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Abstract—A variant of perturbation theory is devel oped to determine the characteristics and stability of trans-
versely two-dimensional spatial solitonsin a Kerr medium under conditions of small deviations from paraxial.
Distributions of the transverse and longitudinal components of the soliton electric and magnetic fields are
obtained. It isshown that the power of anonparaxial solitonin aKerr medium increases as the propagation con-
stant increases. A linear analysis is made of soliton stability. In addition to confirming stability, this analysis
revealed “internal modes’ of nonparaxial solitons and their characteristics were determined. © 2000 MAIK

“ Nauka/Interperiodica’

1. INTRODUCTION

Thefina stage of the self-focusing of high-intensity
radiation in a transparent medium with a Kerr nonlin-
earity is of considerable interest and has been studied
on many occasions (see the book [1] and the literature
cited therein). Using the standard approximation of
sowly varying amplitudes (quasi-optic or paraxial
eguation for the electric field envel ope), the theory pre-
dicts the absence of stable spatial solitons (beams hav-
ing a constant transverse field profile) and collapse of
radiation beams having powers exceeding the critical
self-focusing power. The limitation of collapse and for-
mation of spatial solitons as predicted in [2] may occur
for various reasons. The most common of these is the
nonparaxial nature of narrow (width comparable to the
wavelength) beams [1] which precludes us from using
the approximation of the quasi-optic equation.

Although nonparaxial effects also arise for the sca-
lar nonlinear wave equation [3—6], for electromagnetic
radiation it is important to allow for its polarization.
Thus, nonparaxial self-focusing theory should be based
on a complete system of Maxwell nonlinear vector
eguations. Previoudly, vector self-focusing theory was
preferentially developed for special cases of the polar-
ization of radiation having an axisymmetric intensity
distribution and unit nonzero electric field component
[7-10Q],i.e., infact for ascalar variant. The spatia soli-
tons which may appear in this case have a power con-
siderably higher than the critical self-focusing power,
which serves as an indication of their instability [11].
For atransversely one-dimensional geometry it is pos-
sible to construct afairly comprehensive classification
of an infinite set of localized structures [12, 13]
although in a continuous nonlinear medium all these
structures are unstable with respect to decay along the

other transverse coordinate. As far aswe are aware, the
existence of stable spatial solitons of electromagnetic
radiation in a medium with a Kerr nonlinearity has not
yet been proven. As will be shown subsequently, using
numerical calculations of thetype [14, 15] to solvethis
problem may not yield the correct result because estab-
lishment is extremely slow under weakly nonparaxial
conditions.

Thetask for the present study isto make an analytic
investigation of the characteristics and properties of
weakly nonparaxial spatia transversely two-dimen-
sional solitons of electromagnetic radiation in a
medium with aKerr nonlinearity. The analysisis based
on perturbation theory with asmall nonparaxial param-
eter which is used to find nonparaxial correctionsto the
soliton shape and to determine its stability. The initial
(zeroth) approximation is the well-studied nonlinear
Schrddinger equation and beams having an axisymmet-
ric intensity distribution and linearly polarized radia-
tion (“Townes mode”). Following [16] (see also [14]),
in Section 2 we give aderivation of the control equation
for the envelope of a weakly nonparaxial soliton field.
We then obtain its approximate solution in Section 3,
i.e, we determine the transverse distribution of the
electron and magnetic field intensities. In Sections 4
and 5 we analyze soliton stability using a method pro-
posed in [17] (see also [18]) for paraxial solitonsin a
medium with saturation of the nonlinearity. For thiswe
use a linearized control equation whose properties are
analyzed in Section 4. The final conclusion on the sta-
bility of a weakly nonparaxia soliton is formulated in
Section 5 and calculations of various matrix elements
are presented in the Appendix. The results are dis-
cussed in the Conclusions.
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2. EVOLUTION EQUATION

The initial equations are the Maxwell equations for
monochromatic radiation of frequency w [in complex
notation the factor exp(—iwt) isomitted, tisthetime) in
anonmagnetic medium (with unit magnetic permeabil -
ity):

Y5
c

rotE = i%)H, rotH = —i

(2.2)
divH = 0, divD = 0.

