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1 Introduction

The approach to statistical problems that bases its conclusions on the study of prob-
abilities of large deviations has been in use in statistical inference since the papers by
Chernoff, 1952 and Bahadur, 1960.

Chernoff, 1952 considering the problem of discriminating between two simple hypothe-
ses showed that, if the hypotheses are fixed, the error probabilities decrease exponentially
fast as the sample size tends to infinity; the corresponding optimal exponent is specified
by what is now known as Chernoff’s function.

Basu, 1956 and Bahadur, 1960 proposed a criterion for comparing statistical estima-
tors based on the view that the quality of an estimator is characterised by the probability
that the true value of the parameter is covered by the confidence interval of a given width
2¢ with centre at the estimate. If the width 2¢ is held fixed as the sample size grows
then the probabilities that the true value of the parameter is not covered are typically
exponentially small. The estimator giving the fastest decay is called now Bahadur effi-
cient. Later, Bahadur et al., 1980, for the model of independent identically distributed
observations showed that in the class of consistent estimators the optimal rate instead of
Chernoff’s function is specified by the Kullback-Leibler information.

The ideas of Chernoff and Bahadur have been developed in various directions. Ibrag-
imov and Radavichius, 1981, Kallenberg, 1981, Ibragimov and Khasminskii, 1981, Ra-
davichius, 1983 and Radavichius, 1991 studied the properties of maximum likelihood
estimators from the point of view of Bahadur’s criterion. Fu, 1982, Borovkov and Mogul-
skii, 1992b and Borovkov and Mogulskii, 1992a analysed the terms of the second and
higher order of asymptotic expansions of Bahadur risks. Kallenberg, 1983, Rao, 1963,
Wieand, 1976, and Ermakov, 1993 considered intermediate criteria for statistical estima-
tors when the width of the confidence interval goes to zero at certain rate. Sievers, 1978
and Rubin and Rukhin, 1983 evaluated Bahadur risks for particular statistical models.

Lately this direction in mathematical statistics has received a new impetus, mostly
in papers by Korostelev, 1993, Korostelev, 1995, see also Korostelev and Spokoiny, 1995,
Korostelev and Leonov, 1995, where the classical large deviation set-up is considered in
the minimax nonparametric framework.

Our aim here is to give a unified treatment of the statistical problems that use large
deviation considerations. The idea is to capitalise on analogies between large deviation
theory and weak convergence theory (see Lynch and Sethuraman, 1987; Vervaat, 1988;
Puhalskii, 1991) and develop a large deviation analogue of asymptotic decision theory,
Strasser, 1985. The approach of invoking the methods of weak convergence theory to

obtain results about large deviations has proved its worth in various set-ups, Puhalskii,
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1991, 1993, 1994a, 1994b, 1995a, 1995b, 1996. We show that it can successfully be applied

to statistical problems too.

We begin by defining in Section 2 the concept of the large deviation principle (LDP)
for a sequence of statistical experiments. Analogously to the concept of weak convergence
of statistical experiments, it is a short cut for saying that the distributions of suitably de-
fined likelihood processes satisfy the large deviation principle, Varadhan, 1966; Varadhan,
1984. We illustrate the general definition by considering a number of standard statisti-
cal models (the Gaussian shift model, the model of independent identically distributed
observations, the “signal + white noise” model, the regression model with Gaussian
and non—-Gaussian errors, with deterministic and random design, and the change—point
model). We next study properties of the LDP for statistical experiments and give a
sufficient condition for it which is analogous to the local asymptotic normality condition
by LeCam, 1960.

The classical minimax theorem by Le Cam states that if statistical experiments weakly
converge then the minimax risks are asymptotically bounded from below by the corre-
sponding risk for the limit model, see LeCam, 1972, LeCam, 1986, Strasser, 1985. In
Section 3, we show that, similarly, if a sequence of statistical experiments obeys the LDP,
then there is an asymptotic lower bound for appropriately defined minimax risks. The
problem of evaluating the bound is a minimax optimization problem. Further in Section
3, we study the question of sharpness of the lower bound. We show that it is sharp under
a strengthened version of the LDP. This allows us to define large deviation (LD) efficient
decisions as the ones that attain the lower bound. We give a method of obtaining nearly
LD efficient decisions, i.e., those whose LD asymptotic risk is arbitrarily close to the

lower bound.

Sections 4 and 5 deal with applications. Section 4 adapts the results of Section 3 to the
cases of hypothesis testing and estimation problems and presents explicit constructions
of nearly LD efficient decisions. In Section 5, we apply the machinery to the models
introduced in Section 2: we check the LDP, give conditions when the lower bounds are
attained, calculate them for hypothesis testing and estimation problems, and indicate

nearly LD efficient decisions. An appendix contains extensions and auxiliary results.

The results of the first four sections are new. The results that we obtain for the

models are partly new and partly cover or extend earlier results.
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2 The Large Deviation Principle for Statistical Experi-

ments

Let {€,,n > 1} be a sequence of statistical experiments &, = (Qn, Fpn; Py, 0 € ©) with
a parameter set ©, Strasser, 1985. In this section, we give the definition of the large
deviation principle for {€,,n > 1} and study its properties. We start with the case of

dominated experiments.

Let us assume that each experiment &, = (Q,,Fp; P9, 0 € O) is dominated by a
probability measure P,, ie., P, g < P, for all # € ©. We abbreviate this by writing
{&ny Py ,n > 1} . Denote

APy "
Znp = ’ , 6 €0, 2.1
4= P, € (2.1)
and let 7, = (Z,0,0 € ©). We endow R with the Tihonov (product) topology

and Borel o-field so that Z, is a random element of R ; L(Z,, |P,) denotes the
distribution of Z,,, on R under P,. Roughly speaking, the large deviation principle
for {&,, P, ,n > 1} means that the sequence {L(Z,, |P,), n > 1} of distributions on
R obeys the large deviation principle, so we recall some basic notions of large deviation
theory.

We use Varadhan’s original definitions of the rate function and the large deviation
principle (Varadhan, 1966; Varadhan, 1984). Let S be a Hausdorff topological space.
We say that a function I : S — [0, 0] is a rate function on S if the sets I ([0, a]) are
compact in S for all @ > 0. A sequence {Q,,n > 1} of probability measures on the Borel
o—field of S is said to obey the large deviation principle (LDP) with the rate function I
if
lim I Qu(G) > — inf I(x)

n
for all open G C S and
I ]- .
lim ﬁann(F) < —;ngl(x)

n
for all closed F' C S.

We also say that I is a probability rate function if inf, ¢I(xz) = 0. Obviously, if I
appears in the LDP, it is a probability rate function.

Recall that the contraction principle states that continuous mappings preserve the
LDP, Varadhan, 1966; Varadhan, 1984.

Next, we say that the sequence {&,, P, ,n > 1} satisfies condition (U) if
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(U) Jim im E,/"Z}1(Zne > H)=0,0€0.

n

Here and below F, denotes an expectation with respect to P, and, by definition,
Bd/"¢ = (Bag) /", Pu"(4) = (Pa(4)) /™.

Definition 2.1 {&€n, Py yn > 1}
the dominated large deviation principle (LDP)

{E(Zn, ‘Pn)an > 1}

)

A critical part of the definition is condition 1. Condition (U) plays a subordinate though
essential role. If we disregard condition (U), the definition is analogous to the definition of
weak convergence of dominated statistical experiments (Strasser, 1985) which states that
the likelihood ratios weakly converge. The role of condition (U) will become clear shortly:
it ensures the compatibility of this definition with a more general one which does not
depend on a choice of dominating measures and incorporates the nondominated case too.
In particular, condition (U) implies that the lower bound that we obtain in Section 3 for
the sequence of so called large deviation risks does not depend on dominating measures
either (see Remark 3.2 below). Note that an analogue of condition (U) in the theory of
weak convergence of statistical experiments is a consequence of weak convergence of the
likelihood ratios and does not have to be singled out.

In applications, rather than considering Z, g, it is more convenient to deal with log-
likelihood ratios 2, ¢ defined as 2,9 = - In dfT?:. Let us introduce 5, = (E,9,0 € O)
and denote by L(=,, |P,) the distribution of =, on R under P,, where R is supplied
with the Tihonov topology and Borel o-field. If the 5, g are well defined then, by the
contraction principle, the LDP for the sequence {L(Z,, |P,),n > 1} implies the LDP
for the sequence {L£(Z,, |P,),n > 1}.

Now we consider a number of statistical models which, on the one hand, show that the
LDP for the log-likelihood ratios arises quite naturally and, on the other hand, motivate
and illustrate theoretical developments below. We stop short of giving rigourous proofs

of the LDP for the models deferring this until Section 5.
Example 2.1

Let us observe a sample of n independent real-valued random variables X, =
(X ..., Xnp) normally distributed with A'(6,1), 6 € © C R. For this model, ,, = R"
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and P,y = (N(6,1))", 6 € ©. We take P, as a dominating measure P,. Then the

corresponding log-likelihood ratios are of the form

n

1. dP,g 1 1 1
E,g=—In———(X,) = — 00Xy, —=0)=0Y,— =0
n,0 n n dPn( n) nk ( k,n 2 ) n 9" "
where
1 n
Yn:_ Xk,nanzl-
nk

The sequence {L£ (Y,|P,),n > 1} obeys the LDP in R with rate function IV (y) =
y /2,y € R (see, e.g., Freidlin and Wentzell, 1979). This yields by the contraction
principle the LDP for the log-likelihood ratios &, g.

Example 2.2

Let X, = (X j5,...,Xpnn,) be an independent-identically-distributed sample from a
distribution Py, 0 € ©, on the real line. We do not specify the nature of the parameter
set ©. For example, it can be a subset of a finite-dimensional space, a set of distributions
on R (or their probability density functions), etc. We assume that the family P is
dominated by a probability measure P, i.e., Py < P, 8 € ©. This model is described
by dominated experiments &, = (Qp, Fn; Pny, 0 € ©) with Q, = R", F, = B(R"),
P,g=Pg,0€0 and P, = P".
We have

_ 1. dP,y
Epg=—1
n

where

is an empirical distribution function.

Let Y be the space of cumulative distribution functions on R with the topology of
weak convergence of associated probability measures. By Sanov’s theorem (Sanov, 1957,
Deuschel and Stroock, 1989, 3.2.17), the sequence {L (F,|P,),n > 1} obeys the LDP in
Y with rate function I°(F) = K(F,P), F € Y, where K (F, P) denotes the Kullback-

Leibler information:

dF dF
K(F.P)=

00, otherwise.
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Let us also denote, for € © and F € ),
P,
G = G e Fdo)

If the density functions %(m) are bounded from above, bounded away from zero and
continuous in z for all # € O, then the (y(F') are continuous functions on ) and, since

En, = (o(Fn), the contraction principle yields the LDP for the sequence {=, ,n > 1}.
Example 2.3

We observe a real-valued stochastic process X,, = (X,,(¢), ¢ € [0, 1]) obeying the stochastic

differential equation

AX (1) = O(8)dt + —— dW (t), 0 <t < 1,
T

where W = (W(t),t € [0,1]) is a standard Wiener process and 6(-) is an unknown
function assumed to belong to some set © of real-valued continuous functions on [0, 1].

This model is described by statistical experiments &, = (Qy,, Fpn; Py, 6 € ©), where
Q, is C[0,1], the space of continuous functions on [0,1] with the uniform metric and
Borel o-field, and P, is the distribution of X,, on C[0,1] for §. We take P, = P, ,
where P, corresponds to the zero function 6(-) = 0. Then P,y < P, and, moreover,

by Girsanov’s formula, P,—almost surely,
1. dP,, 1
Epe=—1 = (X,) = 0(t)dX,(t) — = 0 (t)dt. 2.2
n,0 n n P, ( n) () n() 9 () ( )

Let C [0,1] be the subset of C[0,1] of the functions z(-) that are absolutely continuous

with respect to Lebesgue measure and equal 0 at 0. Then the sequence {L£ (X,|P,),n >
1} obeys the LDP in C]0, 1] with rate function

Y (a() = (@(1)) dt, ifz(-) € C [0,1],

8 N =

, otherwise,

#(t) denoting the derivative of z(-) at t (see, e.g., Freidlin and Wentzell, 1979).
Let us denote, for functions 0(-) € © and z(-) € C [0, 1],

Glo)=  Odz() —5 0 (D,
where the integral is understood as a Lebesgue—Stiltjes integral.

Again the log-likelihood ratio Z, 9 can formally be represented as Z, 9 = (5(X;).
Note however that the first integral in (2.2) is an Ito integral, so the latter equality as
well as the continuity property for (4 actually hold for functions 6(-) of special sort (e.g.,
piecewise constant or differentiable). For these functions, the contraction principle again

implies the LDP for {Z,, ,n > 1}. A general case is studied in Section 5.
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Example 2.4

We consider the regression model

Xk,n = g(tk,n) + gk,na tk,n =—, k=1,...,n, (23)

where errors ¢ , are independent standard normal and 6(-) is an unknown real-valued
continuous function.

In this model, @, = R", © C C][0,1] and P,y is the distribution of X, =
(X ..., Xpp) for 0(-). As above, we take P, = P, . Then

)

1. dP,y
= = -1 —(X
n.f n . dP, (Xn)
1" 1"
= E . a(tk,n)Xk,n - % 0 (tk,n)
1 n
= 0(t) dX,(t) — o 0 (tk’n) ,
n
k
where
1 nt
Xn(t) =— Xk, 0<t<1.
n
k

Let Y be the space of right-continuous with left-hand limits functions on [0, 1] with the
uniform metric (for measurability of X,,, see Billingsley, 1968, §8).

Since the Xy, are N(0,1)-distributed under P,, the sequence {L (X, |P,),n > 1}
obeys the LDP in ) with rate function IV (Mogulskii, 1976, Theorem 2).

Since the function 6(-) is continuous, we have, for large n, the approximate equality

1 n
— 0 (tpn) =~ 0 (t)dt
n

k
and hence Z, 9 = (y(X,) with the same function (y as in the preceding example. If the
6 are differentiable, integration by parts shows that the =, y are continuous functions of
the X,,, and the LDP for {Z, ,n > 1} follows by the contraction principle. Again, a

general case is deferred until Section 5.
Example 2.5

We consider the same regression model (2.3) but now assume that independent identically
distributed errors ¢, have a distribution P with a positive probability density function
p(x) with respect to Lebesgue measure on the real line. An unknown regression function

6(-) is assumed to be continuous, so © C C[0, 1].
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As above, for a regression function 6(-), we denote by P, g the distribution of X, =
(X n,...s Xnn). We have, with P, =P, ,

dP, " Xpn—0(t
Lig s ) = L g 28 = Ol0kn)

n dP, n, P(Xkn)

)
—

=n,0 =

Introducing an empirical process F,, = Fy,(z,t), € R, t € [0,1], by

nt

1
F,(z,t) = - W Xpn <x),

we have that

—_

Eng = In——*
! R p(z)

Let us define ) as the space of cumulative distribution functions F = F(z,t), z € R, t €
[0,1], on R x [0,1] with the weak topology. Let ) be the subset of ) of absolutely

F(da, dt). (2.4)

continuous with respect to Lebesgue measure on R x [0, 1] functions F(z,t) with densities
pi(z) such that ppy(z)dr =1 for ¢ € [0,1].

It is shown in Dembo and Zajic, 1995 (see also Theorem 1 in Puhalskii, 1996) that
the sequence {L(F,|P,),n > 1} obeys the LDP in ) with rate function I°%(F) given
by

pi(z) .
In p(x)dedt, if FeY,
T R
00, otherwise.
Denote, for F € Y and 6 € O,
p(z —0(t))
Co(F) = In———=F(dz, dt).
B= e T

Then by (2.4), 2,9 = (p(Fy) and if the log’s in the integrals in the definition of the (g

are bounded and continuous, we have the LDP for {=, ,n > 1}.

