vg Uy

we obtain according to (26) that

(OvFgr (VF, w" / Zb,] VYV, - Vo da
Q

04,7=1

(29) Z/ O H; (v, f7) - Vipy da

+Z/ (vt ff) V3+V4(¢3+¢4)

2. For v* we introduce the linear mapping D(v*): X, — X, which is pointwise defined
by

10 0 0 1 0 0 0
_ _ 0 2 0 0 0 T2 0 0

=D(*)Z D(v*) = V2 =
V(z) = D()Z(z), D7) 0 wvi vl 0 0 T TF 0
0 viv; 0 vl 0 T 0 T*

Obviously D(v*) belongs to the set LIS(X,, X,). Next we define the operator A, =
OvFq(V*,w*)o D(v*) € L(Xy, X ). Our aim is to prove that there exists a g1 € (2, qo]
such that A,, € EIS(qu,X;Z). Using (29) and the relation v + vj = 0 we obtain

(AgZ,¥)x,, = /Q Z aijVZ;j - Vip; dx

04,5=1
(30) —Z/Q.OUHJ-(-,U*,]”;‘)-D(U*)Ewl dz
+Z/ (0" £5) (Z3 + Za) (3 + ¢pa) da

where the matrix a with a;; = Zk:l bik (-, v*)D(v*)kj, i,j = 1,...,4, has the form (see
also (15))

e 0 0 0
S V3R + viwo  viwi V3w
- * * (0 ~ * ’
0 viw V5 (0n + Onp)  V30mp
* * Y ~
0 wywy U20np v3(0p + Tnp)

wo = w1 (V5 + Pyvy) + wa(v] + Pyu3),

where K, 0y, 0p, Opp, P, and ﬁp are taken in the argument (x,v*). Since the matrix (a;)
is symmetric and positive definite (see also Remark 2), there exists a constant a* > 0



ENERGY MODELS WITH INCOMPLETELY IONIZED IMPURITIES 15

such that
4
(31) Z aij(x)yjyi > (I*Hy”%@ Vy S R4, Vr € QO \ X
ij=1

3. Now we follow ideas in the proof of [12, Theorem 4.1]. We write the operator A,
in form of a sum A, = E, + K, with operators Eq, Kq: Xq — X, where

(B, Z,4)x, :/Q { Z ai;VZ,; - v¢2+22 v} da,

2,j=1

(K, Z.%)x, :_Z/Q 7i¢idx—2/g 0, H, (0", f1) - D) Z ¢y da
2 o, 2 Jo,

+Z/ (0", £7) (Zs + Z4) (93 + ¢pa) da

Thanks to the compact embedding of W4(Qq) into L>(€0) the operator K, is compact.
The operator Ej, is injective. The regularity result of Gréger [10, Theorem 1, Remark 14]
guarantees that there exists a g1 € (2, qo] such that E,, is surjective. Then by Banach’s
Open Mapping Theorem and Nikolsky’s criterion for Fredholm operators the operator
A,, turns out to be a Fredholm operator of index zero.

4. Next, we prove that A,, is injective. A,, has the form (30). Let A, Z =0, Z € X,,.
Using the test function ¢ = (0, Zy, Z3, Z4) and exploiting the strong ellipticity condition
for (a;;) from (31), the fact that I'p # 0 and the property that 7;(-,v*, f*) > 0, j =
0,...,k, we get that Z; = 0, i = 2,3,4. Now we use the test function ¢ = (Z1,0,0,0) for
the equation 4,, Z = 0 and arrive at

/eyvzl\ dx—Z/ go i 0" ) Zyde =0,

Since the functions H; are continuously differentiable and —H;(z, -, vs,vs, —vs, f;) is
monotonic increasing (see Remark 4, Lemma 2) we have _aivl Hj(z,v*, ff) > 0on Q;\X,
j=0,...,k, which together with (A3) and (A1) leads to Z; = 0. Thus the injectivity of
Ag Xg — X, follows. Consequentely, Ay, € E(qu,X ) is bijective, and by Banach’s
theorem we have A, € EIS(qu,X;i).

