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We suggest semianalytic estimates for the @-switching instability boundary of the continuous-wave (cw) mode-
locking regime domain for a ring-cavity semiconductor laser. We use a differential delay laser model that al-
lows us to assume large gain and loss in the cavity, which is a typical situation for this class of lasers. The
Q-switching instability boundary is obtained as a Neimark—Sacker bifurcation curve of a map describing the
transformation of pulse parameters after a round trip in the cavity. We study the dependence of this boundary
on laser parameters and show that our theoretical results are in qualitative agreement with the experimental
data obtained with a passively mode-locked monolithic semiconductor laser. © 2006 Optical Society of

America
OCIS codes: 140.4050, 140.5960, 190.3100.

1. INTRODUCTION

Semiconductor lasers operating in the mode-locking (ML)
regime are efficient, compact, low-cost sources of short op-
tical pulses with high repetition rates (tens and hundreds
of gigahertz) suitable for applications in telecommunica-
tion technology. Similarly to other types of lasers, these
lasers can be passively mode locked by incorporating a
saturable absorber section into the laser cavity. However,
apart from ML, lasers with a saturable absorber have a
tendency to exhibit undamped @-switching pulsations. In
a mode-locked laser the @-switching instability leads to a
transition from the cw ML regime to the so-called
Q-switched ML regime. The latter regime is characterized
by pulse amplitude modulated by the @-switching oscilla-
tion frequency that is typically on the order of a few giga-
hertz for semiconductor lasers. Since fluctuations of the
ML pulse amplitude are undesirable in most applications,
how to avoid this type of instability in real devices is an
important question.

Stability of the cw ML regime with respect to the
Q-switching bifurcation was studied theoretically and ex-
perimentally in a number of publications.’™ In particular,
analytical estimations for the stability criteria for the cw
ML regime in a solid-state laser were obtained theoreti-
cally under certain approximations.1’3’5 However, since
these studies were based on the Haus master equation,
which assumes small gain and loss per cavity round trip
and weak saturation of the absorbing medium, their re-
sults are hardly applicable in the parameter domain of
semiconductor lasers. Therefore, to study ML in these la-
sers, the approaches based on direct numerical simula-
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tions of spatially distributed models are commonly used
(for a review see Ref. 8). In this paper we present an al-
ternative approach to describe the @-switching instability
in a semiconductor laser, which uses the delay differential
model proposed in Ref. 9. Under the slow saturable ab-
sorber approximation we derive a map describing the
transformation of the ML pulse parameters after a com-
plete round trip in the cavity. A nontrivial fixed point of
this map corresponds to a cw ML regime. The @-switching
instability threshold is then obtained as a Neimark—
Sacker bifurcation of the nontrivial fixed point. We study
the dependence of the @-switching instability boundary
and the ML stability boundaries obtained by New’s
criterion'® on laser parameters and compare them with
the results of direct numerical analysis of the original de-
lay differential model. Further modification of our ap-
proach, based on the hyperbolic secant ansatz, is used to
estimate the width and repetition rate of the ML pulses.
Finally, we present some results of the experimental
study of a monolithic passively mode-locked semiconduc-
tor laser operating at 40 GHz repetition frequency. These
experimental data are found to be in qualitative agree-
ment with theoretical results.

2. MODEL EQUATIONS

We consider a ML solution in a model of a semiconductor
ring-cavity laser suggested and studied numerically in
Ref. 9. In case of the Lorentzian line shape of the spectral
filtering element, the model expressed in dimensionless
form reads

© 2006 Optical Society of America
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where A is the electric field envelope at the entrance of
the absorber section and G and @ stand for saturable gain
and loss, respectively. In Eqgs. (1)—(3) T is the cold cavity
round trip time, the parameter y measures the bandwidth
of the spectral filtering element, « is the attenuation fac-
tor describing linear nonresonant intensity losses per cav-
ity round trip, y,, are the relaxation rates of the ampli-
fying and absorbing media, s is the ratio of the saturation
intensities in gain and absorber media, and ¢ describes
the detuning between the central frequency of the spec-
tral filtering element and the nearest cavity mode. The
values of dimensionless parameters T, y 1, and 757}1 can be
converted to real units by multiplication with the time
measure unit Az=10 ps. Table 1 represents the parameter
set we use in most calculations below.