Example 2.6

Let us observe a sample X,, = (X ,,..., Xy ) of real-valued random variables, where,
for some k;,, > 1, the observations X ,...., X}, » are independent identically distributed
with a distribution P and the observations X, ,,..., X, are independent identically

distributed with a distribution P. We assume that P and P are known and k, is
unknown. Let us also assume that k, = [n#], where § € © = [0,1]. For this model,
1, = R" and P, g stands for the distribution of X, for 0.

Let a probability measure P dominate P and P and

@)= @) f @) =), ceR,
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be respective densities. Assume that f (z) and f (z) are positive and continuous. De-

noting P, = P™, we have

1 dPuy, . . 1 1
Zn,g = g ln E(Xn) = g . lnf (len) + E . lnf (Xz,n)

so that defining an empirical process again by

nt
1
Fo(z.t) = — I(X;n <z), z€R,te]0,1],
n .
13
we obtain the representation

0

Eng = Inf (z) F,(dz,dt) + Inf (z) F,(dz,dt).
R R

0

Let a space Y be defined as for the preceding model and Yp be the set of those F' € Y
that are absolutely continuous with respect to the measure P(dz) x dt and admit densities
pi(z) such that ,pi(z)P(dz) =1,t € [0,1]. As above, the F;, obey the LDP with rate

function If;K of the form

pi(z) Inp(z)P(dx) dt, if F € YVp,

00, otherwise.

Define next for F' € Vp
[/

Co(F) = Inf (z) F(dz,dt) + log f (z) F(dz,dt).
R 0 R

Then again 2, 9 = (9(Fy), and the LDP for {=,, ,n > 1} holds, e.g., when log f (z) and

log f (z) are bounded and continuous.
Example 2.7

We consider the model
Xien = 0(tkn) + &k, kE=1,...,n,

where real-valued errors ¢, and design points ?;, are independent with respective
distributions P and II dominated by Lebesgue measure. We denote the respective
densities by p(x) and 7 (¢). We also assume that the prior measure IT has a compact
support D, m(t) is continuous and positive on the support, p(z) is continuous and positive

on R, and an unknown regression function (-) is continuous.

11
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In this model, P, is the joint distribution of X, = (X ,,...,X,,) and ¢, =
(t ns---ytnn) for 6. Let F,, be the joint empirical distribution function of X,, and ¢, :
L
F,(A,B) = p I( Xk € Aty €B)
k
for Borel sets A C R, B C D, and let ) be the space of distributions on R x D with the
weak topology. Set also P, = P, = (P xII)".
With these definitions,
4 dPy g
dpP,
! lnp(Xk,n — O(tk,n))
P(Xk,n)
ol —0()
D R p(z)

= 1 (X, tn)

n,g —

Sl= 3=

Fy(dz, dt).

Let Y be the set of the cumulative distribution functions on R that are absolutely
continuous with respect to Lebesgue measure on R and have support in R X D. Under
P, , the random pairs (X n,t; ) are independent identically distributed with the dis-
tribution P x II, and hence, by Sanov’s theorem, the LDP holds for the F;, with rate
function I°%(F) given by

—_— t)dcdt, if F
ISS(F): D R p(ac)w(t)p(x’) Tat, 1 Eya

00, otherwise.
Here F'(dz,dt) = p(z,t)dzdt. The LDP for this model follows now in a manner similar
to the case of an independent-identically-distributed sample.

We end the subsection with a simple but useful remark. It is noticeable that the
definition of the LDP given above uses the same letter n both to subscript probability
measures and associated random elements, and denote a scaling parameter. One might
wonder whether this is not a loss of generality and how n should be chosen when consid-
ering particular models. The answer to the first question is in the negative and making
n play the two roles is a matter of convenience for economy of notation. Indeed, if we
have a sequence of probability measures {Q,,n > 1} with log @, having the right rate
b, — oo as m — oo, we can always reduce this case to the above “standard” set—up by
“relabeling” the measures, i.e., by introducing measures @, such that Q, = Qy; taking
by, as a new n then gives log (), the rate n as required. This argument originating from
Varadhan, 1984 also answers the second question: n in our formalism has the meaning
of the right scale rather than “the natural parameter of the model”. Of course, the two

can coincide as in most of the examples we considered where n is a sample size, but not
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always as Example 2.3 shows. On the other hand, it is clear from the above that if we
want n to be “the natural parameter”, we can do this by introducing some b, — oo as

a scale.

We now study properties of the LDP for statistical experiments and begin with a sufficient
condition for the LDP. The condition serves two purposes further: first, in particular
statistical models it can easier be checked than the definition of the LDP, second, this
condition comes in handy when constructing asymptotically optimal decisions, see Section
4. The idea behind the condition is similar to the one used in the condition of local
asymptotic normality by LeCam, 1960 for studying weak convergence of experiments, or,

more generally, in the condition of A—convergence by Shiryaev and Spokoiny, 1995.

Given a sequence of dominated statistical experiments {&,, P,,n > 1}, assume that
there exist statistics Y,, on (€,,F,) with values in a Hausdorff space ) such that the
sequence {L(Y,|P,),n > 1} obeys the LDP and the Y, are asymptotically sufficient
in the sense that 7,4 =~ 3¢(Y,) for some nonrandom functions 39 on ). In the above
examples the statistic Y, is easily identified: it is the empirical mean (X ,+...+X,,)/n
in the case of a sample from normal distribution in Example 2.1, the empirical distribution
function F}, in the case of an independent-identically-distributed sample in Example 2.2,
the observation process X, for the “signal + white noise” model, the empirical process

F,, for the regression model with non-Gaussian errors and the change-point model, etc.

If the functions 34 are continuous then, by the contraction principle, the LDP for the
sequence {L(Y,|P,),n > 1} implies the LDP for the sequence {L(3¢(Yn)|Pn),n > 1}
and hence for {L(Z, 9| P,). n > 1}. Unfortunately, by contrast with the theory of weak
convergence of experiments, in applications the functions 34 typically are not continuous.
For instance, the functions (4(y) = Inzgp(y) generally are not continuous in the above
examples for an independent-identically-distributed sample, the “signal 4+ white noise”
model, the regression models and the change-point model. To overcome this difficulty, we
need to introduce “regularisations” 39 5(y) of 39(y) that, on the one hand, are continuous

functions and, on the other hand, converge to 34(y) as § — 0.

Before stating the condition, let us review some more facts about large deviations
used in the sequel. Recall (Varadhan, 1966; Varadhan, 1984; Deuschel and Stroock,
1989; Bryc, 1990) that if a sequence of probability measures {@Q,,n > 1} on the Borel o—
field of a Hausdorff space S obeys the LDP with rate function I then, for all non-negative

13
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bounded continuous functions f on S,

/n

Jdim - (f(2))"Qu(dz) = sup f(z)V(2), (2.5)
S z S

where V(z) = exp(—I(z)). If S'is a metric, or, more generally, a Tihonov (i.e., completely
regular) space (Engelking, 1977; Kelley, 1957) then (2.5) also is sufficient for the LDP
(Puhalskii, 1993).

Moreover, the LDP implies (2.5) for unbounded continuous non-negative functions f
too under “the uniform exponential integrability condition” (Varadhan, 1984; Deuschel
and Stroock, 1989)

/n

Jim - Tim (f ()" 1(f(z) > H)Qn(dz)  =0. (2.6)
n S

Also, if f is a lower semicontinuous non-negative function then

/n

lim (f(2))"Qn(dz) = sup f(z)V(z). (2.7)
n S z S

The function V(z) is further referred to as a deviability. Equivalently, a deviability is
defined as a function V : S — [0, 1] such that sup, ¢V (z) = 1 and the inverse images
V' (la,1]) are compact sets for all ¢ > 0. Obviously, there is one-to-one correspondence
between probability rate functions and deviabilities. We say that {Q,,n > 1} large
deviation (LD) converges to V' and write @, My (n — oo) if (2.5) holds for all bounded
continuous non-negative functions f (Puhalskii, 1994a). Below we use the fact that, if
S is metric, then one can only require that the functions f be uniformly continuous
(analogously to weak convergence theory, Billingsley, 1968, Theorem 2.1). By the above,
if S'is a Tihonov space then @, L4 V(n — oo) ifand only if {Q, } obeys the LDP with I =
—1InV. All the spaces we consider below are Tihonov and we mostly use the formulation
of the LDP as LD convergence as more convenient in theoretical considerations.

Next, let S and S be Hausdorff spaces and V' a deviability on S. Denote
Oy(a)={z€S: V(z) >a}, a>0. (2.8)

As in Puhalskii, 1995b (cf. Schwartz, 1973), we say that a map ¢ : S — S is V-Luzin

measurable if it is continuous in restriction to each set ®y(a),a > 0. Deviabilities

2The name is motivated by the following analogy with Luzin’s theorem in measure theory. Let us
extend V' to a set function on S by defining V(I') = sup, . V(z), I C S. Then V as a set function is an
analogue of probability (see Puhalskii, 1991, 1994, 1995a for a discussion), and, equivalently, a function
¢ is V -Luzin measurable if, for every £ > 0, there exists a set A C S with V/(S\A) < ¢ such that ¢ is
continuous in restriction to A. It is also interesting to note that one can prove an analogue of Egorov’s

theorem for sequences of Luzin measurable functions Puhalskii, 1991, 1995b.
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are preserved under Luzin measurable maps: for any V-Luzin measurable map ¢, the
function Vop  on S defined by Vop (z)=sup, ,-1 » V(z), z €S, is a deviability
on S (see Deuschel and Stroock, 1989, 2.1.4, also the argument of Puhalskii, 1991,
Lemma 2.1 applies).

Also, we say that a function ¢ : § — S is V—-almost everywhere (V-a.e.) continuous
if it is continuous at every x € S with V(z) > 0. Obviously, each V—-a.e. continuous
function is V-Luzin measurable.

Some more notational conventions are in order. We denote by A(©) the family of all
finite subsets of ©. Elements of R are denoted by 2 = (29,0 € ©), and elements of R ,
where A € A(©), by z = (29,0 € A). Maps 7 and 7 + , where A € A(©), A € A(O)
and A C A, are the natural projections of R onto R and of R ' onto R , respectively:
7 (29,0 € ©) = (29,0 € A) and 7 + (29,0 € A) = (29,0 € A). Since R and R ,
A € A(©), are supplied with the Tihonov topology, the projections are continuous.

We now state and prove the sufficient condition for the LDP. We assume in it that
the statistics Y, take values in a metric space which is enough for applications though

this restriction can be relaxed.

Lemma 2.1 {&€n, Ppyn > 1} Znp, 0 €
C)
Y Y,: Q, =Y y
o 39: V>R ,0€0 39,5:y—>R PeB,)>0,
(Y.1) {E(Yn‘Pn)anz 1} Yy
V(y).y ey
(Y.2) 6>0 3975:y—>R 0 e o
V
(Y.3) yniaiawuaﬂ—ﬁﬂmn>a:o e>0 Ae®
(Y.4) ;im sup [30,6(v) —30(y)| =0 a>0 0eo
y va
L(Zn |P)SV (n— ) V =Vo; ,3 =(30,0€0)

Proof.Conditions (Y.2) and (Y.4) obviously imply that 3 : )Y — R is V-Luzin mea-
surable, hence V' is a deviability on R .
Let A € A(©). We first prove that

l.d

L(Zp 1PV (n— ), (2.9)

)
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where Z, = (Zpp,0 € A), V. = Voz andj = (39,0 € A). Let f :
R — R be bounded and uniformly continuous. Since, by the definition of V ,
SUp,, RA f(z )V (2 )=sup, f( (y))V(y), we need to prove that

dim B2y, ) =sup f(3 1)V (). (2.10)
Y

Let 3 5 = (30,5,0 € A). Condition (Y.3) implies in view of the boundedness and uniform
continuity of f that

lim T B,/ (7, ) = B/ s(G)] =0, (2.11)
n

Since the sequence {£(Y,,|P,),n > 1} LD converges to V and themap 3 5: Y — R
is V —a.e. continuous, the sequence {L£(3 (Y5)|FPn),n > 1} LD converges to Vo(3 5)

Puhalskii, 1991, Theorem 2.2. Thus, since f is non-negative, bounded and continuous,

Tim B,/ s(Ya) = sup f(5 ()Y (v). (2.12)
Yy

By (2.11) and (2.12), for (2.10) it remains to show that

lim 2up fG s)V(y) = 2up fG W)V(y) (2.13)

which is an easy consequence of condition (Y.4). Convergence (2.9) is proved. The
assertion of the lemma now follows by the Dawson—Gartner theorem on the projective
limits of large deviation systems (Dawson and Gértner, 1987, Theorem 3.3) if we note that
L(Z,, |P,) is the projective limit of {£(Z,, |P,),A € A©)}andV =V onm , A€
A©). O

Remark 2.1 R
(Y) (U) {&ns Ppyn > 1}
Remark 2.2
1. dP,y
E,o=InZ,p=—1 2 .
n,0 N Znp.p ap, s 0O
(Y) —=n,0
(Y)
(Y) Y,: Q, =Y Y%
o Cp: Y — R, 0€ 06, C915:y—>R,966,(5>0,
(Y1) {E(Yn|Pn)a n > 1} Yy

I(y), yey
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(Y.2) 6 >0 Ca}g:y%R 0 e 0O
Y I(y) < oo
(Y.3)  lim Tim P,/"(|2,0 — Co5(Yn)| >€) =0 >0 0eco
(Y .4) lim sup [Co,5(y) — Coly)| =0 a>0 6eo
y Ta

P (a) ={yeY: I(y) <a}
U)

(U) Jim - Tim E,/" exp(nZ,0)1(Eng > H) =0, 0 € O.

n

Y) ()

The above definition of the large deviation principle for statistical experiments covers only
the dominated case and depends on a choice of dominating measures. We present now
another definition which is free of these defects. It is motivated by Le Cam’s definition
of weak convergence of experiments, see, e.g., Strasser, 1985.

Let |A| denote the number of elements in A € A(O). For z = (29,0 € A) € R

and z = (2,0 €0O) € R ,weset |z || = max zg and ||z || = max zg respectively,
and define S ={z €R : |z | =1} and S ={2z €R : |z | =1}. Not to
overburden notation, we sometimes omit the subscript A in || -|| if there is no risk of
confusion.

Next, given a sequence of statistical experiments {&,,n > 1}, where &, =
(Q, Fn. Pryp,0 € ©), set, for A € A(O),

P, = A, P g,

Z = @ " el (2.14)
n.6 dp,, ’ ’ '
Zm = (Zn’g , 0 e A)

The definitions immediately imply that, P, —almost surely,

no = Al (2.15)

and

1< |Z0, | <A /7. (2.16)

17
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Definition 2.2 {&€n,n > 1} the large de-
viation principle (LDP) A € A(©) {L(Zy, |Pp, ),n>1}

R
Remark 2.3 {En,mn > 1} L(Zn, |Po, ) SV Ae
A(©) A% R

We next study consequences of the definition and, particularly, prove that the def-
initions of the LDP for the dominated and general cases are consistent. We start by
giving another characterisation of the LDP. Let H denote the set of all non-negative,
continuous and positively homogeneous functions on R : h € H if h(z ) >0, h is
continuous and h(Az ) = Ah(z ) forall z € R and A > 0. We say that a deviability
V hassupportin§ if V (z )=0forz ¢S5 .

l.d.

Lemma 2.2 A € A(O) L(Zy, |P,, )=V A%
S
lim En/nh"(Zn, )= sup h(z )V (z) heH
n ’ ZA Rﬁ_
L(Zn, P, ) SV €A
(R) SUP,, pA THZ V(z)=1

Proof.Let L(Z,, |P,, ) Vo We have, using the equivalence of LD convergence and
the LDP on R , that, for € > 0,

lim P/"(|Zn, | -1 >¢)> sup V (z).
n

ZA zA e
Inequalities (2.16) imply that the left-hand side equals zero. Since ¢ is arbitrary, V. has
support in S). The claimed limit follows by the definition of LD convergence since, by
(2.16), h(Zy, ) = h(Z,, ) P, —almost surely, where h(z ) =h(z )[(2—|=z [|/A)AL1VO],
and the latter function is non-negative, bounded and continuous.