Here E and H are the intensities of the electric and
magnetic fields, ¢ is the speed of light in vacuum, and
D is the electric induction which has the form (Kerr
striction nonlinearity)

D = (5,+€,)E, &y = &|E[% £>0. (22
Here g isthelinear permittivity. The form (2.2) allows
only for self-interaction effects whereas the generation
of third and high-order harmonics is considered to be
ineffective (phase matching conditions are not satisfied
for these).

Eliminating the magnetic field intensity from the
Maxwell equation, we obtain the generalized Helm-
holtz equation

TEa E+——D —graddivE = 0,
07
2 2
AD = a — + _(2_
o0Xx 6y
From this vector equation it follows that
2 2
0 Ef+ADED+‘*—’DD—gradDdivE =0. (23

0z

Here we introduce the transverse components of the
electric field E = (E;, Ey) and the induction D = (D,
D,). We transform the last term on the | eft-hand side of
equation (2.3) asfollows. From the final Maxwell equa-
tion (2.1) it follows that

I |
divE = to £n|E Corade,,
3 (2.9
_ 8nID
= 80+8m% Coradsen + E, 525

In the lowest approximation (weak and continuously
varying nonlinearity) we have div E= 0 whence

E,= '—kdivDED, (2.5)
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where k = (w/c) /&, is the wave number in the linear
medium. For a more accurate estimate we have

divE = —%ED Coradpg, .-
0

We then arrive at a closed equation for the transverse
field components:

2

0°E W W’
"= + AEp+ S&EL+ 56, |Ef°Es = QEL), (2.6)
07 C c
where
&
E) = —
Qu €o 2.7)

x [|diviE | *Ep + grady(E  Cgrad | E|%)].
For a steady-state soliton we have
E, = A(r)€e’? (2.8)

where I is the real propagation constant. The solitons
have a continuous spectrum with respect to I' and the
condition 2 > k? must be satisfied for the field to
decrease (tend to zero) at the soliton edge, in accor-
dance with (2.6). A measure of the nonparaxial prop-
erty is given by

(2.9)

Inequality (2.9) impliesthat the propagation constant I
for the soliton is close to the wave number k in the lin-
ear medium. This occurs if the soliton width is consid-
erably greater than the wavelength of light, the maxi-
mum amplitude of the field is extremely small, and the
power is close to the critical self-focusing power (see
below). In this limit the order of the derivative with
respect to z can be reduced [14]. We shall assume that
thefield is close to a steady-state soliton so that

E, = A(r, 2e'? (2.10)
where the dependence of the amplitude A(r 5, 2) onthe
longitudinal coordinate zisslow (on ascale of the order
of the wavelength of light). Then, retaining terms of the
lowest order of smallness in the transformations of
0%E/0r?, instead of (2.6) we obtain the evolution equa-
tion

. _0A
2|Fa—ZD+ADAD—

282|AD| Ap = QAn) + QLAp),

(M -K)A,
(2.12)
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where

1

Ap) = r2—K
QAAp) = 4k[ —( )]

[ Ag—(T —k)AD+k282|AD| A}

(2.12)

[(ADA CAD)AL - (B0AT TAR)AL

€ O
+ |AD|2[ADAD— (F2KO)A, + k28—2|AD|2AD} o

Note that for a steady-state spatial soliton we have
Q/ (A, =0. Equation (2.11) can be used not only to find
a weakly nonparaxial steady-state soliton but also to
investigate its stability. In order to isolate the nonparax-
ial parameter in explicit form in (2.11), we convert to
dimensionless coordinates and amplitude:

I—2_|’<2 ‘
zZ="—F"2 (XY)= N2 =K%, y),
y - . (2.13)
AL = Z2AL, AL = ————A-
- mgoﬂ o
Then (2.11) hasthe form
a 1] 1 1
= P [QUAD + QADI,

where
QLAD = —[|diviAL|*AL + gradh (A, Torad| AL )],

1 L} 1 L} 1 L} 1 1 2 1
QAAp) = Z[AD —1[ALAL-AL+ AL AL
1 (2.15)
+ZL(BcAL TAT)AL - (A-AT TA)AR
1 2 L} 1 1 1 2 L}
+ |AD| (ApAp—Ag+ |AD| Ap)].

