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Abstract

Given a Brownian motion B, we consider the so-called statistical Skorohod embedding problem
of recovering the distribution of an independent random time 7" based on i.i.d. sample from Br. Our
approach is based on the genuine use of the Mellin transform. We propose a consistent estimator for
the density of T, derive its convergence rates and prove their optimality. Moreover we address the
question of asymptotic normality.
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1 Introduction

The so called Skorohod embedding (SE) problem or Skorohod stopping problem was first stated and
solved by Skorohod in 1961. This problem can be formulated as follows.

Problem 1.1 (Skorohod Embedding Problem). For a given probability measure p on R, such that
[ |z|dp(z) < oo and [zdu(z) = 0, find a stopping time T such that Br ~ p and By is a uniformly
integrable martingale.

The SE problem has recently drawn much attention in the literature, see e.g. Obl6j, [3], where the
list of references consists of more than 100 items. In fact, there is no unique solution to the SE problem
and there are currently more than 20 different solutions available. This means that from a statistical
point of view, the SE problem is not well posed. In this paper we study what we call statistical Skorohod
embedding (SSE) problem.

Problem 1.2 (Statistical Skorohod Embedding Problem). Based on i.i.d. sample X1, ..., X, from the
distribution of Br consistently estimate the distribution of the random time T > 0, where B and T are
assumed to be independent.

The independence of B and T is needed to ensure the identifiability of the distribution of 1" from
the distribution of Br. In fact, due to the well-known scaling properties of the Brownian motion, the
SSE problem is closely related to the multiplicative deconvolution problem and the problem of volatility
estimation (see, e.g. Van Es et al [7], Van Es et al [6] and Van Es et al [5]). A standard approach to such
type of problems is to first make a log-transformation and then solve the resulting additive deconvolution
problem by means of the standard kernel density deconvolution technique. Our approach is different
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and makes use of the Mellin transform device, which, in view of the well known properties of the Mellin
transform, seems to be appropriate here. We construct a consistent estimator for the density of 7' and
derive its convergence rates in different norms. Furthermore, we show that the obtained rates are optimal
in minimax sense. The asymptotic normality of the proposed estimator is addressed as well. Let us stress
that the results on optimality of the rates and asymptotic normality can not be derived from the known
results on additive deconvolution problems.

The paper is organised as follows. In Section 2 we discuss some properties of the Mellin transform
and introduce our main estimation procedure. Section 3 is devoted to the convergence properties of the
estimator constructed in the previous section. In particular, we prove upper bounds for the pointwise
estimation risk and show that these upper bounds are optimal in minimax sense. In Section 4 asymptotic
normality of the proposed estimator is analysed. Some numerical examples can be found in Section 5.
Finally, all proofs are collected in Section 6.

2 Construction of the estimator for pp
Let B be a Brownian motion and let a random variable 7" > 0 be independent of B. We then have,
(1) X :=Br ~VT By

and the problem of reconstructing T is related to a multiplicative deconvolution problem. While for
additive deconvolution problems the Fourier transform plays an important role, here we can conveniently
use the Mellin transform.

Definition 2.1. Let £ be a non-negative random variable with a probability density p¢, then the Mellin
transform of p¢ is defined via

(2) M(pel(z) == E[¢*!] = /OoO pe(a)z™ " da

for all z € S¢ with S¢ = {z € C: E[¢R**7!] < o0}.

Since pe is a density, it is integrable and so at least {z € C : Re(z) = 1} C S¢. Under mild assumptions
on the growth of p¢ near the origin, one obtains

{z€C:0<as <Re(z) <be} CS;

for some 0 < ag < 1 < be. Then the Mellin transform (2) exists and is analytic in the strip ag < Rez < be.
For example, if pe is essentially bounded in a right-hand neighbourhood of zero, we may take a¢z = 0
and b = 1. The role of the Mellin transform in probability theory is mainly related to the product of
independent random variables: in fact it is well-known that the probability density of the product of two
independent random variables is given by the Mellin convolution of the two corresponding densities. Due
to (1), the SSE problem is closely connected to the Mellin convolution. Suppose that the random time T
has a density py which is essentially bounded in a right-hand neighbourhood of zero and fulfills

(3) / 2° pr(z) dr < oo
0
for some § > 0. Since S|, D {z € C: Re(z) > 0}, we derive for 0 < Re(z) <1,

Mlpx|)(z) = E[|Bi|* " E[T¢D/7]
o(=-1)/2
T

= M(pp,|(z)Mpr]((z +1)/2) = L(z/2)Mlprl((z+1)/2).