For the converse, pick a non-negative continuous bounded function f on R . We
need to prove that

Tim B,/ f"(Z, )= sup f(z )V (z). (2.17)

ZA R¢

We define a function f by

o ) if HZ H>07
flz )= Iz |
0, it ||z ||=0.
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Note that f and f coincide on S and, since V is supported by S , we can change
f to f on the right-hand side of (2.17). The continuity of f and the inequalities (2.16)
easily imply that the random variables f(Z,, ) and f(Z,, ) are uniformly bounded and

lim B,/ f"(Zn, )~ E,/" {"(Zn, ) =0.
Since f € H , taking h = f in the conditions of the lemma, we get

lim B, f"(Zn, )= sup f(z )V (2 ),
" ’ 2 RY
concluding the proof of (2.17).
Property (R) follows by taking h(z ) =mgz . O
We now show that if A C A € A(O) then the deviability V is a sort of projection
of the deviability V ., the property being inherited from corresponding probabilities.

Recall notations w + and 7 for the projections from R "onto R and R onto R ,

respectively, and let II » and II stand for normalised projections:
H/z/:W/z//||7T/z/||,z/ER’,||7T/z/|| >0,
Iz =nz/|lrz|,z e€R ,|rz]| >0.

Also we adhere to the convention that sup = 0.

Lemma 2.3 ACA € A©) ‘C(Zﬂ, Pn,)l;)d.v L Zy, ’|Pn,/ l'—>d'V/
() sup h(z )V (2 )= sup h(r: 2z )V (2 /), heH
ZA R¢ ZA! Rﬁl
() V()= swp rrz Vi) 2 €R
Zpz1 X’IAZA
H/Z:{ZIERIZH/Z/:Z}
Proof.Define
.
n, = de ) .
By (2.14),
7 Ly =4y, Ly, P, —almost surely,

and, since h € H , we have that
En,/”h”(Zn, ):En{n, h(Zm I)Zn’ / "= En’/n/hn(ﬂ' ’ Zn’ /).

Applying Lemma 2.2 to the leftmost and rightmost sides we obtain (C).

19
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Now, (S), for a given z € S . can formally be obtained by substituting h(z ) =
1(z =z ||z )|z || into (C) and using the fact that V has support in S . However,
the function A is not continuous, so we approximate it with a sequence of continuous

functions hy € H ,k > 1, as follows. Let
he(z ) =(lz | =klz =z llz [I) -

Since the hy are from H , they satisfy (C). Also hg(z ) | h(z ) as k — oo. {From
the fact that the hy(z ) are continuous and V and V / are deviabilities, it is not
difficult to check by using Dini’s theorem (for a proof see, e.g., Lemmas A.1 and A4 in
Puhalskii, 1995b ) that one can take limit as k — oo in (C) for the hy, as required. O

Remark 2.4 (S) (C)

In analogy with statistical decision theory, Strasser, 1985, we further call a family of
deviabilities {V ,A € A(©)}, where V' is defined on R , if it satisfies (C). If,
in addition, V (2 ) =0 for all z ¢ S , the family is called . The proof of
Lemma 2.3 shows that a family is standard if it meets ().

The next result is of particular importance for the minimax theorem below. It states
that every standard family of deviabilities admits an extension to a function on R

which preserves the conical property.

Lemma 2.4 {V ,A e A©)}
Y R
A% [0,1]
supZ®R$V(z):1 V(z)=0 =z ¢85
A e AO) heH

sup h(z )V (z )= sup h(r z )V (z );

ZA RQ 2O R?
(141) z €ER
V()= sup |[rz]V(z),
ze KIZA
O 2z ={2 eR ‘I z =z}
We relegate the proof to the appendix.

We conclude the section by showing consistency of the above definitions of the LDP

for statistical experiments.
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Lemma 2.5 {€n, Pyyn > 1}

Vv R L(Zy, |Pp) n — oo
L(Zn, P )"V A€ AO),
V(2)= SUp,, <1, |lm z |V (2 ), z €8,
0,
\% {V ,Ae A(O)}
A € A(©) h € H(A)
sup h(m z )V (z )= sup h(m z )V (z ).
2Q R? 20 R?
Proof.
We first prove that, for all A € A(©) and h e H
lim En{nh”(Zn’ )= sup h(m z )V (z ). (2.18)

20 R?
Since by (2.1) and (2.14),

ap, /"

3

Zn0 = Zn,9 dP
n

)

P,—almost surely , 0 € A,

and h is positively homogeneous, we have that

P,
= E,/"h"(x Zn, ). (2.19)

B0 B, ) = B/ W (2, )=

Now using the assumed LD convergence L(Z, |P,) “Y YV we want to prove that

lim E,/"h"(x Z, )= sup h(x z )V (z ), (2.20)
n 2e R?
which by (2.19) would yield (2.18). The function h being non-negative and continuous
but not bounded, (2.20) would follow if the uniform exponential integrability condition
introduced in (2.6) holds:
Jim lim E,/"h"(x Zn, (h(x Z, )>H)=0. (2.21)

n
It is here that we need condition (U). Let h = sup,, g, h(z ) which is finite by the
continuity of h. Since h € H , it follows that h(Z, ) < h ||Z,, ||, so, in view of
condition (U),
lim E,/"h"(x Zn, J(h(x Z, )>H)< Tim E,/"h "Z!g\(h Zng > H)

n n 0

< Tm b PWh Zng>H)—0as H— oo,

n
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where the last convergence follows by Chebyshev’s inequality. So, (2.20) and hence (2.18)
have been proved.
Since by the definition of V|
sup h(z )V (z )= sup h(x z )V (2 ), (2.22)
2n R} ze R9
Lemma 2.2 implies that the proof of the first claim of the lemma is completed by checking
that 'V is a deviability on R
Limit (2.21), in view of the LD convergence of £(Z,, |P,) to V ,implies that (use
property (2.7))
lim sup |7 z || I(|m z || >H)V (2 )=0.
H . R®

Therefore, for every £ > 0 there exists H. such that
{z €R :|rz || V(z)>e}C{z €R :V ( )zHi}
£

so that the set on the left is compact. Since also ||t z || >¢& when |7 2z || V (2 ) >
e,and IT iscontinuouson {z € R : |m z || > ¢}, it follows that theset IT {z €
R :|mz || V(2 )>e¢} is compact. Since, for a > 0,

1

{z €R :V (z)>a}= II 2z €R :|mnz| V(z)>a 1_n—l—1

n

we conclude that the sets {z € R : V (2 ) > a} are compact. Thus, we are left to
check that

sup V (z )=1. (2.23)

ZA RQ
By (2.18) with h(z )=mpz ,0 € A,
sup mpz V (z9) =1,
20 R?
hence,

sup ||m z | V (z9) =sup sup mpz V (z9) =1,
zZe R? 0 20 R?

and (2.23) follows by the definition of V .
The second claim of the lemma follows by (2.22) and Lemma 2.4, The lemma is

proved. O

Remark 2.5 V ,Ae A@), V
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3 A Minimax Theorem

We start the section by showing that, in analogy with the classical asymptotic theory
of statistical experiments (Strasser, 1985), the LDP for statistical experiments allows
us to obtain an asymptotic lower bound for appropriately defined risks which, in fact,
has been the purpose of introducing the concept of the LDP for sequences of statistical
experiments. We next prove that under additional conditions the bound is tight and
study the problem of constructing decisions attaining it.

We consider a sequence of statistical experiments {&,,n > 1}, where &, =
(Q, Fn; Pryg, 0 € ©), and assume that it obeys the LDP. The associated deviabilities
are denoted by V. ;A € A(O©), and V denotes the extension defined in Lemma 2.4.

We introduce some more notation common for statistical decision theory, see, e.g.,
Strasser, 1985. We denote by D a Hausdorff topological space with the Borel o—field
which we take as a decision space; Wy = (Wy(r),r € D), 6 € O, are, for each 6, non-
negative and lower semicontinuous functions on D which play the role of loss functions;
R, denotes the set of all measurable mappings p, : Q, — D, i.e., R, is the set of all
decision functions with values in D. We define the large deviation (LD) risk of a decision

Pn € Ry, in the experiment &, by
Rn(pn) = sup B, WE (on). (3.1)

Obviously, this is an analogue of the risk in minimax decision theory, cf. Strasser, 1985.

Recall that a function f : U — R on a topological space U is level-compact if it is
bounded from below and the sets {u € U : f(u) < a} are compact for all @ < sup,, 7 f(u),
Strasser, 1985, Definition 6.3. Obviously, if U is Hausdorff, a level-compact function is
lower semicontinuous and the supremum of a family of level-compact functions is level-
compact. For the sequel, it is also worth mentioning that level-compact functions attain

infimums on closed sets.

Theorem 3.1 {&n.n > 1}
Wy,0 € O,

n Pn n

R = sup inf supWy(r)zyV (z ).

to ROT 0

{En,Pn,n > 1} \%4

R = sup inf supWy(r)zyV (z ). (3.2)

ze R?T 0

23



24 A .PUHALSKII AND V.SPOKOINY

)  (U)

R =sup inf sup Wo(r)30(y)V ().
Yy

Proof Let A € A(O). We first prove that

lim inf supEn{GnWan(pn) > sup inf sup Wy(r)zyV (z ). (3.3)

p AT
n n g zn RY 0

Let {p,,n > 1} be an arbitrary sequence of decisions. We have, by the definition of Z,,
(see (2.14)),

lim sup En’/;lW5l(,0n) = lim sup En/nWBn(Pn) 2,0
n [/ n 0
1 &
> lim —F, W' (pn)Zy, g
n ‘A‘ 0 ’

> lim B, sup Wi (pn)Z0
b 0 )

> lim E/"w"(Z,, ),

where

w(z )= inf supWy(r)zg, 2z = (29,0 € A) ER .
r 0

Since the set A is finite and the functions Wy are level-compact, it is not difficult to see
that the function w(-) is lower semicontinuous (cf. Aubin, 1984, Proposition 1.7). So by
the LD convergence of L(Z,, |P, )toV ,

lim B,/ w"(Zn, ) > sup w(z )V (2)
n ZA R¢
implying (3.3).
Since the function w(-) belongs to H , an application of Lemma 2.4(ii) yields

sup inf supWy(r)zgV (z ) = sup inf supWy(r)zyV (z ),
ZA RQ T 0 2e R? r 0

so by (3.3)

lim inf supEn/gntn(pn) > sup inf sup Wy(r)zyV (z ).

n pn g : to ROT 0
Now the proof of the lower bound is completed by observing that, for every z = (29,0 €
©)€eR

sup inf sup Wy(r)zg = inf sup Wy(r)zg (3.4)
r 0 r 0
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(for a proof see Lemma A.3 in the appendix or Aubin and Ekeland, 1984, Theorem 6,
Section 2, Chapter 6).
If {&€,,Py,n > 1} obeys the dominated LDP, then by Lemma 2.5
sup inf sup Wy(r)zyV (2 )= sup inf supWy(r)zpV (z ),
20 R0 o RQ" 0
and representation (3.2) follows by (3.4). The last representaion for R in the statement

of the theorem follows since by Lemma 2.1 V. =V o3

|
Remark 3.1
Remark 3.2 (U)
{€n,n > 1}
P, Vv R
L(Zy |Py) SV A%
14 v V om (U)

In applications, as we will see, the assumption that the loss functions are level-compact
is normally met. However, in the appendix we give a variant of Theorem 3.1 for more
general loss functions. As in the classical theory, tackling this case requires considering
generalised decisions, cf. Strasser, 1985.

We now turn to the question of tightness of the above lower bound and start with
defining the concept of large deviation efficiency. Say that a sequence of decisions
{pp,n > 1} is if, for any other sequence of decisions
{on},

lim  (Rn(py) — Ralpn)) < 0.

n
Theorem 3.1 implies that to construct LD efficient decisions one can apply an approach
similar to the one used in the classical asymptotic decision theory. Indeed, by Theorem

3.1, if the Wy , 6 € O, are level-compact, then, for any sequence of decisions {p,, n > 1},

lim R,(p,) > R .

Now if a sequence {p,, n > 1} is such that R,(p,) = R as n — oo, it is obviously
LD efficient.
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Further, motivated by applications, we assume that the sequence {&,,n > 1} is
dominated and conditions (Y') and (U) hold. Then, by Theorem 3.1, the asymptotic

minimax risk can be written as

R = sup inf sup Wo(r)ze(y)V (y). (3.5)
Y

Representation (3.5) prompts considering for each y € ) the subproblem
(@) Q (y) = inf Sup Wi(r)se(y) -

Since the functions Wy are level-compact for each 6 € ©, it follows that, given y € ),
we can find r (y) € D that delivers the infimum in (Q). The value r (y) can be
viewed as “the best decision if the value of Y, is ”. Hence, provided the function
r (y) : Y — D is Borel measurable, the decisions r (Y},) are natural candidates for the
LD efficient decisions. Unfortunately, we cannot prove this without requiring that @ (y)
be continuous (or upper semicontinuous) which usually is not fulfilled in applications.
The reason for the latter, as in condition (Y) above, is that the 34(y) typically are not
continuous as maps from ) into R . Therefore, as in condition (Y'), we invoke the idea
of regularisation. We require that there exist functions 3¢ 5(y) such that functions Q;(y)
defined by

(Qs) Qs(y) = int sup Wo(r)ses5(y), y€V,

are continuous in y, on the one hand, and approximate @) (y) for small §, on the other
hand. A rigourous formulation is given by condition (sup Y') which strengthens condition
(Y) to the effect that the requirements of (Y') hold uniformly in § € ©. This way
of handling the technical difficulties does not allow us, however, to get LD efficient
decisions: as the next theorem shows, in general we are only able to obtain decisions
whose asymptotic risk is arbitrarily close to the lower bound. Still we succeed in proving
that the lower bound of Theorem 3.1 is tight and LD efficient decisions exist. We next
state the condition. Recall that Z,, g = (dP,¢/dP,) /n.

(supY') There exist statistics Yy, : 2, — ) with values in a metric space ) with the Borel
o-field, functions 39 : Y = R ,0 € 0,and 395: Y =+ R , § € ©,0 > 0, such that
(Y.1) the sequence {L (Yy|P,),n > 1} LD converges to a deviability V(y), y € J;

(supY.2) for the uniform topology on R , the functions 3 5 = (395,0 € ©) : Y —

R , § > 0, are Borel measurable and continuous V-a.e.;

(supY.3) gim Tim  sup P,/" (| Zng — 30.6(Yn)| > €) = 0 for all £ > 0;
n 0
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(supY.4) gim sup sup |[30,6(y) —30(y)| =0 for all a > 0.
0

Yy wva

In the next theorem, condition (supY’) is used together with condition (sup U) which

strengthens (U):

(supU) Jim nm sup E,/"Z7 41(Zng > H) = 0.
Theorem 3.2 {Eny Ppym > 1}
(supY) (supU) Wi(r) (0.7)
r feoO rs(y): Y = D
(Qs) rs(y) Pns = rs(Yn)

lim lim Ry(p,s) = lim lim Ry(p,s) =R
) n ’ 0 n ’

lim inf R,(pn) =R .
n Pn n

Pn
lim R,(p,) =R .
n
Proof.Since (supY) implies (Y'), by Lemma 2.1, L(Z,, |P,) My = Vo3 , so by
Theorem 3.1, for each §,
lim Rn(p,;5) = R .