Equations (1)—(3) give a generalization of Haus’ master
equation to the case of large gain and loss per cavity
round trip, i.e., a situation typical of semiconductor la-
sers.

Before proceeding to the analysis of a ML regime, we
very briefly observe cw solutions of Eqs. (1)—(3) and their
Q-switching instability. cw states are defined by the rela-
tions G=Gy, @=Q,, A(t)=Aye”™ where Q=Aw/y is the
dimensionless frequency shift of the cw solution normal-
ized by the filter bandwidth. Consequently, the constant
values of the G and @ components of a cw solution, the
amplitude A, of the optical field component, and the fre-
quency shift ) are determined by the system

80— 7G-e e -1)A3=0, qo-7,Q-s(1-e9AZ=0,

ke ®-1-0%2=0, (4)
and
Q + tan[yTQ + (a,G - @,Q)/2 - $] = 0, (5)

with the additional condition cos[yT'Q+(a,G-a,Q)/2
—¢]>0. As the last equation implies, this system has a
countable sequence of solutions (laser modes).

The @-switching instability corresponds to the
Andronov—Hopf bifurcation of the cw solution. If the
Q-switching frequency () and the cw solution frequency
shift O are much smaller than the ML frequency (Q,Qz
< 9T, then one arrives at the case of a slowly changing
optical field and can neglect the first term y'A in Eq. (1).
Multiplying the resulting equation by its complex conju-
gate, one gets P(t+7T)=keCW-QOP(t) where P=|A|? is the

Table 1. Parameter Set for Eqs. (1)-(3)

At TAt v 1A v, At ¥, At
10 ps 25 ps 0.2 ps 1ns 13 ps
k s ag a,
0.1 25 0 0
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dimensionless optical field power. The assumption of the
slowly changing field justifies the further approximation
Pt+T) zP(t)+TP(t), which leads to the approximation of
laser equations (1)—(3) by the set of ordinary differential
equations

TP=—-P+¢G6-@n«p, (6)
G=go- 7G-ee-1)P, (7
Q=qo-7,Q-s(1-e9P. (8)

We note that, in the limited case of small G, @, and In «,
this system transforms to the usual saturable absorber
model,!1"13 where all exponentials are replaced by their
linear approximations. Equations (6)—(8) generalize this
simpler model to the case of large gain and loss per cavity
round trip.

Although the @-switching instabilities of the cw and
ML solutions are related, we shall see that the Andronov—
Hopf bifurcation line of the cw solution of Egs. (6)—(8)
gives only a very rough estimate of the @-switching insta-
bility boundary of the ML regime. The results of numeri-
cal calculations are presented below in Section 5 (see Fig.
2).