The dimensionless form (2.14) is convenient for
determining the corrections to the shape of a steady-
state soliton while the dimensional form (2.11) is con-
venient for analyzing its stability, containing deriva-
tives of the amplitudes with respect to the propagation
constant I".

3, NONPARAXIAL CORRECTIONS
TO SOLITON SHAPE

The right-hand side of equation (2.14) serves as a
correction (as a result of the nonparaxial property) to
the nonlinear Schrodinger equation for which p = 0.
Note that this correction is nonlocal since it not only
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depends on the transverse components of the field
intensity but also on their derivatives in the transverse
direction. We find the field distribution for a weakly
nonparaxial steady-state [of the form (2.8)] spatial soli-
ton by solving equation (2.14) using perturbation the-
ory with the small parameter (2.9). In the lowest
approximation this equation gives the standard vector
nonlinear Schrodinger equation (we omit the primesin
this section):

ADASOX - AsOx + (|AsOx|2 + |A50y| 2) AsOx - 0!

AsOy + (|AsOx|2 + |A50y| 2) AsOy

For the main (fundamental) soliton the functions Ay,
and A, can be considered to be real. Generally speak-
ing, the equations (3.1) are written for the particular
case of a soliton with a common propagation constant
for both polarizations but a difference between these
values is only possible in the paraxial approximation
[1].

We now introduce a small correction to the steady-
state soliton:

Adro) = Ag(rp) + H2BA(r ).

Equation (2.14) linearized with respect to the perturba-
tion 0A  iswrittenin the form

(3.2)
ADASOy -

(3.2)

AOA—BA +[| Ayl *BA,

(3.3)
+ (A [BAS)ASO + (ASO EBA*)ASO] -

QA

In terms of Cartesian components we have
DrBAs—BA + [ (A, + Ady)SA,
+ Ao (BA+ BA
+ AsoxAsoy(0Ag + 0A3) ] = QulAsox Asoy):
ARdAy —0A + [(AsOx + AsOy)BAsy

+ AsOxASOy(éAsx + 6A’skx)

(3.4)

+ AgOy(éA + 6A* )] - st(ASOXl AsOy)

a AsOx aAs

2
st(A50x1 AsOy) = _QW + W()y AsOx

+a[“ M+A a(—“SZOX*- “SZOV)}DD
0Xx SOx oX SOy ay
(3.5
Q. (Ao, A 0A oA
Sy( SOx? SOy) = —g a)s(ox sOy A o
No. 6 2000
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A( Al + AZ)

0
* ox * Asoy

W[ASOX a(ASOB; AsOy)i| E

As the zeroth approximation we take the linearly
polarized Townes mode having an axisymmetric field

distribution (polar coordinatesr, ¢, r = /x° + y*):
sOx - O(r) AsOy = 0. (36)
The function Fy(r) is defined as finite over the entire
range 0 <r < oo and the solution of the equation which
tendsto zeroasr — o is
LoFo = 0, Lo=A,—1+F.. (3.7)
Bearing in mind the axial symmetry of the Townes
mode, equation (3.7) has the form
d2F0 1dF,

3
+F, = 0.
—trar FotFo= 0

(3.9)

We write the equations (3.4) for the corrections to the
soliton shape in the form

I—16AIS>< = on(r) + sz(r) COSZ(I)’
L,0AL, = 0, (3.9
LoaAsy = Qyz(r)Sinzq)l
where
L, = Lo+ 2F2, BA, = 8AL +idA., (3.10)
_ [P'Fom Dd 2dF ]
QXO(r) |: Ddr %:O dr D:|1
F d 1 dF
Qult) = {3FERE + B2 Imtnd (3
_ Dd 1 2dFOD
QyZ(r) dl‘ 1

