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Abstract

We study several lognormal approximations for LIBOR market models, where
special attention is paid to their simulation by direct methods and lognormal ran-
dom fields. In contrast to conventional numerical solution of SDE’s this approach
simulates the solution directly at a desired point in time and therefore may be
more efficient. As such the proposed approximations provide valuable alternatives
to the Euler method, in particular for long dated instruments. We carry out a
path-wise comparison of the different lognormal approximations with the ’exact’
SDE solution obtained by the Euler scheme using sufficiently small time steps. Also
we test approximations obtained via numerical solution of the SDE by the Euler
method, using larger time steps. It turns out that for typical volatilities observed
in practice, improved versions of the lognormal approximation proposed by Brace,
Gatarek and Musiela, [2], appear to have excellent path-wise accuracy. We found
out that this accuracy can also be achieved by Euler stepping the SDE using larger
time steps, however, from a comparative cost analysis it follows that, particularly for
long maturity options, the latter method is more time consuming than the lognormal
approximation. We conclude with applications to some example LIBOR derivatives.

1 Introduction

By far the most important class of traded interest rate derivatives is constituted by derivatives
which are specified in terms of forward LIBOR rates. The forward LIBOR! rate L is defined as
the annualized effective interest rate over a forward period [T}, 75| and can be expressed in terms
of two zero-coupon bonds By and Bs with face value $1, maturing at T} and T, respectively,

gl(? -1
L(t; T, Tb) == ﬁ, (1)

where as usual 75 is the settlement date for the accrual LIBOR period. In several papers such as
Brace, Gatarek and Musiela [2], Jamshidian [4], Musiela and Rutkowski, [7] arbitrage free models
for the LIBOR rate process are constructed in order to price LIBOR derivatives such as caps,
swaptions and more complicated types, so called exotics, in a direct way. For instance, in [2] the
dynamics of the continuous family of processes {L(¢,T,T+d) | T >0, 0 <t < T} is studied for
a fixed § > 0, whereas Jamshidian [4] considered the processes {L;(t) := L(t,T;,Ti+1) | t < T,
i=1,...,n — 1} for a discrete set of tenors {71,...,T,}. In both approaches special attention
is paid to so called LIBOR market models which are models where for every settlement date the
LIBOR process has deterministic volatility. Also in Schoenmakers and Coffey, [10], Sidenius, [12],
applications of LIBOR market models are studied extensively. In a market model, each LIBOR
is a log-normal martingale under the numeraire measure given by the bond which terminates at
the LIBOR’s settlement date.

In this paper we concentrate on a LIBOR market model for a discrete set of tenors given by a
stochastic differential equation (SDE) in the terminal bond measure as developed in Jamshidian
[4], equipped with a special correlation structure (2) presented below. For this model we have
constructed lognormal approximations, efficient simulation methods for these approximations
and outlined the application of the different simulation methods in various valuation problems in
practice. The lognormal approximations, derived in section (2), are subjected in section (2.2) to
mutual path-wise comparison and path-wise comparison with approximations obtained by Euler
stepping the SDE. A ranking between the different approximations is thus obtained.

ILIBOR stands for London Inter Bank Offer Rate.



The main advantage of log-normal approximations is that their distributions can be simu-
lated very fast, and, since the valuation of a LIBOR derivative generally comes down to the
computation of the expected value of a function of LIBORs, an important family of LIBOR
instruments, consisting of long dated products and in particular European style exotics, can
be valuated faster by using lognormal approximations. As an example, the lognormal approxi-
mation of Brace, Gatarek and Musiela, [2], can be simulated effectively by a Gaussian random
field of log-LIBORs. The efficiency of the proposed lognormal approximations with respect to
Euler stepping SDE is analysed in section (4) and the results have led to an “optimal” simula-
tion program presented in section (4.1). In section (5) we consider the valuation of swaptions
and trigger swaps and compare the results for different approximations. Also we discuss briefly
the callable reverse floater, an exotic instrument for which the proposed simulation method is
extremely efficient.

