STABILITY AND EXPERIMENTAL COMPARISON OF
PROTOTYPICAL ITERATIVE SCHEMES FOR TOTAL
VARIATION REGULARIZED PROBLEMS

SOREN BARTELS AND MARIJO MILICEVIC

ABSTRACT. Various iterative methods are available for the approximate
solution of nonsmooth minimization problems. For a popular nonsmooth
minimization problem arising in image processing the suitable applica-
tion of three prototypical methods and their stability is discussed. The
methods are compared experimentally with a focus on choice of stopping
criteria, influence of rough initial data, step sizes as well as mesh sizes
and an overview of existing algorithms is given.

1. INTRODUCTION

In this paper we deal with the minimization of the TV-L? functional
e
I(u) = |Dul(2) + Zlu = gl72(q)

which is a prototypical model problem for total variation regularized min-
imization problems. The minimization of functionals that involve the BV -
seminorm |Du|(f2) are particularly interesting in applications where func-
tions with discontinuities are desired, such as in image denoising where sharp
edges of images should be preserved, or in the modelling of perfect elasto-
plasticity, damage and fracture in continuum mechanics where spatial jumps
should be allowed for the symmetric gradient of the displacement field or
the damage variable, respectively, see, e.g., [6, 21, 40].

The minimization of I, the so called unconstrained ROF problem (or simply
ROF problem), has been first proposed in [39] in the context of an image de-
noising problem. Despite the seemingly simple structure of the functional I,
its minimization by numerical methods poses a challenging problem due to
the non-differentiability of the BV -seminorm. Since its introduction in the
aforementioned paper many algorithms for the minimization of I have been
developed many of which motivated by image processing problems.

ILA. Regularization. The authors in [39] considered a regularization of the
BV-seminorm and employed an explicit time discretization of the parabolic
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PDE with homogeneous Neumann boundary condition

Vu > o )

—_— alu—g

V| Vul? + &2

with a finite difference discretization of the involved differential operators.
The drawbacks of this approach are that we lose the possibility of sharp
jumps of minimizers across lower-dimensional subsets on the one hand and
that the condition on the time-step size is very restrictive, namely 7 < ch?
with h being the mesh size of the underlying grid, on the other hand. A
similar technique has been proposed in [42, 23] where the authors applied a
fixed-point iteration to solve the perturbed Euler-Lagrange equation

Vu
—di — =0
”(\we) Talu=g)

with |Vu|. = v/|Vu|? 4+ 2. The authors in [17] considered a Newton method
for the primal-dual system

ou = — div(

|Vul.p — Vu =0,
—divp + a(u —g) =0,

and observed that the Newton iteration for this system is better behaved
than the Newton iteration for the Euler-Lagrange equation. However, it
remains unclear how the convergence depends on the regularization param-
eter ¢.

In general, the performance of algorithms based on regularization approaches
depends critically on the regularization parameter €. By introducing an aux-
iliary variable sp we devise a fully practical, unconditionally stable iterative
method to solve the regularized Euler-Lagrange equations.

I.B. Splitting methods. Another class of methods is based on a splitting
ansatz where a new variable ¢ = Vu is introduced which transforms the
minimization of the TV-L? functional with respect to u into the constrained
minimization problem

. @ 2
101’15/Q lo|dz + EHU — 912 st o=Vu

In [44] the authors proposed an alternating minimization scheme with re-
spect to the variables u and o for a functional that results from the L'-L?
functional after adding the penalization term %Ha — Vau|[2(q) that en-
forces the constraint when decreasing the penalization parameter 6. In [32]
the authors introduce the so-called split Bregman method which employs a
Bregman iterative scheme [11] in order to approximate a minimizer of the
constrained L'-L? minimization problem and to enforce the equality con-
straint strictly via the Brégman iteration. A closely related method is the
augmented Lagrangian method [29] that has been applied in [45] to the con-
strained L'-L? minimization problem, where, in addition to the penalization
term, the term (A, 0 — Vu)r2 with A being a Lagrange multiplier is added in
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order to strictly enforce the constraint o = Vu. In [45], it has also been noted
that the iteration scheme in the augmented Lagrangian method is equiva-
lent to that in the split Brégman method. Another alternating minimization
scheme, which is closely related to the augmented Lagrangian method, has
been proposed in [41] where the variable wuy, is updated via minimization of
the Lagrangian functional instead of the augmented Lagrangian functional,
i.e., omitting the penalization term in the update rule for uj, while oy, is
updated by minimizing the augmented Lagrangian functional. Yet, this al-
gorithm requires a step size 7 = O(h?) for convergence. In [31] the authors
discuss acceleration techniques for the augmented Lagrangian method and
the alternating minimization algorithm proposed in [41]. In order to enforce
stability, a restart condition has to be included in the accelerated augmented
Lagrangian method which may negatively affect the performance.

A critical aspect of most proposed splitting methods is that the consistency
error o — Vu is measured in the L?-norm. However, since the minimizer u
of I lies only in BV (2), we cannot in general expect sequences (Vup)n>o
of approximations to be bounded in L?(f2). We therefore consider the aug-
mented Lagrangian method with a weighted L?-norm for which the sequence
(Vup)n>o is guaranteed to be bounded due to an inverse estimate and its
boundedness in L!(€).

1.C. Saddle-point approach. Another approach is based on the definition
of the BV -seminorm as the operator norm of the distributional derivative Du
and converts the 7'V-L? minimization problem into the problem of finding
a saddle-point of the functional

. «a
S(u,p) = —/QUlePdHJ + 5”“ — 9\\%2(9) — I, (0)(P)-

In [14], starting from a finite difference discretization of the functional I,
the authors defined a primal-dual algorithm, which is a proximal-point al-
gorithm for finding a saddle-point of S. Stability is guaranteed by choosing
the involved step size as 7 = O(h). Various acceleration techniques are also
discussed in [14] where variable step sizes and variable extrapolation param-
eters are considered. In [4], the author adapted the ideas from [14] to define
a primal-dual algorithm for the approximation of a saddle-point of S using
finite elements which takes the form of a semi-implicit time discretization of
an L?-(sub-)gradient flow based on the optimality conditions for a saddle-
point of S. The restrictive step size 7 = O(h) is required for stability as
well. Recently, the author in [3] noted that if g € L>°(€Q) then the discrete
minimizers of I are uniformly bounded in C(Q) N BV (Q). This motivates to
use a discrete variant of the inner product in H'/2(Q) as a preconditioner
for the linear system of equations associated to the optimality condition for
uy, and yields a weaker restriction on the step size, namely 7 = O(h'/?).
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I.D. Other approaches. Further methods are based on the dual functional
of I, the so called dual methods. In [12], the author considers the dual func-
tional of a finite difference discretization of I and proposes a semi-implicit
gradient-descent algorithm for solving the associated constrained optimiza-
tion problem which requires a step size of order 7 = O(h?). In [15], the
authors start from a finite difference discretization of I and introduce two
new variables u; and ug in such a way that a forward difference quotient in
horizontal direction is applied to u; and a forward difference quotient in ver-
tical direction is applied to ug. The resulting constraints are enforced with
Lagrange multipliers. The obtained saddle-point problem is then converted
into a maximization problem in the two Lagrange multipliers.

In [35] the authors reformulate the ROF problem as a bilaterally constrained
optimization problem by considering the predual of the TV-L? functional
with anisotropic BV -seminorm, that is, the ¢-norm of Vu. They propose
semi-smooth Newton methods (cf. [34]) for regularized versions of the pre-
dual problem.

In [30] the constrained ROF problem (cf. [39]) is formulated as a second-
order cone programm which is in turn solved by an interior-point algorithm.
This method is related to the approach in [17], as observed in [46].

Finally, starting from a discretization of I, the authors in [22] decompose the
variable u into its level sets and transform the minimization problem into
independent binary Markov Random Fields associated to each level set. The
minimization is then realized with a graph cut algorithm.