The proof of the first set of equalities would be over if

lim lim R,(p,;) <R . (3.6)
1) n ’

Let C be an upper bound for W: Wy(r) < C. Since
Ba(pug) = 500 B, Wi (pr.5) = 5b B "W (p,5) 7, .
we have that, for any H > 0,

Rupn.5) < 5D By "Wi(py 5) (Zng N + Csup By Z2 1 (Zng > H).
0 [4

The second term on the right tends to 0 as n — oo and H — oo by condition (sup U),

so the required would follow by

m  Tim sup B,/ Wy (p,5)(Zng NH)" <R . (3.7)
1) n 0 ’
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Since

‘ sup En/nWGH(pn,é)(Zn,B A H)n - sup En/nWHn(pn,é)(ﬁﬁts(Yn) N H)n|

< Cswp B,/ (1 Zng = 305 (Ya) | N H)",
condition (sup Y.3) implies that

lim T [sup B, "Wy (9 5)(Zag NH)" 50D Byl "W (5 ) 30.4(Va) AH)"| = 0. (38)
n

Next, using the definitions of Q; and p,, 5 and the inequality Wy(r) < C, we get

n

supEn/"Wa"(Pn,g)(ze,a(Yn)/\H)" < B/ sup(Wa"(pn,(s(y))za,a(Yn))/\CH

= B/"(Qs(Ya) NCH)". (3.9)

The last two expectations in (3.9) are well defined since the assumptions of the theorem
imply that Q;(y) =supy  Wy(rs(v))30,6(y) is a Borel function.

By the boundedness of Wy(r) and (sup Y.2), the function Q;(y) is V-a.e. continuous.
Since L (Yy|Fy) L4 V, we get

lim B,/ (Qs(Ya) ACH)" = sup(Qs(y) A CH) V(y). (3.10)
Yy

By (Q), (Qs) and the inequality Wy(r) < C, we have that

Izup(Qa(y) NCH)V(y) - ZUP(Q (y) NCH) V(y)|

< C'sup SHP(BG,&(?J) —30(y)| ANH)V(y),
Yy

and (supY.4) easily implies that the right-hand side tends to 0 as 6 — 0. Thus,

Jim sup (Qs(y) A CH) V(y) = sup (Q (y) A CH) V (y)

<sup@ (y)V(y) =R, (3.11)
Yy

where the last equality follows by (3.5) and (Q). Putting together (3.8)—(3.11) proves
(3.7) and hence (3.6).

The second claim of the theorem follows by (3.6) and a string of inequalities the first
of which is Theorem 3.1:

R < lim infR,(p,) < lim inf Ry, (pn) < lim Rn(Pn,é)-
Pn Pn n

n n
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Remark 3.3 r5(y)
sup Wo(rs(y))an.s(y) > Qs(y) — €,

e—0 06—0

Remark 3.4 (supY) 30.6(y) = 30(y) 75(y)
J Pn = Pps

Kelley, 1957) so that

Remark 3.5 (Y)
(supY) En, ®/(a)
(supY’)
(supY) Y,: Q, =Y y
o C9: Y — R, 0€ 06, C9’5:y—>R,QE@,5>0,
(Y.1) {£(Yn|Pp),n > 1} I(y), y ey
(supY .2) R ¢ o= (G50 €0): Y —
R , >0, y I(y) < oo
(supY 3)  lim Tim  sup P,/"(|Z,0 — Co.6(Yn)| > &) =0 £>0
n 0
(supY .4) fim sup sup [Co,5(y) — Co(y)| =0 a>0.
Y 7a

(supY) (supY) (supU)

(supU) F}im lim sup En/" exp(nZ,,9)1(En9 > H) = 0.
n 0

We further refer to the decisions p,, 5 as nearly LD efficient.

4 Asymptotic LD Risks and Efficient Decisions for Hypoth-

esis Testing and Estimation Problems

This section specifies the asymptotic minimax bound of Theorem 3.1 and (nearly) LD
efficient decisions for some typical statistical set-ups by considering hypothesis testing

and estimation with Bahadur—type criteria. We consider indicator loss functions, i.e.,

Wy(r) = 1(r € Ag), r € D,0 € O,
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where Ay are closed subsets of D. Then the LD risk of a decision p,, in the nth experiment
is

Bn(pn) = sup P, (pn & Ay).

For applications, it is convenient to introduce the logarithmic risk
1
R, (pn) = sup In P, g(pn & Ag)- (4.1)
Accordingly, we consider the logarithm of the lower bound R :

R = sup inf sup (CG_I (C ))a
(e R®T 0 Agr

where I (¢ )= —logV (2 ) for 2 = (exp(¢y),0 € ©), ¢ = (¢ps0 € O).
Theorem 3.1 then yields the following result.

Theorem 4.1 Ay, 0 € O, {Epsn > 1}
lim inf R,(pn) >R .
n Pn n

Let us assume now that the sequence {&,,n > 1} is dominated and conditions (Y ) and

(U ) hold. According to Remark 2.2 and Theorem 3.1, we then have that

R =sup inf sup (Go(y) —I(y)). (4.2)
y r 0 Ag T

Similarly, subproblems (@) and (Qj) of Section 3 take the form

Q) Q (y)zjnfg sup Coly), ye,
and
(Qs) Qs(y) =inf sup (s(y), ye V.

r 0 Ag T

Obviously,

R Zzup(Q (y) = 1(y))-

Let the infimum in (Qy) be attained at some point 74(y) which is the case, e.g., if the
Ay ,0 € ©, are compact. We denote p, 5 =15(Y,).
Combining Theorem 4.1 and Theorem 3.2, and taking into account Remarks 2.2 and

3.5, we obtain the following theorem.

Theorem 4.2 {&n, Po.n > 1}
Ay, 0 € O,
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Y) (U)
lim inf R,(pn) >R .
n Pn n
rsy 0 >0 y D
(supY’) (supU)

lim lim R,(p,s) = lim lim R,(p,s) =R
) n ’ 0 n ’

lim inf R, (pp) =R .

n pn

Let ® and © be non-intersecting subsets of the parameter set ©: © C 0,0 C
©,0 NO = (. We want to test the hypothesis H : 6 € © versus the alternative
H :0€0 .

The decision space D consists of two points: D = {0,1}. We endow it with the
discrete topology and, for any decision (test) p, we treat the event {p = 0} (respectively,
{p = 1}) as accepting (respectively, rejecting) the null hypothesis.

An associated loss function Wy(r) is the indicator of the wrong choice:
Wy(r) =10 ¢ ©6,), r=0,1, (4.3)
and the logarithmic risk R (p,) of a decision p, in (4.1) takes the form

1 1
Rl (py) = max sup —InP,g(p, = 1), sup — In Py, g(p, = 0) . (4.4)
6 oM 6 N

Denoting the corresponding asymptotic minimax risk R by T , we have by (4.2) that

T = sup min asup(Ca(y)—I(y)),asup (Coly) — I(y)) - (4.5)
Yy 0 1

For the sequel, it is more convenient to use another representation for 7' which is

T = sup  S(0,0), (4.6)
0 0,0 1
where
S(0,0) = sup min {¢y(y) — I(y),Co (v) — I(y)}. (4.7)
Yy

Next, subproblem (@) for this case is

Ts(y) = min sup (o5(y), y€ V.

T v 0 1-7r

31
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It has the solution

rs (y) =1 sup Cos(y) < sup Cos(y) |

0 o [

which leads us to tests of the form
Pos =1 sup G (Ya) < sup Cps(Yn) - (4.8)
0 1

In the case of two simple hypotheses # and 6 , the tests reduce to a regularisation of

the Neyman-Pearson test:
Pis = 1(Co0.5(Yn) < Cor,6(Yn)) -
Applying Theorem 4.2, we get the following theorem.

Theorem 4.3 C) C) C]
{&ns Py n > 1} (Y) (U)

lim  inf Rg(pn) >T.

n Pn

(supY ) (supU)

lim inf RI(p,) =T,

n Pn n
T
pn,6
lim Tim R](pp;) =lim lim Rl (pl;) =T .
[ n ’ [ n ’
Let © be a subset of a normed space B with norm |-||. We are interested in estimating

a parameter # under the Bahadur—type loss function
Wy(r) = 1(lr — 6l > ¢) (4.9)
for a given positive ¢. The logarithmic risk of an estimator p,, is
RE(pn) = sup 10 Pog(on = 0] > o) (4.10)

We assume that the decision space D is either a compact subset of B with the induced
topology or a closed convex subset of B with the weak topology; in the latter case, B is
assumed to be a reflexive Banach space. For both cases, the functions Wy,0 € O, are
level-compact on D.
In this set-up, we denote the asymptotic minimax risk R from (4.2) by F :
E =sup inf  sup  (Go(y) — I(y)), (4.11)

Y [4 r 6 >c

and the corresponding subproblem (Q;) is
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(Es) E;(y) = inf sup  Cos(y), yeEV.
Ll 0 r 6 >c

We next describe solutions to (Ej). Consider a real-valued function f(6),0 € O, and let

Ah)={60€0O: f(6)>h}, heR, (4.12)
r(h) = inf sup |jr —0||, h € R, (4.13)
r 0 Ah

he =inf(h : r(h) < ¢).

We assume that h. < oo (e.g., f(f) is bounded). Note that, for both definitions of D,
the infimum in (4.13) is attained since the functions r — ||r — || from D to R are

level-compact for all § € © .

Lemma 4.1 D.={reD:supy o4, lr—0| <c}
re € D inf, supy , 4 <. f(0)
he

Proof.Since the function (r,h) — supy 4, |[r—0|| is decreasing in A and level-compact
in r € D, the function r(h) is decreasing and right-continuous. Hence, r(h.) < ¢
and, since inf, supy 4, |/r —0|| = r(h:) and the infimum is attained, the set D,
is nonempty.

Now let r. € D.. By definition, ||r.— 0| < c for all § € © such that f(6) > h.. Hence,

sup f(0) < he. (4.14)
0 re 6 >c

On the other hand, if h < h., then r(h) > ¢ which implies that, for every r € D,
supg 4 It — 0|| > ¢ or, equivalently, there exists 6 such that f(6) > h and ||r — 0] > ¢
so that inf, supy , 4 -.f(#) > h. Since h is arbitrarily close to h., we conclude
that

inf sup  f(0) > h,
L r 0 >c

which by (4.14) proves that inf, sup, , 4 -.f(0) = he and r. delivers the infimum.
Finally, if r ¢ D, then supy 4, [|r —60| > ¢, i.e., there exists § such that ||r — 60| > c
and f(0) > h, which yields the inequality sup,  , 4 . f(0) > he. O

Remark 4.1 r(h) 0
f(@)>h he h c
he
c ()
0 f

2c Te

33
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Let r.(f) denote an element of the set D, in the lemma and, taking f(0) = (p,5(v) ,
let rfc(y) = r(¢ s5(y)). We assume that the functions rfc(y) : 'Y — D are Borel

measurable. We can then define the estimators
s = T5e(Yn)- (4.15)
Motivated by Remark 4.1, we call these estimators

A version of Theorem 4.2 for this case is the next theorem.

Theorem 4.4 B D
B D
©CB
{En, Ppym > 1} Y)

lim inf Ry(ps) > E .
n Pn n
(supY’) (supU)

lim inf RE(p,) =FE,
n Pn n

:05,6 = T(iE,c(Yn)
lim Tm R (pl;) =lim lim RY(o;) =E .
n n

Remark 4.2 B o

Let © be a subset of a vector space and L(-) a linear functional on the vector space.
Consider the problem of estimating L(f). We take D = R, the real line. As above, we

consider Bahadur—type criteria: the loss function is

Wy(r) = 1(jr — L(0)| > ¢), 0 € ©,r € R,
where ¢ > 0 is fixed, and the risk of an estimator p, is given by

RY () = sup = 1n Pog (1o = L(6)| > o). (4.16)
The asymptotic minimax lower bound R assumes the form

F =sup inf sup  (Co(y) — 1(y)), (4.17)
Y r 0 r L0 >c

and subproblem (Q;) becomes
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(Fs) Fs(y) = inf sup Co5(y), ye V.
Ll 0 r L0 >c

Associated solutions rs(y) can be constructed along the same lines as for the parameter-
estimation problem. Specifically, fixing y and 4§, let us denote f(0) = (p,5(y) and let, for
h € R and A(h) from (4.12), denote by Lo A(h) the image of A(h) on the real line for
the mapping L:

LoA(h) ={L(0):0€ A(h)}.

Let B(h) be the smallest closed interval in R containing Lo A(h). Set further, denoting
by d(B(h)) the length of B(h),

her = inf{h: d(B(h)) < 2c}.

Finally, consider the intervals B, of the length 2c¢ that contain B(h. ) (note that
d(B(he,r)) < 2¢), and let D, be the set of the centres of all such intervals. The

argument of the proof of Lemma 4.1 yields the following lemma.

Lemma 4.2 D, re, € D
inf?" Supg r L0 >c f(g) hc,l
To emphasise dependence on f, let us denote the elements of D, by r.r(f). By the

lemma, rgc(y) =7r..(¢ s(y)) solves (F5). Assuming that the rgc(y) are Borel functions

from Y into R, we introduce estimators p’ ; of L(6) by

pns =rer(C 5(Ya)), (4.18)

)

and call them also interval-median. Applying Theorem 4.2 we get the following result.

Theorem 4.5 {Eny Ppym > 1}
(Y) (U)
lim  inf Rg(pn) > F .

n Pn

(supY ) (supU)

lim inf R (p,)=F ,
n Pn n

phs=Ter(C 5(Yn))

lim Tim Ry(pfs) =lim lim Ry (p55) = F .
n n

We conclude the section by giving a more explicit representation for F' .
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Lemma 4.3

F = sup S5(6,6),
0.0 1O 0 > c

S(6,0)

S(6,0) = sup min {Cy(y) — I(y),Co (y) — I(y)} -
Yy

Proof.We fix y € Y with I(y) < oo, set f(6) = (yp(y) and define h. as above. We show
that

hc,L = sup min f(e)a f(@ )
0,00 L6 0 >c

By (4.17) and Lemma 4.2, this implies the claim.

Since d(B(h)) < 2cfor h > he,1,, we have that if 6,0 € © are such that |L(6—6)| > 2¢c
then min(f(0), f(0)) < he,r. Conversely, if h < h. 1, then d(B(h)) > 2¢, hence there exist
0,0 € © such that L(0 —6) > 2c and f(0) > h, f(6 ) > h which, by the arbitrariness of
h < he,r, ends the proof. O

Remark 4.3
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5 Statistical Applications

In this section, we go back to the statistical models introduced in Section 2 and apply to
them the general results of Sections 3 and 4. We first verify the LDP for the models by
checking conditions (Y ) and (U ). This is done under weaker assumptions than in Section
2. After that we give conditions that imply (supY ) and (supU ). Next, considering
certain hypothesis testing and estimation problems for the models, we calculate the
asymptotic minimax risks and indicate (nearly) LD efficient decisions.

Each of the subsections below uses its own notation. We mention it if different
subsections reuse certain symbols for the same objects. For the reader’s convenience, we
repeat the main points of the analysis of the models in Section 2 and recall the models
themselves. Also we implicitly assume that the functions we choose as estimators are

properly measurable.