For the simulation analysis in section (2) and the valuation examples in (5) we used a LIBOR
market model with a full rank instantaneous correlation structure of the form

min(b;, b;)
max(bi, bj) ’

(2)

pij =

In (2) the sequence (b;) is required to be positive, strictly increasing, and such that the sequence
(bi/biy1) is strictly increasing also. Further, it is clear that we may take by = 1 without restriction.
As such, the correlation structure (2) constitutes a full rank positive definite matrix, see Curnow,
Dunnett, [3] and is proposed for the LIBOR model earlier by Schoenmakers and Coffey [10,
11]. The advantage of the structure (2) is, on one hand, that the number of parameters to be
determined in the market model is, in a sense, the same as in the case of a two factor model and,
on the other hand, as turned out in practice, that calibration of a market model based on (2) to
the cap/swaption market is very stable and implies a system of LIBOR correlations which is well
in accordance with the behaviour of statistically estimated correlations from historical data. In
particular, the increasingness of b;/b; 1 implies that instantaneous correlations p(dL;,dL; ) are
increasing in ¢ for fixed p, which is very natural indeed. See, e.g. the historical correlation table
0 in [2] and Schoenmakers and Coffey [10, 11], for further discussion of this issue. Moreover, it
appeared in many cases that, for a sequence (b;) calibrated to the cap/swap market, by linear
regression on the pairs (Inlnb;,In(i — 1)); i > 1, the structure (2) is very well fitted by a simple
two parametric function, for instance

b =exp[B(i —1)%]; B>0,0<a<]l. (3)

In fact, there are many more suitable parsimonious parametrizations possible for a correlation
structure of the form (2) and in [11] such parametrizations are derived in a systematic way.
Another appealing feature of a simple multi-factor correlation structure such as (2) combined
with (3) is that, once (2) is calibrated, one can choose a specific low number of factors, e.g. two,
three or four and then consider only the first two, three or four principal components of (2),
respectively. One thus yields a low factor model that is calibrated in a stable way. If necessary,
one can fine tune this low factor model again by, for instance, re-calibration via a deterministic
volatility norm function which is specified by a properly chosen functional specification. See
[11] and the references therein for more details. In this paper we implemented (3) as example
correlation structure.



2 Different log-normal approximations

For a given tenor structure 0 < 77 < 13 < ... < T}, we consider a Jamshidian LIBOR market
model [4] for the forward LIBOR processes L; in the terminal bond numeraire IP,,,

! 8;LiLjvy; - vj
L j ity i)y (n),
dL; = Z 5L dt + L y; - dW™ (4)
j=i+1
where, for i = 1,...,n — 1, the L; are defined in the intervals [ty,T;], d; = T;11 — T; and
Y = (Vi,1,---,%,d) are given deterministic functions, called factor loadings, defined in [to, T;],

respectively. In (4), (W) (t) | to < t < T,_;) is a standard d-dimensional Wiener process under
IP,,, where d < n — 1. In case of a full rank correlation structure such as (2), however, we need
d =n — 1 Wiener processes. It is convenient to deal with the following integral form of (4):

t

t
;L |’Yz||’YJ|pZJ 1/ 12 / . (n)
/Z SO gy 5 [ s+ [ e awo), Q

j=itl to to

where p;; = 7; - 7; /|villvil- In practice, we may define the vectors 7;/|v;| through the matrix
(pij) by applying a Cholesky decomposition.