I.E. Objectives. This paper aims at answering the question which PDE-
based methods may be the most appropriate, accurate and effective ones
for the minimization of total variation regularized minimization problems in
order to have a clear and unified statement for total variation minimization
problems arising both in image processing and in other applications such as,
e.g., continuum mechanics. Based on the given overview it seems sufficient
to take iterative schemes for regularized variants of I, primal-dual schemes
for the saddle-point problem defined by S and splitting methods into con-
sideration since these are prototypical methods in the context of PDEs and
for which a rigorous numerical analysis can be carried out in the sense that
a stability estimate is available which is robust in the discretization param-
eters.

LLF. Outline. The paper is structured as follows: in Section 2 we state the
model problem, review important properties of the minimizer of the func-
tional I, state some duality relations and recall the finite element discretiza-
tion of the ROF problem. We also introduce some basic notation regarding
iterative solution schemes and review identities that are important in the
solution of subdifferential inclusions. In Section 3 we introduce the Heron
method, which is an iterative scheme for solving the discrete minimization
problem associated with a regularization of I and discuss its stability. The
properly weighted augmented Lagrangian method is introduced in Section 4
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and we establish an adequately weighted L?-norm in order to guarantee sta-
bility of the method before we review the primal-dual method proposed in
[3, 4] in Section 5. In Section 6 we show experimental results for two exam-
ples with different data functions ¢ and different values of a. In Section 7
we give for each approach stated in the introduction an explanation why
we decided to not include them into our comparison. After concluding the
paper in Section 8, we discuss the computation of roots of quartic algebraic
equations which is needed in the Heron method in Appendix A.

2. PRELIMINARIES

II.A. ROF model problem. For a bounded Lipschitz domain Q C R%, a
given function g € L*>°(Q), and a parameter « > 0 we consider the mini-
mization of

«
1) = [ 1Dl + - gl
Q

Here, || - || denotes the L?-norm on €2 and the first term on the right-hand
side is the total variation of u € L'(£2), given by

/|Du| :sup{—/udiqux:qEC,:l(Q;Rd), lql <1 a.e.},
Q Q

where | - | denotes the Euclidean norm. Due to the convexity of the total
variation and strong convexity of the squared L?-norm there exists a unique
minimizer u € BV (Q) N L*(Q) for I such that

Sl —vl? < I(v) — I(u)

for every v € BV(Q) N L?(Q). The space BV (Q) C L'(Q) consists of all
v € L'(2) with finite total variation. For more details concerning the space
BV (Q) see, e.g., [1, 2]. A cut-off argument and the chain rule in BV (2)
imply that we have

[ull o) < Mlgllzoc(@)-
For u € BV () N L?() the supremum in the characterization of the total
variation of u can be taken in the set of functions ¢ € Hy(div; ), where

Hy(div; Q) = {q € L2 RY) : divg € L*(Q), ¢-n=0on o0}

The minimization of I is thus equivalent to a saddle-point problem defined
by the functional

~

. (6%
S(u.p) = = [ wdivpde + Sllu =gl = 00

with the indicator functional I (o) of the set K;(0) consisting of all vector

fields in L?(€;RY) with length uniformly bounded by one. The optimality
conditions for a saddle point (u,p) € BV (Q) N L3(Q) x Hy(div; Q) read

—divp+a(u—g) =0, peilVul.
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The subdifferential inclusion for p is equivalent to

{Vu(z)/[Vu(z)|} if Vu(z) # 0,
plz) € {Kl(()) if Vu(z) = 0,

for almost every x € Q. Eliminating v = (divp 4+ ag)/a from the saddle-
point functional we see that p is maximal for

1 . . 1 . 2
D(p) = - /Q(dlvp—i- ag)divpdx + %H divpl|* — I, (0)(p)

1 a
= =5 Idivp+agl® + S 91> = I, o) ()-

This dual problem admits solutions which are nonunique in general. It can
be shown that strong duality, i.e., inf, I(u) = sup, D(p), holds, cf. [25].

II.B. Finite element discretization. For a regular triangulation 7} of Q2
into triangles or tetrahedra of maximal diameter h > 0, we define the space
of continuous, elementwise affine functions on 7y, via

SY(Th) = {vn € C(Q) : vp|r affine for all T € Ty, }.
Elementwise constant functions are contained in the space

LT = {qh € L>(R) : qn|r constant for all T € 771}

and the set of elementwise constant vector fields is denoted by £°(7;,)?. Note
that unless T, consists of one element only, we have £°(73)¢ ¢ Hy(div; Q).
The restriction of the minimization of I to S'(7,) € WH1(Q) leads to min-
imizing

«
I(up) = / Vun] do + 5, — g
Q
and admits a unique minimizer for which we have the error estimate

%Hu—uh|]2§I(uh)—I(u)< min_ I(vp) — I(u) < ch'/2, (1)

vhesl(Th)

cf. [43, 7]. The error estimate is suboptimal in the sense that for every
u € BV(Q) N L>*(2) we have
min_|lu — vp||* < ch,
v, €SH(Th)
cf. [5], but this rate cannot be expected in general. Numerical approxi-
mations of u appear to be closer to the true solution than this estimate
guarantees but this seems to be related to the staircasing effect of the ROF
model which implies that solutions tend to develop steps instead of smooth
transitions. A discrete saddle-point formulation is defined by the functional

«
S(unspn) = | Vun-pade = L) + 5 Jun =
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for (up,pn) € SY(T) x L2(T,)?. The corresponding nonconforming discrete
dual formulation seeks py, € £°(7,)? as a maximizer for

1 laY
Dy(pn) = _%Hv,hph +ag|]* + gHgH2 — Ire,(0)(Pn)-

The operator V), : LO(T,)4 — SY(Ty) is for g, € L9(T,)? defined by wy, =
V', qn with wy, € S*(Ty) such that

/vhwhdx:—/Vvh‘qhdx
Q Q

for all v, € S'(T3) and is an approximation of the divergence operator
subject to homogeneous Neumann boundary conditions.

II.C. Iterative solution. The iterative schemes for the numerical solu-
tion of the discretized ROF problem discussed below may be regarded as
discretizations of evolution equations. Accordingly, we use the backward
difference quotient operator d;, defined for a step size 7 > 0 and a sequence
(aj ) 7>0 via

dpa?t! = (aj'H - aj)/T

for 7 = 0,1,.... We often abbreviate the L?-inner product by

(v,w):/Qv-wdx

for functions or vector fields v,w € L2(;RY), £ € {1,d}. Implicitly dis-
cretized gradient or subdifferential flows lead to sequences of minimization
problems which seek for given p/ the minimizer p/*! of the mapping

1 .
P o-llp =17+ F(p).
T
The related optimality condition reads
—dip/tt € OF (p' ).

An important ingredient for the development of efficient numerical methods
for the ROF model is that certain related nonlinearities in such minimization
problems can be solved explicitly, e.g., the minimization of

1
p5lp - all” + I, 0)(p)

is solved by the best approximation of ¢ within K3(0) and given by the
pointwise shrinkage operation

_ q
max{1, |q|}
Via convex duality this is related to the solution of minimization problems
of the form

1
s>—>||3—7“||2—|—01/ |s| dex.
2 0
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The strong convexity of the squared L?-norm implies the unique solvability
with the pointwise optimality condition

r—s € c0|s|,

where J|s| denotes the subdifferential of the modulus at s. For s # 0 it

follows that
S S
r—s=c— <= r=(+]s])—,
|s| s
i.e., s is parallel to r with modulus given by
rl=c1+|s|] <= |s|=]r|—c.

If s = 0 then it follows that

re ClBl(O) <~ |r| <cj.

Hence, the minimizing s is given by the pointwise operation

r
s = (Ir| ‘C“W’

where (t)+ = max{t,0}.

