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1. INTRODUCTION

Our goal in this paper is the construction of a probabilistic method for the valuation and
the replication (hedge) of a European claim maturing at some future time 7, contingent
on the values X*(T), of a basket of m stocks (risky assets) with price processes X*(t), i =
1,...,m. We assume that in the market also a cash bond (riskless asset) B is available
and that the system (B, X) satisfies the stochastic differential equations

(1.1) dB = r(t)Bdt, B(t,) =1,

dX* = XP(pi(t, X)dt + Y wii(t, X)dWI (), t > to, i =1,...,m,
j=1
where, for the time being, 7(t) is a deterministic interest rate, X = (X!,..,X™T, W =
(W1, ...,W™ T is an m-dimensional standard Wiener process on a probability space (2, F, P).
As usual the P-augmentation of the filtration generated by W is denoted by {F;}. Fur-
ther it is assumed that r(t), the vector (u'(¢,x),...,u™(t,z))", and the matrix v(t,z) =
{vij(t,z)}, t € [to,T), z € R := {z : ' > 0,...,2™ > 0}, are sufficiently smooth
and such that there exists a unique process X (t) € RT, t € [to,T], with X(¢,) € R
satisfying (1.1) (for example, all the u’, v;; are smooth and bounded). Moreover, we
assume that the volatility matrix o(t,z) = {oy;(t,z)} = {z'v;;(t,z)} has full rank for
every (t,z), t € [to,T], x € R7'. Under these assumptions the model (B, X) constitutes
a complete market and is, in fact, a special version of the system described in Karatzas
and Shreve [7]. Henceforth, we will assume that the originating functions are always
sufficiently good in analytical sense without stating their analytical properties explicitly.

The central problem now is to determine the price and hedge of a European claim
F(X(T)) at maturity time 7 specified by a payoff function f which depends on X, by
constructing a self-financing portfolio or trading strategy. In the construction of this port-
folio it is assumed that the stocks pay dividends to the share holders at a rate r(t, X (t))
for the i-th stock and further a consumption process C'is assumed which is defined by a
consumption rate c(t, X (t)), to <t < T,

(1.2) dC = c(t, X (t))dt, C(to) = 0.

>From a mathematical point of view the incorporation of both continuous dividends and
consumption goes without any difficulties, however, the reader should feel free to take
them zero if he prefers.

The portfolio value V(t) of a trading strategy (¢:, ¥:) = (s, %1, ..., ¥™), i.e. the posi-
tions in bond B(t) and stocks X7 (t) respectively, is given by

(1.3) V(t) = @:B(t) + ) X (t)

and the trading strategy is said to be (generalized) self-financing if

(1.4) dV =B + > idX*+ > ri(t, X () YiX (t)dt — c(t, X (t))dt.
=1 =1

It is known (see, e.g., [14], [7]) that in our framework the European claim may be
hedged with a uniquely determined self-financing portfolio or trading strategy, which
value at time ¢ < 7' is given by

V(t) = v(t, X (2)).
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Here, v is a function of the variables ¢, z!, ..., z™ and satisfies the following Cauchy problem
for the parabolic partial differential equation:

v 1« 0%v
(1.5) v(t, @) + lt, 2) ot 2 ij=1 ai(t,2) OxioxI
+ Em bi(t x)@ —r(t)v +c(t,z) =0
Z:1 b axl ) b
(1.6) v(T,z) = f(z),

where a;; =Y\ oo = T'T7 Y 0 Viklji, b = (r — 1)z, i =1,...,m.
If v(t,z) is the solution of the problem (1.5)-(1.6), the required hedging strategy

(¢, %1, ..., ™) as a function of (¢, X(¢)) is then given by

1 LT ) ov

(1'7) Pt = W(U(ta‘x(t)) - — ort (t’X(t))Xz(t))a % = %(t’X(t))’ i=1,..,m.

Frequently, works in numerics for finance (see, e.g., [18] and references therein) are de-
voted to the evaluation of a portfolio value v(¢, z). However, for constructing the hedging
strategy we also need the derivatives of v, called deltas. Of course, in the case where
v(t,z) is known, it is possible to find dv(t,z)/dz" approximately, for example, as

Ou(t,z) _wo(t,z',..,z" + Az, .., ™) —o(t, 2, .., 2" — Az?, .., 2™)
ort 2AT
but such an approach requires very accurate calculations for v and cannot be realized
in practice especially in many-dimensional cases. Moreover, in many-dimensional cases
(in reality for m > 3) it is usually impossible to find v(¢,z) for all (¢, z) because of the
complexity of problem (1.5)-(1.6). Therefore, in this sequel we give special attention to
the evaluation of the deltas

,1=1,...,m,

ui(t, z) := %(t,x), i=1,...,m,
by probabilistic methods. Indeed, as for the construction of a hedging strategy one only
needs at any instant ¢ the individual values v(¢, X (¢)) and dv(t, X (¢))/0z¢, i = 1,...,m,
where X (t) is the (known) state of the market, the Monte Carlo method is most relevant
for such a problem.

The probabilistic approach for the evaluation of a particular value v(t,z) of Cauchy
problem (1.5)-(1.6) is well known and comes down to Monte Carlo simulation of proba-
bilistic representations for v(¢,z) by stochastic differential equations naturally connected
to (1.5)-(1.6).

It is not difficult to obtain probabilistic representations for the derivatives duv(t, r)/dz*
also (see Section 2) and so it is possible to find the values v(t,z) and dv(t,z)/0z", i =
1,...,m, for specific (¢,z) by Monte Carlo simulation of suitable representations. The
present paper is particularly devoted to these Monte Carlo techniques and the outline of
the paper is as follows.

Section 2 contains rather known material and is included for the convenience of the
reader. First we give a brief derivation of (1.5)-(1.6). Then we present various probabilistic
representations for the solution v of Cauchy problem (1.5)-(1.6) from which we derive
straightforwardly probabilistic representations for the partial derivatives Ov/8z* in terms
of a variational system of stochastic differential equations. The representation for v is
standard (see, e.g., [3], [4]) and, probably, the representations for dv/dz" are also known
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to specialists in stochastic analysis. However, we could not find them in the literature
and for this reason the formulas for 9v/dz® are given without any references. Section 2 is
concluded by a brief discussion of weak methods for numerical integration of SDEs (see
[8], [10]) which are needed for Monte Carlo simulation of stochastic differential equations.