Note that only the first term in the right hand side of (5) is generally non-Gaussian. Let
us consider the contribution of the non-Gaussian term where we assume for simplicity that the

n—1
functions +y; are constants. We introduce the notations: p; = Y |pij|, p = maxp;, § = maxd;,
]:Z+1 (2 (2
and v = max |y;|. Let us denote by L the maximum value of the L;, i.e., L = max sup L;(t).
2

Poto<t<T;

Then, we may write (5) as
o Lil®)
L;(to)

1
=g — §|%'|2(t —to) + ||Vt — to Zi(2),

where Z;(t) is a standard normally distributed random variable and &; can be estimated by |e;|
< (t— tg)éf/yZpi. So, by neglecting €; we cause in L; only a small relative error of order of ¢;
when

lei] < (t —to)dLv2p; < (t —to)dLy?p << 1. (6)

Note that for typical values, e.g., § = 0.25, v = 0.15, L= 0.07, t — ty = 10, this relative error
is about 0.4p %. However, dependent on p and the length of the tenor structure this error can
become rather large in practice.

The approximation by neglecting the non-Gaussian terms ¢; in (5) will be called (0) —approximation
to (4). With this approximation, forward LIBOR rates satisfy

dL{” = L 5, . aw ™ | (7)
and are given by the explicit solution
¢ ¢
(0) L[ 2 (n)
L;7(t) = Li(to) exp o (s)ds+ [ vi(s) - dW(s) o . (8)
to to
Below we show for illustration (see Figs. 1,2) some typical samples of L;(t) and LEO) (1),
where we chose n = 31 and relatively high volatility norms, |y1| = ... = |yn—1| = 0.4, in order
to amplify effects. Further we take a correlation matrix p;; given by (2), where
bi = exp[B(i — 1)7]. (9)

3



So the correlations are defined via two parameters, 3 and «, see also [10] and for our simulations,
presented in the figures below, we took a = 0.8, 8 = 0.1 and a = 0.8, 8§ = 0.3, respectively.
Further we chose ty = 0 and a uniform tenor structure T; = ¢ with § = 0.25, ¢ =1,...,31. The
initial L values were taken to be L;(0) = 0.061. The ’true’ process L;(t) is simulated by an Euler
scheme with time discretization step 4/10.

0.07 T T T T T T T
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0055 - 0NN b o oA oY .
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0.045 - -
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Fig.1 A sample of Lio(t) and Lg%) (t), for a = 0.8 and 8 =0.1.
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Fig.2 A sample of Lio(t) and Lg%) (t), for a = 0.8 and 8 =0.3.

From the trajectories presented in Figs.1-2 it is seen that on the initial time interval, the
function Lg%) approximates the function Liy very well. For increasing time, however, the dis-
crepancy increases. Also for increasing p in (6), respectively decreasing (3 in (9), it is clear from
(6) that the discrepancy increases. Both effects are illustrated by Figs.1-2 and their comparison.

So, from the pictures in Figs.1-2 we see that the (0)—approximation performs well for small

times, whereas from (6) we see that for large ¢ the (0)-approximation produces good results

4



also because p; decreases with i (e.g., p,—1 vanishes). More details about the (0) and other
approximations are presented in Tables 1-5.

In Fig.3 we show a sample for the bond price B3;(7;) and its (0)-approximation B;g(i) (T3),
1 =20,...,31 for the same model parameters as used for Fig.1. The bond prices are computed
from the LIBOR process, via the relationship

30
By (Ty) = [[(1 +6L;(73) ™ (10)

j=i

and a similar one for the (0)—approximations, where for the ’true’ bond prices we have used
‘true’ LIBORs, simulated by an Euler scheme with time discretization step 4/10.

In contrast to the results presented in Figs.1-2, the maximum discrepancy happens around
the middle of the time interval (0,73;). The reason is clear from (10). Indeed, either when i is
close to zero or when ¢ is close to 30 where the drift terms become small, the approximations

L;-O) (Ti), j =1i,...,30 are close to L;(7;) and so ng) (T;) is close to B31(T;). Note that, exactly,

Bég)(30 x 0.25) = Bj31(30 x 0.25) because L3y and Lg%) coincide in the terminal measure given
by n = 31.
1
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Fig.3 A sample of Bond prices Bs1(t) and its (0)-approzimation, for o = 0.8, 3 =0.1, n = 31.