The second of the linear equations (3.9) (for 3AL,)
has the solution [see (3.7)]

OAy = C'Ay, Ap=Agx = Fo, (3.12)

which corresponds to a phase shift of theinitial soliton.
Sincewe are not interested in this shift, wecan set C" =

0 and accordingly dA;, = 0. The two remaining inho-

mogeneous equations (3.9) can be solved provided that
their right-hand sides are orthogonal to the solutions of
the corresponding homogeneous equations with the
boundary conditions specified above. For the last of the
equations (3.9) orthogonality follows from the angular
dependence of the right-hand side,

2n

dpsin2¢ = 0.
J
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Fig. 1. Radial profilesof theamplitudes Fg of afundamental
soliton (Townes modes, curve 1) and its nonparaxial distor-
tions Fy, (curve 2), Fy (curve 3), and F, (curve 4).

Thus, omitting the solution of the homogeneous
equation (symmetry with respect to rotation of the axes
X, Y), we obtain the correction 6A$y intheform

A, = F,(r)sin2. (3.13)

Then F,(r) is defined as the only finite axisymmetric
solution of the equation
I:y = Qyz(r)1

L, = (3.14)

The solution of the homogeneous equation corre-
sponding to the first of the equations (3.9) corresponds
to ashift of the initial soliton along x and y:

F F
3AL, = cla 0 cld %cosd,
0Xx dr
oF dF (315
] 0 O
6AS)(Z CZ ay CZ dr ¢

The orthogonality condition isagain satisfied asaresult
of the angular dependence of these solutions and the
right-hand side of this equation. Also omitting the solu-
tion of the homogeneous equation (3.14) (C, = C,=0)

we obtain A, inthe form
SAL, = Fy(r) + F,(r)cos2¢. (3.16)

Theradial functions appearing in (3.16) are obtained as
(unique) finite axisymmetric solutions of the equations

LiF1 = Qus  LoF2 = Qo (3.17)

Graphs of these functions obtained by solving numeri-
cally axisymmetric variants of equations (3.8), (3.14),
and (3.17) with the conditions of finitenessforr =0and
which decrease asr — o gpecified above are plotted
inFig. 1.
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We shall now return to dimensional quantities. For
the eectric field intensity of a steady-state soliton we
have

i E{ MFo(r) + HTFA(r) + F(r) cos20]},

E, = Epspy(r)sjnzq:,
_ o(r)
E,=iu J; ar cos¢,

= JIP=Kp, p = JXC+Yo

In accordance with (3.18), the field exhibits weak axial
symmetry. The main correction to the initia linear
polarization occurs as aresult of the longitudinal com-
ponent of thefield E, O p2. For this correction the phase
of thefield is shifted relative to the main component by
T2 since the polarization becomes dlliptic. Time oscil-
lations of the electric intensity vector are described by
aprolate ellipsein the plane x,. When additional allow-
ance is made for corrections proportional to p3, it is
found that the slope of the plane in which the ellipseis
located varies over the beam cross section.

(3.18)

The components of the magnetic intensity are
expressed in terms of the electric field intensity using
the Maxwell equations (2.1):

E'E

OB _
oy~

350

"2k

dF
Eg—°-|:0+ Fo+2F,5sin2¢,

_C 0E,q_ 3 &
- QB_EXHO O Hy0+u2J€_
Z (319)

dF
<[ (2F,+ o)+ o, + Fo - Fo v 25 %0s29 |,

d
L
H UFo(r)

yo ~ «/_2

The radiation power P is defined as the integral of
the longitudinal component of the time-averaged
Poynting vector over the transverse coordinates:

=L [Re(Ex Hy~ E; H,)dxdy. (3.20)
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Substituting into (3.20) the approximate expressions
for the soliton field intensities obtained above, we
obtain the power

2
8T[00k€ ( ot HPy)- (3.21)
The constants P, and p, are defined as follows:
_ Fyrdr = L7 -
Py = IFO(r)rdr =S5 1.862,
0 (3.22)

00

D, = J’[ZFO(r) Fy(r) + %Fé(r)}rdr = 5.990.
0

In (3.21) theterm containing P, corresponds to the crit-
ical self-focusing power which agrees with that
obtained in the paraxia limit (1 — 0) where it does
not depend on the propagation constant [1]. The term
containing p, isthe nonparaxial correction to the power
which depends on the propagation constant. Note that
the increase in soliton power with increasing propaga-
tion constant is consistent with the Vakhitov—
Kolokolov criterion [19] for soliton stability. However,
this criterion was obtained in the paraxial approxima-
tion and thus we still need to demonstrate the stability
of anonparaxial soliton.