3. INSTABILITY LEADING TO Q-SWITCHED
ML

Now we consider the @-switching bifurcation of the ML
solution. The number of cavity modes that take part in
the locking process can be roughly estimated as a ratio of
the spectral width y of the filtering element and the in-
termode frequency spacing T-!. Here we consider a limit
when this number is very large, yI'—, which means
that the duration 7 of a ML pulse is very short, much
shorter than the relaxation times of the gain and absorber
media, 7< 7’;1' This limit corresponds to the so-called
slow saturable absorber approximation,10’14 which holds
quite well for parameter values typical of semiconductor
lasers. Analytical study of a ML laser with slow absorber
was performed by New'? and Haus.' Following their ap-
proach and using the results of Ref. 15, we distinguish be-
tween slow and fast stages in the evolution of a ML solu-
tion. The fast stage corresponds to a short time interval
during which the amplitude of the pulse is large. During
this stage linear relaxation terms in the right-hand side
of Egs. (2) and (3) can be neglected. The slow stage corre-
sponds to the time interval during which the electric field
intensity is small between two subsequent pulses. At this
stage we neglect the terms proportional to |A|? in the
right-hand side of Egs. (2) and (3). Solving the laser equa-
tions for the two stages separately and then combining
the solutions, we obtain a map that describes the trans-
formation of pulse parameters after a complete round trip
in the cavity. A fixed-point solution of this map corre-
sponds to a ML solution characterized by the periodic la-
ser intensity. We study the stability of the fixed point and
demonstrate that it can exhibit a Neimark—Sacker bifur-
cation characterized by a pair of complex conjugate Flo-
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quet multipliers crossing the unit cycle. This bifurcation
is responsible for a @-switching instability of the ML re-
gime.

Let G,, and @,, be the saturable gain and loss evaluated
at the beginning of the fast stage after n round trips in
the cavity, i.e., at the leading edge of the nth pulse. The
corresponding pulse energy is given by P,=[7|A[%dt,
where the integration limits, 0 and 7,, stand for the be-
ginning and end of the nth fast stage, respectively. During
the fast stage the laser intensity is large, and the terms
containing |A|? become dominant in Eqgs. (2) and (3). Thus
we neglect the other (relaxation) terms in the right-hand

side of these equations to arrive at the system G=
—eQeG-1)|A]2 and Q=-s(1-e"9)|A[2, which admits the
explicit solution

1-eGn
G(p)=_1n 1- (1+eSP_Qn_e_Qn)1/S )
Q(p) =In[1 +e*7(e% - 1)], )

where p is the differential energy of the nth pulse defined
by dp=]A|?d¢. The slow stage of a ML solution is described
by the linear ordinary differential equations, Q=q0— Y@
and G=g0— Y¢G, with the solutions

g
G(t) = G(P,)e " + (1 — &%),
Ve

9o
Q) =Q(P,)e %" + —(1 -7, (10)

Ya

where the initial conditions, G(P,) and Q(P,), are ob-
tained from Eqgs. (9) with p=P,. Substituting Eqgs. (9) into
Egs. (10) and taking into account that in the limit yT'
— oo the duration of the slow stage is equal to the cavity
round trip time 7', we obtain a map describing the trans-
formation of the saturable gain and loss after a complete
round trip in the cavity:

1-¢ G

(1 + eSPn_Qn _ e_Qn)I/S

Gy1=—e % In| 1-
+(1-e%D)go/v,, (11)

Qui1=e %" In[1+e Fn(e - 1)]+ (1 -e % )qy/y,.
(12)

Here G,,,1 and @,,,1 are the saturable gain and loss evalu-
ated at the beginning of the fast stage after n+1 round
trips in the cavity, i.e., at the leading edge of the (n+1)th
pulse.

To complete Eqgs. (11) and (12) one must relate the en-
ergies P, and P, ; of two subsequent pulses by solving
Eq. (1) for the electric field envelope A. Unfortunately,
this task cannot be performed analytically in a general
situation. Therefore we use two different approaches to
simplify the problem. The first of them is based on New’s
approximation,m which assumes that there is no spectral
filtering in the cavity. This approach allows for the calcu-
lation of the @-switching instability boundary of a ML so-
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lution and background stability boundaries of a ML pulse
according to the criterion proposed by New.'® However,
such important characteristics of the ML regime as pulse
duration and deviation of the pulse repetition period from
the cold cavity round-trip time are missing in this ap-
proach. Therefore, in order to get these characteristics, in
Section 5 we apply a variational approach to a more real-
istic situation when spectral filtering is taken into ac-
count.