2.1 More lognormal approximations

It is of interest to consider more refined approximations to L and in particular to look for
lognormal approximations improving L(%). So, in fact, we need to find a deterministic or normal
approximation to the sum term in the integral representation (5). Therefore, for each j we
approximate the process

0; L,
Zj(t) =

=973 11
1+5ij ( )



in the following way. Let the function f be defined as f(z) := z/(1 + z) and Z; = f(6;L;).
Hence the process Z := [Z1,..., Z,_1] satisfies the SDE system

dZ; = f'(6;L;)0;L;y; - dW™ + f”(éL )[0;Ljl;[1*de

n—1
, 1+ 0 Ly
k=j+1

= :a;(Z,t)dt +b;(Z,t) - dW ™,

with initial conditions Z;(to) = f(d;L;(t0)). Note that by solving (11) for the L’ s and substituting
the result in (12) it is immediately clear how the coefficients a; and b; should be defined explicitly.
The Picard-Lindelof—0 and Picard-Lindelof—1 iteration for the solution of this SDE are

O = 7y~ 9iLilto)
Z;'() = Zjilho) = 5 +’ 6]7Lj(t0) and
Z0() = Zite) + / [a;(Z2 ko), )ds + b;(Z2O(to), 5) - AW ™) (s)]
= f(0;L;(t)) + = f”((SL (o)7L (to) / Ivi|2ds
= 6,66 L;(to) Li(to)
- X Sy e [
G )5 Ls(t) [ - W), (13)

so deterministic and Gaussian, respectively. The next Picard-Lindelof iteration, however, will be
non-Gaussian in general.

(0)

By using the approximations Z; ’ for the expression (11) in (5), we find a lognormal approx-

imation which we call the (g)— approximation,

n

-1 t . . .. .
Z / 5]Lj(t0)'7’z Yj (s) ds (14)
RN S e A

which turns out to be a considerable path-wise improvement of the (0)—approximation and is
suggested in [2]. See, e.g., also [10] for several applications. By expanding f, f' and f” as
f(z) =z +0(2?), f'(x) = 1+ O(z) and f"(z) = —2 + O(z), respectively and denoting identity
modulo terms of order O(J?L?(to)) by =2, we have

n—1

200 = L0+ [ vt - Y

k=j+1

6k L. (to)L;(t0)
1+ 0k Li(to)

/'yj-'yk(s)ds (15)

to

=: Z;(t).

We note that, while in (15) the terms in the sum are of order 0(512-[1? (to)), their sum is possibly

of order O(6;L;(ty)) and therefore not neglected. Now, by substituting Z for (11) in (5) we get
another lognormal approximation, the (g1)—approximation,

t

In LLi Z / ds — / i) 2ds + / Yi(s) - dW)(s),

Jj= z+1t

to



The (g1)—approximation in its turn improves the (g)—approximation significantly as will appear
from a comparative analysis in (2.2). We will also test a simplification of the (g1)—approximation:
the (g1')—approximation, which is obtained by neglecting the sum-term in (15).

Finally, by substituting Z(!) for (11) in (5), so without linearization of the function f and
its first and second derivative, we get a next refinement, the (¢g2)—approximation, given by

[ay

L9 =

In—t == ) /ZJ(I)(S)'YZ'"Y]' (s)ds —

Iz/i(to) /VE(S)dS + /7,-(3) - dW ™) (s),

j=i+l to to to

N | =

where Z() is given by (13).

2.2 Numerical simulation analysis

It is now interesting to carry out a comparative numerical analysis of the different lognormal
approximations: For typical market volatilities we will compare the lognormal approximations
path-wise with the ’true’ solution, obtained by solving the stochastic differential equation (4)
by the Euler method using small time steps. Besides, we will carry out a comparison of (non-
lognormal) approximations obtained by the Euler scheme using larger time steps. For a uniform
tenor structure we will experiment with Euler steps equal §, 26 or 34, etc.