Our main results are contained in Sections 3 and 4. As well known fact, variance
reduction is of crucial importance for the implementation of Monte Carlo procedures.
Therefore, all the various probabilistic representations given in this paper are endowed
with a (vector) function to control the variance. For the moment, let us denote this
function by h. The function h is such that the mathematical expectations for v and
for Ov/0z" due to the chosen representations do not depend on the choice of h. In the
meantime, the corresponding variance does depend on h. Therefore it is natural to regard
h as a control function which may be chosen such that the variance is minimal. We use
this approach for two known methods for variance reduction: In Section 3 for the method
of important sampling and in Section 4 for the method of control variates. Moreover, in
Section 4 we introduce a combined method which contains both the method of importance
sampling and the method of control variates as particular cases. It turns out that with
one and the same control function a variance reduction can be achieved simultaneously
for the claim value v as well as for the deltas u; = Ov/dz", i = 1, ..., m. These results are
extended for gammas, vegas, and thetas in Section 5 and for barrier options in Section 6.
In Section 7, we show the application of the presented methods to LIBOR derivatives in
a LIBOR (market) model [6], [1]. Finally, in Section 8 we give some concluding remarks.

2. MONTE CARLO EVALUATION OF A HEDGING STRATEGY

We give a brief derivation of the problem (1.5)-(1.6) and formulas (1.7). Since the
portfolio (¢4, ¥:) is (generalized) self-financing and thus satisfies (1.4), it follows that

AV = or(t Bdt+zwt i(t, X) dt—I—ZV,] (t, X)dW7(t)) +
(2.1) + zm: ri(t, X ()i X (t)dt — c(t, X (t))dt,

which is equivalent with

m

(2.2) Bdy; + Xm: Xidy; + zm: dyidXt =Y " ri(t, X (£))wiX*(t)dt — c(t, X (t))dt.
i=1 =1

i=1

Let us now consider a European claim f(Xr) at maturity time 7', specified by a payoff
function f which depends on X (7'). Since the market is complete the claim may be repli-
cated (hedged) by a self-financing portfolio with value process V(t), say. As, moreover,
the model (B, X) is Markovian we have

(2.3)  V(t) = @B(t) + Zwt = (t, X(2)), V(T) = (T, X(T)) = F(X(T)),

where v is a function of the variables ¢, z!, ..., z™.

Just as for the standard Black-Scholes model (one risky asset and one riskless bond)
we may derive a parabolic differential equation for the function v(t, z) (see, e.g., [7], [14]).
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Due to Itd’s formula we have

ov o . 1S 0%
2.4 dv(t, X (t)) = —dt —dX"'+ - dX'dX’
(2.4) o6 XO) = Frdi+ ) 5dX + 3 2 oo
i e 0%v
dt+z —X dt+z Z%dw ; i 5t
>From 2.3 and comparing (2.1) with (2.4), we obtaln
. . ov . Ov
2. F=0( X (1) = — (X ’ = —
(2. Ui = 9 X (1) = a6 X(0), #(6,2) = 55 (0,2),
and
ov 1 & 0%
—(t, X))+ = 4t X (¢t t X (¢
gt 0 XO) 5 3 0t X(0) 05, X0
(2.6) = @r()B() + Y it XWX (t) — elt, X (2)).

i=1
Then, substituting (see (2.3) and (2.5))

fuBE) = (6, X(0) = 3 ') = 006, X0) = 3 (e X)X

in (2.6) and taking into account (2.5), we get the Cauchy problem (1.5)-(1.6) for a para-
bolic partial differential equation. If v(¢, ) is the solution to this problem, the required
hedging strategy is given by formulas (1.7). The equality (2.2) for this strategy can be
checked directly.

Remark 2.1. Consider the model (1.1) with now r depending on ¢ and X, i.e., (1.1)
with as first equation
dB = r(t,X)Bdt, B(ty) = 1.
Then, in general, V'(t) depends on ¢, X (t), B(t), i.e., V(t) = v(¢, X(t), B(t)). Arguing
as above, we now obtain that v satisfies the following equation

ov 1 i( ov
"2 2. b baipe Zb”’ +1(t,9)B g —rlt,2)v+elt ) =0,

17.77

m

But, since the claim at maturity 7" depends on X (T') only, the solution of the above
equation satisfying condition (1.6) is independent of B. So dv/0B = 0 and we obtain
Cauchy problem (1.5)-(1.6) where r = r(¢,z). The formulas for the required hedging
strategy, (1.7), remain the same.

Remark 2.2. We note that a Cauchy problem is considered in spite of the fact that
the variable = belongs to RT = {z : z' > 0,...,2™ > 0}. This is possible because every
solution X (t), X (ty) € R, of system (1.1) evolves in R during the whole time interval
[to,T']. If we consider, for example, a stock model,

(2.7) X'=(X*—ai)(m§ — X)W (t, X)dt + D vig(t, X)dWI(t)), t > to, i =1,...,m,
=1

for suitable coefficients p' and v;;, with stock prices evolving in an open parallelepiped

M={z: 0< 7 <2 <m,.,0<a" < z™ < m"}, where 7f, 75, k = 1,...,m,

are constants (it is possible to consider cases when some of 7y are equal to co), then the
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construction of a hedging strategy leads to a corresponding Cauchy problem again (i.e.
not to a boundary value problem).

We now recall the probabilistic representation for the solution v of the Cauchy problem
(1.5)-(1.6). For generality we take r(¢,z) in (1.5) instead of r(¢). In fact, the solution to
problem (1.5)-(1.6) has various probabilistic representations:

(2.8) v(t,7) = E[f (X10(T)) Yeoa(T) + Zya10(T)], t < T, z € R™,

where X;.(8), Yiey(S), Ziwzy.(s), s > t, is the solution of the following system of
stochastic differential equations:

(2.9) dX = (b(s,X) —o(s, X)h(s,X))ds + o(s, X)dW (s), X(t) =z,
(2.10) dY = —r(s,X)Yds+h'(s,X)YdW (s), Y(t) =y
(2.11) dZ = c(s,X)Yds, Z(t) = z,

with Y and Z being scalar processes and h(t,z) = (h'(t,z),...,h™(t,z))", where h® are
rather arbitrary functions, however, with good analytical properties. The usual probabilis-
tic representation (see, e.g., [3], [4]) follows from (2.8)-(2.11) for h = 0. The representation
for h # 0 is, in fact, a consequence of Girsanov’s theorem. Other representations are given
in Section 4.

Let us now proceed to derive probabilistic representations for dv/8z¢. In what follows
we assume that all the coefficients in (1.5)-(1.6) and in (2.9)-(2.11) and the solution of
(1.5)-(1.6) are sufficiently smooth and satisfy necessary growth conditions for large |z|, so
that, in particular, we may apply the theory of weak methods for numerical integration
of SDEs.

We introduce the notation

ov
Dk (t
By differentiating (1.5)-(1.6) with respect to z¥, it follows that the functions v and uy, k =

1,...,m, satisfy the Cauchy problem for the following system of m + 1 linear parabolic
equations consisting of (1.5)-(1.6) and

8uk 1
2.1 TES E’ el
(2.13) 5 13 | 1a”( ’8x1 _ b'(t, x) r(t, z)uy

(2.12) ur(t, z) = t,x), k=1,...,m.