As a result
VT Mpix|](22 — 1)
2:-1 T(z—1/2)

and the Mellin inversion formula yields

Mpr](z) = 1/2 < Re(z) < 1

y+ico
(4) pr(r) = i/ 777 Mpr](y + iv) dv
/ —'y—i'uM[plX|](2 (v +iv) — 1)

f 29+ (y + v — 1/2)

dv for 1/2<~y<1, x>0.

Furthermore, the Mellin transform of py| can be directly estimated from the data Xi,..., X,, via the
empirical Mellin transform:

n

(5) Malpix(](z) = %Z IXi[*1, 1/2 <Re(z) <1

k=1

where the condition Re(z) > 1/2 guarantees that the variance of the estimator (5) is finite. Note however
that the integral in (4) may fail to exist if we replace M[p x|] by My [p|x|]. We so need to regularize the
inverse Mellin operator. To this end, let us consider a kernel K () > 0 supported on [—1, 1] and a sequence
of bandwidths h,, > 0 tending to 0 as n — oo. Then we define, in view of (5), for some 3/4 <y <1,

. J— Mapix|](2(y +1iv) — 1)
(6) Py (@) ; f/ K (vhn) 2vHUD (y — 1/2 + iv) dv

3 Convergence

For our convergence analysis, we will henceforth take the simplest kernel

K(y) = 11-11(y),

but note that in principle other kernels may be considered as well. The next theorem states that p,
converges to pr at a polynomial rate, provided the Mellin transform of py decays exponentially fast. We
shall use throughout the notation a,, < b, if a, is bounded by a constant multiple of b,,, independently

~

of the parameters involved, that is, in the Landau notation a,, = O(b,), n — oo.

Theorem 3.1. For any 8 > 0 and L > 0, introduce the class of functions

C(,1) = {f Ml < L}.

— 00

Assume that pp € C(8,L) for some B > 0 and L > 0, and that (3) holds. Then for some constant Cp,
depending on L only, it holds

1
(7) supIE[{x|pT — P ‘} } {626/% + err/hn} _
x>0 n
By next choosing

(8) hn = (m+28)/logn

we arrive at the rate

9) sup \/]E[{:ﬂpT — pua(@)]} } < A

x>0

as n — o00.



C(B,L) | DB, L)

n~ e log ™ (n)

Table 1: Minimax rates of convergence for the classes C(3, L) and D(S, L).

Let us turn now to some examples.

Ezxample 3.2. Consider the class of Gamma densities

xa—l e %
pr(z;a) = OB >0
for a > 0. Since
_T4+a-1)
M[pT}(Z) - F(OZ) ) Re(z) > 0)

we derive that pr € C(8, L) for all 0 < 8 < n/2 and some L = L() due to the asymptotic properties of
the Gamma function (see Lemma 6.5 in Appendix). As a result, Theorem 3.1 implies

sup [E[{alpr(@) ~ pua(@l)’] St n o0

x>0

for any p < 1/4.
If M[pr] decays polynomially fast, we get the following result.

Theorem 3.3. Consider the class of functions

D(5, 1) = {f:/m |M[f]<1+w>|<1+|v|ﬁ>dvSL},

— 00

and assume that pr € D(B, L) for some > 0 and L > 0. If (3) holds for some § > 0, then for some
constant Dy,

1
(10) supE[{x\pT —pnalz |} } < Dp, {hiﬁ + nevr/hn] .
x>0

By choosing

(11)

™

- logn — 28loglogn’

we arrive at

(12) Zli%\/E{{xlpT —pa(x |}}<log n), n— oo.

The rates of Theorem 3.1 and Theorem 3.3 summarized in Table 1 are in fact optimal (up to a
logarithmic factor) in minimax sense for the classes C(8, L) and D(g, L), respectively.