For a correct path-wise comparison, we construct all the lognormal approximations in one
common probability space by solving their accompanying stochastic differential equations by the
Euler scheme with small time steps, namely, the time steps used for the ’true’ solution. In the
numerical schemes, this is easily achieved by using one and the same Wiener increments for all
approximations. In fact, we will solve the SDE’s for the log —LIBORs and their approximations
rather than the LIBORs as we attain in this way a path-wise accuracy of order one with the Euler
scheme, due to the deterministic diffusion coefficients in the several log —LIBOR SDE’s. The
different SDE’s for the log —LIBORs are straightforwardly obtained by taking the differential
form of (14), (16) and (17), respectively.

In our next experiments we take n = 61 and é; = 0.25, i.e. a rather large tenor structure of
fifteen years, further the same initial conditions as used for the generation of Figs 1,2: L;(0) =
0.061. We take for European markets relatively high but still realistic volatility norms, |y;| = 0.15
and for the correlation structure (3) we take & = 0.9 and 8 = 0.04, yielding a more or less realistic
correlation table 0. For comparison see, e.g., table 4.2. in [2]. Note that the off-diagonals in
table O are slightly increasing. The “true” solution is simulated by the Euler method using At =
§/5.2 In tables 1,2,3,4 it is shown how often the relative error (in percents) of the corresponding
approximation to Ljg, Log, L3g and Lyg lies in the relevant percentage intervals (of course there
is no table for Lgy because Lgy is exactly lognormal in the terminal measure). The relative

error between f/,-, the numerical solution to the original equation (4) and, for instance sz(g), the
numerical solution to the SDE belonging to (g)—approximation is defined as

Py — 709 o
o _ o () - KO o)
1<5<s L,’(Tj)

The relative errors to other approximations are defined analogously.

The numbers in the columns 2 - 8 of table 1 show the number of samples out of 100 for
which the event shown in the first column happens. Firstly, we conclude that the path-wise
errors produced by the (0)—approximation are generally not tolerable, as almost every path

2For this choice of At it appeared by comparison with much smaller At that the discretization
bias of the “true” solution is negligible w.r.t. the bias of the different approximations.



has an error in the sense of (18) of at least 2-3%. The (g)—approximation proposed by Brace
et al. in [2] and used for their swaption approximation formula there, gives a considerable
improvement but is clearly outperformed by the lognormal approximations (g1’) (g1) and (g2).
For smaller to moderate €'s, (g2) appears to perform slightly better than (g1) and in its turn
(g1) somewhat better than (g1') as expected, however, for high € (close to 100%) the reverse
conclusion can be made which indicates that (g2) produces higher outliers than (g1) and so
on. Obviously, the (non-lognormal) §—stepping FEuler approximation appears to be the most
accurate one, but, as we will see in section (3), is in many applications more expensive than
the proposed lognormal approximations since the distributions of the latter may be simulated
directly at the desired points in time by methods described in section (3). In addition, for
the typical model parameters chosen in these experiments, we may conclude that the refined
lognormal approximations are roughly comparable with 26— or 3§—stepping Euler while the
implementation of the latter is in many situations less efficient, see for details section (3).