1 8ai]- 8u]- ob; ov or oc
‘723N@W+Z%N)W—@%W+@“Wﬂ

ij=1 i=1

of

(2.14) up (T, z) = 8x’“( z), k=1,...,m.

The Cauchy problem (1.5)-(1.6), (2.13)-(2.14) belongs to a class of problems, which
solutions have probabilistic representations given in [11] . However, we obtain a repre-
sentation from (2.8)-(2.11) directly by differentiating (2.8) with respect to zj. We thus



~

get

w(t,z) = ;Uk(t z)
(215) = F gf (X0 (1)) 8eXH(T) Voo (T) + (X (1)) 8 (T) + 8,2(T) | |
where
216)  8X(5) i BuXia(s) im o Y (e) i i (s) o Dt
50 2(5) = 6s Zumnofs) = Mtgil,f() L<s<T.

Let ;X = (6 X1, ..., 8, X™)7, for fixed k. Then, the vector functions 6, X (s) and the
scalars 6y Y (s) and ;7 (s) satisfy the following system of first order variation associated
with (2.9)-(2.11),

< 8(b(3a X) - U(Sa X)h’(sa X)) l
(2.17) dop X = 121: o 5 X'ds
Z 5 X1dW (s), 6, X' (t) =0, if | £k, and 6, X*(t) =1,
= or(s, X
(2.18) dé,Y = — Z % 6, X'Yds — (s, X)6;Yds

=1

ohT
+Z 83:’ 5kX’YdW(s) +h' (s, X)-6,YdW(s), 6,V (t) =0,

dc(s, X)

(2.19) doyZ = Z o 5kX’Yds + c(s, X) 6:Yds, 6,Z(t) = 0.
We underline here that there is an opportunity for parallelizing: One can consider m

problems (2.15), (2.9)-(2.11), (2.17)-(2.19) for every fixed k = 1, ..., m separately.

Thus, to find v(t,z) and Ov/dz*(t,x) we need to evaluate the expectations (2.8) and
(2.15). For instance, let us consider (2.8). Usually it is impossible to simulate the ran-
dom variables X, ,(T"), Yi1(T), Ztz1,0(T) directly and we are forced to simulate some
approximate random variables X;;(T), Y;41(T), Ztz1,0(T), which may be obtained by
using weak methods for numerical integration of SDEs (see [8], [10]). The error of such
weak approximation is of order O(h?), where p is the order of weak convergence, depending
on the specific method, and h is a time discretization step.

For simplicity we here consider equidistant partitions of the time interval [¢,7] : ¢ =
to < t; < ... <typ =T with step size h = (T'—t)/L. Then, for example, the Euler method
with simplified simulation of Wiener processes applied to system (2.9)-(2.11) gives
(2.20) X(t) =z, X(t111) = X(t) + (b — ovhy)h + a1 - GVh,

Y() =1,Y (i) =Y () —rnY(t)h+h - Y )V,
7(t) = 0’ 7(tl+l) = 7(tl) + cl?(tl)h’ I = Oa sy L— la



where b;, o7, h;, 7, and ¢ are values of the corresponding functions (scalar, vector or
matrix) at (&, X (t;)) and ¢ = (¢}, ...,¢™)7 is a vector of two-point random variables ¢/,
distributed by the law P(Clj = +1) = 1/2 and independent in j =1,....m; [ =0, ..., L—1.
We obtain the usual Euler method if ¢/ are simulated as N(0,1)-distributed random
variables. In either case the order of weak convergence is equal to 1, i.e., the following
relation

(2.21) [o(t, ) — E[f(X(T)) Y(T) + Z(T)]| = O(h)

is fulfilled for a sufficiently large class of functions f. Then, using the Monte Carlo ap-
proach, we get

(2.22) B ~ = SR @) VT) + 72 ()] = 06, 2),

where € := f(X(T))Y(T) + Z(T) and X" (&), Y™ &), Z™ ), n = 1,..,N, are
independent weak approximate trajectories of the solution of system (2.9)-(2.11).

The statistical error in (2.22) is often defined as 3(DE(T)/N)Y?, where DE is the vari-
ance of £, which is close to D¢, € := f(X(T))Y(T) + Z(T). So the approximation #(t, z)
of v(t, z) involves two errors: one error due to the method of numerical integration and a
statistical error due to the Monte-Carlo method.

Among the methods with higher order weak convergence let us consider the weak second
order Talay-Tubaro extrapolation method [21]. According to the Talay-Tubaro method we
have

lu(t, ) — ZE[f(Yh/Q(T))Yhﬂ(T) + 7h/2(T)] + E[f(Xu(T)) Yi(T) + Zn(T)]| = O(K?),

where an approximation (2.20) with step size h is denoted by X, Y, Z5. An approxi-
mation v(t, z) for v(¢, z) is thus obtained by

(2.23)

3(t,7) 1= - S U (REAM) VIWT) + Zi(r)] — + SR @) vi(r) + 707 (r))

n=1 n=1

where for n = 1,..., N, Xyp(t1), Yam(t), Zup(t) and Xy (1), Yo (t), Zy"(#) are

independent weak approximate trajectories of the solution of system (2.9)-(2.11), with
discretization step h/2 and h, respectively.

Now, approximation of v(t,z) with ¥(t,z) from (2.23) involves an error O(h?) +
3(3DE(T)/N)'/? and so, for reaching the same accuracy, it is possible to take the time
step h of numerical integration considerably larger in comparison with the Euler method.

Of course, the same consideration holds with respect to the evaluation of dv/0z* (¢, )
also.

Concluding, we may say that the error of numerical integration can be reduced by a
proper choice of numerical integration scheme and step size h, whereas the statistical error
can be reduced (only) by a suitable choice of probabilistic representation for .

We finally remark that if X (¢;) in (2.20) is too close to the boundary of R™, it may
happen that some of the components X%(t;;;), i = 1,...,m, becomes negative. This
means that, in fact, one should choose h not independently of X in this case and, in
particular, h should be taken smaller according X is closer to the boundary of R™'. Such
difficulties do not arise if the process evolves in the whole space R™ and we recall that
the general theory of numerical integration of SDEs is developed in R™ (for simulation
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of diffusion processes in bounded domains see [12], [13] and references therein). In our
setting, however, we may avoid these difficulties also by using a suitable transformation
of R into R™, for instance, by taking ' =Inz', i =1,...,m

3. VARIANCE REDUCTION BY IMPORTANCE SAMPLING

In this paper we consider variance reduction for the Monte Carlo evaluation of a hedging
portfolio as well as for the evaluation of the deltas. In this respect we deal with two
methods of variance reduction in connection with the Monte Carlo approach for the
linear parabolic Cauchy problem (1.5)-(1.6): the method of importance sampling [5], [10],
[15], [16], [22], and the method of control variates [15], [16] (for the initial-boundary value
problem see [10], [17]). In this section we explain the method of importance sampling
and we show that by this method it is possible to reduce the variance of the estimators
corresponding to the probabilistic representations (2.8) and (2.15), simultaneously .