Theorem 3.4. Fix some 3 > 1. There are ¢ > 0 and x > 0 such that

liminfinf sup P (|pT( ) — pn(z)] > en” 7 log_’o(n)> >0,
n—oo pPn TeC(B L)

liminfinf  sup P?T" <|pT(J:) — pu(z)] > clog™” (n)) > 0,
n—oo pPpn pTGD(,B,L)

for some p > 0, where the infimum is taken over all estimators (i.e. all measurable functions of
X1,...,X,) of pr and P?T" is the distribution of the i.i.d. sample Xi,...,X, with X1 ~ Wr and
T ~ pr-

4 Asymptotic normality

In the case of K (v) = 1;_14)(v), the estimate p, ,(x) can be written as

1/hy —y—iv
P = / |X |2(’Y+1'u 1) ‘ x dv
i \f ha |} 2vHVD (v — 1/2 + iv)
= — Z Zn,k;
" k=1
where U _
T i 1= / " |Xk|2(’)’+iu—1) _ " — dv dv.
=, PR (y — 172+ 10)

The following theorem holds

Theorem 4.1. Suppose that for some v > 0,

(0@ —3/2 4 ) Mlprl(2y — 1+ i) #0.

and

/ IMlprl(2y — 1+ )] du < oo,

—0o0

then
P (P (@) = Elpny (2)]) 25 N(0,02)

for some 0® > 0, where p, = n~1/2h20 "V 1og~2 (1/hy) exp [/hy) and h,, = clog™*(n) for some ¢ > 0.

5 Numerical examples

Barndorff-Nielsen et al. [1] consider a class of variance-mean mixtures of normal distributions which they
call generalized hyperbolic distributions. The univariate and symmetric members of this family appear
as normal scale mixtures whose mixing distribution is the generalized inverse Gaussian distribution with
density

(13) pr(v) = mml exp (; <%2v + 52)) , >0,
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Figure 1: Left: the Gamma density (red) and its 50 estimates (grey) for the sample size n = 1000. Right:
the box plots of the loss Supze[o,m]ﬂpn,y(&ﬁ) — pr(z)|} for different sample sizes.

for some 3, § > 0 and A > 0, where K is a modified Bessel function. The resulting normal scale mixture
has probability density function

1/2

px(ﬂs) = WKA((S%)((V + ;pz)%()\*%)KA_% (%(62 + x2)1/2).

Let us start with a simple example, Gamma density pr(xz) = xexp(—z), © > 0, which is a special case
of (13) for 6 = 0, A\ = 2 and » = /2. We simulate a sample of size n from the distribution of X, and
construct the estimate (6) with the bandwidth h,, given (up to a constant not depending on n) by (8)
and v = 0.9. In Figure 1 (left), one can see 50 estimated densities based on 50 independent samples
from Wrp of size n = 1000, together with pr in red. Next we estimate the distribution of the loss
supme[o,lo]{|pn,7($) — pT(x)\} based on 100 independent repetitions of the estimation procedure. The
corresponding box plots for different n are shown in Figure 1 (right).

6 Proofs

6.1 Proof of Theorem 3.1

First let us estimate the bias of p, . We have

Mpix|](2(1 +iv) — 1)
21V (1/2 + 1v)

Elpn1(x)] = % /jo xil*i”K(vhn)

1 L —1—iv .
=95 x M(pr](1 +iv) dv.
27T _1/h‘n
Hence 1
pr(z) — Elpn1(2)] = 2*/ Mpr](1+ i)z~ dy
T J{v|=1/hn}



and we then have the estimate,

supfa [Elpaa ()] - pr(o)]} < o [ Mlpr)(1 + iv)| do
220 {ol>1/hn}
_B/hn
/ e Pl Mpr](1 + iv)| e®IPldv
21 Jqjul>1/h0}
o—B/hn
(14) <L .
2

2
As to the variance, by the simple inequality Var ([ fidt) < ( [/ Var] ft]dt) , which holds for any random
function f; with [E[f?]dt < oo, we get

Molpe 4 1),

1 e i
Var[zpn,l(x)] = Var |:ﬁ L K (vhy) 21+iv1"(1/2 + iv)

2
1 /1/hn \/Var M pix|](2(1 +iv) — 1)) .

= 122 A IT(1/2+iv)|

1 1/hn ) Var (| X [?)
|,
2
1 1/hn 1
15 < — —  d
(15) = onr [/l/hn IT(1/2 + iv)] U]

We obtain from (15) due to Corollary 6.6 (see Appendix),

Var[e pry (2)] < S/
n

and so (7) follows. Finally, by plugging (8) into (7) we get (9) and the proof is finished.

6.2 Proof of Theorem 3.3

The proof is analog to the one of Theorem 3.1 | the only difference is the bias estimate (14) that now
becomes

sup{(z [Blpn1 ()] — pr(a)|} < 2.
x>0 ™

With the choice (11) we obtain the logarithmic rate (12).