5. In summary, since D(v*) € LIS(X,,X, ) we obtain the desired result that
Oy Foy (V¥ w*) € CIS(qu,X;i). "

Now we are able to formulate the main result for Problem (P).

THEOREM 2 (Local existence and uniqueness of steady states). We assume (Al) —
(AD). Let w* = (v}, g%, f*) € A be given, and let (qo, 7, V*,w*) be the equilibrium solution
to Problem (P), v* = V* + Lv}, (see Theorem 1).

Then there exist a q1 € (2,qo] such that the following assertion holds: There exist
neighbourhoods U C X, of V* and W C H, x H of w* = (v}, ¢*, [*) and a C'-map
O: W — U such that V = ®(w) iff

FourViw)=0, (Vivp) € Mg, r, V€U, w=(vp,g,f)eW.



16 A. GLITZKY AND R. HUNLICH

Proof. According to Lemma 4 there is an exponent ¢; > 2 such that oy Fy, - (V*,w*) €
LIS (qu’X;i)' Therefore the assertion of the theorem is a direct consequence of the
Implicit Function Theorem. m

Finally, let us discuss some special choice of the Dirichlet boundary data. We assume
that T'p consists of m > 2 relatively open connected components I't; with mesT, > 0,
Il =1,...,m, the closures of which are pairwise disjoint. We prescribe the boundary data

vp = (¢D,Tp, (D, Cpp) as follows:

op =y (TH +U', Tp=T"=const >0, C,p=-U",

(32) . .
¢pp=U" =const onI'p, [=1,...,m.

The functions ¢! : (0,+00) — R are related to the built-in potentials on the Ohmic
contacts ', (see [14]). We assume that these functions are locally Lipschitz continuous
and, for the sake of simplicity, that they do not depend explicitly on z. Such boundary
data fulfil the first assumption in (D) (see Section 2).

Next we define the set

Ay = {w = (vp, g, f) € My x H: vp fulfils (32), g; =0, i = 2,3,4}.

COROLLARY 1. We assume (Al) — (A5). Let w = (vp, f,g9) € Ay be given. Then
there are constants q € (2,p], 7 > 1, € > 0 such that the following assertions hold true: If

(33) ' —TH+|U -Ul <e, 1=2,...,m,

then there exists a V € X, such that (q,7,V,w) is a solution to Problem (P). This solution
lies in a neighbourhood of an equilibrium solution (q,T,V*,w*), and in this neighbourhood
there are no solutions (q,7,V,w) to (P) with V # V.

Proof. Let w = (vp, f,g) € A1 be given. We define v}, = (05,1, (ip: (yp) as

@E:wl(Tl)+Ulﬂ TB:Tla C;;DZiUla C;D:Ul on FlD’ lzla"'vmv

and we get that w* = (v}, f,g9) € A. Let (qo, 7, V*,w*) be the equilibrium solution to
Problem (P). Note that 1/7 < T < 7. According to Theorem 2 there exists constants
q € (2,q0], € > 0 such that the equation F, -(V,w) = 0 has a locally unique solution
VeXx,if

(34) lw — w3, x3 = [[vp — vpll, <€
Using (35) and the local Lipschitz continuity of the functions 1! we find a constant
¢(p,7) > 0 such that

m

lop = vhll, < o 7)Y (1T =T+ 0" = U))
=2

if 1/r <T' < 71,1=2,...,m. Choosing € in (33) sufficiently small the inequality (34)
can be fulfilled. =
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6. Remarks.

REMARK 6. There are various papers using the Implicit Function Theorem to study
stationary problems from semiconductor modelling (see e.g. [1, 6, 7]).

Alabau [1] considered a symmetric one-dimensional diode without generation-recom-
bination of electrons and holes. There the Implicit Function Theorem was used to show
that the solutions of the stationary isothermal problem are locally unique for arbitrary
reversed bias voltage.

In [6] we studied a multi species version of a stationary energy model with n differ-
ent species. There we assumed that all species are mobile in contrast to the impurities
contained in the model equations of the present paper and that more general reaction as
considered here are involved. We used the scale of W!P-spaces and obtained results as
in Theorem 1 and Theorem 2 of the present paper.