We observe a sample of n independent real-valued random variables X, =
(X ..., Xnp) normally distributed with A'(6,1), 6 € © C R. For this model, ,, = R"
and P, g = (N(0,1))", 6 € ©. We take P, as a dominating measure P,,. Then

n

1. dPny 1 1
—In——(X) = — 0Xp,—=0), X=(X....,X ",
’flndpn( ) nk ( k 2 )’ ( ’ ) TL)GR
Thus, it is natural to take
1 n
Yn:_ Xk,n,nZL
n
k
so that
1. dPny 1
Hpg=—1 —(X,)=0Y,—-0.
no = g (Xn) = 0% = 3

Then {L(Y,|P,),n > 1} obeys the LDP in R with rate function IV (y) =y /2,y € R
(see, e.g., Freidlin and Wentzell, 1979). This checks condition (Y .1).
We next take
Goly) = Coaly) = Oy~ 36 (51)
Conditions (Y .2)-(Y .4) are then obvious. Condition (U ) follows by Chebyshev’s in-
equality since

E,/" exp(nZ,,9)1(Eng > H) <e ng In exp(2nE,9) — e H 02,

By Remark 2.2, the sequence {&, ,n > 1} obeys the LDP. Moreover, condition (supY’)
trivially holds. If, in addition, © is bounded, it readily follows that condition (sup U ) is

met as well.
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We now turn to hypothesis testing and estimation problems and begin with calculat-
ing, for 0,0 € ©, the value of the function S(0,0) from (4.7).

Lemma 5.1 0,0 € ©
0—46
50.0) = swpmin Go(s) — 1" )G ly) - V() = -5
Yy

Proof.By (5.1) and the definition of IV, (p(y) —I(y) = —(y — 6) /2, so

_ -0 _y-06) _ _(0-0)
S(H,H)-zugmln T T =-——

5.1.1 Testing 6§ =0 versus |6 > 2c

Assume that © contains 0 as an internal point. We test the simple hypothesis H : 0 =0
versus the two-sided alternative H : |f| > 2¢ with some ¢ > 0 such that the interval

[—2¢,2c] is contained in ©. The logarithmic risk of a test p, is given by (see (4.4))
’ 1 1
R, (pn) =max —InP, (p,=1),— sup InP,4(p, =0)
n n g c

Now, using (4.6) with ® = {0} and ® = {6 € ©: || > 2¢} and Lemma 5.1, we readily
get

T = sup S(O,H):—c—.
0 ¢ 2

Next, by Theorem 4.3 and Remark 3.4, LD efficient tests pg can be taken in the form

0
pZ;:l sup (op(Yn) > ¢ (Yn) =1 sup (GYn_?) >0 =1(Ya]>0¢).
0 c 0 c

Applying Theorem 4.3 and Remark 3.4, we arrive at the following result.

Proposition 5.1 [—2¢,2¢) C ©

. . T &

lim infR, (pp) > ——=.
Pn 2

n

. . T N _C_
nhm 1£LfRn (pn) = 5

. T, Ty _ €
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5.1.2 Parameter Estimation

Now we consider the problem of estimating the parameter 8. We take the real line as a
decision space D. Recall (see (4.10)) that, for a given ¢ > 0, the risk of an estimator
pn is defined by

RE(pn) = sup 10 Prllpn — 0] > o).

In view of Remark 4.3, the asymptotic minimax risk £ is given by Lemma 4.3:

E = sup S(0,0).
000 6 6> c

Lemma 5.1 implies that if ® contains an interval of the length greater than 2c¢, then

E = —c /2. An application of Theorem 4.4 and Remark 3.4 yields the following result.

Proposition 5.2 O 2c

. . C
lim lpI}Ler]LE(pn) > o

n

C]
lim inf RY(p,) = ==
Jiminf By (pp) = — 2,
pﬁj :TC(C (Yﬂ))
lim RE(pF) =S
ni tnPn 2
Remark 5.1 ,07El = 1¢(Ca(Yn)) Y,
Y, —c€O Y,+ce®O pn = Yn
lim, R (p,) = —c /2
c O Py
C] Y, ¢ 0 pn ¢ ©
C) ok C)

We observe an independent-identically-distributed sample X, = (X ,,..., X, ) from a
distribution Py, 6 € O, on the real line. We assume that the family P = {FPy,0 € O} is
dominated by a probability measure P, i.e., Py < P, 8 € ©. This model is described
by dominated experiments &, = (Qn, Fn; Pryg, 0 € ©) with Q, = R", F, = B(R"),
P,o=P}, 0€0O,and P, =P".

Assume that the family P satisfies the following regularity conditions:

(R.1) dPy/dP(z),0 € ©, r€ER

39
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dP, 7
(R.2) ") Pldr) <o, 00, v €R.
r dP
We have that
_ 1. dP,y " 1. dp dPy
Hpg = —In——(X,,) = —In—(X In — (2) F,, (dx),
where
1 n
Folz) =— 1(Xgn <2x), x € R, (5.2)
k

are empirical distribution functions.

We take the latter as statistics Y}, in condition (Y'). The underlying space ) is the
space of cumulative distribution functions on R which we denote by F and endow with the
topology of weak convergence of associated probability measures. By Sanov’s theorem
(Sanov, 1957, Deuschel and Stroock, 1989, 3.2.17), the sequence {L (Y,|FP,),n > 1}
obeys the LDP with rate function I°(F) = K(F,P), F € F, where K(F,P) is the
Kullback-Leibler information:

@)L (@) P(da), it F < P

K(F,P)= (5.3)

00, otherwise.
This checks condition (Y .1). The verification of the rest of condition (Y ) is more
intricate than in the previous example.
Denote for § € ©, x € R and 6 > 0,

Lo) = 0y

dP
Ly 5(x) Lo(x) Ao V(=0 )

and let
Co.5(F) = RL€,5($)F(d$)7 FeF.

By (R.1), the functions (y s are continuous on F, so (Y .2) holds.
We check (Y .3). Condition (R.2) implies that, for all v > 0,

lim [exp (v|Lo(x) — Ly g(a)]) — 1] Plda) = 0. (5.4)
R
Then, for v > 0,e > 0, with the use of Chebyshev’s inequality,
P,/"(Bnp = Cos(Fa)l > €) < P,/"  |Ly(x) = Lys(2)| Fu(da) >
R

< exp(—ye)B,/" exp  ny . [Lg(x) — Lg5(z)| Fn(dz)

= exp(—ye) _exp (v |Lo(a) ~ Lyg(z)) Pld).
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By (5.4), it then follows that
lim Tm P,/"(|En9 — Co5(Fn)| > €) < exp(—ye).
[ n

Since +y is arbitrary, (Y .3) follows.
We next check (Y .4) with

Ly(z)F(dz), if I9(F) < oo,
GF)= (5.5)
0, otherwise.
To begin, we show that the (4 are well defined. Since the functions zlnz — z 4+ 1 and
expz — 1 are convex conjugates (Rockafellar, 1970), by the Young-Fenchel inequality
(Rockafellar, 1970, Krasnoselskii and Rutickii, 1961), for F < P,

Lo(@) I (@) Pz) < fexp (|Lo(a))) — 1] P(da)
R R
dF dF dF
dPy
< 14 . —5 (@) P(dz) + IS(F).

In view of (R.2), this proves that the (s are well defined.
Now, for F with I¥(F) < oo, we have, for v > 0, using the Young-Fenchel inequality

again,
V[Co,6(F) — Co(F)] < 7 [Lgs(z) — Lo(z)| F(dz)
< . lexp (v |Lg,5(x) — Lo(z)|) — 1] P(dz)
dF dF dF
. d—P(x) In d—P(a:) - d—P(a:) +1 P(dz)

= R[exp(v\Le,a(ﬂﬁ)—Le(fc)l)—l]P(dfc)JrIS(F)-

Hence, by (5.4)
a

lim  sup [(p5(F) — (o(F)| < —,
5 o Y

e
and letting v — oo, we arrive at (Y .4). Remark 2.2 then implies that the LDP holds for
{L(Zn, |Py),n =1},

It remains to check (U ). Using once again Chebyshev’s inequality, we obtain, for
H>0,

E,/" exp(nEn0)1(Eng > H) < exp(—H)E,/" exp(2nE,.)
dp,

= exp(—H)
r dP

()  P(dx),
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and the required follows by condition (R.2).
Conditions (Y ) and (U ) have been checked, and thus the LDP holds.

Remark 5.2 (R.1) Lys =
(Los(z),z € R),0 > 0,0 € O,
(R.2)

To check (supY ) and (sup U ), we assume that stronger versions of conditions (R.1) and
(R.2) hold:

(sup R.1) dPy/dP(z), 0 € ©, x €
R

ap,

(sup R.2) sup () P(dz) < oo v € R.

o r dP

Defining (y, (p,5, Ly and Ly ; as above, we have, by (sup R.2), that for all v > 0

limsup [exp (v |Zo(x) — Los(a)]) — 1] P(ds) = 0.
0 R

The latter equality enables us to check conditions (supY .3) and (supY .4) in the same
way as conditions (Y .3) and (Y .4). Condition (supU ) is also checked analogously to
condition (U ), with the use of (sup R.2). Condition (Y .1) has already been checked.

It remains to check (supY .2). We show that the functions ((ps(F),0 € ©) are
continuous in F' for the uniform topology on R which obviously implies (supY .2).
Since the weak topology on F is metrisable, it is enough to check sequential continuity.
Let '™ weakly converge to F' as n — oo. Then the definition of the Ly s and (sup R.1)
imply that the Ly s(z),0 € O, for d fixed, are uniformly bounded and equicontinuous at
each z € R so that (see, e.g., Billingsley, 1968, Problem 8, §2)

sup  Lgs(x)F " (dx) —  Lgs(x)F(dz) — 0
0 R R

checking (supY .2). Conditions (supY ) and (supU ) have been checked.
We now proceed to considering concrete statistical problems for the model. For this
we need the following result by Chernoff, 1952, see also Kullback, 1959.

Lemma 5.2 P FE
o P,QeP 7

inf max {K(F, P),K(F,Q)} = C(P,Q),
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K(F,P) C(P,Q)

C(P,Q)Z—vinf In EP”(x)q 7 () p(dz).

We next apply Lemma 5.2 to calculating the function S(0,6) from (4.7).
Lemma 5.3 0,0 € ©
S(0,0) := sup min (g(F) — I°(F), Gy (F) = I°(F) = —C(Py, Py).
F

Proof.Let I°(F) < co. Then F <« P and, since the densities dPy/dP(z), 6 € O, are
positive, we also have that F' < Py and P-almost surely

dF _ dF Py
dP  dPy dP’
Therefore, by the definitions of ¢y and I°,
dPy dF
F)—I°(F)= In——(z)F(dz) -~ In-—F(d
G ~I°(F) = W TR@)F(dr) ~ o F(dr)
dF

and the result follows by Lemma 5.2. O
We now give an application to hypothesis testing problems. Consider the tests from
(4.8):

phs=1 HSUP Co,5(Fn) < HSUP Co,5(Fn)
0 1

As above, the risk RI(p,) of a test p, is defined by (4.4). By (4.6) and Lemma 5.3,

T =— n C(Py, Py),
0 0,0 1

8o Theorem 4.3 yields the following.

Proposition 5.3 ] O O]

(R.1) (R.2)
lim infRI(p,) >~ inf C(Py,Py).
n Pn 0 0,9/ 1

(sup R.1) (sup R.2)
lim inf R (p,) = — inf  C(Py, Py),
n Pn 0 0,9/ 1

Prs

)

lim lim R} (pp,;) =lim lim R[(p; ;)
[ n ’ 0 n ’

= — i C(Py, Py).
, mf (Pa, Py)

In a similar manner one can tackle estimation problems for 6 or linear functionals of 6.
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We observe a real-valued stochastic process X,, = (X, (t),t € [0, 1]) obeying the stochas-

tic differential equation

dXAﬂ:Q@ﬁ+;%dWULO§t§L (5.6)
where W = (W(t),t € [0,1]) is a standard Wiener process and 6(-) is an unknown
continuous function.

This model is described by statistical experiments &, = (0, Fpn; Py, § € ©), where
Q, = C[0,1], the space of continuous functions on [0, 1] with the uniform metric, ® C
C[0,1] and P, g is the distribution of X,, on C[0, 1] for #. We take P, = P, , where P,
corresponds to the zero function #(-) = 0. Then P, y < P, and, moreover, by Girsanov’s

formula, P,—almost surely,

1 1 dPy g
Hpo = —1In
nd = dP,

(X2) = O(t)dXn(t) — 0 (t)dt. (5.7)

DN | =

So, to check condition (Y ), we take Y;, = X,, and Y = C]0,1].
Let C [0,1] be the subset of C[0,1] of the functions z(-) that are absolutely con-

tinuous with respect to Lebesgue measure and equal to 0 at 0. Since the sequence
{L(Xyp|Py),n > 1} obeys the LDP in C[0, 1] with rate function

(&(t) dt, ifz()eC01],

1" (a()) = (5.8)

8 N =

, otherwise,

where 2(t) denotes the derivative of z(-) € C[0,1] at ¢ (see, e.g., Freidlin and Wentzell,
1979), condition (Y .1) holds.
We next take

0 (t)dt, z(-) € C[0,1], (5.9)

N | —

Co5(x(-)) = 05(t) dz(t) —

where
/4
05(t) = 0(ko)1(t € [ko, (k +1)d)), t € [0,1], (5.10)
k
the first integral on the right of (5.9) being understood as a finite sum.

By the continuity of 6(-),

lim  (0(t) - 05(t)) dt = 0. (5.11)
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The (p 5 are obviously continuous in z(-) € C[0,1], so (Y .2) holds. Next, by (5.7) and
(5.9), we have, for ¢ > 0 and y > 0, in view of Chebyshev’s inequality,

P (B0 g = Cos(Xn)| > ) < P/ (0(t) — 05(8)—= dW () >

S

<2 exp - (0() - 65(t) dt .
and by (5.11)

lim lim Pn/"(|En’9 — Co,5(Xn)| > €) < 2exp(—ve)
1) n

which proves (Y .3) by the arbitrariness of ~.
For condition (Y .4), we take

Ot)z(t)dt — = 6 (t)dt, if IV (z(-)) < oo,
0, otherwise.
The ¢y are well defined, since, by the Cauchy-Schwarz inequality and (5.8), if z(-) is
absolutely continuous then
/
0(t)a(t)| dt < 6 (t)dt (21" (x(-) /.

Moreover, if I (z(-)) < oo then

Go.5(2 () = Golz())] < 105(2) — 0(2)|]2:(t)] dt

/ /
< (05(t) — 0(2)) dt (#(t)) dt

SO

sup  [Co,5(z (1)) = Co(2())] < (20) / (05(t) = 0(1)) dt

xT IWa

and the latter goes to 0 as § — 0 by (5.11). Condition (Y ) has been verified.
It remains to check (U ). Using the model equation (5.6), (5.7) and Chebyshev’s

inequality once again, we have that

En/” exp(nZ,,9)1(En g > H) < exp(—H)En/” exp(2n=, g)

= exp(—H ) exp 6 (t)ydt —0 as H — oc.

Conditions (Y ) and (U ) have been checked.
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Remark 5.3 0(-)

0 (t)dt < oo.
05

For conditions (supY ) and (supU ), we require that the functions 6(-) belong to a
compact in C[0,1]. More specifically, for fixed g € (0,1], M > 0 and K > 0, we

introduce the Holder class
S(8, M) =1{0(-) : |0(t) — 0(s)| < M|t — s|°, for all s, € [0,1]}, (5.12)

define X (8, M) to be the subset of 3(3, M) of functions 6 such that sup, = [6(¢)| <
K and assume that © C X g (5, M). By the Arzela—Ascoli theorem, the set X (8, M)
is compact in C[0, 1]. Also

sup 0 (t)dt < oo (5.13)
0 K /87M
and
lim sup (0(t) — 05(t)) dt = 0. (5.14)

o 9 g BM

Now conditions (supY .3) and (supY .4) are checked as conditions (Y .3) and (Y .4),
respectively, with the use of (5.14) in place of (5.11). Condition (supY .2) follows
by the uniform boundedness of functions from Xy (8, M) which implies that z(-) —
(Co.5(z(-)). 0 € Bk (B, M)) is a continuous map from C[0,1] into R with the uniform
topology.

Finally, condition (supU ) follows in analogy with condition (U ) with the use of
(5.13). This completes verification of conditions (supY ) and (supU ).

We now calculate the function S(6,6) for the model.