4. LINEARIZED EQUATIONS

For a linear analysis of stability we shall set [see
(3.2)]

A(ro, 2 = A(rp) +0A(ry, 2. (4.2)

Substituting (4.1) into (2.11) and linearizing this with
respect to the small perturbation dA, we find

2ir99A L A BA — (M= K))BA + K222

0z & (4.2

x [AsoéA + ASO(ASO EBA) + ASO(ASO EBAE)] = 6Q
Here we have

0Q = 8Q,+0Q, +3Qy,
6Qk = _k2€2[(A Aso)aA + 6AS(ASO [BA)

+ Ao(BA, TBA) + BA(SA, [BA) + SA (A, (BAD
+ A(5A, BAD) + 5A(SA, [BAD)],

dQ, = ——{|d|vDAS| dA

+[divoAX divodA + divoA div SALA,
+grad [ A, Chrad (AY [BA + A [DAD)
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+ A [grad-|A{’]},

1

0= -8 @3

dQ, =
4

+ Z{A[[ALOA + A (AT TBA) + A(A, TBAD)]
0

+|AJPABA + (A [BA + A [BADAA,
—2(M2=K)[|AJ?5A + A(AZ [BA) + A((A, [BAD)]

¥ k2§—2[|As|46A + 2AJAJ2 (A% DBA + A, [BAD)]
0

+ (A3A TAY)A + (BsA  BADA,
+ (DA TAT)BA — (ABATIAA,
—(ADA;‘ EBA)AS—(ADA;‘ [A)OA}.

Introducing the real and imaginary parts of the x-
components of the perturbation 0A, = dA, +10A and the
inhomogeneity 8Q, = 8Q, + i10Q;, we write the linear
eguation (4.2) in the form

00A,

ZFW + Ly0A; = 8Q;,

O3A,
2T —— + Ly3A, =

00A

0z

and also in the matrix form
00A

0Q,, (4.4

2ir

Y+ LoBA, = 8Q,,

(4.5)

Here

we have

|
|
MJA = O L16Ar_6Qr %l'
DiLedA,—i8Q, O
€
Ap = U JS:ZFO(JrZ—kzp), (4.6)

€
Lo = Ag—(F° =K + kZS—ZAio,
0

€
L, = L0+2k2;:—zA§0.

The form of the operators L, ; in (4.6) corresponds
to the dimensional form of the relationships (3.7) and
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(3.10) with a choice of linearly polarized unperturbed
soliton (3.6) when the control equations for the pertur-
bations are ssimplified considerably. The properties of
solutions of the equations corresponding to the linear-
ized nonlinear Schrédinger equation (60Q — Q) are
also important:

00A,,
0z

00A;,
oz

d8A.
azy + LodA,

2r

+ LodA, = 0,

-2r 4.7

+L,8A, = O,

2ir

0,

or in matrix form

I3A,

2r 37

= MydA,,

EO—LO 0
Mo=0L, 0 0
0 .