We introduce the variables

(31) 5(3) = U(S’ Xt,w(s)) Y;i,z',l(s) + Zt,q:,l,U(S)a

(3.2) Zg— (8, X1.0(8)) 06X (5) Yeoa (8) + (5, Xoa(8)) 8Y (5) + 6k Z(5).
Clearly

(3.3) §:=&(T) = [(Xt.2(T)) Yean(T) + Ztz10(T),

=1

Because D¢ (an) is close to D& (Dm,,), the error of a Monte Carlo evaluation of v(t, z)
depends on the variance of the random variable &, see (2.8), whereas the Monte Carlo
error of an evaluation of uy(¢,z) = dv(t,z)/0z* depends on the variance of 7, see (2.15).

The method of evaluating v(¢,z) by importance sampling corresponds to the method
described in [10]: it is clear that F¢ does not depend on the choice of h. In the meantime,
the variance D¢ = E&% — (E€)? does depend on h. Therefore it is natural to regard
h',...,h™ as controls and to choose them such that the variance D¢ is minimal. This
problem is solved in [10] and it turns out that, in principle, the variance can be reduced
to zero.

Theorem 3.1. Let the solution v(t,z) of the problem (1.5)-(1.6) be positive. Let

. 1 — ov
3.5 SR
(35 P

Suppose that for any (t,z), to <t < T, = € RT, there is a solution of the system
(2.9)-(2.11), with h? as in (3.5), for t < s < T. Then, € in (3.3), computed according to
(2.9)-(2.11) with h as in (3.5), is deterministic, i.e., D€ = 0.

Proof. By using I[t6’s formula and taking into account Lv 4 ¢ = 0, we derive

m

d[v(s, Xt 2(8)) Yezi(s) + Zizio(s)] = (Lv+¢) Yds — Z %(ah)i Yds
Em: Y (odW (s))! +vYh dW (s) + Em: %(adW(s))i Yh'dW (s)

=1 =1
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_Y(i o (oW (s s)) 4 vh dW (s Y; ;(’”a + vh?)dW(s),
whence
(3.6)  v(s, Xtu(s)) Yau1(s) + Zizio(s) = v(t, z) / Y z; 21:0”8 + vhf dWwi.
7 %

Now, with h as in (3.5), equation (3.6) yields the following identity in s,z with probabil-
ityl:
(3.7) £(s) := v(s, X1.a(5)) Yewn () + Ztzao(s) = v(t, 7),

i.e., &(s) is deterministic. Moreover, £(s) is independent of ¢ < s < T'. In particular, by
(1.6), we get for s =T,

(3.8) §(T) =& = [(Xew(T)) Yiun(T) + Ziwpo(T) = v(t, z),
hence the theorem is proved.
>From the proof of the theorem above we obtain the following corollary.

Corollary 3.1. For an arbitrary h (of course, the usual conditions of smoothness and
boundedness are supposed) the variance DE(T) is equal to

Dg(T):E/ Y2 1(s) ZZ% + vhi)?ds,

t j=1 =1
where the functions o;;, Ov/0z', v, b/ have s, X; ,(s) as their arguments.

Remark 3.1. Of course, the h?, j = 1, ..., m, cannot be constructed without knowing
the function v. Nevertheless, the obtained result establishes that, in principle, it is possible
to reduce the variance D¢ arbitrarily by properly choosing the functions h?. The results
can be used, e.g., in the following situation. Let all the parameters of the considered
problem be close to those one for which the solution is known and equal to vy. By taking
h’ as in (3.5) equal to

: 1 i 6’110
3.9 W=—— ey
( ) Vo ;0-'78.’171

the variance D€, although not zero, will be small. As another possibility, it is shown in [20]
that under certain circumstances it is optimal to pre-compute a rough approximation for
the solution of the Cauchy problem by some finite difference method and then to proceed
with variance reduced Monte Carlo simulation, where the controls A’ are computed from
the rough approximation.

Remark 3.2. If the condition v > 0 in Theorem 3.1 is not satisfied, but e.g., if
v>—K, K >0, then we consider v = v + K as a solution of the problem

L+ Kr+c¢=0,9T,z)=f(z)+ K
and consider instead of (2.11),
dZ = (Kr(s, X) + c(s, X))Yds, Z(t) = z.
Next, taking

m

~. 1 m
h]:_v—l—Kiz: Z](9:1:1 :_~Z z]ax’




n (2.9)-(2.10) leads to £ = (F(Xio(T))+ K) Ysp1(T)+ Zy51,0(T), as being a deterministic
variable.

A remarkable fact now is that the variables n,, & = 1,...,m, for A/ as in (3.5) are
deterministic as well.

Theorem 3.2. Under the assumptions of Proposition 3.1 the variables ny = ng(T), k =
1,...,m, in (3.4), computed according to (2.9)-(2.11) and (2.17)-(2.19) with h as in (3.5)
are deterministic.

Proof. By differentiating (3.7) with respect to = we get

ov Ov

i 6 = 2 a5 X)) 67 () Vo1 (8) + 0(8, Xoa(8)) 66 Ye01(5) + 66 Zuio10(8)-

Thus, we have proved that the variables 7 (s) (see (3.2)) are deterministic (moreover
they do not depend on s, t < s < T'). Therefore all (7)) are deterministic. Theorem 3.2
is proved.

4. VARIANCE REDUCTION BY CONTROL VARIATES

We now proceed to the method of control variates. In (2.9)-(2.11), we consider h to be

fixed and introduce the new random variable
m

T
(11) r(1) = ET)+ [ Yiea(s) 3 Fis, Xeale)dW(5)
t i1

where Fj(s,z) are functions depending on (s, z) with good analytical properties but fur-
ther arbitrary.

Clearly, the expectation F€r(T) is equal to E£(T') and does not depend on the choice
of F'. In the meantime, the variance DEr(T) does depend on F'. Also in this situation it
turns out that the variance can be reduced to zero.

Theorem 4.1. Let h in (2.9)-(2.11) be a fized function. Then for

(4.2) Fi(s,z) =—()_ aij(s,x)%(s,x) + (s, z)W(s,z)), j=1,...,m,

i=1
the variable £p(T) is deterministic, i.e., DEr(T) = 0.