Lemma 5.4 6,0 € C[0,1]
5(0,0) = sup min{Co(x(-) — I (2(-)) Go (2()) — I (2())}

_ _% 0(t) — 0 ()] dt.

Proof.Since by the definitions of I and ¢y, for z(-) with IV (z(-)) < o0,

Ga() ~ 1V (@() = 5 (@(0) ~ 0(1) dt,
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we get, by the inequality max(a ,b ) > (a —b) /4,

S(0,0)=— inf max % [£(t) — 6(t)] dt,% [E(t) — 0 (t)] dt

T c

< _% 0(t) — 6 (1)] dt.

On the other hand, for z(-) with z(¢) = [0(¢) + 0 (¢)]/2, we have that

1 . 1 . 1
S -0 di=5 [0 -0 di—5  [6()-0()] d

and the required follows. O
Now we apply these formulae and the general results from Section 4 to two statistical

problems concerning the value of the function 6(-) at an internal point ¢ of [0,1].

5.3.1 Testing 6(t ) =0 versus [0(t )| > 2¢

Given ¢ >0, denote ® ={€0O:0(t)=0}, ® ={0€O:|0(t ) >2c} and define
the risk RI(p,) of a test p, by (4.4). Introduce

t = (¢/M) /5. (5.15)
Proposition 5.4 c,B,M,K t [t —t,t +t]C]0,1] K >
2c
© =X(8,M)
208 ¢ c /B
lim inf R (p,) > — —
Jm ) 2 G esr ) M
206 ¢ c /B
lim inf RY(p,) = — —
bR (on) = TG M
Pz,a
— 26 ¢ c /B
. n T, T T . T, T _ _

Proof.By Theorem 4.3, we need only to calculate T' from (4.6). Denote
0 (t)=[c—Mt—t [°] , (5.16)

where a = max(a,0). If 6 € © and § € © then the inequality |0(t ) —6 (¢t )| > 2¢
and the Hélder constraints (5.12) imply that |0(t) — 6 (t)| > 2[c— M|t —t |°] =26 (t),
and hence

O(t) — 0 (t) dt > 40 (t)) dt.
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This yields, by Lemma 5.4,
1 v
$(0.0)<—g4  (0(1) dt=— (c — MtP) dt
26 ¢ c /B
B+HE2+1) M

On the other hand, evidently, ¢ — 60 € © , ¢c+60 € O and S(c—0 ,c+6) =

—— (6 (¥)) dt so that

208 ¢ c /B

T=, 5 S0 ="Gines+n M

5.3.2 Estimating 6(¢ )

Treating (¢ ) as a linear functional of 6(-), we define the risk of an estimator p, of

6(t ) by
1
RE(pp) = gupﬁlnPMgﬂpn —6(t )| > c).
Proposition 5.5 c,B,M,K t [t —t ,t +t]C][0,1] K >c
© =X(8,M)

. . 208 ¢ c /B

1 fRE (pn) > — — .

a2 = ey M

. I B 28 ¢ c /B
A o) = S es ) M

95,5
. 0 : 3 216 ¢ ¢ /ﬂ
1 1 R (pF ) =1 | RI(pF ) = — T :
51m m n (pn,5) 51m am n (pn,é) (/3 + 1)(2ﬁ + 1) M

n n

Proof.By Theorem 4.5 and Lemma 4.3,

lim infRE(p,) > F = sup 50,0 ).
n pn 0.0 0ty 0ty > c

Repeating the above calculation for the testing problem, we obtain with 6 (¢) from (5.16)

B B 26 ¢ c /B
F _5(9’_9)__(5+1)(25+1) M
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Remark 5.4

pn= Kt —1)dX,(t)

K(t) = (B+1)/(2¢8) (M[c) 1P [e = Mt — ¢ |]
RI(p,) = F n — 0o

We consider the regression model
k
Xk,n = G(tk,n) + fk,n, ten = E, k=1,...,n, (5.17)

where errors &, are independent standard normal and 6(-) is an unknown continuous
function.

In this model, Q, = R", © C C0,1] and P,y is the distribution of X, =
(X ..., Xpp) for 0(-). As above, we take P, = P, . Then

)

1. dP,y
= = —In———(X
n.f n . dP, (Xn)
1" 1"
= - g(tk,n)Xk,n e 0 (tk,n)
n 2n
k k
1 n
= WX — 5 0 (k). (5.18)
k
where
1 nt
Xn(t) =— Xk, 0<t<1.
n
k

This prompts taking the process X, = (X, (t), t € [0,1]) as a statistic Y}, in condition
(Y ). We define ) to be the space of right-continuous with left-hand limits functions on
[0,1] with the uniform metric.

Since the Xy, are N'(0,1)-distributed under P,, the sequence {L (X, |P,),n > 1}
obeys the LDP with I from (5.8), Mogulskii, 1976. This checks condition (Y .1).

Next, we define (g s5(z(-)) as in Subsection 5.3, i.e.,

Gala()) = GsB)dzlt) — 3 0 (), a() €D, (5.19)

where

/6
05(t) =  O(kO)L(E € [kd, (k +1)d)), ¢ € [0,1].
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Note that the (y ;5 are measurable with respect to the Borel o—field on ) and continuous
at z(-) with I (z(-)) = oo since they are continuous at continuous functions and
I (2(+)) = oo when z(-) is not absolutely continuous. This checks condition (Y .2).

Now, by (5.18) and (5.19),

n

P,/ (|Bng — Co5(Xn)| > ) <1 0 (t) dt —% 0 (k/n) >¢e/4
k
+P,/" (0(t) — 05(t)) dXn(t) > /2

The first term on the right is zero for all n large enough by the continuity of 6(-). The

second is not greater than

e ¥ B/mexp ny  (0(t) — 05(t)) dXn(t)

<2 % exp - (B(k/n)) — b5(k/n))
n
k
Since the 6(-) are continuous and the 6;(-) are step functions,

1"
Jim — o (0(k/n) = 05(k/n)) = (6(t) - 05(t)) dt,
k
and the latter goes to 0 as § — 0. Since 7 is arbitrary, condition (Y .3) follows.
Conditions (Y .4) and (U ) are checked as for the “signal + white noise” model (with

the same choice of (p).

Remark 5.5 o(-)
[0,1]

To get nearly LD efficient decisions, we assume that the 6(-) belong to the class X g (5, M)
defined above. Conditions (supY .2), (supY .3), (supY .4) and (supU ) are checked as
for the “signal + white noise” model if we in addition take into account that

lim sup (O([nt] +1/n) —0O(t)) dt =0.
n 0 K B,M

Condition (sup Y .2) is obvious.
Since here we have the same functions IV (z) and (y(z) as for the “signal + white

noise” model, the statistical problems of Subsection 5.3 are solved in the same way.

We consider the regression model (5.17) but now assume that independent identically

distributed errors £, have a distribution P on the real line with a probability density
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function p(z) with respect to Lebesgue measure. An unknown regression function 6(-)
is again assumed to be continuous, so © C C[0,1].
Next, we assume that the density p(z) obeys the following condition, cf. conditions

(R.1) and (R.2) for the model of an independent-identically-distributed sample:

(P) p()

As above, for a regression function 6(-), we denote by P, 4 the distribution of X, =
(X n....,Xnn). We have, with P, = P,

1. dP,y 1" p(Xgn —0(k/n)
Z,9=—1 2(X,)=— 1 :
n,d n n dPn ( ) n . n p(Xk,n)

As in the case of an independent-identically-distributed sample, this representation sug-
gests taking for Y, an empirical process F,, = F,(z,t), z € R, t € [0,1], defined by
F,(z,0) =0 and

t

1 n
F,(z,t) = - W Xkn <), 0<t<Il. (5.20)

k
Then
- p(z —6(t))

= In ——=F,(dz, dt). 5.21
n,0 R p(:}:) ( ) ( )

We define ) as the space of cumulative distribution functions F' = F(z,t), z € R, t €
[0,1], on R x [0,1] with the weak topology. Let ) be the subset of } of absolutely
continuous with respect to Lebesgue measure on R x [0, 1] functions F(z,t) with densities
pi(z) satisfying the condition ,pi(z) dz =1, t € [0,1]. As it follows from Dembo and
Zajic, 1995 or Puhalskii, 1996[Theorem 1], the sequence {L(F,|P,),n > 1} obeys the
LDP in Y with rate function I°K(F) given by

n p(x)dedt, f FeEY,
I°K(F) = " () P

00, otherwise.

This checks (Y .1).
To define (y ;(F'), introduce the functions

plz —0(t))
p(z)
Los(z,t) = Lo(z,t)V (=6 YA ,z€R,tel01]

Ly(z,t) = In

’

o1
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The functions Ly 5 are bounded, continuous and, in view of (P), satisfy the relations

imo e (y | Lo, t) ~ Lol 0)) — ple) dedi =0, >0, (522)
R
and, for every v >0,

nt] nt]

lim exp v Ly z,~— —Ly; z,— —1 p(z)dzdt =0 (5.23)
n R n n
as 0 — 0. We set
Cos(F) = Los(z,t) F(dz,dt). (5.24)

R
Then condition (Y .2) holds by the definition of the topology on ) and choice of the Ly ;.
For condition (Y .3), write, for y > 0, using Chebyshev’s inequality, and (5.20), (5.21)
and (5.24),

1 -
Elnpn( Zn,g — CG,é(Fn)‘ > 8)
1

IN

—InP, |Lg(x,t) — Ly s(z,t)| Fy(dz,dt) > ¢
n R

1
< —ye+ - In  exp(y|Lg(z,k/n) — Lo s(z,k/n)|) p(x) dz.
k R

Limit (5.23) yields

— — 1
lim lim — lnPn(‘En’g — CQ’(;(Fn)‘ > 8) < —YE
) n n

which proves (Y .3) since v is arbitrary.
For condition (Y .4), we take
Ly(x,t) F(dz,dt), if IK(F) < oo,

0, otherwise.

The (p are well defined since, by the Young-Fenchel inequality, if F(z,t) =
boe ps(y)dy ds then

Lot P pay dedi < fexp (Lo, 1)) — 1] ple) da di
R P(fﬁ) R
pi(z) pt(x)_pt(x) ) dr
T b M) ple) TP P ded
<1+ p @ple—0() dodit I9(F)
R

which is finite when I°%(F) < oo by condition (P).
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Next, once again by the Young-Fenchel inequality, we have, for v > 0,
YICo,6(F) — Co(F)| < 7 |Lg,5(z,t) — Lo(z,t)| F(dz,dt)
< e (lLop(et) - Lo@.1)) — () d de -+ IF(P),
so by (5.22)

Tim sup  [Cp5(F) — Gp(F)| <

d F IISKa

=2

which proves (Y .4) since v is arbitrary.

Condition (U ) is checked as in the case of an independent-identically-distributed
sample with the use of condition (P).

We now check conditions (supY ) and (supU ). For this, we assume that the 6(-)
are again from the set X (8, M) defined in Subsection 5.3. Then limits (5.22) and
(5.23) hold uniformly over 6 € Xk (8, M) which allows us to check (supY .3), (supY .4)
and (sup U ) analogously to (Y .3), (Y .4) and (U ), respectively. Condition (supY .2)
follows from the fact that the Ly s(z,t),0 € X (8, M), are equicontinuous at each (z, 1)
and uniformly bounded, so the ({yp5,0 € ©): Y — R are continuous for the uniform
topology on R .

We now calculate the function S(0,60), 6,6 € ©. This is carried out with the use of
a generalisation of Chernoff’s result in Lemma 5.2 which we state and prove next. Let E
be a Polish space with the Borel o-field £ and P(E), the space of probability measures
on (E,£). As above, for F,P € P(E), we denote by K(F,P) the Kullback-Leibler

information:

F
log —(z)F(dz), if F <P,
KE e B pEFE

00, otherwise.
Recall that K(F, P), for P fixed, is convex and is a rate function in F' for the weak
topology on P(FE), Deuschel and Stroock, 1989, 3.2.17.
If the role of E is taken over by E x [0,1] with the product topology, then given a
probability Borel measure v on [0, 1], we denote by P, (E x [0, 1]) the subset of P(E x [0, 1])
of measures F' such that F(E x [0,t]) = v([0,¢]),t € [0,1].

Our version of Chernoff’s result is the following lemma.
Lemma 5.5 E P,Q € P(E x[0,1])
WX v 7 v E
[0,1] v([0,1]) =1

. Ui%f | max {K(F,P), K(F,Q)}
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Proof.Obviously,
max {K(F, P), K(F,Q)} = sup (yK(F,P) + (1 -)K(F,Q)). (5.25)
v
Let P(E x [0,1]) be endowed with the weak topology. Since K(F,P) is convex and
is a rate function in F, we deduce that the function yK(F,P) + (1 — v)K(F,Q), v €
0,1, F € P,(E x [0,1]), meets the conditions of a minimax theorem (see, e.g., Aubin
and Ekeland, 1984, Theorem 7, Section 2, Chapter 6). Hence,

Lot sw GK(RP)+ (- )K(FQ)
v ’ /.y b

= sw nf  (K(RP)+(1-)K(F.Q). (5.26)

/.y b v ’

The latter infimum can equivalently be taken over F' dominated by P and (), and hence
by p x v. Denote by f;(z) the density of F' with respect to u x v. Since, by the definition
of P,(E x [0,1]),

FEXDA) = fe) pdz)v(at) = v([0.1), +€[0.1]

we have that

fi(x) p(dz) =1 v—almost everywhere. (5.27)
E

Next, by the definition of the Kullback—Leibler information,

where 0/0 = 0,0log 0 = 0. Since the function zlogz,z > 0, is convex, an application of

fi(@) pldz) v(dt), — (5.28)

Jensen’s unequality and (5.27) gives that v—almost everywhere in ¢ € [0, 1]

(0} —ft(x) T XL — 10 ’YIL' ’y$ Z
= 8 ), V(x)ft( ) u(dz) > —log Ept( Jay '(z) pldz).

On the other hand, taking

flz) = pi(z)q () Ep?(w)qt (@) p(de) (5.29)

we get equality above. Since the measure F' with the density defined by (5.29) belongs
to P,(E x [0,1]), we obtain by (5.28) that

. yi%f | [YK(F,P)+ (1 —v)K(F,Q)]

=— log Epz(x)qt " (z) p(dz) v(dt)

which, by (5.25) and (5.26), concludes the proof. O
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Remark 5.6 v
Now we apply Lemma 5.5 to evaluating the function S(6,6 ).
Lemma 5.6 0,0 € ©

S0,0)= inf  logH, (6 (t) — 6(t)) dt.
Y )

Proof.We have, for F €Y with I°5(F) < oo,

Co(F) = I°F(F) = =K (F, Py),
where Py(dz,dt) = p(x — 0(t)) dz dt, and the claim follows by (4.7) and Lemma 5.5 with
E = R,u(dr) =dz,v(dt) =dt,P =Py and Q =Py . O
The latter result enables us to calculate asymptotic minimax risks for various statis-
tical problems. To compare with the Gaussian case, let us consider the same statistical
problems as in Subsection 5.4 dealing with the value of §(¢ ) for a given ¢ . Sets X(3, M)
and Y (B, M) are defined as above.

5.5.1 Testing (¢t ) =0 versus [0(t )| > 2¢

Given ¢>0,1let © ={0€0O:0(t)=0}, ®© ={0€0O: |0(t )| >2c} and define the
risk RI(p,) of a test p, by (4.4). Recall that ¢ was defined in (5.15).