00 0 iL,

l 4
i (4.8)
0

0

0

We write the ssimplest solutions of the system (4.4)
[or (4.5)] and (4.7) [or (4.8)]. Firgt, it follows from the
well-known symmetry with respect to the phase shift
and propagation constant of a steady-state soliton that
the linearized equations have two solutions. Thefirst of
these

0
ASO (4 9)
0

0
0A o= SX
iA,

[ |
o |
(o4
>
G
1
o |
o

corresponds to the eigenvector of the matrix M (M)
with zero eigenvalue

M3A, = 0, MBAY = 0. (4.10)
The second solution
5 19A 5 01 9A. O
O2r or O Df arso 0
0
3Ar=H o g 8AY=§H . 5 (411)
0 ga O O O
01 2%y O O o O
O2r or
is not an eigenvalue but aroot:
M3A[ = 3A,, M?3A[ =0,
. ; e o (4.12)
Mo3AL = 3AY, M3BAY = o.
No. 6 2000
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Finally, the symmetry with respect to rotation of the x,
y axes yields an eigenvector with zero eigenvalue:

O_p L 0o O
O "0 © 0 0
6Arot = CrotD O D 6Ar01: = CrotD 0 D.
0 0 0 0 (4.13)
0 Ax O 0Aso O
M3A,, = 0, MBAY =o.

Subsequently, disregarding the rotational transforma-
tion of the axes, we set C,, = 0.

The following two solutions are specific to the lin-
earized nonlinear Schrédinger equation [equations
(4.7) or (4.8)] whereasthey are absent for the more gen-
eral form of the equations (4.4) or (4.5). The invariance
of the nonlinear Schrodinger equation to a focusing
transformation determined by Talanov [20] thus yields
the solution (4.7) [21]:

0Ag

= 0 _lpgp, A0
%0 = Jr 2 o= orag *TZ e 4y
0A,, = 0.
The corresponding vector
O 0 0
0_1 0
SA; = Aop’ (4.15)
80¢-r) " g
0 0 0
isalso aroot:
ModA; = BArs, MgdA = 0. (4.16)

The last of the solutions of the linearized equations
(4.7) required for the following analysis has the form
[18, 22]

3A, = alp) +b(P)Z’, BA, = c(p)z+d(p)Z’,

(4.17)
A = 0.

After substituting (4.17) into (4.7), wefind

aAsO

d = Ay, AP’ b = (4.18)

.

The function a(p) is defined as the only finite axisym-
metric solution of the equation [the conditions for sol-
ubility are satisfied because of the axial symmetry of
the right-hand side (4.19)]

6r° , 2
e

La=-— (4.19)
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or
d_az. lda —(r*-Ka
dp® Pdp
5 (4.20)
2€y 0 er
+ 3k E—OAsoa = —rz—_szsop .

We do not require the specific form of the function a(p).
The perturbation vector corresponding to this solution
isalso aroot:

MoSA, = 3A;, MdA, = 0,
D
5A. = 048r° 770 (4.21)
a0 , O
O O
O 0 O

These solutions exhaust the family of localized axisym-
metric solutions of the linearized nonlinear Schrodinger
equation with a zero eigenvalue.

Using the small nonparaxial parameter (2.9), we can
write expansions of the matrix M, the eigenvector dA,
and the root vector dA in the form

M = Mo+u M2+u M,+ ...,
8A, = BAY +uPBAY +
8A; = 3A[ +p*BAl +

Terms with a zero index are determined by the nonlin-
ear Schrodinger equation and are given in relationships
(4.8), (4.9), and (4.11). The remaining terms of the
expansion are obtained using the expansion for thefield
of a steady-state soliton determined in Section 3.

(4.22)

5. STABILITY AND OSCILLATIONS
OF PERTURBED SOLITONS

We shall now find the eigenval ue of the matrix oper-
ator M which goes to zero in the limit u — 0 (non-
paraxial soliton limit). For thiswe shall seek the eigen-
solution of the linearized equation (4.5) in the form

3A = W(x, y)e"V. (5.1)
Here we introduce the unknown eigenvalue
MY = Hys+ ROV + ys+ (52

and the eigenvector W which obey the following equa-
tion derived from (4.5)

MY = uyY¥. (5.3)

The expansion of the eigenvector ¥ can be conve-
niently expressed in the following form:

W = OA, + UYOAL + W, + LW, + ptW, + . (5.4)
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The first two terms on the right-hand side (5.4) are
determined by equations (4.9) and (4.11). Substituting
into (5.3) the expansions of the corresponding quanti-
tiesin powers of the small nonparaxial parameter p and
equating terms of the same order with respect to this
parameter, we find in the second order in p [equations
of lower orders are automatically satisfied given the
choicemadein (5.4)]