Remark 2.2.1 As the bias of different LIBOR approximations with respect to the terminal
measure is caused by the approximation of the sum term in (5) we may expect that the larger
this term is, the larger the bias will be. Particularly, this sum term tends to zero when ¢ |ty and
when i 1t n — 1. For instance, in order to estimate roughly which L;(7;) has the largest bias in a
specific lognormal approximation, we may approximate the sum term in (5) by replacing the L;

by their initial values (like in the (¢g)— approximation) and then obtain for the experiments in
(22),

0
Li(L) _ Lid) _ oy L) o, / (n)
MTO "o 2 ghleT [ dW, where
0
X 52[1(0) n—1 eﬁ(ifl)a
(7‘) ~ — 27 )y
> S +6L(0) j;lleﬁ(jl)“ (19)

and in the experiments, L(0) = 0.061, a = 0.9 8 = 0.04, |y| = 0.15, § = 0.25, n = 61. Since in
practice « is very close to 1, we now take a = 1 in (19) for analytical tractability and then get

5 02L(0) 1
1+ 8L(0)ef —1

=01~ Iy i(1 — e(r1-09),

Hence, for 3 = 0 (so, in fact, for a one-factor model), we have |X(%)| ~ |7|21T5I'£?3)i(n —i—1),
§2L(0) (n—1)2
116L(0) 4

correlation) it follows by elementary analysis that the |¥|— maximum, say |2(ig)|, goes to zero

for i =i = "T_l, whereas for 3 1 oo (full de-

which has a maximum |2(i3)| ~ |'y|2

while 7% — n — 2, non-decreasingly. In a particular situation, however, we can search numerically
for i3 and for the experiments in (2.2) we thus find 4 ;4 ~ 37, which is more or less consistent
with the results listed in tables 1-4.



[, ]] 4 ] 8 [ 12 ] 16 | 20 [ 24 [ 28 | 32 | 36 [ 40 [ 44 [ 48 | 52 | 56 [ 60 |
4 1 0.88 | 0.79 0.7 0.63 | 0.57 | 0.51 | 0.46 | 0.42 | 0.38 | 0.34 | 0.31 | 0.28 | 0.26 | 0.23
8 || 0.88 1 0.89 0.8 0.71 | 0.64 | 0.58 | 0.52 | 0.47 | 0.43 | 0.39 | 0.35 | 0.32 | 0.29 | 0.26

12 || 0.79 | 0.89 1 0.89 0.8 0.72 | 0.65 | 0.59 | 0.53 | 0.48 | 0.43 | 0.39 | 0.36 | 0.32 | 0.29
16 0.7 0.8 0.89 1 0.9 0.81 | 0.73 | 0.66 | 0.59 | 0.54 | 0.49 | 0.44 0.4 | 0.36 | 0.33
20 || 0.63 | 0.71 0.8 0.9 1 0.9 0.81 | 0.73 | 0.66 0.6 0.54 | 0.49 | 0.44 0.4 0.37
24 || 0.57 | 0.64 | 0.72 | 0.81 0.9 1 0.9 0.81 | 0.73 | 0.66 0.6 0.55 | 0.49 | 0.45 | 0.41
28 || 0.51 | 0.58 | 0.65 | 0.73 | 0.81 0.9 1 0.9 0.82 | 0.74 | 0.67 | 0.61 | 0.55 0.5 0.45
32 || 0.46 | 0.52 | 0.59 | 0.66 | 0.73 | 0.81 0.9 1 0.9 0.82 | 0.74 | 0.67 | 0.61 | 0.55 0.5
36 || 0.42 | 0.47 | 0.53 | 0.59 | 0.66 | 0.73 | 0.82 0.9 1 0.9 0.82 | 0.74 | 0.67 | 0.61 | 0.56
40 || 0.38 | 0.43 | 0.48 | 0.54 | 0.6 0.66 | 0.74 | 0.82 0.9 1 0.91 | 0.82 | 0.74 | 0.68 | 0.61
44 || 0.34 | 0.39 | 0.43 | 0.49 | 0.54 0.6 0.67 | 0.74 | 0.82 | 0.91 1 0.91 | 0.82 | 0.75 | 0.68
48 || 0.31 | 0.35 | 0.39 | 0.44 | 0.49 | 0.55 | 0.61 | 0.67 | 0.74 | 0.82 | 0.91 1 0.91 | 0.82 | 0.75
52 || 0.28 | 0.32 | 0.36 0.4 0.44 | 0.49 | 0.55 | 0.61 | 0.67 | 0.74 | 0.82 | 0.91 1 0.91 | 0.82
56 || 0.26 | 0.29 | 0.32 | 0.36 0.4 0.45 0.5 0.55 | 0.61 | 0.68 | 0.75 | 0.82 | 0.91 1 0.91
60 || 0.23 | 0.26 | 0.29 | 0.33 | 0.37 | 0.41 | 0.45 0.5 0.56 | 0.61 | 0.68 | 0.75 | 0.82 | 0.91 1
Table 0. Instantaneous correlations p(AL;, AL;) between different LIBORS for o = 0.9, 8 = 0.04.