Proposition 5.6 c¢,B,M,K t t —t,t +t]cC]0,1] K >
2¢ P (P) H,(s)
s>0 v €10,1]
0 =X(8,M)

t*
lim inf R (p,) > inf 2 log H,(2(c — Mt?))dt.
Pn s

n Y

O =Xk (8, M)

t*
lim infR!(p,) = inf 2 log H,(2(c — MtP))dt,
n pn T

T
Pn.s

)

lim lim Rj(p,,) =lim lim R} (p, ;)
1) n ’ 0 n ’
t*
= inf 2 log H,(2(c — MtP))dt.
7 b
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Proof.By Theorem 4.3 we need only to evaluate 7' from (4.6). A straightforward

calculation using Lemma 5.6 and the monotonicity of H,(s) shows that

T := sup S0,0)= inf 2 logH,(20 (t))dt,
0 0;61 1 v s

where 0 (t) = [c— M|t —t |?] . The claim follows. O

5.5.2 Estimating 6(¢ )

For the problem of estimating (¢ ), the risk of an estimator p, is defined by
I 1
R, (pn) = sup In P, g(lpn — 6(t )| > ).

Proposition 5.7
© = %(8, M)

t*

lim infRY(p,) > inf 2 log H,(2(c — Mt%)) dt.
Pn ,

n Y

O = Yk (8, M)

t*
lim inf RF(p,) = inf 2 log H,(2(c — Mt%)) dt,
n Pn Y )

F
pn,5

lim Lim Ry (py;) =lim lim R} (p) )
5 n ; R, ;
t*
= inf 2 log H,(2(c — MtP))dt.
v
Proof.By Theorem 4.5 and Remark 4.3 it suffices to calculate the asymptotic minimax

risk given by Lemma 4.3:

F = sup S(0,0)
0.0/ 01ty 60t > c

which is done as for the “signal 4+ white noise” model. O

Remark 5.7 0(t)

Inp(z)
n — 00 c—0
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Let us observe a sample X, = (X ,,..., X, ) of real-valued random variables, where,
for some k,, > 1, the observations X ,,..., X}, , are independent identically distributed
with a distribution P and the observations X, ,,..., X, , are independent identically

distributed with a distribution P. We assume that P and P are known and k, is
unknown. Let us also assume that k, = [n#], where § € ® = [0,1]. For this model,
1, = R" and P, g denotes the distribution of X,, for 6.

Let a probability measure P dominate P and P , and

@)= @) f @) =), se R,

be respective densities. We assume that f (z) and f (z) are positive and continuous and
f(z) P(dz) < oo,  f7(z) P(dz) < oo for all y € R. (5.30)
R R

Introducing P, = P™, we have

nf n
1. dP,g 1 1

=——YX,)== Inf(Xin)+— Inf (Xin
o= R = mf () I (Xi)

i i nd
so that defining an empirical process by

nt

1
Fn(x,t)zﬁ I(X;n <z), z€R,te]0,1],

we obtain the representation

0

Eng = Inf (z) Fp(dz,dt) + Inf (z) F,(dx, dt).
R R

0

We define statistics Y, and a space ) as for the non-Gaussian-regression model. Let
Vp consist of the functions F' € )Y that are absolutely continuous with respect to the
measure P(dz) x dt with densities p;(x) such that ,pi(z)P(dz) =1,t> 0. As for the

non-Gaussian-regression model, condition (Y .1) holds with

pe(x) Inp(z)P(dx) dt, if F € Yp,

00, otherwise.

We next take, for F(-,-) € ),

Cos(F) = . L 5(z)gs(0 —t) F(dz,dt) + . L 5(z)gs(t — 0) F(dz,dt),

o7



58 A .PUHALSKII AND V.SPOKOINY

where

Lis(z) = Inpi(z)ANd V(=6 ), i=0,1,
gs(t) = 0OV 1/2+46 t AL

The functions L; s and g; are bounded, continuous and
;im lexp (y|Inp;(z) — L; 5(z)|) — 1] P(dz) =0, i = 0,1, v > 0. (5.31)
R

The (g5 are easily seen to be continuous, so (Y .2) holds.

For (Y .3), write, by Chebyshev’s inequality, for v > 0,e >0 and n>4§

P/ (B — Co.6(Fn)| > ©)

< p/n IInf (z) — L s(z)|F(dz, dt) + 26 > %
R
+p/m nf (z) — L 5(x)|Fp(da, dt) + 26 >
R

2
< exp(—vye/2) exp(2yd) [Eexp(y|In f (X ») — L 5(X »)l)
+Eexp(y|Inf (X ») =L 5(X )],

3

nm P,/ (1200 — Co.5(Fn)| > €)
< exp(—v¢e/2) exp(270) ReXP(V\ Inf (z) =L ;5(z)|)P(dz)
+ RGXP(VUDf (z) = L s5(z)))P(dz)

and, by (5.31), this goes to 2exp(—ye/2) as 6 — 0. Since ~ is arbitrary, condition (Y .3)
is checked.
To check (Y .4), we take

0

Inf (z)F(dz,dt) + Inf (z)F(dz,dt), if IpK(F)<oo,
R R

Co(F) =

0
0, otherwise.

The facts that the (y are well defined and (Y .4) holds are proved as for the non-Gaussian-
regression model with the use of (5.30). Condition (U ) also is easily checked.

Remark 5.8 f (z) f (z)
L;s

)
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Next, the argument used for (Y ) and (U ) checks also conditions (supY ) and (supU )
(the verification of (supY .2) uses the fact that the function gs(t — ) is equicontinuous
for 6 € [0,1] at each ¢ € [0,1]).

The next step is evaluating S(6,6) for 6,6 € [0,1].

Lemma 5.7 0,0 €0,1]
S@,0)=—l0—-0|C(P,P).

Proof.In a manner similar to the case of non—Gaussian regression, we have, for any

F € Yp,I3K(F) < 0o with F(dz,dt) = p(z) P(dz) dt,

¢ pt(x)
Co(F) — IpK(F) = - In pi(z) P(dz) dt
R P («T)
— w20 Plae) dt = —K(F,By),
g9 R P (»T)

where Py(dz,dt) = (f (£)1(t < 0)+ f (z)1(t > 0)) P(dz) dt. The claim follows by (4.7),
Lemma 5.5 with E = R, u(dz) = P(dz), v(dt) = dt, P = Py and Q = Py and the
definition of Chernoff’s function in Lemma 5.2. O

We apply this result and the general theorems from Section 4 to the problem of

estimating the parameter 6. The risk of an estimator p, is defined in a standard way:

1
RE(p,) = gsup - InP, o(lpn — 0] > ¢). (5.32)

Proposition 5.8 c<1/2

lim inf RE(p,) = —2¢C(P ,P).
Pn

n

Pn.s

)

lim Tm R (p5) = lim lim R7(p]5) = ~2cC(P,P).
n

n

Proof.We apply Theorem 4.5. One needs only to calculate the minimax risk F' . Using

Lemmas 4.3 and 5.7, we obtain

F = sup S6,0)=—-2cC(P,P).
0.0 6 60> c

O

Remark 5.9

Pn.s

)
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We consider the model
Xk,n = g(tk,n) + Sk,na k=1,...,n, (533)

where real-valued errors &, are independent with a common distribution P having a
density p(z) that obeys condition (P) of Subsection 5.5, and design points tj , are real-
valued independent random variables with a common distribution II and are independent

of the & ,. We impose a standard condition on the design measure II.

(1) I

We denote the support by D. An unknown regression function 6(-) is assumed to be
continuous. In this model, P,y is the joint distribution of X, = (X ,,..., X, ) and
th = (t ny.-.,tny) for 6.

Let us take for Y, the joint empirical distribution function F,, of X,, and ¢, :

1 n
F,(A,B) = - I( Xk € Aty €B) (5.34)
k
for Borel sets A C R, B C D. We take Y to be the space of distributions on R x D with
the weak topology. Let also P, = P, = (P xII)".
With these definitions,
dP, ¢
n
dp,
" p(Xk,n - g(tk,n))
p(Xk,n)
—0(t
_ e
D R p(z)

—_
(=)

—=n,0

1 (Xn,tn)

In

1
n
1
n

k

Fy(dz, dt).

Let )Y be the subset of the set YV of the cumulative distribution functions on R that
are absolutely continuous with respect to Lebesgue measure on R and have support in
R x D.

Under P, , the random pairs (X} ,t ) are independent identically distributed with
the distribution P x IT, and hence, by Sanov’s theorem, the LDP holds for the F,, with
rate function I°°(F) defined by

p(z, )
I95(F) = p r p@)7(t)
00, otherwise.

p(z,t)dedt, fFe),



ON LD EFFICIENCY IN STATISTICAL INFERENCE 61

Here F'(dz,dt) = p(z,t)dzdt. This checks (Y .1).
Set next, for F' € ),

Co(F) = 5 RIHWF(@:,(H), if 199(F) < oo,
0, otherwise,
CGslF) = IHW NG V(=0 )F(dz,dt).

With this notation, the rest of condition (Y ) and condition (U ) are checked in analogy
with the case of non-Gaussian regression. This proves the LDP for the model.

For conditions (supY ) and (supU ), we again assume that 6 € (5, M), where
the set Y (8, M) was defined above. The conditions are then checked as for the non-
Gaussian-regression model.

Now we calculate the function S(0,0) from (4.7). Recall that the function H,(s)

was defined in condition (P).

Lemma 5.8 (P) (IT)

S(0.0) = inf log Hy(6 (1) = 0()() dr

Proof.Given F € Y with I°9(F) < oo, we easily get

((F) = I°%(F) = —K(F, Py),

where Py(dz,dt) = p(x — 0(t))n(t) dz dt, and the claim follows by (4.7) and Lemma 5.2
with E = R x D, u(dz,dt) = dxdt,P = Py and Q = Pp. O
Now we consider the same two statistical problems as in Subsection 5.5 and compare

the results for the cases of random and deterministic design.

5.7.1 Testing (¢t ) =0 versus [0(t )| > 2c

Given ¢ € D and ¢ > 0, consider the hypothesis testing problem: 0(t ) = 0 versus
|0(t )| > 2c. The risk RI(p,) of a test p,, as well as the sets X(8, M) and ¥ (8, M),

and ¢ are defined as above.

Proposition 5.9 D = [0,1] B, M,K t [t —t.,t +
t] C[0,1] K > 2¢ (P) (IT) H,(s)
s>0 v €10,1]
0 =X(8,M)
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tg t*
T = inf log 1+ H,(2(c— M|t —t |P)) =1 =(t)dt
v to t*
lim inf RL(p,) =T ,
n Pn
PZ&

3

lim Tm RY(pl,) =1lm lim RI(pI,) =T .
0 n ’ 4 n ’

Proof.Theorem 4.3 reduces the proof to calculating T' from (4.6). Using the result of
Lemma 5.8 and proceeding in analogy with the case of deterministic design, we conclude

that

T =S(c—6.,c+0)
to t* to t*

= inf log m(t) dt + H,(2(c — M|t —t [P))n(t) dt + m(t) dt
Y )
to t* to t*

Now the claim follows by the equality ,n(t)dt =1. O

5.7.2 Estimating 6(¢ )

As above, when estimating 6(¢ ), we define the risk of an estimator p, by

1
Rﬁ(pn) = , SUEM Elnpn,€(|pn —0(t )] > ).
K P

Proposition 5.10

© = X(8, M)
lim infR) (p,) > F ,
n Pn
to t*
F = inf log 1+ H,(2(c— M|t —1t |P)) =1 =(t)dt
Y s to t*

lim inf R (p,) = F ,
n Pn
95,5

lim Tm R (p};) = lim lim RY(p};) =F .
n n

Proof.By Theorem 4.5 it suffices to calculate the asymptotic minimax risk F from

Lemma 4.3 which is done in analogy with the proof of Proposition 5.9. O



Remark 5.10

Remark 5.11

c—0

ON LD EFFICIENCY IN STATISTICAL INFERENCE

[0,1]
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A Appendix

Let {V , A € A(©)} be a standard family of deviabilities so that for all A C A € A(O)
and z €5

A% (Z ): sup ||7I' A /H A% /(Z /). (11)
Zp! X’lAZA
We define
inf V (1T , es |
V (2 )= in |lm 2 | (T 2 ), =z (1.2)
0, otherwise,
where weset V. (Il z )=1land |7 z | V (Il 2z )=occwhen |7 z | =0.

The functions |7 z || V (IT z ),A € A(©), are easily seen to be upper semicon-
tinuouson S ,s0 (V (z ),z € R ) is upper semicontinuous as the infimum of a family
of upper semicontinuous functions. Moreover, since, for every z € S and ¢ > 0, there
exists A € A(O) such that |7 z || > 1—¢, and since V (Il z ) < 1, we conclude
that V' (z ) < 1. Since (i7) obviously follows by (7i7), we are left to prove (7i7) and the
equality

sup V (z )=1. (1.3)

zo Se
We begin with (7i7). Let us fix A and z assuming that z € S . Definition (1.2) implies
that
V()= sup |rz][V (z),

Ee) A RA
so we need to prove that
V()< sup |mz ]| V (2). (1.4)
Ze A ZA

We, first, note that (1.2) and (1.1) imply that

V()= inf J|mowz| V. Iliz), 2z €85 . (1.5)

!

Indeed, by (1.1), if AC A € A(®) and 2z € S 1issuch that |7 z || > 0 then
V(2 ) > s | V(e ),
and hence, since w + Il 1z =m 2z [||m 1z | -,

|lw oz ||,V (IT iz )<|m 2z || V (IT z)
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which, in view of (1.2), proves (1.5).
Next, we obviously can assume that a := V (2 ) > 0. For A D A,A € A(O),

introduce the sets
A/Z{Z!ES/:H/Z/:Z andHTr/Z/HV/(Z/):a}. (1.6)

We show that A / is nonempty. Since V /(z +) < 1, the supremum on the right of (1.1)
can equivalently be taken over the set IT , z N{|lx » z /|| > a/2}. This set is closed
since the projection IT + is continuous in restriction to the set {z +: |7 + 2z /|| > a/2}.
Since V / is a deviability, it attains supremums on closed sets, so the supremum on the
right of (1.1) is attained which is equivalent to A  being nonempty. Next, A / is closed
and hence compact since V' is upper semicontinuous and, by (1.1) and the definition of
a, |[m+ z || Vi(z)=aifandonlyif ||x + z /]| V /(2 /) > a.
Now we introduce for each A € A(©), A DA,

A ={z €[0,1] :II 2z €A/ and|r 2z | +>a}.

These sets are easily seen to be nonempty (e.g., if 2+ € A then z = (2,0 € O),
defined by (29,0 € A) =z » and 29 = 0,0 ¢ A, belongs to A /) and compact for the
Tihonov topology on [0,1] (the latter holds because II / is continuous in restriction to
theset {z : |7 sz || »>a} and A + is closed).

We next show that, for every elements A and A of A(O) containing A, the sets
A and A » have a nonempty intersection. Indeed, let A =A UA and z € [0,1]

be such that z € A w and ||[r wz || =1 (such a z obviously exists). We prove that
z €A and z € A n.
Denote z m =11 mz , z + =11 +z , the latter being well defined since the defini-

tions of A » and A » imply that |7 z || > a. First, note that
H/Z/:HZ :HIIIZH/:Z’ (17)

where the last equality follows by the fact that z » € A w. This and (1.1) yield, in view

of the equality IT w 1z w =2z 1,
Vi(z) 2 llmrz/ Vi(z), (1.8)
V /(z /) 2 Hﬂ' "1z ///H /V ///(Z ///), (].9)

Next, by the definitions of z » and z ,
Hﬂ' n z m|| = Hﬂ' 1 Z /H . Hﬂ' nm 1z m|| ’
so that, by (1.8) and (1.9),

V (z )Z Hﬂ' /A /|| . ||7T m 1z ///H /V ///(Z ///) = Hﬂ' m z ///H V ///(Z III),
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Since z m € A m, we actually have equality here and hence in (1.8) and (1.9). The first
of them and (1.7) prove that z + € A . Equalities in (1.8) and (1.9) together imply,
since V IH(Z /N) < 1 and Hﬂ' (A /|| < 1 that Hﬂ' morz m|| "> A% I(Z I) > \% (Z ):a;

since also |7 mz || » =1, we get
||7T (4 || 1= Hﬂ' mz H H/-||7T "1z ///H /Za.