Proof. The theorem is a consequence of the following equality (see (3.6)),

En(T) = F(Xoa(T)) Yiun(T) + Zug1olT) + / Vi ZF (5, Xoa(5))AW(s)

T m
:v(t,x)—l—/ Yiea(s Zz%a + vhd)dWI(s) + /Ym ZFdW’ ,
t j=1 i=1

where the functions oy, Ov/0z", v, h?, F? have s, X;,(s) as their arguments.
Clearly,

T m
ov -
(4.3) Dep(T) = E / V2, (s) Z(Z L DR
which is equal to zero for Fj according to (4.2). Theorem 4.1 is proved.

Of course, a remark similar to Remark 3.1 applies here as well.



The method of control variates in the case h = 0 was first considered by N.J. Newton
[15]. Following [15], let us look for F' = (F1, ..., F, ) of the form

(4.4) ZU” S, ZCT’YT $,)
= r=1

where 7, = (72, ...,7™), r =1, ...,1, are known row vectors and c, are constants. According
o (4.3) we then have
m

T m
8
45) D) =F [ ¥i0 >0 ol + Z ]+ vhd)ds,
However, determination of ¢, directly by minimization of the right-hand-side of (4.5) is
impossible because the functions v and dv/dz" are unknown. But, since we have

o5, Xeals) = BIET: s Xials)) | ),
(4.6 O (5, Xeals)) = Bl(Tss, Xeals) | 72),

where

f(TQ S, Xt,z(s)) = f(XSth,z(S)(T)) Ys,Xt,E(S),l (T) + Zs,Xt,z(S),l,U(T)’

m Bf
T3 X1al6)) = 37 3 Kt S0 (1) VatonD)

+F (X X1 a(s ( )) 0:Y5s x4 o ()1 (1) + 0iZs x, o (s),1,0(T),

it is not difficult to see that the mentioned minimization problem is equivalent to the
following one

an B [ v ) 33 o +Zcm]+§ JW)Pds — min |

.....

where the functions o;;, 7%, €(T;-), mi(T;-) have s, X;.(s) as their arguments. Indeed,
let us first take the mathematical expectation inside the integral in (4.7). Next, by setting
the derivatives of (4.7) with respect to ¢, 7 = 1,...,[, equal to zero we get a system of
linear equations in c,, where the coefficients are expressed as integrals of mathematical
expectations. By pre-conditioning these expectations on F, and using (4.6), it then follows
that this system of linear equations coincides with the system yielded by (formally) solving
the minimization problem (4.5) directly.

It should be noted further that for simulating &(7';-) and n;(T’;-) in (4.7) the following
relationships are useful:

LS Zs xeo()1.0(T) =

Via(s)? ZoetonolD) =305

and similar ones for §;Y; x, (51 (T) and 6;Z; x, ,(s),1,0(T).
The solution of the problem (4.7) thus provides optimal values for ¢ and leads to reduced

variance.

YS,Xt,z(S),l (T) = (ZtyﬁylaO(T) - Ztyzyl,o(s))’

To conclude we connect the method of importance sampling and the method of control
variates by introduction of the system

(4.8) dX = (b(s,X) —o(s, X)h(s,X))ds + o(s, X)dW (s), X(t) =,
(4.9) dY = —r(s,X)Yds+h' (s, X)YdW(s), Y(t) =1,



(4.10) dZ = c(s,X)Yds + F' (s, X)YdW(s), Z(t) =0,

and the random variables £(s), mx(s) defined according to (3.1), (3.2). Of course, instead
of (2.19) the equation for 6,7 is now given by

(4.11) 62 =) jw 6, X' Yds +c(s, X) 6 Yds
T
=1

" OFT (s, X
+ Z % 6 X! YdW (s) + FT(Sa X) 6,YdW (s), 6xZ(t) = 0.
=1

Note that the variables £(s) and 7, (s) depend on h and F' and therefore a more correct
notation would be, for example, &, p(s) instead of £(s). However, our notation does not
lead to any confusion.

The following theorem can be proved analogously to the previous ones.

Theorem 4.2. Let h and F be such that
(412) 20'”8—;4"0]1]4—}7]:0, ]:1,,m
i=1

Then &(T) from (3.3) computed according to (4.8)-(4.10) and n(T') in (3.4) computed
according to (2.17)-(2.18), (4.11) are deterministic.

Example 4.1. Let all the parameters 7, u’, v;;, ¢, r* be independent of z, i.e., they
are given by deterministic functions of ¢ and let the payoff function f be of the form,

FX(T)) = A(XHT)) + .. + fu(X™(T)).
Then, for h = 0 the system (2.9)-(2.11) becomes,

Il
—_

dX* = X" (r(s) — r'(s))ds + X' > v(s)dW(s), X'(t) = ', i
j=1
dY = —r(s)Yds, Y(t) =1,
dZ = c(s)Yds, Z(t) =0, t <s < T,
and may be solved explicitly:

Xt"’x(T) =zt kl(t) exp(/t ZVij(S)de(S)) =zt kl(t) exp(ai)\,-(t)),

where

B0 = exol [ () =ri(s)ds = 5 [ Yo vio)ds),

Ailt) = ( / > vig(s)ds)"”,

and o' is a normal random variable with zero mean and variance 1.
>From (2.8) we obtain

m

Wtz ™) =Y B [fi(X (1) Yien(T) + Zig0(T)]

=1

= \/% Z/_oo fi(@'k () exp(aXi(t))) exp(—a?/2)da exp(—/t r(s)ds)



+ /t " () exp(— / o (s)ds')ds,

whence the derivatives 8v°/0z", i = 1,...,m, can be found explicitly as well.

So, in the case where the parameters of a certain problem do not differ too much from the
ones considered above, we can use the recommendation of Remark 3.1 and, for example,
take h? according to (3.9) with F; =0 or b/ =0 with F; = — Y7 0y;(s, 2)0v°(s, ) /0"

5. GAMMA, VEGA, THETA

Clearly, differentiation with respect to z’ in (2.15) gives the probabilistic representation
for the gammas 8%v(t, )/0x*0x?, i,k = 1,...,m. This representation involves, along with
the first variations 0, X", .Y, 07, the second variations

02X, ,(s) %Y 51(5) 0?74 2.10(8)
T 20al®) s y(s) = Lt ) = S b0l
OxkOxi ’ 0¥ () Ozxkoxi ’ 0k 4 (5) OxkOxi

Let us write down the system for these variables where, for notational simplicity, we
restrict ourselves to the case m = 1. In this case X, b, h, o0 and W in (2.8)-(2.11) are
scalars. For the delta we have

6iji(s) = L t1<s<T.