100-e12 [[ (0) [ (g) [ (81) [ (g1) | (g2) [ 6st. E. [ 2—4dst. E. |

<0.01%
<0.02%
<0.03%
<0.04%
<0.05%
<0.06 %
<0.07%
<0.08 %
<0.09%
<0.1%
<0.2%
<0.3%
<0.4%
<0.5%
<0.6%
<0.7%
<0.8%
<0.9%
<1%
<2%
<3%
<4%

a]OOOOOOOOOOOOOOOOOOOO

100

100
100
100
100
100
100

0
10
19
34
45
62
79
99

100
100
100
100
100
100
100
100
100
100
100
100
100
100

19
47
7
89
91
93
93
96
98
100
100
100
100
100
100
100
100
100
100
100
100
100

4
34
73
88
99

100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100

0
5
21
41
57
71
75
82
88
93
100
100
100
100
100
100
100
100
100
100
100
100

Table 1. The cumulative distribution of the relative error €2,

for 100 paths under different approximations.



[100-e4 J] (0) [ (g) [ (81) [ (gl) [ (g2) [ 6st. E. [ 3—ést. E. |

<0.01 % 0 0 0 0 3 0 0
<0.02% 0 0 0 0 4 17 0
<0.03 % 0 0 2 0 14 50 0
<0.04 % 0 0 2 4 20 71 6
<0.05 % 0 0 4 9 30 91 10
<0.06 % 0 0 10 11 37 96 15
<0.07% 0 2 16 16 47 99 23
<0.08 % 0 2 17 22 51 99 32
<0.09% 0 2 19 24 57 99 48
<0.1% 0 3 22 29 66 100 53
<0.2% 0 16 59 93 92 100 92
<0.3% 0 22 100 98 96 100 99
<0.4% 0 34 100 100 99 100 100
<0.5% 0 43 100 100 100 100 100
<0.6% 0 47 100 100 100 100 100
<0.7% 0 60 100 100 100 100 100
<0.8% 0 69 100 100 100 100 100
<0.9% 0 73 100 100 100 100 100
<1% 0 75 100 100 100 100 100
<2% 0 98 100 100 100 100 100
<3% 0 100 100 100 100 100 100
<4% 21 100 100 100 100 100 100
<5% 65 100 100 100 100 100 100
<6 % 91 100 100 100 100 100 100
<7% 98 100 100 100 100 100 100
<8% 100 | 100 100 100 100 100 100

Table 2. The cumulative distribution of the relative error eay4,
for 100 paths under different approximations.