Mo¥, = Vi8A,. (5.5)
Taking into account (4.16) it then follows that
¥, = V2OA,. (5.6)
In the third order we have
Mo¥s5 = 2y1Y20Ar0 +Y. Y,
(5.7)

= 2Y;Y,0Ar + ViéAf,

so that taking into account (4.16) and (4.21) we have

Wi = 2y1Y,0A +Y10A,. (5.8)
Finaly, in the fourth order we have
MW, +M,¥, = yi8Ac, (59)
+ (Vg +2Y1Y3)0A o+ Y, W3+ Y,y
or allowing or (5.6) and (5.8)
MW, +ViM,8A, = ViBA
oratYiM0A: = Y0AR; (5.10)

+ (Y3 + 2y1Y3)3A o + 3y1V,0A  +Y10A,.

We now introduce the transposed operator matrix
MZ, and the conjugate three-dimensional vectors Ago

and A, using the relationships

O O
.0 0L 0fF
Mo=0-1,0 00
O O (5.11)
00 0ilyD
MedAgo = 0, MBAL, = BAg.
In explicit form we have
O O
, _Ba8 . g @
8Ap =00 O dAj =iy (512
O - 0 gr g
000 80 O
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We introduce the scalar product of the three-dimen-
sional vectors (4.6) using the relationships

_ 1
U, vO= >

2n 0

x Id¢Idpp(U1V1 +U,V,+U3Vy),

(5.13)

where we have for the complex (third) components

U,V; = ReUzReV, + ImUsImV,. (5.14)

Then, as a result of the self-adjoint property of the
Laplace operator for arbitrary vectors U and V the fol-
lowing identity is satisfied

U, M,VO= MU, VO (5.15)

We now multiply the scalar three-dimensional vec-

tor ‘I‘go by the left- and right-hand sides of equation

(5.10) and equate the products. Here we use the follow-
ing relationships for the matrix elements:

[BAg0 MW, 0= MBAso ¥,0= 0, (5.16)
O
O, OF1
+ Sl
mAq)o, 6Aro|:|= E 0 ED D
0o 0f (5.17)
0A,
- or I Awgr Pdp =
[BA 4o, OA (0
[ 0
O O
0As E , (5.18)
= D D - =
0 8 Dgs(kz—rz)AS(’p H
00 0p 0
My.a = (BAgo OA, 0= [MBAf,, 5A,0
= DAfo, MydA, 0= [BA[, A0
ro 0 a 2 ro f (519)
1 sO 3
= dp,
32r(r? k)I or
d3A,
= DA OA 0= 2I_J’Aso ars pdp, (5.20)
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and we also introduce the notation

m, = DA M,8A 0 (5.21)
We then obtain an equation to determine the square of
the eigenvalue in the lowest approximation (see also

[17])

Vil(m,—my 1) —my ay1] = O. (5.22)

The two zero roots of this equation correspond to
the symmetries with respect to the phase shift and the
shift of the propagation constant conserved when
allowance is made for the nonparaxia property. In
accordance with (5.22) two nonzero eigenvalues are
split off from these (as a result of a shift of the eigen-
value corresponding to the vectors 0A; and dA , for the
nonlinear Schrédinger equation). In order to determine
these it is convenient to calculate the matrix elements
appearing in (5.22) by going over to the functions
Fo, 1(r) introduced earlier in the integrand expressions
(see Fig. 1 and Appendix). We then finally obtain

OV - IO gyl k2

tho = etero == (5.23)

k

In accordance with (5.23), a weakly nonparaxia
soliton is stable (I" > k). However, the imaginary nature
of the eigenvalue y implies that an “internal mode”
occurswhosefield distribution asgiven by (5.4) isclose
to the soliton field (and is phase shifted by 172). The
longitudinal period of the oscillations of the perturbed
field 217y increases without bound in the paraxial soli-
ton limit g — 0 (T — k). As aresult of the weak
radiation damping of these internal modes [23-27] itis
difficult for a steady-state soliton to be established
under these conditions (an anomalously long nonlinear
medium is required).