(5.1) u(t,z) = %(t, )

= 1| Y (0 0)) 8X(D) Yau(D) + FX(1)) 6Y (1) 4 02(T)|
where (together with (2.9)-(2.11))
(52) dox = 20&X) = ‘;(;’X)h(s’x)) 5Xds+ %;;X) SXdW (s), SX(t) = 1,
(5.3) Aoy = —%;UX) 0XYds—r(s,X)dYds

+%ﬁ §X YW (5) + h(s, X) 6YdW (s), 6Y () = 0,

(5.4) déz = % 0XYds+c(s,X)0Yds, §Z(t) =0.
With the notation,

1 () = D)y om PNetld) o Pimtall)
we thus obtain for the gamma
(5.5) u'(t,z) == %(t,x) =F %(Xt,z(T)) [6X (1)) Yt,z,l(T)}

+B | T (X)) (D) Vi) + 25X (1) Y (D) 4 (X)) ¥ (1) 492(T)|.
where
(5.6) dyx = 20 X) = Ua(; YR X)) | xds + 78”(6”;)() X dW (s)
LT X) = ols, X X0) (551245 4 E0 XD (5 xamwr(s), 4x(8) =0,

o2 o2



or(s, X)

My

Oh(s, X)

(5.7) dvy = — yX Yds —r(s,X)vYds + YX YdW (s)

_ (s, X) or(s, X)
o2 Oz

+h(s, X)vYdW (s) [6X]>Yds — 2 §X 0Yds

21(s X X
LM X) sxpyaw(s) + 2220 sx syaw(s), v = o,

Ozx? Oz

(58) dv7 = %ﬂ( Yds +c(s, X) 7Y ds
T
2
+% [6X]2Yds + 280(;’ Y) sx svds, 52(t) = 0.
T

Thus, to calculate the gamma one needs to evaluate the expectation (5.5) by virtue of
the system consisting of equations (2.9)-(2.11), (5.2)-(5.4)) and (5.6)-(5.8).

Also, one can prove that for A% as in (3.5) the corresponding gamma estimators are
deterministic again.

If the problem under consideration depends on some parameter a, hence v = v(t, z; @),
it is possible to find dv(¢, z; &) /D, called vega, in the same way. Let us find, for example,

vega in the case of one-dimensional model, i.e. (1.1) with m = 1, where instead of
o(t,xz) = zv(t,z) we now have o(t,z; o) = azv(t,z). We then have
where

(5.10) dX = (b(s,X) —o(s, X;a)h(s, X;a))ds+o(s, X;a)dW(s), X(t) =z,

(5.11) dY = —r(s,X)Yds + h(s, X;a)YdW (s), Y(t) =y,
(5.12) dZ =c(s,X)Yds, Z(t) = z.
Therefore,
ov d
(5.13) %(t, ;) =F é(Xt,z(T; @)) 0. X(T; )Y 21(T; @)
+E[f(Xe2(T;a)) 6aY (T; @) + 6o Z(T; )],
where
0Xtz(5; 0Y:z1(s; 0Z4 4 ;
6.X(50) = X250, gy (5) = Hied(8) g g(s5) - Petolic)
satisfy the following system
9(b — oh) do d(oh) do
14) dog X = 22— 5 xds+ 25, x — il X(t) =
(5.14) déq 5 daXds + o do X dW (s) e ds + aadW(s)’ daX (t) =0,
or
(5.15) dé,Y = o 0,XYds —rd,Yds
oh oh
5 82X YAW () + hdaY dW (s) + 2 Y dW (s), 8aY () = 0,
T a
0
(5.16) 46,7 = 8—6 §oX Yds + c8,Yds, 842(t) = 0.
T

Let us now point out how to find theta: u,,,1(¢, z) := Ov(t, z)/0¢t. The above way of dif-
ferentiation under the expectation sign is now impossible because of the non-differentiability



of X;.(s) with respect to ¢ (e.g., the problem dX = dW(s), X(¢t) = z, s > ¢, has the
solution X;,(s) = x + W (s) — W(t) which is evidently nondifferentiable with respect to
t). Of course, one can find theta by the initial equation (1.5) after evaluating the deltas
and the gammas. However, if we do not need the gammas actually, this way is rather
irrational. It is better to consider the system of m + 2 parabolic equations consisting of

(1.5)-(1.6), (2.13)-(2.14) and

OUm, 6 U ; 8um
(5.17) 8t+1 + = Z a;;(t ’8;11 + Z b (t L. r(t, &) Uit
l]—
8a” 8u] ob; ov Or Oc
—Z +;E(t,x)8l 8t(t x)v—i—at(t z) =0,
1 il o 0f
(5.18) um1(1,2) = —5 ”2::1 aij(1,2) 5 55 (@) = ;b (7, 2) 5 (@)

+r(T,z) f(z) — (T, x) == g(=),
and to use then consequently the probabilistic representations given in [11].
Let us now consider a model in which the coefficients v;; (and so a;;) do not depend
on t. In such case the parabolic system consists of two equations for v and u,,; only.
Namely, (1.5)-(1.6) and the following equation

(5.19) ua 24z Z aij(t, z 8;:8;]1 + Zbl Tl —7(t, T) U1
1,j=1 ]
ov or (90
(520) um+l(Ta .’E) - g(fE),

with g(z) as in (5.18) and a;;(T, z) = a;j(x).

The probabilistic representation for the solution of Cauchy problem (1.5)-(1.6), (5.19)-
(5.20) has the following simple form (see [11]). Introduce the system of stochastic differ-
ential equations

(5.21) dX = (b(s, X) — (s, X)h(s, X))ds + o (s, X)dW (s), X(t) = =,

(5.22) dy' = —r(s, X)Y'ds — %st + kT (5, X)YIdW (s), Y(t) = ¢,

(5.23) dY? = —r(s, X)Y?ds + h' (s, X)Y?dW (s)
+(0_1(3,X)%)TY2dW(s), Y2(t) = ¢,

(5.24) dZ = c(s, X)Y'ds + %;X)Y?ds, Z(t) =0,

and the random variable
(5.25)  Eroyry = [(X1o(T)) Yigyr 2 (T) + 9(X1a(T)) Y, 41 2 (T) + Zigyr y2.0(T),

where Y! and Y? are scalars. Then, the required solution v(¢,z), Um1(t, z) can be found
from the relations

(5-26) U(t, -’L') = Egt,z,l,o ) Um+1(t, -’L') = Egt,z,(],l .



This fact can be verified in the following way. By Ité’s formula we derive
(5.27) V(8 X1,0(5)) Yigyr 42 (8) + Um1(8, Xea(8)) Vidp g 2 (8) + Zo g y2,0(5)

t,z,yl,y2
—’U(t, .’L‘) yl — Um+1 (t7 .’L‘) y2
_ / (E (8, Xea(9) - Yy 2 o (9) + B (9, Xow(9) - Y2, 1 (9)] dW(9),
t

t,x,yt,y? t,x,yt,y?

where F; and F, are some known vector-functions and then relations (5.26) follow imme-
diately.