3. REGULARIZATION

A canonical way to deal with the nondifferentiability of the minimization
follows from a regularization of the functional I, i.e., considering for a
given € > 0 the minimization of the functional

«
() = [ (9w +) 2 do + G = gl

for uj, € SY(T,). Noting that
lal < (o] +%)'/? < |a] +&
it follows that for the numerical solution u. ), € S'(7y) of the regularized
problem we have
a
el < Iuep) — I(w)

< m'n Z — l
vheS%(Jh) €(vh) (U)

< min I(v —I(u + e Q
’l}hGSl(ih) ( h> ( ) ‘ ’

< ch'? 1+ ]9,
cf. [5], which suggests to choose € = O(h'/?) to retain the same qualitative
approximation properties as for the unregularized problem. In order not

to violate the best possible convergence rate O(h'/?) we choose ¢ = O(h).
Similarly, we have for the discrete minimizer u;, € S'(7},) of I

(6%
 lun — el < el (2)
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The inequality (2) will be useful in our experimental comparison. The prac-
tical computation of w,  is difficult since classical iterative schemes such
as Newton or descent methods may depend critically on £. To construct a
stable numerical method we note that for every a > 0 we have

2
g a8
¢ sz T2

The optimal s satisfies s = a!/4

functional

. This motivates to consider the augmented

~ |Vup? +€2 57 a 5
IE(uh’Sh):/QQS% +5dl’+§”'dh—g“

for (up, sp) € SY(Th) € L2(Ty,). Note that we have

min I (u ,Sh) = I (u
I e(un, sn) = Ie(up)

for every uj, € S1(T;,) with optimal s;, given by
1/4
sn= (IVup[? + %)%

An important aspect is that for a sequence (up)p~o which is bounded in
W1(Q) we have that the corresponding sequence (s3,),0 is bounded in L2().
This is not the case for the frequently employed variant

su(|Vup|? + &2 1 «
I (un, sn) = / ( 5 >+2 dz + 2 llun — g1,
Q Sh

often referred to as a half-quadratic functional, where for given uj, the opti-
mal sy, is given by s, = (|Vup|> +e2)71/2, cf. [23, 18]. A rigorous functional
analytical framework Is important to define a robust iterative scheme for
minimizing I Noting that I is separately convex, we use a decoupled gra-
dient descent method in both variables, defined by the following algorithm.

Algorithm III.1 (Heron method). Choose 7> 0 and (u?,s9) € S(Tp) x
LO(Tr) with s >0 in Q, set j = 0.
(1) Compute the minimizer uiﬂ € SY(Ty) of the mapping up, — I (up,, sh)+

%Huh - u{LHQ, i.e., uif satisfies

. \V4 j+1 \v4

(dtuiﬂ, vp) = / uj72vh dz — « / (ufrl g)vp dx
Q (s7) Q

for all vy, € S*(Tp).

(2) Compute the minimizer s le EO(T), ARISS 0, of the mapping sp —

L(ult )+ Lllsn —s)|I?, e, s satzsﬁes

J+12 2
j+1 [V, |" + ¢ j+1
(disy, 77“h)=/< JI3 — s Jrade
Q (s, )
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for all r, € LO(Ty), and s} > 0.
(3) Stop if ||dpul || + ||dts]+1|] < Estop; increase j — j+ 1 and continue
with (1) otherwise.

The iteration is well-defined. While uffl is a solution of a linear system of

equations, the equation defining s{fl is nonlinear but can be solved explicitly
elementwise with a uniformly positive solution.

Lemma IIL.2. If s% > 0, then the function S Ue £O(Ty) satisfies s}, >0
and

+1
[V, ™2 + &2 j+1

Jj _
sy =S, =T — — T8},
(s, )?

If we initialize sh such that sh > /e, we have s > Ve forall j > 0.

Proof. Choosing the characteristic function r;, = xr for arbitrary T € 7}, in
Algorithm III.1 we obtain the first assertion. Note that for every T' € Ty,
the value sj + |7 is the unique positive zero of the continuous, monotonically

increasing function f' : (0,00) — R,

. 1 vu1+1 2 +62 sj
@)= (14 )e - [V Ir] sl
T xr T
[Vul T 7] +e2
1+1

T

1/4
It follows from the fact that for x = ( ) we have

J
: S
J+1(I‘):— h‘T <0

T
since. 52 > (0. By the strict monotonicity of f%“ it follows that siﬂ >
(|Vui+1|2+52

1/4
s ) . If we initialize sh such that sh > /e, we get

, , ,
Ve—splr  [Vupirl® _ ve-splr

J+1 — <

r (Ve T g3z~ T =0,
and thus siﬂ > /e for all j > 0. O
Remark II1.3. Consider the fourth order polynomial

J
Ti+1 splT 1
P @) = ot = LS - T (9 e + 22) Q

The fact that x = 0 is not a zero of fr} implies that fj+1 - extended

to R\ {0} - and ]? 1 share the same real zeros. The properties of fj+1

therefore yield that fj+1 has one positive, one negative and two complex
conjugate zeros and s \T 1s the posmve zero of fjH(m). This information

enables us to e:vplzcztly compute Sh |T on each element T € Tp and in
Appendiz A we provide a corresponding formula.
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Unconditional global convergence, termlnatlon and energy decay of the Heron
method follows from choosing vy = dtuh ! and TR = dtsh in the optlmal-

ity conditions for the iterates so that due to the separate convexity of I6 we
have

Iz, ™ 1% + 8”1||2

= 8 L(u ", ) [dpd T — 0L (u) L s [dest

1~ =~ 1 1 1 1 j+1
7_(] (u%,sh) Iz—:( . 5%)) + ;(IE(U%JF 75%) I (u?f asif ))

| /\

A summation over j =0, 1,...,J and multiplication by 7 imply that
J
J J j-+1 j+1
L™ sy ™) + 7y (e, P + lldes ™ I1P) < T, o). (4)
§=0

Hence, altufrl — 0 and dts{fl — 0 so that the algorithm terminates. More-
over, these quantities are the residuals in the equations so that (u},s})

converge to a discrete minimizer for I.. Note that the right-hand side of (4)
remains bounded as £, h — 0 if the sequence (VuY)p~0 is uniformly bounded

in Ll(Q) and if, e.g., 32 - (|Vug|2 —1—62)1/4,

Remark II1.4. One may also use other regularizations of the BV -seminorm,
e.g., the Huber regularization

|Vup|? ,
|Vup|: = 2’ i IVunl <,

|Vuy| — %, if [Vup| > e.

However, the quality of computed approximations should not depend on the
employed reqularization but only on the degree of reqularization determined
by €.

4. AUGMENTATION

By introducing the variable o5, = Vu;, and enforcing this identity via a
Lagrange multiplier and a stabilizing term, the determination of the min-
imizer uy of I is equivalent to computing a saddle point (up,on; ) €

SY(Tr) x Eo(ﬁ)d X Eo(ﬁl)d for

(0] T
LT(Uh,Oh;)\h)Z/ |Uh|d$+§||uh—g||2+(Ah,dh—Vuh)h+§||0h—vuh||f2z
0

with a scalar product (-,-), on £°(73)% and corresponding norm || - ||. We
then have

min I (up) = min max L. (up, op; Ap).

Up, (uh,ah) An

The following algorithm for computing a saddle point for L, is uncondition-
ally convergent and performs ascent steps in the variable A.
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Algorithm IV.1 (Splitting method). Choose 7 > 0 and (09, \}), and set
. 1/2

J=0. Let |- [[p=cu”[-]. o

(1) Compute the minimizer uffl of the mapping uy, — Ly (up, 075 A)), i-e.,
compute )™t € SY(T;,) such that

oe/Q( i;r g)vp dx — ()\{L, Vop)n + T(VU{L—H — J{L,vh)h =0

for all v, € S*(Tp). ‘ ' ‘
(2) Compute the minimizer G{LH of the mapping op, — LT(uiLH, o N), i€,
ol e LO(T)® with

—)\j + T(VUJH — Uflﬂ) 8|JJ+1|

with solution given by
J+1 J
1 _ 1 1 g o1y TV N
ol ==(|TVu" = N — )+ = iy
: V=l
(3) Compute the mazimizer of the mapping A\, +— LT(u{LJrl aiLH,/\h) —

Lan = M, dce., set
/\J-‘rl _ )\J +T( J+1 Vuﬂ'l),

and stop if]\/\%+1—)\i]]h+THah —UhHh < Estop; Otherwise increase j — j+1,
and continue with (1).