6.3 Proof of Theorem 3.4
Our construction relies on the following basic result (see [4] for the proof).

Theorem 6.1. Suppose that for some € > 0 and all n € N there are two densities po.n,p1,n € G for some
class G such that

d(pO,n7 pl,n) > 25’Un7

where d is some metric on G. If the observations in model n follow the product law P, , = Pff’" under the
density p € G and

X2 (P10 | Po,n) = / (pl’"@z);g)*”(x)) dz < n"tlog(1l + (2 — 46)?)



holds for some § € (0,1/2), then the following lower bound holds for all density estimators p, based on
observations from model n:

inf sup P?” (d(ﬁn,p) > svn) > 0.

Pn peg
If the above holds for fized €,6 > 0 and all n € N, then the optimal rate of convergence in a minimazx
sense over G is not faster than v,.

We only present the proof of a lower bound for the class C(8, L). The proof for the class C(8, L) is
similar. Let us start with the construction of the densities po ,, and p1 5. Define for any v > 1 and M > 0
two auxiliary functions

vsin(m/v) 1
x
7r 1+ a7’ -

q(z) =

and

1 eilogz(ﬂ‘/) sin(M log(x))

pm(w) = E -z

The properties of the functions ¢ and pys are collected in the following lemma.

x> 0.

Lemma 6.2. The function q is a probability density on Ry with the Mellin transform

Mig(z) = SV g s 0.

sin(rz/v)’
The Mellin transform of the function pys is given by
) 1 (u—14+i(v+M)2/2 _ (u—1+i(v—M))2%/2
(16) Mpa](u + iv) e e .
2

Hence

/ par(@)dz = Mpar](1) = 0.
0
Set now for any M > 0

qo.m () == q(z), qm(z):=q(z)+ (¢Vpum)(x),

where fV g stands for the multiplicative convolution of two functions f and g on Ry defined as
< f(t t
(fV g)(z) ;:/ %dt, x> 0.
0

The following lemma describes some properties of qo s and qq as.

Lemma 6.3. For any M > 0 the function g1y s a probability density satisfying

llg0,0r — q1,01 |00 = sup lgo,n () — qua ()] 2 exp(—Mm/v), M — oo.
zeR L

Moreover, qo ar and gi,ar are in C(B, L) for all0 < § < /v and L depending on 7.

Proof. First note that

/ T ga(@)de =1+ | T @V o) (@) = 1+ Mgl () MIparl(1) = 1.
0 0



Furthermore, due to the Parseval identity

1 2@ sin(M log(x)) 1
Vi — e 2 dzx
O T
Rl St e
= ez sin(Mv)————dv
—oo V2 1+ e-vv=u)
oo 1 »2 e(ylfv)
—log(y) -5 o - -
e [m = z Sln(M’u)1 P mE dv
e ) ellog(y)—v)

e~ log(y) /OO o1 10g(v) Hu+M)—H(u— M)
2m 2

—00

where R(z) = and H(z) = e=*"/2_ Note that

&
1+4ev®

oo _rtiux 1 o _v/v+iuv/v 1 1 : 1 :
]:[R](u):/ eidxzf/  de=-T i I'i1- i .
oo L+ €7% V) o 14e€? v v v

Hence due to (19)

sup |qo,m (y) —q1,m(y)| = sup |(qV pum)(y)| 2 exp(=Mm/v), M — oo.
yERY yeRL

The second statement of the lemma follows from Lemma 6.2 and the fact that M[qV pas] = Mg]M|pa].
O

Let Ty ar and T4 ps be two random variables with densities go as and ¢q,ar, respectively. Then the

density of the r.v. [Wr, /|, = 0,1, is given by

pim(z) = \/% /000 )\_1/26_%611"]\4()\) dx i1=0,1.
For the Mellin transform of p; »s we get
Mlpiml(z) = ]E[|W1|Z_1}E[ﬂ(,§»;1)/2]
=E[[W1l* Mg am)((z+1)/2)
92/2
" Var

Lemma 6.4. The x2-distance between the densities oy and p1 a fulfills

(17) I(z/2)M[qim]((z+1)/2), i=0,1.

_ 2
X (p1,ae1po,ar) = / (P11 (%) = po.us (2) do < e~ Mr(+2/v) £y 0,
po,m ()

Fix some k € (0,1/2). Due to Lemma 6.4, the inequality
nx*(p1,mlpon) < K
holds for M large enough, provided

_ 1+e
or(1+2/v)

for arbitrary small € > 0. Hence Lemma 6.3 and Theorem 6.1 imply

(log(n) + (v — 1) loglog(n))

inf sup Pp,ﬂ(”ﬁ’ﬂ —Plloo > CUn) > 0.
Pn pec(B,L)

=8
for any 3 < 7/v <, some constants ¢ > 0, § > 0 and v,, = n~#/(7+28) Jog ™ 7525 (n).