6. BARRIER OPTIONS

Let us consider a model consisting of a cash bond B(s) and a stock X (s) (we take only
one stock for notational simplicity), where the price of the stock satisfies the equation

(6.1) dX = u(s,X)ds + o(s, X)dW (s).

Let 0<m <mp, M <z <o, T="Tp=TAInf{s: Xy.(s) & [m,m], t <s<T}
(we put inf to be equal co for an empty set). We now look at an example of a barrier
option. The option is specified by a payoff equal to zero if 7 < T" and equal to f(X;.(T))
if 7 = T, where f(z) is a function defined on [y, m2]. We should note here that a more
rigorous notation for (6.1) would be

dX = 1sap(s, X)ds + Lirsg0(s, X)dW (s),

where X describes the value of the stock up to time 7, but we use (6.1) as long as it doesn’t
lead to confusion. In addition, we assume that f(z) is equal to zero in some neighborhood
of w1 and 7 respectively. Then, it is not difficult to show that the portfolio value V() of
the hedging strategy is equal to v(t, X (¢)) where v(t, z) satisfies the following boundary
value problem

ov 1 0%v ov
(6.2) T + 502(t,$)@ + T‘(t).’L'% —r(t)v=0, t) <t <T, m <z < my,

(6.3) v(T,z) = f(z), v(t,m) = v(t,m) =0,
and as before we have
V(t) =v(t, X(t) = ¢ B(t) + P X (1),
with ) 5 9
v v
t, X(t) — —(¢t, X(2))X(t = —(t, X(t)).
B X (0) — 50 (6 XW)X W), v =57 (1, X(0)

Note that in contrast to (1.1), in this model we do not use the multiplier X in the stock
equation . This can be explained in the following way. The multipliers X* in (1.1) ensure
the positivity property of prices X* during infinite time. Analogously, the multipliers
(X — 7)) (ms — X?) in (2.7) ensure evolving the prices in the open parallelepiped II. In the
here considered problem the stock price process is only relevant in the interval [my, 3],
due to the definition of the barrier option and so we don’t need any special multipliers.

The solution of the boundary value problem (6.2)-(6.3) for the barrier option has the
following probabilistic representation,

Yt =

(64) U(t’ .’I?) = El{Tt,z:T} [f(Xt,z(T)) Y;,,z,l(T)]a
where
(6.5) dX = (r()X — o(s, X)h(s, X))ds + o(s, X)dW (s), X(t) = =,

dY = —r(t)Yds + h(s, X)YdW(s), Y(t) =1

Y



and

(66)  5o(t,7) = Bl oy | o (Xea(T)) - 5X(T) - Yiaa(T) + F(Xea(T)) -6¥(T)| |
where the equations for 6.X(7') and §Y(T") are analogous to (2.17), (2.18).

The method of importance sampling can be developed for this model without any
serious difficulties (see [10] in connection with variance reduction of v(¢,z) due to (6.4)).
After introducing a system similar to (4.8)-(4.10) a more general representations for v and
Ov/dz can be given and also the results of Section 4 (in particular the method of control
variates) can be carried over to the barrier option considered above.

Remark 6.1. The option under consideration is known as nullified barrier option [9].
For more general barrier options the boundary value conditions are nonzero and instead
of (6.3) we have

(6.7) (T, z) = f(z), v(t,m) = vi(t), v(t,m) = va(t).

Let I denote the set where the condition (6.7) is specified. Then (6.7) can be written
as

(6.8) v |r=g,

where g(T',z) = f(z), g(t,m) = vi(t), g(¢,m2) = va(?t).
Instead of (6.4) we may now write

(6-9) U(ta 37) = E[Q(Tt,z;Xt,z(Tt,z)) : Yt,z,l(’rt,z)]-

It should be noted that in this case there is no expression for dv(t, z)/dz such as (6.6)
because the dependence on z is now more complicated due to the presence of 7;, and
the problem of effective numerical construction of a hedging strategy requires special
examination.

7. HEDGING OF EUROPEAN LIBOR DERIVATIVE CLAIMS

In this section we show the application of the presented probabilistic methods to the
LIBOR! interest rate model in connection with some specific European LIBOR derivative
claims. The LIBOR (market) model by Brace, Gatarek, Musiela [1] and Jamshidian
[6] is based on an arbitrage free system of zero coupon bonds and in the frame work of
Jamshidian it may be represented as below (we now use the notation from [6] which differs
a little from the one used in the previous sections).

For a given tenor structure 0 < 77 < T3 < ... < T,, we consider the forward LIBOR
process L;(t), 0 <t < T;, 1 < i < m — 1, as the effective forward rate over the period
[T;, T;+1], which is defined in terms of zero coupon bonds B;, B;.1, maturing at T;, T;4
respectively, by

Bi(t)
Li t) = (51_1 : —1 y
() =67 (5" oy~ D)
with 6; := T; 1 —T;. Then, in the so called terminal bond measure P,,, which is a measure

such that B;/B,, are P, (local) martingales, the dynamics of the LIBOR process is given
by

m—1

8;Li L v v T
(7.1) dL; = — T T g4 Ly (¢, L)dW ™,
]Zi;l (1+06;L;)

ILIBOR stands for London Inter Bank Offer Rate



where W™ is a d-dimensional P,,-Brownian motion, d < m — 1, and for our purposes we
assume that the R%-valued functions +;, defined in [ty, 73] x RT ', are smooth, bounded,
and such that the matrix ¥ := (7, 7;) has constant rank d.

We now illustrate how to price and hedge a European LIBOR derivative claim at
maturity time 77 with a typical degree 1 homogeneous payoff structure of the form

V(Ty, B) := By, (T1)f(L(Ty)) for some f(-) : R™ ! — R. By application of Theorems
4.7 and 5.2 in [6] in this setting it follows that the claim value at time ¢ < 77 has the form
V(t, B(t)) = Bm(t)o(t, L(1)),

where v(-, ) : RxR™ ! — R satisfies the Cauchy problem

m—1 m—1

0V OpYpVYk Tn
(7.2) i Z Z ayk 4o, Z R T =0,

k,l=

with boundary condltlon
v(Th,y) = f(y).
For convenience we introduce,
m—1

OpYp¥s T
Ae(t y) = — Z 117;1)%%%,

p=k+1

Mty y) = Yrbi Ve M-
and then the Cauchy problem for v reads,

8 m—1
(7.3) 8—: +3 /\k(t,y s Z Ma(t,9) 5 =0, o(T,y) = f(y).
k=1

kayl

Following Jamshidian, [6], Th. 4.7, the European claim may be hedged by a self-financing
portfolio in zero coupon bonds (¢, B),

(7.4) V(t,B(t)) := Zwk(t, B(t))Bk(t) = V (0, B(0)) + Z/o Yr(s, B(s))dBy(s),

where v
t,z) i = —.
Vi (t, ) o,

Since we may write

V(t,z) = V(t,z1, ey Tm) = Tmo(t, 67 (22 — 1), .., 020 (222 — 1))