This concludes the proof of the inclusion z € A /. The inclusion z € A » is proved
by the same argument.

Thus, finite intersections of the compacts A /,A DO A, are nonempty, hence

N+ A, # 0. Pick 2 from this intersection and let z = z /||z || . We prove
that
Iz =z (1.10)
and
Vii)=lrz]| V(z) (1.11)

which yields (1.4) since z €S . Let A € A(©) with ACA . SinceIl .z =1II /2 €
A 1, it follows by the definition of A + that I1 2 =TI » II 2z =2z checking (1.10),
also

_ 2|

V(z)=a=l|r Mz || V.(II 1z ) Vv (I 'z ),

oz
S0

lmz |V (z)=lrz |,V ({l.z)

In view of (1.5), this implies (1.11), and (1.4) follows. Assertion (7i7) has been proved.
Finally, according to (%),
l=sup V(z)=sup |[[7xr 2z || V(2 )< sup V (z)
ZA SA ze Se 2 Se

proving (1.3). O

Remark A.1 Vv

A<A ACA

This subsection contains a minimax theorem for generalised risks and non-level-compact
loss functions. We assume the setting described at the beginning of Section 3 and start
by introducing an extension of the space of decisions, cf. Strasser, 1985.

Denote by C (D) the set of all non-negative bounded continuous functions on D, and

let B(D) be the set of all functionals b: C (D) - R with the following properties:
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(1) b(0) =0,b(1) = 1, where 0 (respectively, 1) denotes the element of C (D) identically
equal to 0 (respectively, 1);

(2) b(f) <blg)if f <g, f,geC (D);
(3) b(Af) = Ab(f), feC (D),A€R ;
(4) o(f +9) <b(f) +b(9), f,geC (D).

Also let B (D) be the subset of those b € B(D) for which, in addition,

(5) o(f Vg) =0b(f) Vb(g), f,geC (D),

where f V g denotes the maximum of f and g.

We endow B(D) with the weak topology which is the topology induced by the Tihonov
(product) topology on R * | i.e., a net {b,,0 € X} of elements of B(D), where ¥ is a
directed set, converges to b € B(D) if lim, b, (f) = b(f) for all f € C (D). Obviously,
B(D) is closed in R *

We extend the domain of the functionals b to the set C (D) of lower semicontinuous

non-negative functions on D by letting

b(g) = sup{b(f): f<g, f€C (D)}, geC (D). (1.12)

It is easily seen that the map b — b(g) is lower semicontinuous on B(D) for each g €
c (D).

Next, let us denote by B, the set of all random elements on (€2, F,) with values in
B(D). We call the elements of B, generalised decision functions (or generalised decisions).
Given loss functions Wy,0 € ©, which are lower semicontinuous by definition, and a
generalised decision 3, € B, , we define §,(Wj') according to (1.12), and define the LD
risk By, () of a generalised decision 3, € B,, in the experiment &, = (2, Fp; Pn g, 0 € O)
by

Ba(Ba) = sup B,/ B (W), (1.13)

Theorem A.1 {€n,n>1}

lim inf Bu(f,) > B .

n

B = sup inf supb(Wp)zyV (z ).
20 R?b B, 0

For a proof, we need to study properties of B(D) and B (D).

67



68 A .PUHALSKII AND V.SPOKOINY

Lemma A.1 fyof..o,fr €eC (D) {bp,n > 1}
B(D) b € B (D) b(f)
b () >1) =1,k

Proof.Let ||-|| denote the uniform norm on C (D). Define C = (D) as the subset of C (D)
of functions f with ||f|| < 1. Introduce the functionals b,(f) = b,/"(f*),f € C, (D).
Then the set B = {b,,n > 1} is contained in the set [0,1] #+ . By Tihonov’s theorem,
[0,1] v+  with the product topology is compact, and hence B is relatively compact. Let
b denote some its accumulation point. We extend b to a functional on C (D) by letting
b(Af) = Xb(f),A > 0,f € C (D). Since b, € B(D), it is easy to see that b € B(D).
Also, since the topology on B(D) is the restriction of the product topology on R * |
it follows that b is an accumulation point of {En,n > 1}, where the b, are extended
to functionals on C (D) by letting b, (A\f) = Ab,(f), X > 0,f € C ., (D). This implies,
by the definition of the by, that b(f;) is an accumulation point of {b,"(f),n > 1} for
i=1,... .k

We end the proof by showing that b € B (D). Let f,g € C (D). Then, since b is an
accumulation point of {b,,n > 1}, it follows that b(f), b(g) and b(f V g) are respective
accumulation points of {b,(f),n > 1}, {bn(g),n > 1} and {b,(f V g),n > 1}. Hence,
by the definition of the b,, for a subsequence (n ), we have that bn{nl(f”l) = b(f),
b,/ (g"') = b(g) and b ™ ((f V 9)"') = b(f V g). By properties (2) and (4) of B(D),

b/ (f") Vb (") < b/ ((FV 9)") <27 b VB (G
and we conclude that b(f V g) = b(f) Vb(g). O
Lemma A.2 B (D)

Proof.An argument similar to the one used in Lemma A.1 shows that the set of function-
als {(b(f),f € C, (D)),b € B (D)} is closed in [0,1] “+  and hence compact which
obviously is equivalent to the compactness of B (D). O

The next lemma is motivated by and extends Aubin, 1984, Proposition 8.2.

Lemma A.3 T U
g(t,u),t € T,u €U,
(a) g(t,u) uel teT

(b) t,t €T t €T g(t ,u) > g(t ,u) Vgt u)
u€eU

sup inf g(t,u) = inf sup g(t,u).
t Tu U u Uy
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Remark A.2 (a) g(t,u) u U

Remark A.3 T (b) g(t,u) t
u gt ,u) <g(t ,u)uel, t <t
T

Proof.We proceed analogously to Aubin, 1984. Pick a > sup, 7 inf, ¢ g(t,u). We need
to prove that

a > inf sup g(t, u). (1.14)
u Uy T

Let T ={teT: sup, yg(t,u) > a}. If T is empty, the proof is over. So we assume
that T # (. By the choice of «, the sets Ay = {u € U : g(t,u) < a} are nonempty
for all t € T, and they are, moreover, compact for all ¢ € T, since the g(¢,u),u € U,
are level-compact. Condition (b) implies that, whatever ¢ ,¢ € T, there exists t € T
such that A;, Ay, D A, # 0, which shows that finite intersections of the compacts
Ay, t € T, are nonempty, and hence , 5, Ay # (). The latter is equivalent to
a > inf sup g(t,u).
uw Uy

Since by the definition of T', a > sup; ¢ 7, g(t,u), v € U, (1.14) is proved. O

Proof of Theorem A.1 We need to prove that, for an arbitrary sequence §,,n > 1,
of generalised decisions,

lim By, (6,) > B . (1.15)

n

The argument is similar to the one in the proof of Theorem 3.1. Let fy(r),0 € O, be some
non-negative, bounded and continuous in r € D functions. Fix a nonempty A € A(O).
We have, by the definition of Z,, (see (2.14)),

i sup B,y a(fF) = T sup B, 6 (f7)Z0
n 0 n 0
1 "
> ll_m _En, Bn(fﬂn) Z,G
A
> lim E/"supBa(f)Z0
n ) ’
> lim En,/nUZ(Zn, ) (1.16)

where

un(z ) = inf zupb/”(fg)z,g, z = (2,0 €N ER . (1.17)
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Note that the u,(z ),n = 1,2,..., are upper semicontinuous (recall that A is finite)
and hence measurable so that the expectations on the rightmost side of (1.16) are well

defined.

Let us introduce

u(z )= inf supb(fg)zg, 2z €R , (1.18)
b By 0
and prove that
lim up(z (n)) >u(z ), 2z €R, (1.19)

n

for each sequence z (n) — z .
Let b, € B(D) be such that

lim u,(z (n)) = lim zupbn/n(fan)za(n)- (1.20)

n n

By Lemma A.1 and since A is finite, there exists b € B (D) such that b(fy) is an accu-

mulation point of {bn/n(fg), n > 1} for all @ € A. Therefore, we have, for a subsequence
(n),
limb, /" (f5') = bifa), 0 €A,

limsupb," (5 )zo(n) = Lim  supb,/™(f5)z(n).
n' g ]

n

Since A is finite and z (n ) — z , we conclude that
lim zupbn/n(fél)za(”) = zupb(fa)za
n

which, in view of (1.20) and (1.18), proves (1.19).
By (1.19) and the LD convergence of {L(Z,, |P, ),n > 1} to V , we have (see
Varadhan, 1984; Chaganty, 1993; Puhalskii, 1995a)

lim B,"u(Z, )> sup u(z )V (z). (1.21)

n ZA RQ

Since by (1.18) u € H , property (i7) of V  in Lemma 2.4 yields

sup u(z )V (2 )= sup u(r z )V (2 ).

ZA R¢ 2O R?

Relations (1.16) and (1.21) imply then that

lim sup B,y B () > sup u(m 2)V (2 ),
n 0 2e R?
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so, by the definition of the function w in (1.18),
lim sup B/}, (ff) > sup  inf supb(fo)zV (2 ).
’ 0

n 0 20 R?b B,

Hence, since A € A(©) and f,(f) are increasing in f from C (D), it follows that

lim supE,;,(W§) > sup  sup inf supb(fy)zV (2 ),
n ] ’ 0

20 R? b By

fo Cw

where Cyww = {f = (fyp,0 € ©) € C (D) : fy < Wp,0 € ©}. Thus, (1.15) and the
theorem would follow if, for every z = (29,0 € ©) € R ,

inf b = inf b(Wy)zg. 1.22
sup - inf  sup (fo)zo , i ZUP( N (1.22)

fo Cw

Fixing z , introduce, for A € A(©),f €C (D) ,be B (D),
g((A, f ), b) = zupb(fa)Za-

We check that g((A, f ),b) satisfies the conditions of Lemma A.3. Supply the set A(O) x
Cw with the natural order: (A,f ) < (A,f )if ACA and fy < fy,0 € O©. It is easily
seen that A(©) x Cy is a directed set and g((A, f ),b) is increasing in (A, f ) for each
b. Also, since A is finite, the definition of the topology on B(D) implies that g((A, f ), b)
is continuous in b for each (A, f ). Therefore, since B (D) is compact by Lemma A.2,
g((A, f ),b) is level-compact in b. Thus, by Lemma A.3,
sup inf g((A,f ),b)= inf sup g((A, f ), 0).
Jo Cw b B b By Je Cw

Recalling the definition of g and using the fact that by (1.12)
b(Wy) = sup{b(fo) : fo <Wy,fo€C (D)}, 6€O,

we get (1.22). O
It is interesting to relate Theorem A.1 with Theorem 3.1. Let us associate with each
r € D an element b, of B (D) defined by

br(f) = f(r), feC (D). (1.23)

Then b,, € B, when p, € B,,. Therefore, in view of extension (1.12) and definitions
(3.1) and (1.13), By(b,,) < Rp(pn), so

lim inf R,(p,) > lim inf B,(b,,) > lim ﬁinf By, (Bn).

n P n Pn n

Similarly, R > B so that Theorem 3.1 follows from Theorem A.1 if B = R . The

next lemma establishes conditions for the latter.
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Lemma A.4 Wy
Wy =sup{fy: fo < Wy, fo €C (D). fo 1,0 €0,
R =B
Remark A.4 Wy
D D

The proof is preceded by two lemmas. We first derive a maxitive analogue of the partition

of the unity (cf. Strasser, 1985, Lemma 6.6).

Lemma A.5 f,....,fr€eC (D) e>0 h,....,hpm € C (D)

1 max jmhj(r)zl,rED,

2 max ; gl|fi(r)—fi(r )l <e r r hi(r ) >0 hi(r ) >0

j=1,...,m

Proof.The argument is similar to that in Strasser, 1985. Assume first that ¥ = 1 and

sup, f (r) =1. Choose m such that 3/m < ¢ and define, for z > 0,
9j@)=(z—-(G—-2) A(F+1-2) AL 1<j<m.

Let
hj(r) =g;(mf (r)), 1 <j<m,r €D.

It is readily seen, since gj(z) = 1 when j —1 < 2 < jand 0 < f (r) < 1, that
max j phj(r)=1,7€D.

Next, since, given j = 1,...,m, we have g;(z) = 0 when z ¢ [(j—2) ,j+1], it follows
that if hj(r ) > 0 and hj(r ) > 0, then [mf (r ) —mf (r )| <3,ie. |f (r)—f(r)] <
3/m < ¢ as required.

Now, if sup, f (r) = a > 0, then the h; chosen as above for f /a and e/a satisfy
1 and 2 .

Finally, if £ > 1, choose, for each i = 1,...,k, functions h; ;, 1 < j < m;, that satisfy
1 and 2 . Then the functions

k
hjl:---:jk ('r) = hi:ji(r)? 1 <yj; <m;,reD,

i

meet the required for all ¢ with m=m ...my. O
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Denote by T the set of non-negative (upper semicontinuous) functions of finite sup-
port (t(r),r € D) such that sup, ¢(r) = 1. Define B (D) as the set of those b € B (D)
that can be represented as b(f) = sup,  f(r)t(r), f € C (D), for some (¢(r),r € D) € T .
The next lemma parallels Strasser, 1985, Theorem 42.5.

Lemma A.6 B (D) B (D)

Proof.We proceed as in the proof of Strasser, 1985, Theorem 42.5. Fix b € B (D) and
fy...,fx € C (D). We have to check that for any ¢ > 0 there exists b € B (D) such
that [b(f;) — b(fi)| <e, 1<i<k.

Let functions hj, 1 < j < m, be as in Lemma A.5. Obviously we can assume that
they are not identically equal to 0. For each j = 1,...,m, choose r; such that h;(r;) > 0.
By the definition of the h;, we have that, on the one hand,

|fi(r)hj(r) = fi(rj)hi(r) <e, 1 <i<k,reD,
and, on the other hand,
filr) = rr;a)in fi(r)hj(r), 1 <i<k,reD.
Hence,

() = max filr)hy(r)] < max [(r)h(r) — filr)hy0)] < e,
1<i<k,reD.

Properties (1), (3) and (4) of B(D) then yield
6(fi) = b( max fi(rj)h;)| <e, 1<i <k (1.24)
j m

Now, since b € B (D) and by property (3) again,

b( max fi(rj)h;) = max fi(r;)b(h;), 1 <i<k. (1.25)
J m 7 m
Define
_ maxy, 4 b(hy), ifr=r;forsome;j=1,...,m,
t(r) =
0, otherwise,
and let

b(f) = sup f(r)i(r), f €C (D).

r

By properties (1) and (5) of B (D) and the choice of the h;,

supt(r) = max b(hj) = b( max h;) =b(1) =1,

r jm jm
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so (t(r)) €T .

Also by the definitions of ¢(r) and b, the right-hand side of (1.25) equals b(f;), and
(1.25) and (1.24) yield the required. O

Proof of Lemma A.4 Since R > B , we prove the opposite inequality. Let fy,0 €
©, belong to C (D), be level-compact and fy < Wy, 6 € O. By the definition of B ,

B > sup inf supb(fy)zpV (2 ), A € A(O). (1.26)
0

20 R?b B

By Lemma A.6 and the definition of B (D), for z € R ,A € A(O),
inf b = inf b
, inf sup (fo)zo =, in sup (fo)zo
= inf supsupt(r)fy(r)ze = inf sup fo(r)zs.
r 0

tr Tip 0

Since the fy are level-compact, an application of Lemma A.3 shows, in analogy with the
end of the proof of Theorem A.1, that the supremum of the latter quantity over the fy
and A € A(O) equals inf, sup, Wjy(r)zg which by (1.26) proves that B > R . O
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