6.4 Proof of Proposition 4.1

Thus in order to prove asymptotic normality of \/n(py (2) —E[pn (x)]), we need to check the Lyapounov
condition, i.e. for some ¢ > 0
]E|Zn,1 - IEZ71,,1|2+(s
nd/2[Var(Z,,1)]* /2
For this we need a lower bound for Var(Z, ;). Since EZ,, 1 — (2z+/7) - pr(x), it suffices to show that

Var(Z,.1) 2 he exp(2bh; ') and E|Z, 1**° < h;;¢exp((2+6)bh;; ) for some positive constants a, b and c.
Then Lyapounov’s condition holds for any § > 0 by choosing h,, ~ ¢(log™*(n)). We have

— 0, n — oo.

Var(Z ) B /1/h 1/hy x72fy i(v—u) Cov (|X1‘2('y+i'u—1), |X1|2(fy+iu—1)) i do
n,1 = h J—1/m, 927+i(v—u) 92v+i(v— u)F( _ 1/2 + iv)r(,y _ 1/2 — iu)
_ /l/hn /1/hn M[p‘X‘}(4’Y*3+21(Ufu)) dv du
Vi =1 (22) 2(v— 1)+1(u W D(y—1/2+iv)(y — 1/2 — iu)
2
1| [V 1 M 2y — 1+ 2
_,‘/ __ )@y —1+20) L L
“1/h, (20)0FTD 0 Ty —1/2+10)
Note that
2
1 i Mlpix)(2y = 1+ 2iv)
Ry < oo - dv
(22)20-D \ Sy, | Ty =1/2+1v)
1 1/hy 2
= )| dv] <C<
(22)20=1) /1/h,,L|/\/l[pT](’y + iv)| do >
and furthermore
R /”h" /1/’“ D(2y = 3/2+i(v — W) Mlpr)(2y — 1 +ilw—w) ,
1 2(y— 1)7r Vb 1m0, i(v—u) T(y—1/2+iv)['(y —1/2 —iu)
x I,.

:xmdm

Without loss of generality we may take =1 (for « # 1 the proof is similar). Observe that

T(y —1/2+1iv)| > Ciljy)<2 + Colpy>2 |v\"’71 e_”‘”w,
IT(y —1/2 — )| > Ciljyj<a + Colpyysa u] 7™ e™™ul/2

for some constants C7 > 0, C5 > 0, and that
ID(2y —3/2 +i(v — u))| < Diljy_j<a + Ljuvjs2Ds [u — v?0 71 e=mlu=el/2
for some Dy > 0, Dy > 0. Using these estimate, one can easily derive that the integral

Vha 1/ L2y —3/2+4i(v—u)Mpr](2y —1+i(v —u))
Lin,p = Lo—ul>p - : dv du
1k J=1/m Iy =1/2+iw)l'(y = 1/2 - iu)

can be bounded from above as

Lol S hy 31— o7 (33 — (p/2)V1)+h 2[1—y| -1 7 (7 p/2)+h 41—v]=1 7 (7 —pV2)

10



for n — oo. Similarly

/l/h /”h" 1. 1 [(2y —3/2+i(v —u))Mpr](2y — 1 +i(v — u)) do du
Vo S, SE TS T(y - 1/2+i0)l(y - 1/2 — )
—O(h;le( _p))
and
o 3/ ['(2y —3/2+i(v —u))Mpr](2y — 1 +i(v — u))
Lyt —plio—ui<p v —1/2 i (~ —1/2 — ] dv du
—1/hp J=1/hs, n (v —=1/2 +iv)['(y — 1/2 — iu)
—O(h;le( _”))
for some [ > 0. Hence
I /”h /”h . (27 — 3/24i(v — u))M[pr](2y — 1 +i(v — u)) v du
2,m, v—u . "
g Vb dayn, TS D(y—1/2 + )Ty — 1/2 — )

1hn p1/hn
/ / iz o —pliol> i —plo—ui<o
1/hn J=1/hn

L2y =3/2+i(v — u)M[pr](2y — 1 +i(v —u))
T(y—1/2+iv)[(y — 1/2 — iu)

Igmp—&—O(h em (e p)).

dv du + O(h;le’r(’%nfpm

Now let us study the asymptotic behaviour of the integral I3, ,. To this end, we will use the Stirling
formulas

D(y—1/2+iv) = (y = 1/2 4 i)™ e 7270 (1 4 O(Jo] 7)),
D(y—1/2 —iu) = (y — 1/2 —iw)? "' 7" e 7T/ 200/00(1 + O(Ju ).