4. NO SPECTRAL FILTERING IN THE
CAVITY

Let us rewrite Eq. (1) equivalently in the form

')’_1‘4n+1(tL - 7_15n) +An+1(t - 'y_lan)

1-ia, 1-iq,
= \,Ge[—z £G0-— "Q“JA,L(t). (13)

In Eq. 13)A,.1(#)=A,t+T,) and 5,=¢¥T,-T), where T,
is the time interval between the two subsequent pulses.
Multiplying Eq. (13) with its conjugate and integrating
over the round trip time 7 we get

Tn+1 P,
7_2J' ‘An+l|2dt +P, = f eG(p)_Q(p)dp > (14)
0 0

where in both sides we have restricted the integration to
the fast stage since the optical field intensity during the
slow stage is negligibly small. Equation (14) describes the
energy balance in the cavity. It is similar to Eq. (46) in
Ref. 14, which was derived for a periodic ML solution un-
der small gain and loss per cavity round trip and para-
bolic dispersion approximations, and to a generalization
of this equation in the case of large gain and loss obtained
in Ref. 15. The integral term in the left-hand side of Eq.
(14) describes energy losses introduced by the spectral fil-
tering element. Since in this section we neglect the spec-
tral filtering completely, this term can be dropped. Then,
after explicit integration of the right hand side we obtain

P,.1=«kIn[1-e% +e0n(1+eTn e Q)] (15)

The three-dimensional map [Egs. (11), (12), and (15)]
describes the transformation of the pulse parameters G,,
Q,, and P, after a complete round trip in the cavity. It al-
ways has a trivial fixed point (g¢/ 4,90/ v4,0) correspond-
ing to zero pulse power (i.e., to laser-off). This point is
stable for 7=g¢/vs—qo/ v;+In k<0 and loses stability via
a transcritical bifurcation at the linear laser threshold 7
=0. A fixed point (G+,@+,P=) with P->0 that appears af-
ter the transcritical bifurcation represents a pulsed solu-
tion of Egs. (1)—(3) with the periodic laser intensity corre-
sponding to a fundamental ML regime. Depending on the
parameter values, the fixed point characterized by a posi-
tive pulse energy can bifurcate from the trivial one, either
supercritically or subcritically. In the latter case there
may be a bistability between the zero intensity solution
and the solution corresponding to a ML regime. In this
paper, however, we consider only the parameter values
satisfying the inequality
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YT Yol
(k"1 = e~/ %) tanh % > s(1 -9 %)tanh g? (16)

which implies that the stable fixed point (G+,Q:,P=) with
P:>0 bifurcates from the trivial one supercritically,
whereby bistability is excluded.

We have observed numerically by the linear stability
analysis that the fixed point (G+,®+,P+) can lose stability
via the so-called Neimark—Sacker bifurcation where two
complex conjugated Floquet multipliers cross the unit
circle. This bifurcation is similar to the Andronov—Hopf
bifurcation of ordinary differential equations. A solution
that appears at the bifurcation point corresponds to a re-
gime with ML pulse energy modulated periodically at the
Q-switching frequency. The Neimark—Sacker bifurcation
curve QS shown in Fig. 1 by a solid curve represents the
border between the ML and @-switching domains in the
parameter plane (gg,—q). The fixed point (G+,Q,P+) ex-
ists to the right from the linear threshold line th and is
stable in the area above the curve QS.

Another stability criterion of ML solution was proposed
by New.'? According to this criterion, ML pulses are stable
if the net gain parameter G(¢)—Q(¢) +1n « is negative dur-
ing the whole slow stage. Physically this means that
small perturbations of the low intensity background be-
tween two subsequent pulses do not grow with time.
Though stable ML pulses that do not satisfy New’s crite-
rion were observed in numerical simulations,4'6’9 these
pulses are expected to be very sensitive to the presence of
noise. Therefore one can expect that this criterion gives at
least a rough estimation of the ML stability domain.