The scalar product (-,-), on £°(73)¢ has to be carefully chosen in order
to have a stable numerical method. The frequently employed choice of the
L?-scalar product cannot be expected to lead to a uniformly stable method
since (Vup)p>o is not uniformly bounded in L?(Q2). Instead the sequence
is bounded in L'(2) and an inverse estimate shows that for the weighted
L?-norm

lgnlln = h?[lgn]
the sequence (Vup)p>o remains bounded as h — 0. This is related to a
softer treatment of the constraint Vu, = g. Omitting the weighting factor
cw = h? overpenalizes the constraint and results in a locking of the method.
This effect is visible in the stability estimate for the splitting method, which
guarantees that for every saddle point (up,op; Ap) with o = Vuy, we have

J
i+1 +1 _j+1 +1
3 (allun = w2 + IV = of R + P ldiof )
- (5)

< 5 (I = R + 721 Vun — 0§12,

cf. [28, 29]. In particular, H)\JH Xn+7lol™ —allln = 0as j — oo
and the splitting method terminates. Moreover, due to the choice of the
weighted norm, the right-hand side of (5) remains bounded as h — 0.
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Remark IV.2. If we have at the j-th iteration )\ffl )\iL =0 and (07, J+l_
a]) =0, then, noting that T(o3 ' —Vul ™) = MT =\ =0, the vamatzonal

(in-)equalities defining the iterates u{fl, aflﬂ and )\{LH in Algorithm IV.1
read

0= of ?ZH —g,vp) — ()\‘,i,Vvh)h + T(Vugfl — O'i,’l)h)h
= a(u"™ = g,vn) = (" Vo) + (r(Va ™ — o7 ™) on)
= (X(’U,ij— - gavh) - ()\‘;L+17V'Uh>h

for all v, € S*(T1,), as well as

. A 1 .
+1 j+1 j+1 +1
)\fZ = )\ib +7 ( ] Vu] ) € c—ayai |
w
and

0=XN" XN =71 V™) = vu =0t
Since these are exactly the optimality conditions for a saddle-point of L, we
have that (u] ™, o3t s M) s a saddle-point of L,. This means that the
pair (A?f — )\i, ( {IH —01)) can be regarded as the residual of the system

that is being solved and that ||)\{l+1 )‘%Hh + T||U]+1 - O'i”h is an accurate
measure of optimality.

Remark IV.3. Algorithm IV.1 belongs to the class of alternating direction
method of multipliers (ADMM) and is a special case of the Douglas-Rachford
splitting method, cf., e.g., [9, 24, 37].

In the sequel we refer to Algorithm IV.1 as the splitting method or the
augmented Lagrangian method.

5. SADDLE-POINT FORMULATION

Due to the strong convexity, the minimizer wj, for I can be determined by
computing a saddle point (up,pr) € S*(Tr) x LO(T;)? for the functional

(6%
S(un,pr) = /Qvuh prdz — Ik 0)(Pr) + §”Uh —gl*.

The following primal-dual method chooses inner products on S!(7;) and
L°(Ty) and alternatingly performs descent and ascent steps for the variables
up, and py,.
Algorithm V.1 (Primal-dual method). Choose T > 0 and (u)),p))) € S'(Tp)x
LO(Th), and set j =0 and diud = 0.
(1) Set W)t = ) + Tdyu).
(2) Compute p)™ € L(Ty)* mazimal for py = S(@),", pn) — 2= llpn — ph1I?,
1.e., set

41 ph + TVu]Jrl

p = .
4 max{1, |p} + TVUJ+1|}
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. o - .
(3) Compute uﬁfl € SY(Ty) minimal for up — S(up, ph ) + o= |lup, — ||,
i.e.,

i+1 i+1 i+1
(dtui—’_ JUR) R = —/ Vo, -p?f dz — a/ (u?f — g)updz
Q Q

for all v, € SY(Ty). ‘
(4) Stop if Hdtuﬁlﬂh + HdtpzﬂH < Egtop; tncrease j — j+ 1 and continue
with (1) otherwise.

The inner product (-,-);, should be chosen such that the iteration is stable
under moderate conditions on the step size. On the other hand, it has to
be simple enough to allow for an efficient solution of the equations and the
discrete saddle points should be uniformly bounded in these norms as h — 0.
Choosing the L2-norm, the iteration is well-defined and convergent under
the condition 7 < ¢’h. Observing that a discrete interpolation estimate
controls a discrete version of the H'/2-norm by the W' -seminorm and the
L°°-norm, one may use the inner product

(Uh, wh)h = (Uh, wh) + h(VUh, th) (6)

for which the primal-dual method is convergent under the less restrictive
condition 7 < ¢h/2. In particular, we have the stability estimate

27 ‘ . J ‘
OF (Z e+ HdtpiHQ> tard | llun =il
j=1 j=1 (7)

1 1
< Sllun = w2 + 5 lon — 11,

where (up,pp,) is a saddle point for S, cf. [3, 5]. The discrete interpolation
estimate shows that the right-hand side of (7) remains bounded as h — 0,
cf. [3].

Remark V.2 (Choice of ¢). In [3] the convergence of Algorithm V.1 is
proven. Using the inner product (6), we observe that for any vy, € S'(T)
we have

1 1
IVonll* < - (lloall® + AlIVonl*) = - llvallz,

so this inverse estimate holds with constant 1 and factor h=/2 when defining

the inner product with h being the maximal mesh size of the underlying
triangulation. However, the discrete interpolation estimate stated in [3] reads

hanin| [ Vo |* < € Vonllzr @) llonll Lo o)

with ¢ depending on the minimal angle occuring in the triangulation and
hmin the minimal diameter appearing in the triangulation. Therefore, the
right-hand side in (7) remains bounded as h — 0 if the ratio h/hpmin is
uniformly bounded from above, i.e., if Ty is quasi-uniform. When making
use of Young’s inequality

iy TR
2|V dpuy |y i szgHthu]Z lHJrngtP]ﬁHQ
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for arbitrary 1 < v < 2 and of the inverse estimate mentioned above in the
convergence proof of Algorithm V.1 we obtain convergence of the algorithm
for any T < (h/’y)l/2, and hence for any T < hY2. In our experiments
presented below the choice T = h'/? also guaranteed convergence.

Remarks V.3. (1) The primal-dual method belongs to the class of proximal-
point algorithms, cf., e.g., [14, 33, 38].

(2) In [14] the convergence rate O(1/J) for the primal-dual algorithm has
been shown. The same convergence rate holds for the HY/?-primal-dual
method, however, the h-dependent constant entering the convergence rate
is smaller for the HY/2-primal-dual method due to the less restrictive condi-
tion on the step size.

In what follows we refer to the primal-dual method with scalar product
(v, wp)n = (vn, wp)+h(Vup, Vwy,) as the HY2-primal-dual method whereas
the primal-dual method with scalar product (vp,wp)n, = (vp,wp) will be
simply referred to as the primal-dual method.