We investigated here the stationary energy model only for two-dimensional domains,
but we allowed that the submatrix b;;, 7,7 = 2,3,4, in (15) is dense. Griepentrog [7] con-
sidered a stationary energy model (without additional impurities) under the assumption
that o,,, = P, = P, = 0 in (15). Then the matrix b becomes triangular. But he replaced
the conservation law for the total energy in (6) by the heat flow equation

=V (kVT) = Jn|v<n|2 + Up|VCp|2 — Ro(Cn + Cp)-

Using the Implicit Function Theorem in the scale of Sobolev-Campanato spaces he ob-
tained a local existence and uniqueness result for three-dimensional domains, too.

REMARK 7. Groger studied in [9] an isothermal instationary problem of the kind
(3) — (5). He obtained results concerning existence, uniqueness as well as the asymptotic
behaviour of solutions.

7. Appendix.

We assumed that the boundary values on I'p belong to the space Wl_l/p’p(FD) for
some p > 2. Let this space be equipped with the norm (see [8])

h(a) — h(y)P
(35 Bl e,y = [ Ipdrs [ [ B ar) drgy),
I'p I'p JT'p ‘.%' y’

h € W=1/P»(T'p). We define a continuation operator L : WI=Y/PP(Tp) — WP(Qq) as
follows.

LEMMA 5. There exists a pg > 2 such that for all p € [2,po] the following assertions
hold. For all vp € W'=1/PP(T'p) there exists a unique solution v° € W1P(Qy) of the
Laplace equation
ovP
v
This solution is given by v° = Lvp where L belongs to LW =1/PP(T'p), WP(Qp)).

(36) AvP =0inQy, vP =vp onTp, =0 onTy.

Proof. We give only the main ideas of the proof (for some of the details see [8, 10]).
Since Qg U I'y is regular in the sense of Groger, there exists a pg > 2 such that for any
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p € [2,po] the mapping I,: WP (QUTy) — W12(Qy UTy),

1, 1,p’
<Ipv’w>ngp/(QouFN) = /QO Vu-Vwdz, veWyP(QUly), weW,? (QUTy)
is an isomorphism (see [10]). Let p € [2, po] be fixed and let vp € W=1/P2(T'p). We apply

to vp the linear, continuous continuation operator C),: W1=1/PP(T'p) — Wi-1/pr(T),

= Cy(vn),  Bnllwi-s/ra(ry < cllvnllw-s/mncrp)-

Now we use the right inverse of the trace operator 5, ' : Wi=1/pP(I) — WP(€y), which
is linear and continuous, and obtain

07 =7 (@p), 7 lwrsiae) < clTbllwi-inm-
We write v in the form v? = ¥P +h. Then, according to (36), h has to fulfil the equation
~ oh ooP
~Ah=AP inQy, h=0onTp, — =-— Y on 'y,
ov ov

or

~ 1,p/
I,h =r, (r, w}Wol,p/ (QUTN) = —/Q VoP - Vwdz, we WP (QoUTy).
0

The right hand side r belongs to W=7 (QoUT x) and ||7|lw-1.00oury) < ¢ 07w aq)-
Since the operator I, is an isomorphism we find that h = I, 'r and HhHWé,p(QoupN) <

c|lrllw-1.e(oury)- Using that vP = &P + h and the previous estimates we end up with

[v2 lwrr@ouryy < ellopllwi-smar,)-
Note that for Dirichlet boundary data vp > K > 0 a.e. on I'p the test of the Laplace
equation (36) with —(v?” — K)~ supplies that v” > K a.e. in g, too. m
Finally, we need the Theorem of Scorza-Dragoni (see [13]) in a form which can easily
be derived from a version of this theorem given in [3, Chap. VIII].

THEOREM 3. Let M C R™ be a bounded measurable set, B C R' a Borel set. A
function h: M x B — R belongs to Car(M, B) if and only if for all € > 0 there exists a
closed subset A, C M such that mes(M \ A¢) < e and h

A.xB 18 continuous.
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