As one can see from Eq. (10), New’s background stabil-
ity criterion is fulfilled if the net gain is negative at the
beginning and the end of the slow stage. Therefore the
boundaries of the background stability domain of ML
pulses are defined by the equalities

G:-Q:+Ink=0, G:—Q:+Inx=0. (17)

Here G«=G(P:) and Q«=Q(P:), defined by Eq. (9), de-
scribe the saturable gain and loss at the beginning of the
slow stage. They are obtained from Eqs. (9) by the substi-
tution @, — @+, G,— G+, and p — Px. Eqgs. (17) defines the
leading and the trailing edge instability boundaries of a
ML pulse in the laser parameter space. These boundaries
are shown in Fig. 1 by the solid curves L and T, respec-
tively. One can see that the lower boundary T of the back-
ground stability domain is separated from the bifurcation
boundary QS by a thin stripe, where ML pulses with un-
stable background are stable with respect to the
@-switching instability. The existence of stable ML pulses
with unstable background, according to New’s criterion,
was noticed in numerical simulations using both the
Haus master equation®® and the delay differential model
[Egs. (1)—(3)1.%® The two background instability bound-
aries L and T meet each other at the codimension-two
point CT. The coordinates of this point, which lie at the
linear threshold line th and, therefore, correspond to infi-
nitely small pulse energy, can be expressed explicitly: g
=¥ In[(s=1)/(sk=1)], qo="7,In[x(s=1)/(sk-1)]; see Ref.
15. The circles in Fig. 1 represent the points at the
Q-switching (empty circles) and background (full circles)
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Fig. 1. @-switching instability curves (QS) and background in-
stability boundaries (L and T) of a ML pulse. L, leading-edge; T,
trailing-edge instability boundary. Solid curves are obtained us-
ing Egs. (11), (12), and (15). Dashed curves are obtained from
Egs. (11), (12), (19), and (20). Dots show @-switching and back-
ground instability boundaries calculated by direct numerical in-
tegration of the laser equations (1)—(3). The straight line th indi-
cates the linear lasing threshold. Parameters are as in Table 1.

06 08 1.

00 02 04

do

Fig. 2. Background stability 1 and ML @-switching instability 2
domains. (a) sk=5 and (b) sk=1.3. Solid and dashed curves
present the @-switching and background instability boundaries
of the ML solution calculated for s=35 and s=15, respectively.
Thin curves in (a) indicate the @-switching instability of the cw
regime. This latter instability does not exist for sk=1.3. Other
parameters are the same as in Fig. 1.

06 08 1.0

instability boundaries obtained by means of direct nu-
merical simulation of Eqs. (1)-(3). One can see that these
numerical results are in quite good agreement with those
obtained analytically in the limit when the spectral filter-
ing is neglected.

Figure 2 presents the dependence of the ML
Q-switching and background instability boundaries on
the linear loss parameter x and the ratio s of the satura-
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tion intensities in gain and absorbing media. The bound-
aries shown by thick solid and dotted curves have been
calculated using Eqs. (11), (12), (15), and (17). It follows
from our numerical simulations that these boundaries de-
pend mainly on the product sk and weakly depend on
these two parameters separately. This property holds es-
pecially well for large cavity losses typical for semiconduc-
tor lasers, as illustrated by Fig. 2. According to this figure,
the domain of the @-switched ML regime is shifted into
the region of large linear gain g and linear loss ¢, param-
eters and becomes wider with the decrease of s«. This is
in agreement with the experimental observations of Ref.
2, where it was shown that the ML stability domain of a
monolithic semiconductor laser can be enlarged by in-
creasing the laser facets reflectivity. Thin curves in Fig.
2(a) indicate the @-switching instability boundaries of the
cw state calculated at sk=5 using Eqs. (6)—(8) (the thin
solid curve corresponds to s=35; the thin dotted curve cor-
responds to s=15). For these parameter values the
Q-switching bifurcations of the cw and ML solutions are
not far away from one another. However, for the param-
eter values of Fig. 2(b) (sk=1.3), the Andronov—Hopf bi-
furcation of the cw solution disappears and hence cannot
be used to estimate the @-switching threshold of the ML
regime anymore.