6. COMPARISON

VI.A. Setup. We tested the performance of Algorithms I11.1, IV.1 and V.1
(H 1/2_primal-dual method) for two different choices of data g and . We
assume that all occuring linear systems of equations can be solved with
linear complexity. In our realization all systems are solved using MATLAB ’s
backslash operator. We therefore restrict to comparing iteration numbers.
In each experiment, we investigated the influence of the following aspects:

e Meshes: The computations were done using uniform triangulations
T;, consisting of halved squares with mesh sizes h = /227 and
refinement levels ¢ € {5,...,9}. We denote by 7; the triangulation
T, with mesh size h = /227,

e Initialization: We started the algorithms with two different initial-
izations of u?L, namely ug =0 and u% = Trg. In both experiments,
we used p?l = 0 for the HY2-primal-dual method, s% = £1/2 for the
Heron method and 02 =0 and /\2 = 0 for the splitting method. The
regularization parameter is chosen to be € = h in order to allow for
the optimal convergence rate for the primal variable in the L?-norm.

e Step sizes: We ran the methods using different step sizes 7 for the
splitting algorithm and the Heron method. For the H*/2-primal-dual
method the step size has been chosen as 7 = v/h and as 7 = \/3h/8.

e Common stopping criterion: In each experiment we used two
different stopping criteria to stop the iteration. To determine how
many iteration steps in the algorithms are needed to achieve a given
quality, we compared the difference of the iterates to a precomputed
reference solution uj obtained with the primal-dual method after
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10* iterations. Recalling the inequality (2) we may choose

25|Q)1/2

WVW%§< ®)

as a stopping criterion. Here, u} denotes the n-th iterate of any of the
algorithms. This stopping criterion enables us to do a fair compar-
ison between all three algorithms since, for fixed h, the primal-dual
method and the splitting algorithm approximate u; ~ u; whereas
the Heron method approximates u, p, i.e., the L?-distance between
up, ~ up and the iterates generated by the Heron method is not
guaranteed to strictly fall below the error tolerance in (8), cf. (2).
Note that the approximations corresponding to the stopping crite-
rion (8) with e = h which are generated by each of the algorithms
will qualitatively be of the same accuracy as up, cf. (1) and (2).
General stopping criteria: The following stopping criteria are de-
rived by the optimality conditions for the iterates in each algorithm.
Our motivation was to control meaningful residual quantities that
are guaranteed to converge in the interations.

H'Y2_primal-dual method: We note that if ( iﬂ,pfrl) € SY(T) x

L9(Tp)¢ is such that dtu;fl = 0 and duvfr]L = 0, we have that
(uﬁl, p{lﬂ) is a saddle-point of S. This gives rise to the stopping
criterion

i+1 j+1 1/2
Cm%ﬂﬁﬂm%+w> s o)

I(a) =50

where I(@) = $||g||* with @ = 0 is an upper bound for the energy

I(up) and serves as a normalization factor.
Heron method: We use the stopping criterion

. . 1/2
dyu) T2+ [1des) 12 _ 1\ hl/2
< - —.
( () < min(1, ) 5 (10)

Here, we use the factor min(l7 %) on the right-hand side because
otherwise the stopping criterion would be artificially fulfilled after
very few steps if 7 was being increased significantly while the output
would still not be close to the minimizer (up, sp).

Splitting algorithm: The observations made in Remark 1V.2 justify
to choose the stopping criterion as

i1 . i+1 . 1/2
O% —%M+#wz—wma

1(u)
hl/2

< c;vl/2 min(7ey,, 1)5

(11)
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Here, the additional factors cw'/? and min(7ey,, 1) on the right-hand
side are necessary in order to obtain meaningful outputs in the sense
that the gradient of uy, is sufficiently well approximated and in order
to generate similar outputs independently of the choice of the step
size T.

VI.B. Noisy image. Our first comparison uses a characteristic function of
a disk that is randomly perturbed at the pixel scale of a given triangulation.
We compare different stopping criteria and the influence of rough initial data
and different choices of step sizes.

Example VI.1. We letd =2, Q = (0,1)? and o = 20. Let Ty be the trian-
gulation of Q into two triangles with diagonal parallel to (—1,1)T. Consider
the triangulation Ts of Q generated from five red refinements of Ty. Denoting
by xq = (1/2,1/2)7 the center of Q, we define the function g as the continu-
ous, piecewise linear function g = Ih(X31/5(m) +&1,) with &, € SY(T5) whose
coefficient vector is a sample of an in the interval [—1/10,1/10] uniformly
distributed random variable.

Table 1 and Table 2 display the number of iterations needed until the stop-
ping criteria (9), (10), (11) and the stopping criterion (8), respectively, were
satisfied for Example VI.1. A dash (—) means that we did not run the algo-
rithm for the corresponding parameters because on the previous refinement
level the number of iterations has already exceeded 103.

We observe that the Heron method reaches the prescribed accuracy for both
choices of initial data ug and all refinement levels after a smaller number of
iterations than the H'/2-primal-dual method and the augmented Lagrangian
(splitting) method, yet, one has to be aware of the fact that, for fixed h, the
Heron method approximates the discrete solution of the regularized func-
tional I while the H/2-primal-dual method and the augmented Lagrangian
method approximate the minimizer u;, € S'(7;) of the functional I. How-
ever, the minimization of I over S'(7;) is already qualitatively a regulariza-
tion since it is Wh!-conforming due to the continuity property of functions

in SY(7p).

The choice 7 = h'/2 for the HY/2-primal-dual method, although not justified
by the stability estimate (7) but for every 7 < h'/2, and 7 = h=3/2 for the
splitting method yield the smallest iteration numbers and seem to have
a similar or even the same behavior. While the iteration of the splitting
method is independent of u{, cf. Algorithm IV.1 and (5), the initialization
of u) enters the right-hand side of the stability estimate (7) of the H'/2-
primal-dual method. In [3], the author elaborated that the right-hand side
of (7) is bounded h-independently if u, —u) is uniformly bounded in L>(£2)N
WLL(Q). This does not need to be the case for the initialization u) = Ip,g
since we only require g € L*°(2) and the numerical experiments in [3] show
that the iteration numbers may be larger for u% = 7pg than for u?l = 0. The
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H'2_primal-dual Heron Augmented Lagrangian (c,, = h®)
T pi2 o (Bp)t? h h! h? 1 | RV2 | gl [ RS2 g2 |
0
SN0 Tig [0 Tug |0 Tng |0 Tug |0 Tug|0  Tpg| 0 | 0 0 | 0 0 | 0
V2/2° || 65 42 | 107 68 || 345 343 | 35 35| 32 32| 32 32 || 3345 | 705 150 | 66 108 | 509
/\M\wm 105 84 | 173 137 || 959 957 | 47 47 | 44 44 | 44 44 — 2473 | 369 | 106 155 | 1034
V2/27 || 170 168 | 276 274 || 3074 3071 | 69 69 | 64 64 | 64 64 | — — 756 | 170 | 278 —
/b\wm 272 273|442 444 || — — | 97 97 1 90 90 | 90 90 — — 1562 | 272 462 —
/\M\w@ 354 349 | 576 569 || — — | 135 135|126 126 | 126 126 — — — 352 693 —
TABLE 1. Stopping by residual control, cf. (9), (10), (11), for Example VI.1.
H'Y2_primal-dual Heron Augmented Lagrangian (c,, = h®)
T Rz (3p)t? h h h2 1 | RV2 | gl [ RS2 g2 |
0
SN0 Tig [0 Tug |0 Tng |0 Tug |0 Tug|0  Tng| 0 | 0 0 | 0 0 | 0
/\M\wm 2 711 11 || 44 42 1 11 11 | 10 10| 10 10 || 132 29 7 2 1 19
/\M\wm 4 717 11 || 110 105 | 16 16 | 13 13|13 13 || 698 | 104 17 ) 10 o7
V2/27 || 7 8|12 13 || 255 242 | 19 19 | 16 16 | 16 16 || 3598 | 379 41 7 17 | 149
/\M\wm 11 12|17 19 || 585 554 | 23 23119 19119 19 — 1336 | 100 10 31 400
»\M\w@ 16 16 | 25 25 || 1352 1275 | 27 27 | 22 22 | 22 22 — — 242 15 63 | 1194
TABLE 2. Stopping by comparison with reference solution, cf. (8), for Example VI.1.
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(A) Noisy image Zpg (B) Reference solution uy,

il

(E) Splitting

F1GURE 1. Noisy image Zyg, reference solution uj and out-
puts of the three algorithms with residual control, cf. (9),

(10), (11), h = v/2275 and u) = 0 for Example VL1.