First consider the case u,v — 400, where
T(y—=1/24+iw)'(y —1/2 —iu) = 2mexp [iviogv — iulogu — i (v — u)]
X exp [ 5 (w+v)+(7=1) (logv + 1ogu)] (1+ O(1/u) + O(1/v)).

Let p, = h,® for 0 < o < 1/2. Then on the set

1 1
{l = = bn il =m0 lo-u < pdn 0z 0)

n n

we define u = 1/hy, — 7, v = 1/hy, — s with 0 < 1,8 < pn, | — s| < pn to get

M(y—1/24iw)l'(y—1/2 —iu) = 90i(1/hn—5)10g(1/hn—5)=i(1/hn—7)log(1/hn—r)=i(r—s)

x h7 207D exp [—7/hy] exp [(r + s)7]
X (1 + O(hn))(l + O(pnhn))

Using the asymptotic decomposition

(1/hn — 8)1og (1/hy, — 8) — (1/hy, — r)10g (1/hy —7) — (r — 5) = (r — 8) log (1/hy,) + O(p? hy,),

11



we derive
D(y—1/24+i)0(y—1/2—iu) = 2xh; 20" Yexp[—n/h,]exp [(r + s)n]
xexp [i (1 — 5)log (1/hy)] (1 + O(pi ).

Analogously, on the set
1 1
{l = o= ool =m0 <pdnouso)

we define u = —1/h, + 7, v ==1/h,, + s, with 0 < r, s < py, |r — 8| < pn, to get
D(y—1/24+i)0(y—1/2—iu) = 2xh; 207 exp [—7/h,]exp[(r + s)7]
x exp [—i (r — s)log (1/h,)] (1 4+ O(p2 hy)).

Hence the integral I5,, ,, can decomposed as follows

hz(V—l)

I3 .0, = - exp [W/hn] {Re[Ll,n,pn] + O(Pihn)} )
where
I4,’n,,pn = // 10§7’§pn 10§5§pn,1|7“—s|§pn exp [7(7“ -+ 5)7‘(] F(Q’)/ — 3/2 + i(”l’ — 8))
XMlpr](2y —1+i(r —s))exp[i (s — r)log (1/h,)] drds
pn
= / e "R, (v)dv
0
with

R,(v) = /10§u§pn_1,e*““1ﬂ(2fy —3/2 4 i) M[pr] (27 — 1 + iu)e™ 1080/ hn) gy,
Using the well known results on the asymptotic of Fourier transform, it is easy to show that

R,(v) = €202y —3/2)M|pr](2y — 1)log ™" (1/hy,)

teim [CZL (T(2y = 3/2 + iu) Mpr] (27 — 1 + iw))

} log™? (1/hy) + O(log™® (1/hy))

u=0

uniformly in v. As a result

Relli ] = | o (027 = 3/2 + i00Mprl(2y — 1+ i)

} log™2 (1/hy) + O(log™® (1/hy)).

u=0

Combining all above estimates, we finally get

h%(’Y*I)
(18) Var(Z,1) = — log™2 (1/hy,) exp [1/ )]
X { Llci (T(2y — 3/2 + iu)M[pr](2y — 1 + iu)) 0]

+O(log ™" (1/hn)) + O(p2 hy log? (1/hn)) + o(e—m/2 log? (1/hn))} .
Using the decomposition (18), the Lyapounov condition for some § > 0

E|Zpy — EZpq|*+
32 [Var (Zy, 1 )| +/2

-0, n—o0

is easy to verify, since EZ,, 1 — pr(z).
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Lemma 6.5. For any a > —2, there exist positive constants Cy and Co(a) such that uniformly for
8] > 2,

(19) C|B|°~ Y2~ PI7/2 < |D(a +18)| < Cu|Ble /26718172,

Corollary 6.6. For all0 < a <1/2 and all U > 2, it holds

(20) /U L < CU1/2fan7r/2
—v T(a+iB)] —

for a constant C > 0. For o > 1/2, we have

U
(21) / B i) + el

_v [T(a+ip)|

where Cy does not depend on c.
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