On a qualitative level, the effect of the parameters s
and « on the properties of a mode-locked laser allows
simple explanation. The ratio s of the saturation energies
of the two laser sections is associated with the main non-
linear mechanism responsible for the compression of the
ML pulse. Therefore one can expect an improvement of
ML quality and a decrease of the pulse width with the in-
crease of this parameter. According to Egs. (1)—(3), the at-
tenuation factor « describes the round-trip feedback
strength that is also responsible for one of the main
mechanisms of the formation of the ML pulse. In the case
when « is too small, the amplitude of the pulse returning
to the absorber section after a round trip in the cavity is
not sufficient to create a net gain window necessary to
maintain the ML regime. Thus one also expects that the
increase of « must be helpful for ML. Below in Section 6
we present some experimental confirmation of these
qualitative conclusions. Of course, the results of our
quantitative method and quantitative conclusions like
that the product s« are that the main parameter lies be-
yond the scope of this simple qualitative argumentation.

5. VARIATIONAL APPROACH

The reduced model [Eqgs. (11), (12), and (15)] is based on
the representation of a ML solution by the T-periodic se-
quence of § pulses with the energy P-. Note that this map
does not depend on the « factors a, ,. Also, it gives no in-
formation about such important characteristics of the ML
regime as the pulse width and deviation of the pulse rep-
etition period from the cold cavity round-trip time 7. To
estimate these characteristics, we modify our map using a
variational approach. We look for the solution of Eq. (1) at
the nth fast stage in the form
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[Puy (w)
A,(t)=+/—sech( — |, (18)
27, T,

where P, is the dimensionless pulse energy and 7,/7y is
the pulse width. In doing so, we are motivated by the fact
that Haus’ formula [Eq. (18)] (see Ref. 14) gives an exact
solution of the ML problem in the weak saturation limit
when all the nonlinearities can be replaced by their
second-order Taylor expansions in the pulse energy P.

For simplicity, we consider the case of zero « factors,
consequently a,=q,=0. Substituting Eq. (18) into Eq. (14)
and taking into account that the right-hand side of this
equation is equal to the right-hand side of Eq. (15), we ob-
tain

Py
A P,,1=«kIn[1-e% +e0n(1 + e — ¢=Qn)V/s],

37%”1
(19)

It is important to note that since in the limit of infinite
bandwidth, yT'— «, the normalized pulse width 7 remains
finite, both the terms in the left-hand side of Eq. (19) are
of the same order, while in New’s approach the first term
was neglected. It means that Eq. (19) obtained for the
Lorentzian filtering in the limit of infinitely broad band-
width yT'— and Eq. (15) based on New’s assumption
that spectral filtering is absent lead to different estimates
of the ML pulse energy.

Thus, in the presence of spectral filtering, we replace
Eq. (15) by Eq. (19), while Egs. (11) and (12), which do not
depend on the pulse shape, remain unchanged. Since Eq.
(19) contains an additional parameter, the normalized
pulse width 7,, an extra relation is required to describe
the evolution of this parameter from one pulse to another.
We obtain it by integrating Eq. (13) over the cavity round-
trip time, which seems to be a reasonable and simple pos-
sibility among the others (leading to different relations).
We neglect the optical field intensity during the slow
stage and then integrate Eq. (13) with G, @, A,,, and A,,,;
replaced by the corresponding fast stage solutions of Egs.
(9) and (18), and A,,,1(8)=[yP,s1/(27,.1)Y2sech(y¢/ 7,,,1).
Taking the square of both sides of the resulting equation,
in the limit yT'—«~ we arrive at

1 Pn (D(p,Qn,Gn) 2
b=l _f ———dp|, (20
7)o \pP,-p)
with
‘I’(p,Qn,Gn) = [1 + e‘SP(eQn _ 1)]—1/2
1-eGn -1/2
8 { 1- (1+eP % — e—Qn)I/s:| . (2D