19
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(c) Splitting

FI1GURE 2. Outputs of the three algorithms with comparison
to reference solution, cf. (8), h = v/227° and u) = 0 for
Example VI.1.

experiments in [3] also indicate that this effect is even more pronounced
when the metrics on which the gradient flow is based are too strong, e.g.,
for the choice (vp,wp)n, = (v, wr) + (Vop, Vwy). This seems to contradict
the results in Tables 1 and 2 at the first glance since the iteration numbers
for ug = Tpg are at most as large as the iteration numbers for u% = 0.
However, this can be explained by the larger step size for the H'/2-primal-
dual method used in our experiments which are 7 to 10 times larger than
the step size 7 = h'/?/10 considered for the H'/2-primal-dual method in [3].
Since the step size influences the distance between two consecutive iterates

up ! and uf! with respect to || - |5, a larger step size enables the method to

faster diverge from u). Note that 1/3h/8 for h = v/2279 is still larger than

\/5/10 for h = v/227%. The closeness of up, and ¢ in the L2-sense is in turn
determined by the parameter .
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FIGURE 3. Energy I of iterates uj for the three algorithms
with residual control, cf. (9), (10), (11), h = /2275, u) =0,
and energy of the reference solution wu;, for Example VI.1.

Let us finally observe that the Heron method appears to be robust regarding
the choice of the initialization of u%. Yet, it is not ensured that the right-
hand side of the stability estimate (4) for the Heron method is bounded
h-independently when u% = Tpg is chosen, so that the choice “2 = 0 seems
to be reasonable both theoretically and practically.

Figure 1 shows the plot of the noisy image Zy g, the reference solution up, the
outputs of the H'/2-primal-dual method with 7 = v/h, the Heron method
with 7 = 1 and the splitting method with 7 = h=%/2 for Example VI.1 and
for the residual-based stopping criteria (9), (10) and (11) on 75. We ob-
serve that the outputs of all three algorithms are nearly indistinguishable
from the reference solution. This is also underlined by the energy plot in
Figure 3 which particularly indicates that the residual-based stopping cri-
teria (9), (10) and (11) define an accurate measure of optimality. Figure 2
shows the outputs of the three iterative methods using the L2-stopping cri-
terion (8) on 75. Note that the outputs visually considerably differ from the
reference solution which is also recognizable in the corresponding energy plot
in Figure 4. This is, however, due to the fact that the approximations were
computed on a coarse grid. For smaller € = h the outputs corresponding to
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FIGURE 4. Energy of iterates uj for the three algorithms
with L2-based stopping criterion (8), h = 1/227?, u) =0,
and energy of the reference solution wu;, for Example VI.1.

the L2-stopping criterion (8) do not significantly differ from the reference
solution. It is noteworthy that the energy of the final iterate of the Heron
method using the L2-stopping criterion is much closer to the energy of the
reference solution than the final iterates of the other two algorithms.

VI.C. Real image. We finally report numerical results for the benchmark
image ”cameraman”.

Example VI.2. We letd =2, Q = (0,1)? and a = 500. Let Ty be as before
and Tg generated from sixz red refinements of To. Given a low resolution of
the image ”cameraman” consisting of 4225 pizels we define the function gy, €
SY(Ts) by using the (scaled) gray-values ranging from 0 to 1 as coefficients of
the nodal basis functions @, of the corresponding nodes z of the triangulation

Te. Then g is defined as g = g + &, with &, € SY(Ts) as is Example VI.1.

The experiments for Example V1.2 show similar results as before in Exam-
ple VI.1. Again, the Heron method outperforms the other two methods in
terms of required iterations for both sets of stopping criteria, which can be
seen in Tables 3 and 4. Moreover, the Heron method is robust with re-
spect to the choice of ug. It is worth mentioning that the iteration numbers
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(A) Noisy image Zng (B) Reference solution up,

(c) H'/? - PD (D) Heron

(E) Splitting

FIGURE 5. Noisy image Zpg, reference solution u; and out-
puts of the three algorithms with residual control, cf. (9),
(10), (11), h = v/2275 and u) = 0 for Example VL.2.
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(A) H'? - PD (B) Heron

(c) Splitting

FI1GURE 6. Outputs of the three algorithms with comparison
to reference solution, cf. (8), h = v/2276 and u) = 0 for
Example VI.2.

for the H'/2-primal-dual method seem not to depend on the initialization
of u?L. Our explanation for this observation is that the large value of «,
namely a = 500, forces the first iterate u,ll to be immediately very close
to g and it therefore does not make a difference if we start the algorithm
with “2 =0 or ug = Tng. In general, of course, the interplay between the
step size 7 and the parameter o and the L2-distance between wu, and ug play
a crucial role regarding the performance of the (H'/2-) primal-dual method.
Let us also note that the difference between the iteration numbers in Table 3
and Table 4 is not as pronounced as in Example VI.1 which is on the one
hand due to the stricter error tolerance in (8) because of the larger o and on
the other hand because the minimization of I is dominated by the fidelity
term alu — g||* due to the large a.

The energy plots in Figures 7 and 8 once more provide an experimental
justification of our choice of stopping criteria (9), (10) and (11).
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FIGURE 7. Energy I of iterates uj for the three algorithms
with residual control, cf. (9), (10), (11), h = /2275, u) =0,
and energy of the reference solution ), for Example VI.2.

7. DISCUSSION OF OTHER METHODS

VILA. Semi-implicit L?-gradient flow. A frequently employed method
to minimize the regularized ROF functional is the semi-implicit discretiza-
tion of the L?-gradient flow, i.e.,

Jj+1 v h Vup, Jj+1 .
(dyuy ™, vp) + /Q (]Vu%]z ENTE dz + ouy, g,vp) =0,

cf., e.g., [27, 26]. Our experiments indicate a similar behavior of the semi-
implicit L2-gradient flow compared to the Heron method and indicate sta-
bility and convergence independently of 7. Since the authors are unaware
of a corresponding stability estimate we did not include this method in our
comparison.

VIL.B. Dual Method. Following [12], after introducing discrete gradient
and discrete divergence operators Vy and divy, respectively, the minimiza-
tion of a finite difference discretization I, of I can be transformed into a
nonlinear projection problem in such a way that the discrete minimizer uy
of I, can be written as up, = g — édivh pp, Where pp, is a solution to the
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FIGURE 8. Energy of iterates uj for the three algorithms
with L2-based stopping criterion (8), h = /2276, «) = 0,
and energy of the reference solution wu;, for Example VI.2.

discrete constrained minimization problem

min | divipn — agl* s.t. |pa| < 1.
With a Lagrange multiplier A, the optimality condition reads
-V (divhph — Oég> + Appn = 0.

The author observed that the relation A\, = |(V},(divy, pp, —ag))| holds point-
wise and suggested the semi-implicit gradient descent algorithm

Pt =i 4+ 7 ((Vi(div, pf — ag) — [(Vi(div, pf — ag))|p

)

with 7 > 0 and p% = 0. Convergence of the algorithm has been shown
for 7 < 1/8. However, this is related to the definition of the differential
operators via forward differences. A rescaling yields the condition 7 = O(h?)
on the step size with h being the mesh size. This restrictive condition on
the step size causes a slow convergence behavior.
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VII.C. Semi-smooth Newton method. In [35], the authors start from
the TV-L? functional, where the anisotropic BV -seminorm is defined by

/ |Du| = sup{ — / udivgdz : g € CHLRY), |glee <1 a.e.},
Q Q

and consider the predual problem given by

1
inf “|ldivp+ agl|?st. —1<p; <1lforalll<i<d.
e 5|l divp +ag] <p < <i<
Since the predual problem may not have a unique solution a semi-smooth
Newton method is suggested for a discretization of the regularized predual
problem

1 Y
inf =] di 24 agivopll? st. —1<p; <1, 12
et 5l divey +agl]” + 5 [aivop|” s <pi < (12)
with v > 0 and iy 0 : L?(Q) — Hyo(div; Q) being the projection in L?(2)
onto the space of divergence-free vector fields in Hy (div; §2). Furthermore, in
an infinite-dimensional setting, a semi-smooth Newton method is considered
for the regularized problem
1 1 ol
. f - v 2 - d 2 A H ) 2
. S 5 IVPI + 5l divp + agl” + o [Haiv,opll
1 1 .
+ o[ max(0, e(p — 1))||* + o[ min(0, e(p + 1)) ||
2c 2c
(13)

with ¢ > 0. In the formal limit ¢ — oo, we arrive at (12), cf. [35]. It
is proven that both semi-smooth Newton methods are locally superlinerly
convergent. However, the dependence of the performance of the semi-smooth
Newton method for (12) on the parameter v and on the dimension of the
problem is not clear since the convergence analysis for the semi-smooth
Newton iteration for (13) is based on the additional regularizing terms.