6. CONCLUSIONS

We have therefore demonstrated for the first time
that nonparaxial solitons of electromagnetic radiation
are stable in a medium with a Kerr nonlinearity. These
solitons may occur at the final stage of self-focusing of
supercritical-power radiation. Since the maximum
intensity of these weakly nonparaxial solitons is low,
the Kerr nonlinearity will be the dominant mechanism
(no competing mechanisms of nonlinearity exist at low
intensities). We reemphasize that the fields of these
solitons do not possess axial symmetry and the polar-
ization structure of the radiation strictly corresponds to
éliptic polarization which varies over the cross section.
It is important to allow for the vector nature and the
nontrivial polarization structure of electromagnetic
radiation solitons since their scalar description cannot
be quantitative. This approach can not only demon-
strate the stability but can aso be used to determine the
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corresponding quantitative characteristic (the eigen-
valuey). This value characterizes the internal modes of
these solitons, i.e., the natural modes of small perturba-
tionsin an effective light guide induced by the “strong
field” of asolitonin anonlinear medium.

The results obtained here for weakly nonparaxial
optical solitons serve as an additional argument to sup-
port the “needles of light” identified in [15], i.e,
strongly nonparaxia solitons of width less than the
wavelength of theradiation in alinear medium. We also
note that since the nonlinear Schrodinger equation
describes an extremely wide range of phenomena of
various physical nature, this approach to analyze the
perturbed Schrodinger equation may not be confined
merely to optical problems.

The authors thank D. V. Skryabin for important ref-
erences and comments. Thiswork was supported by the
International Scientific-Technical Center (grant no.
666), the Russian Foundation for Basic Research
(project no. 98-02-18202), and INTAS (grant no. 1997-
581).

APPENDIX

We shall calculate the matrix elements appearing in
(5.22) which can be reduced to single integrals (over
the radial coordinate) of the functions F 4(r) and their
derivatives. Graphs of the functions are plotted in
Fig. 1 and their integrals were calculated numerically:

00

1 00A, 1
m¢,r - ZFIASO ar pdp - 2k4£2p21
0

(=)

P2 = [|3FFu) + Fo(r)dl:dlr(r)}rdr = 5821,
0
1 waAio 3 €1
My, = dp = —=
* 32r(r2—k2){ or PP T e

e [(rz—kz) jFS(JrZ——kZp)p?’dp}

X —
32(r?-kHor
_B1 1
ek’ 16(7 % — k%)
— 2\ 3 —
p; = J’Fo(r)r dr = 2.211,
0
M, = Mys+ My + My,
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1& 1
168|‘ —K

= [BAgo M, B3A (0=

|jjASO|:| 2 Dd 1. 2
{ Aso[D G 070" * g * ol AP )}pdp
_ 1t
16k*€2 Ps

b, = I{[P'Fo(r)

0

o(")r

+ Fo(r)EF 1@":0(0 o(r)rZD}rdr = —1.608,
k2
m,, = [BA;o, M, OA = ————
2k $0 2k f 4(r2_k2)
OJ.AsoéAsxOp dp - pk1

00

P = J’Fg3>(r)|:l(r)r3dr = 1.926,
0

1
R(r* =K’

M, = [BAy0, M, 0A 0= —
) 01 2 2
x [dppAyO=[A0— (M =k7)]
Jopphag

<[ 8-(r2 i) + kf—iAio}(Asopz)

+ ] 3ALA(AP) - 280 g~ (T =) A’

p, = [drrFo(n[a, - 1[4, -1+ Fa(r)](Fo(r)r?)

0 0

+3 Idrr F3)A, (Fo(r)r?) -2 Idl’l‘ng(r)Ar(Fo(r))
0 0
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0 00

—Idrrng(r) +Idrr3Fg(r) = 14.899,
0 0

A = _qz__li
ogr? rdr

After substituting these values into (5.22) we obtain
(5.23).

=
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11.

12.

13.

14.

15.

16.

17.
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