We analyze the four-dimensional map [Eqgs. (11), (12),
(19), and (20)] in the same way as the three-dimensional
one of Section 4, again interpreting a stable fixed point
(G+,Q+,P«,T+) with a positive pulse energy P: as a repre-
sentation of the fundamental ML solution and the
Neimark—Sacker bifurcation line as the border between
the @-switching and ML domains. Figure 1 allows us to
compare this border and the region of stability of ML
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pulses background obtained for the four-dimensional
model (dashed curves) with that of the three-dimensional
model (solid curves) and with the results of numerical
analysis of the complete model [Eqgs. (1)—(3)] (shown by
circles). One can see that, as it might be expected, the re-
sults obtained with the four-dimensional map appear to
be in better agreement with the results of direct numeri-
cal simulations of the delay differential equations. How-
ever, the discrepancy between the stability boundaries ob-
tained with and without spectral filtering is not so
pronounced for the parameter values of Fig. 1. A more im-
portant advantage of the approach based on the four-
dimensional map is that it allows us to estimate the nor-
malized pulse width 7 and the normalized difference &
=y(T+-T) between the pulse repetition period and the
cavity round-trip time. The first of these two quantities is
obtained by calculating the fourth component of the non-
trivial fixed point of the map [Eqs. (11), (12), (19), and
(20)]. The second quantity can be obtained similarly to the
derivation of Eq. (20) above. For a T:-periodic ML solu-
tion, Eq. (13) becomes

YAt - y18) + At - y18.) = kel CD-Q0V2A (1) (22)

Substituting fast-stage solutions (9) and (18) into this
equation, multiplying it by #, and integrating over the
round-trip time, we arrive at the formula

-

T*\y’KJP* (I)(p,Q*,Gx)

w

=1+

2p
arctanh| — -1 |dp,
P

s

0 \b(P -p)
(23)

where (Q+,G+,Px,r:) is the fixed point of the map (11),
(12), (19), and (20). Figures 3(a) and 3(b) show how the
quantities 7+ and &: change along the boundaries of the
background stability domain. We have found that, simi-
larly to the background and @-switching instability do-

0.0 0.5 1.0 1.5

9o

Fig. 3. (a) Normalized difference between the ML pulse repeti-
tion period T and the cavity round-trip time 7. (b) Normalized
width 7« of a ML pulse. Curves L (T) correspond to the leading
(trailing) edge instability boundaries shown in Fig. 1. Solid and
dotted curves correspond to sk=5 and sk=1.3, respectively. Other
parameters are the same as in Fig. 1.
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main boundaries shown in Fig. 2, these two quantities de-
pend very weakly on the parameters s and « separately in
the case when the product sk is fixed. Therefore in each
plot of Fig. 3 the results obtained with two different val-
ues of the product s« are presented. The curves labeled L
and T correspond, respectively, to the leading and trailing
edge instability boundaries. It follows from Fig. 3(b) that
the pulse width is smaller at the trailing edge instability
boundary, which is close to the @-switching curve QS.
With the increase of the product sk the pulse width de-
creases. Both these results are in qualitative agreement
with the experimental data presented in the next section.
The quantity — &« increases (decreases) with the increase
of the pump parameter at the curves L (T). This means
that the pulse repetition rate increases with g, at the
leading-edge instability boundary and decreases at the
trailing-edge instability boundary. The reason is that the
net gain window is shifted near the boundary L to the
leading edge of a pulse and, hence, the ML pulse is accel-
erated by the nonlinear intracavitary media. Similarly,
near the trailing-edge instability boundary pulses are de-
layed by a net gain window, which is shifted to their trail-
ing edge in this case. The point where the two curves, L
and T, meet each other in Fig. 3(a) lies on the linear
threshold and corresponds to infinitely small pulse en-
ergy. At this point the quantity —J: is negative owing to
the dispersion introduced by the spectral filtering ele-
ment.