VILD. Accelerated primal-dual method. In [14] the authors discussed,
apart from the primal-dual method, an acceleration technique for their
primal-dual method by considering variable step sizes for both the primal
and the dual variable and a variable extrapolation parameter. With given
10 > 0, 09 = ch?/T we let

n+1 n n+1 n
dyrtl =Y "YU g ontl _Ph T Ph
ttp — n ’ tph - )
and ﬂZH = up + Qn(uZ'H — up). The step sizes and the extrapolation pa-

rameter 0, are updated in each iteration according to 0,11 = 1//1 + 2y7,,
Tnt1 = Ony17n and op41 = 0y /0pn+1, where v can be chosen as, e.g., v = «,
and stems from the strong convexity of the L?-data fidelity term. Yet, exper-
iments show that the success of the acceleration procedure strongly depends
on the initial step size 79 and on the given data g and « as well as on the
choice of «. This behavior is also theoretically predictable when taking the
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error bound for ||uj, — u?||? in [14, Theorem 2] into account. While one can
make the first summand in the error bound arbitrarily small by choosing 7
sufficiently large, one may influence the size of the second summand only by
choosing p?L close enough to py. In cases with a relatively small «, such as in
Example VI.1, the acceleration procedure did not significantly decrease the
number of iterations when compared to the method without adaptive step
sizes, and, surprisingly, the choice of a small 7 led to less iterations than for
a large 79. Still, considering the stopping criterion (8), for examples where «
was large, the acceleration scheme needed significantly fewer iterations (for
70 = 10%) than the primal-dual method without acceleration but required
still more iterations than the H'/2-primal-dual method. A further disad-
vantage is that it is not clear which stopping criterion can be considered if
we do not have a good guess of the solution wuy because it is not obvious at
the first glance if ||dyuf||? + ||dp||* with dyu} and dyp} defined as above is
a good measure of optimality.

VILE. Graph Cut Algorithm. In [22], after discretizing I, the authors
decompose the variable u into its level sets and reformulate the minimization
problem into independent binary Markov random fields associated to each
level set. In order for this approach to work the authors make the crucial
assumption that the image u takes on values only in a discrete set L, where
L is, for instance, having a grayscale image, the set L = {0,...,255}. This,
however, is an assumption that does not serve our purposes and we therefore
did not include this approach in our comparison.

VILF. Newton method for regularized saddle-point functional. In [17]
the authors proposed a Newton iteration for the primal-dual system

|Vul.p — Vu =0,
—divp + a(u —g) =0,

below referred to as CGM method, where |Vul|. = \/|Vu|? + 2. They sug-
gested the following step size for the dual variable p in order to ensure
solvability of the linear system of equations: if 6pz+1 is the solution for the
dual variable of the (n + 1)-th Newton iteration and if |p}}| < 1 holds for all

x € (), then we set pZH =pp+ 'yépzﬂ with
v =pmax{s: |p} +s0p; T <1VreQ}, 0<p<l.

In our experiments the CGM method approached the solution very fast
within the first few iterations but then developed oscillations, for instance,
considering Example VI.1, it developed oscillations along the jump set and
did not converge, cf. Figures 9 and 10. Due to missing statements concern-
ing the relation of convergence of the method and the critical parameters ¢
and h, we decided not to compare the CGM method with the other algo-
rithms.
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(B) 6th CGM-iterate uj

(¢) 55th CGM-iterate u}’

Ficure 9. Outputs of the CGM method defined in VILF
after 5, 6 and 55 iterations, respectively, h = v/227°, ¢ = h,
p=0.99, u) =0, p? =0, for Example VL1.

VIL.G. Block coordinate descent algorithm. In the recent paper [15],
the authors consider a finite difference discretization of the anisotropic BV -
seminorm, i.e., defined via the £!-norm of Vu, and split it into the horizontal
components T'V; and the vertical components T'Vs. After introducing two
new variables u; and ueg, they obtain the saddle-point problem

A
inf  sup TVi(u1) + (A1, u—uq) + TVa(ug) + (Ao, u — ug) + §Hu — g||2

UL,U2:U Ny Ao

with Lagrange multipliers A\; and As. Exchanging infimum and supremum
and solving the inner minimization problem yields the dual problem

1
sup (=TVy" () = TV5 (%2) = 5|1 + dal* + (A1 + 2, 9)).
A1, A2 @
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FIGURE 10. Energy of iterates u} for the CGM method de-
fined in VILF, 0 < n < 100, h = V2275, ¢ = h, p = 0.99,
u% =0, pg = 0, and energy of the reference solution uy for
Example VI.1.

The authors suggest to solve this optimization problem via alternating mini-
mization which, as they observe, simplifies to M N independent one-dimensional
ROF problems, where M x N is the size of the image. Since this ap-
proach seems to be only applicable to the ROF problem with anisotropic
BV-seminorm, we did not further consider this approach.

VILH. Splitting and alternating minimization. In [44] a splitting ap-
proach is also the starting point for the definition of the algorithm suggested
therein. As in the augmented Lagrangian method, the variable ¢ = Vu is
introduced and leads to the minimization of the functional

51 o
[ lolde+-lo = TulP + S u P
Q

with 0 > 0. Here, the constraint ¢ = Vu is included in the functional by
penalization. The authors then propose an alternating minimization tech-
nique with respect to the variables ¢ and w. Since the constraint is not
strictly enforced via a Lagrange multiplier the constraint is satisfied only
in the limit 6 — 0. This is, however, a major drawback since the involved
matrices that arise in the linear systems of equations that have to be solved
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in each step become ill-conditioned as ¢ tends to 0. Besides, we do not have
such a relation as in (2) in order to determine an optimal scaling of 0 to
recover the optimal convergence rate. Particularly, we do not know how
stopping criteria should look like to attain an accurate approximation.

The iteration scheme of the alternating minimization algorithm (AMA)
proposed in [41] coincides with the iteration scheme of the augmented La-
grangian method in Algorithm IV.1 with || - || = || - || except from the
updating rule for the variable uy, i.e., for j > 0, the iterate uifq is defined
as the minimizer of the mapping

. a . . .
uh+—>/ |oil|d1:+§||uh*g||2+()\?l,ai—Vuh]).
0

However, this numerical method requires 7 = O(h?), which is impracti-
cal. In [31] the authors discuss acceleration techniques for the augmented
Lagrangian method and the AMA proposed in [41]. In order to enforce
stability, a restart condition has to be included in the accelerated aug-
mented Lagrangian method. In our experiments, the accelerated augmented
Lagrangian method was faster than the standard augmented Lagrangian
method in some cases. However, in some situations the number of restarts
negatively affected the performance of the acceleration which resulted in
higher iteration numbers than for the augmented Lagrangian method with-
out acceleration. Since we cannot control the number of restarts we did not
further consider the accelerated augmented Lagrangian method. The ac-
celeration technique for the AMA was not able to compensate for the slow
convergence due to the restrictive condition 7 = O(h?).

VIIL.I. Second-order cone programming. Considering the constrained
ROF problem, i.e., the minimization of |Du|(2) subject to the constraint
|lu—gl||? < n? with 72 being an estimate of the variance of the noise in the im-
age ¢, a finite difference discretization of the constrained ROF problem has
been reformulated as a second-order cone program (SOCP) in [30]. The re-
ported numerical experiments indicate that the SOCP can compute accurate
approximations within a few iterations. However, although not explicitly
introduced, during the iterative solution of the SOCP by an interior-point
method as proposed a regularization of the problem is implicitly introduced
by adding a barrier funtional to solve the second-order cone constraints,
where the influence of the regularization parameter remains unclear. In our
opinion, since the interior-point method uses Newton iterations the behav-
ior of the SOCP with regards to mesh-dependent parameters is not clear.
Moreover, since the reformulation of the ROF problem as a SOCP is based
on a finite difference discretization of the ROF functional we decided to not
further investigate the SOCP in this paper.