° 1
T m Tom

= T U(t, Y1,y oy Yme1) = Tmv(t, y),
where (y corresponds to L)

Yk =0,

~1), k=1,..,m—1,
Lr+1

V' is homogeneous of degree 1 in = and so the hedge quantities ¥, are homogeneous of

degree 0 and may be seen as functions of ¢ and y. We will thus derive a representation for

the hedge quantities ¢i in terms of ¢ and y. For i < m we have

Zavayk__ ov 51:1:11 81}5'_11

Tm +x Tm 7
Oy Oz 0yi1 ' 3 Oy Tit1

)

(7.5) Di(t, z)

Bx,



v | 305_1_"i—[1 1

=6 (L + 0 1y —— + —; = (¢,
SOy S i) !—[Z 1+ 6kye  Ovi woirn LT OkYk #iltsy)
and
(7.6)
av 1 m—1 av m—1m—1
wm(tax) = W sz )_Z H(l—i_dkyk)goz(ta y) = Qom(tay)'
m i=1 k=i

Therefore the hedging strategy is constructed by

(7.7) V() = Zsoi(t, L(t))Bi(t)-

According to (7.5) and (7.6), for calculating ¢;(¢, L(t)), ¢ = 1,...,m, we have to find v
and dv/dy;, i = 1,...,m—1. Clearly, in the manner which was outlined in the previous sec-
tions, v can be found by Monte Carlo simulation of a suitable probabilistic representation
for Cauchy problem (7.3). For its derivatives we set

ov
Oy; ’

U; ‘=

and differentiate (7.3) with respect to y; to yield,

au, "i:

k=1 k=1

m—1

t y 811,, Z 6nkl 8uk

(t, =0.
By; Oy 3 anl v) 8 Yk

So, along with Cauchy problem (7.3) for v, we have the Cauchy problem for u; : (7.8)
with boundary condition

of

(7.9) ui(T,y) = oy’

which can be solved also by the previously presented probabilistic methods.

Remark 7.1. It should be noted that in the case of a low factor LIBOR model
(d << m) the diffusion matrices in the Cauchy problems (7.3) and (7.8)-(7.9) are highly
degenerate, however, the different probabilistic representations in Sections 2-4 still go
through. In fact, in Section 2 nondegeneracy was merely assumed to guarantee that the
multi-asset system (1.1) is arbitrage free.

The developed general probabilistic method for the price and hedge of a European
claim can be applied to various “Over The Counter” European LIBOR derivatives. As
an illustration we consider two so-called "fixed income” instruments: the "swaption” and
the "callable” reverse floater. Although especially the swaption is a very liquidly traded
instrument and therefore will be hedged hardly ever in practice, these examples serve
nevertheless as a clear illustration of the methods presented. Besides, in a LIBOR market
model, for a fairly large family of LIBOR derivatives one can derive analytical approxi-
mation formulas, see e.g. [19], which, in principle, can be used for variance reduction.

Example 7.1. Furopean swaption. A swap contract with maturity 7} and strike x on a
loan of $1 over the period [T, T;,] obliges to pay a fixed coupon & and receive spot LIBOR
at the settlement dates Ty, ..., T,,. From a standard portfolio argument it is obvious that



the present value of this contract is equal to
Swap(t) = Bi(t) —&Zd Bja(t), to <t < Th.

The swap rate S(t) is now defined as that ﬁxed coupon which sets this contract value

to zero:
S(t) - Bl() Bm(t)
T m—1
> 0iBjn(t)
A swaption contract with maturity 77, strlke k and principal $1 gives the right to
contract at 77 to pay a fixed coupon « and receive spot LIBOR at the settlement dates

Ts, ..., Ty,. Equivalently, one can contract for receiving the 7;-swaprate and one can show
that the payoff of the swaption is equivalent to a Tj-cashflow of

m—1
(710) Swpn T1 Z 1AB]+1(T1)(L]'(T1) - F&)dj,
7j=1
where A denotes the Fr,-measurable event {S(7}) > k} and the swaprate S(7}) is given
by (see [19])
Bi(Th) = Bu(Ty) _ —1 + [15 (1 + 6 Li(T))
ST Br(T) S o T, (L + GiLa(T)
>From (7.10) we see that the swaption cashflow is homogeneous of degree one. There-

fore we may compute the swaption price and the corresponding hedge by Monte Carlo
simulation of the probabilistic representations for (7.3), (7.8)-(7.9), with f given by

S(Tl) =

m—1

(7.11) Z 1a(y k)8 [ (1 + dkwr),

k=j+1

A=1y: 1+H2n711(1+5kyk) .
oy Ok [Ty (1+ Gigs)

and obtain variance reduction, for instance, by the “industrial standard” Black market
formula for swaptions [6, 19].

Example 7.2. The callable reverse floater. Let K > 0. A reverse floater (RF) contracts
for receiving L;(T;) while paying max(K — L;(T;),0) at time T; 4 for i = 1,...,m—1 with
respect to a unit principal. A callable reverse floater (CRF) is an option to enter into a
reverse floater at 77. In [19] it is shown that in a LIBOR market model the reverse floater
can be evaluated analytically and that the contract is equivalent with a Ti-cashflow of

where

(7.12) RF(Ty) = B,(T}) — ZB,+1 T)) Fy(Ty, K),

where F;(Ti, K) is known explicitly as a Black—type formula, only involving T, K, and
the deterministic 7;, i = 1,...,m — 1, [19]. So the payoff of the CRF, being

CRF(Ty) = max(RF(Ty),0),
is clearly homogeneous of degree one and the reverse floater price and hedge may be
computed by Monte Carlo simulation of the probabilistic representations for the system

(7.3), (7.8)-(7.9) and f given by an expression derived from (7.12). Moreover, in [19] a
one factor approximation formula is derived which could be used for variance reduction.



Remark 7.2. It should be noted that in practice LIBOR derivatives may not be
hedged by zero coupon bonds directly as they are usually not always available in the
market. Instead, zero coupon bonds may be constructed, for instance, by simple linear
combinations of swap contracts and certain particular Government bonds and so the
hedge positions in the "virtual” zero bonds need to be translated to these assembling
instruments.

8. CONCLUDING REMARKS

Although the parabolic Cauchy and boundary value problems associated with pricing
and hedging of European multi-asset claims are practically impossible to solve when the
number of assets exceeds three, the probabilistic methods presented in this article are still
feasible and straightforward to implement even when the asset dimension is relatively
high. The generalization of these methods to high dimensional American options, for
instance, in the spirit of the work of Broadie and Glasserman [2] is to our opinion an
interesting and challenging problem for the future.
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