6. COMPARISON WITH EXPERIMENTAL
RESULTS

The experiments were performed with a monolithic pas-
sively mode-locked semiconductor laser comprising four
sections: saturable absorber, gain, phase tuning, and a
distributed Bragg reflector section, which is responsible
for the spectral filtering of laser radiation. The phase shift
and losses introduced by the phase tuning section can be
controlled by the current applied to this section. More de-
tails concerning the experimental device can be found in
Ref. 17. The gray shaded areas in Fig. 4 present the ex-
perimentally measured ML regimes with the repetition
frequency close to 40 GHz obtained for different values of
the phase section current. In this figure, different pulse
widths are indicated by different levels of gray color. In
white regions below the gray ML domains and above the
generation threshold, the laser exhibits @-switched ML
regimes. Figure 4(a), corresponding to smaller cavity
losses (phase current is equal to zero), demonstrates a
larger ML domain and a smaller @-switching domain,
which is in qualitative agreement with the theoretical re-
sults shown in Fig. 2. We note that this is also in agree-
ment with the experimental results reported earlier.? In
addition, the ML area in Fig. 4(b) is slightly down-shifted
with respect to that in Fig. 4(a). Similar behavior is ob-
served in Fig. 2.

According to our theoretical results, the effect of the in-
crease of the parameter « (decrease of the cavity losses) is
similar to that of the increase of the ratio s of the satura-
tion energies of the gain and absorber sections. Unfortu-
nately, one can hardly change this latter parameter in the
same device. Therefore in Fig. 5 we present the results of



Rachinskii et al.

-0.5
-1.0
> -15
>’ 25 15
- 20
35 i , 25
0 50 100 150 |
I /mA D
gain
-0.5 3.5
-1.04 (b) 4.0
> 15 = 45
& 2.0
Th 2 -2 5.0
-2.51 ps
-3.0
-35 - - T
50 100 150
I /mA

gain

Fig. 4. Experimentally measured ML domain 1. Different pulse
widths are shown by different depth of the gray color. In the
white area 2 below the ML domains and above the threshold line
indicated Th the @-switched ML regimes have been observed. (a)
Laser with normal losses. (b) Laser with extra losses introduced
by applying additional current to the passive section.
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Fig. 5. The same as Fig. 4 but for two lasers with different num-
ber of quantum wells in both gain and absorber sections. (a) A
laser with three quantum wells; (b) a laser with six quantum
wells. The ML area is much larger for the three quantum-well
laser than for the six quantum-well one.

the experimental study of two lasers characterized by a
different number of quantum wells in both absorber and
gain sections. Figure 5(a), corresponding to the laser with
three quantum wells, exhibits a larger ML area and
smaller pulse widths than Figure 5(b) obtained for the six
quantum-well laser. This could be qualitatively explained
by the increase of the saturation energies ratio s in a laser
with smaller number of quantum wells. As was shown in
Ref. 17, the laser with three quantum wells is character-
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ized by much smaller differential gain parameter and
hence much larger saturation gain energy than that with
six quantum wells.

7. CONCLUSION

In this paper, using a slow saturable absorber approxima-
tion, we described the @-switching instability in a mode-
locked semiconductor laser. We constructed an analytical
map that describes the transformation of ML pulse pa-
rameters after a complete round trip in the cavity. The
Q@-switching instability boundary was found as a
Neimark—Sacker bifurcation of this map. According to our
results, this boundary can be quite well estimated by the
approach of New that neglects spectral filtering. To deter-
mine the pulse width and repetition frequency, we have
applied a more advanced approach based on variational
techniques. We have shown that the @-switching instabil-
ity boundary depends strongly on the product of the sta-
bility parameter s and the linear nonresonant loss param-
eter « is weakly dependent on each of these two
parameters separately if s« is fixed. Our estimations of
the dependence of the @-switching instability and the ML
stability domains on the laser parameters are in qualita-
tive agreement with experimental data obtained with a
monolithic mode-locked semiconductor laser.
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