VIL.J. Split Bréegman Method. The split Bréegman algorithm [32] pro-
posed for the ROF functional is an iterative algorithm for the constrained
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minimization problem
. - 2
min [ |op|dx 4+ = |lup —gl|° st op = Vup,.
Thsun Jq 2

Applying Bregman iteration to the penalized functional
o T
[ otz + Sl = gl + Flon — V2
Q

defines the following iteration: given 1) € SY(Ty), p) € L°(T)?, compute
for k>0

(uf ™, of ) :al"gminD"}’i’“ﬁ(U, oy ul, of) + Z”O‘ — Vaul|?
(u,0) 2
. (6% o
=argmin o] 10y + < lu — glI* = okl i) — = lluf — gl?
(u.0) 2 2
-
- (nz:u - uz) - (Mfwa - Uﬁ) + EHU — V’U,H2
and set

T]ZH = 7]2 + 7'divh(a,]’§Jrl — Vul;’;ﬂ), ui“ = ,ufl + T(VUZH — a’,j“)
where divy, : LO(Tp)¢ — S'(T3) is the adjoint operator of V : SY(T;,) —
LO(Th)?, ie., (divh gn,vn) = —(qn, Vop) for all g, € LO(Tp), vp € SH(Th).
The function

Kk o o
DM (u, o upy, o) =[lollpie) + 5 lu = gl* = llok i@ — 5 llui = gl

- (771]3# - ufz) - (Mi?a - Gﬁ)

is also known as the Brégman distance corresponding to the functional
@ 2
lollzagey + 5l = gl

we are considering here, and (7, uf) is a subgradient of the aforementioned
functional at the point (uf, o). Due to the separate convexity of the func-
tional that is being minimized in each iteration an alternating minimization
can be employed to decouple the minimization problem. Thus, we get the
following optimality conditions for the iterates:

O[(ullz—i_l - g,'l)h) - (niliavh) - T(U}Ii - Vu];;“, Vvh) =0,

T(Vup = oyt g an — oyt + o3 e < llanllze

for all (vn,qn) € SY(Th) x L£O(Tp)4. Consider the k-th iterate Af of the
Lagrange multiplier in the augmented Lagrangian method. If we set 77,’;“' =
divy, )\fl and ,uﬁ = —)\2 the split Bregman iteration coincides with the aug-
mented Lagrangian method, as has been observed in [45]. Since here the
constraint is also measured in the L?-norm and since sequences of minimiz-
ers (Vup,)p>0 may not be bounded in L?(2), this method is not guaranteed
to be robust or may require small step sizes.
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8. CONCLUSIONS

We compared three approaches for the numerical solution of total variation
regularized minimization problems by considering the prototypical problem
of minimizing the ROF functional. The nonlinearity that arises in the formal
Fuler-Lagrange equation for the ROF problem and the nondifferentiability
of the BV -seminorm cause considerable problems when trying to carry out
a rigorous numerical analysis for approximation schemes. Although there
exist many algorithms for approximately solving the ROF problem, which
may also have a good performance with regards to the special application
in image processing, the dependence of many of those algorithms on criti-
cal parameters is not well-understood. However, for the three schemes we
considered in this paper, which are all of gradient descent and gradient
ascent type with expected convergence behavior O(1/J), there is a rigor-
ous analysis available. In particular, we have modified the Heron method
and the augmented Lagrangian method to such an extent that, in view of
the infinite-dimensional setting, robustness of the schemes is guaranteed.
We have seen that the Heron method needs the least iteration numbers
for a given accuracy, is robust regarding the initialization and its stability
is independent of the step size. The (H!/2-)primal-dual method is slower
due to the restriction on the step size, i.e., 7 = O(h) for the primal-dual
method and 7 = O(h'/?) for the H'/?-primal-dual method. It is not based
on an explicit regularization of the BV -seminorm in contrast to the Heron
method. However, by seeking a discrete minimizer of the ROF functional
in SY(T;) € WHL(Q) we approximate the minimizer of the continuous prob-
lem by continuous functions which resembles a regularization of the problem
which nevertheless allows for sharp approximations of discontinuities. More
general approaches for the approximation of BV-regularized problems are
splitting methods. We considered the augmented Lagrangian method with
a weighted L?-norm in order to ensure unconditional stability and we ex-
perimentally observed that the augmented Lagrangian method performs as
well as the H'/2-primal-dual method for the step size 7 = h~3/2.

9. APPENDIX A

IX.A. Roots of Quartic Equations. Having (3) in mind we consider the
problem of finding the roots of a quartic equation

2 4 axd + ba® +cx +d = 0. (14)

with a,b,c,d € R. A comprehensive discussion of this topic can be found,
e.g., in [10]. With the substitution z =y — ia we equivalently obtain

y4+gy2+5y+g:0 (15)
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with b = —%aQ—i—b, c= %a3— %b—i—c and d = —%a‘l%—‘%’ — % +d. Adding i?
on both sides yields
2 1?2 _ 1 o <
(y +2b) - P
Our goal is to produce a perfect square on the right-hand side. The following
procedure is due to Lodovico Ferrari. We introduce a new variable z, which
is to be specified later, within the square on the left-hand side and obtain
~ 2 -~ ~ ~
(y2+%b+%z) = %bz —Ey—d—k%z?—kz(yz-f-%b)
:zy2—5y+122+lgz+152 —d. (16)
4 2 4
Now the right-hand side is a perfect square with respect to y if and only if
the associated discriminant vanishes, i.e., if and only if

_ Lo 1o 1o ~2
0= 42(12 +5be+ 0 cf) ¢ (17)
=23 4+ 222 + (b? — 4d)z — 2. (18)

The cubic polynomial in (18) is called cubic resolvent. We see that with z
being any root of the cubic resolvent the term in (16) simplifies to a perfect
square. Indeed, we have using (17)

~2

(2+lg+12>2—z<2—§ —i—c—)—z( —E)Q
Yrgthmar) =2 T r) AV T o)

We can take z to be, for instance, a real root of (18) and obtain

1~ 1 ¢
2

)
Yy gbtgr=EvVa(y - o

so we have two quadratic algebraic equations in y and can compute the
roots of (15). We obtain the roots {x;}i1<i<4 of our original equation with
the relation x; = y; — %a.

IX.B. Roots of Cubic Equations. In order to obtain the roots of (18)
we briefly discuss how to compute the roots of a cubic algebraic equation.
Given an equation of the form

2® +ax® +br+c=0 (19)
we set x =y — 5 and get
Y 4+by+¢=0 (20)
with b =b— % and ¢ =c— %b + % With a further substitution y = u + v,
with - for the time being - arbitrary v and v, we get

v = (u+v)3 = (u+v)(u? + 2uw + v?)
= u? + 0% + 3uv(u +v)
= u® 4+ v® + 3uvy
& y® = 3uvy — (v +03) = 0.
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Comparing coefficients yields
b= —3uv, ¢=—(u+v?).

According to Vieta’s formulas, u?® and v? are the roots of the quadratic
algebraic equation

Hence we have

The cube roots u and v have to be chosen such that uv = —% € R. Denoting
by wi,v1 the cube roots defined by %ei‘f’/ 3 for a complex number e,
the two other cube roots are given by wuo = ulezm/?’, ug = upe?™/3 and
vy = 0123 g = pyetTi/3, respectively. Since the product uv has to be
real, we get the three feasible pairs (u1,v1), (u2,v3) and (us, v2). Hence, the
three roots of (20) are given by

Y1 = u1 + 1,
Y2 = u2 + v3,
Y3 = uz + v2.
The roots {z;}1<i<3 of (19) are then given by z; = y; — §.
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