[100-e36 J] (0) [ (g) [ (g1) [ (g1) [ (g2) [ 6st. E. [ 4—ést. E. |

<0.01% 0 0 0 0 0 0 0
<0.02% 0 0 0 0 1 17 0
<0.03 % 0 0 0 0 3 49 1
<0.04 % 0 0 1 4 4 7 2
<0.05 % 0 0 1 6 8 89 4
<0.06 % 0 1 4 9 10 91 6
<0.07% 0 1 5 11 13 94 11
<0.08 % 0 1 7 13 18 98 14
<0.09% 0 3 10 16 24 99 24
<0.1% 0 3 12 17 30 99 33
<0.2% 0 10 33 45 75 100 84
<0.3% 0 21 54 87 89 100 94
<0.4% 0 25 94 95 92 100 98
<0.5% 0 34 96 95 93 100 100
<0.6% 0 36 96 96 96 100 100
<0.7% 0 40 97 96 96 100 100
<0.8% 0 49 98 97 96 100 100
<0.9% 0 52 98 98 96 100 100
<1% 0 56 99 98 97 100 100
<2% 0 89 100 100 100 100 100
<3% 1 97 100 100 100 100 100
<4% 12 99 100 100 100 100 100
<5% 42 | 100 100 100 100 100 100
<6% 75 | 100 100 100 100 100 100
<7% 89 | 100 100 100 100 100 100
<8% 93 | 100 100 100 100 100 100
<9% 97 | 100 100 100 100 100 100
<10% 99 | 100 100 100 100 100 100

Table 3. The cumulative distribution of the relative error ¢3¢,

for 100 paths under different approximations.

10



[100-ess [ (0) T (g) [ (g1") [ (g1) [ (g2) [ st E. [ 4 st E. |
001% ] 0 0] 0 OO 6 0
<0.02% | o [ o | o [ 0o | o 55 0
<0.03% | o [ o | 1 [ 0o | 0 82 0
<004% | o [ o | 2 | 1| s 90 4
<0.05% | o [ o | 2 | 4 | 9 95 12
<006% | o | o | 3 | 4 | 13 97 21
<0.07% | o | o | 7 | 8 | 14 97 31
<0.08% | o | o | 10 | 12 | 20 98 a1
<0.09% | o | o | 15 | 19 | 21 98 52

<01% | o | o | 16 | 22 | 2 99 67
<02% || o | 8 | 40 | 46 | 71 | 100 89
<03% | o | 17 | 74 | 85 | 83 | 100 97
<04% || o | 22| 93 | 93 | 91 | 100 99
<05% | o | 30 | 95 | 94 | 92 | 100 100
<0.6% || o | 35 | 95 | 95 | 95 | 100 100
<07% || o | 40 | 96 | 95 | 95 | 100 100
<08% | o | 41 | 9 | 96 | 95 | 100 100
<0.9% || o | 45 | 96 | 96 | 96 | 100 100
<1% | o | 54 | 9 | 96 | 96 | 100 100
<2% | 2 | 90 | 100 | 100 | 100 | 100 100
<3% || 19 | 97 | 100 | 100 | 100 | 100 100
<4% || 55 | 98 | 100 | 100 | 100 | 100 100
<5% | 79 | 100 | 100 | 100 | 100 | 100 100
<6% || 88 | 100 | 100 | 100 | 100 | 100 100
<7% || 95 | 100 | 100 | 100 | 100 | 100 100
<8% || 97 | 100 | 100 | 100 | 100 | 100 100
<9% | 99 | 100 | 100 | 100 | 100 | 100 100
<10% | 100 | 100 | 100 | 100 | 100 | 100 100

Table 4. The cumulative distribution of the relative error ¢4g,

for 100 paths under different approximations.

3 Direct simulation of log-normal approximations

The results of section (2.2) listed in tables 1-4 clearly show that the lognormal models (0)
and (g) are reasonable approximations and the models (g1'), (g1) and (g2) are pretty good
approximations to the solution of SDE (4). We now present direct techniques for log-normal
approximations, in particular we illustrate an effective simulation of the (g)—approximation by
a lognormal random field in (3.1).

The motivation for direct simulation methods is clear: In contrast to standard numerical
solution of stochastic differential equations there is no need for taking small time steps. Indeed,
it is possible to construct the solution directly at the desired points in time, e.g., at the points
of the given tenor structure 0 < Ty < Tp < ... < T,.3 It will be shown in section (4) that in
many typical applications direct simulation methods take much less computing time.

3.1 Random field simulation of the (g)—approximation (RFS)

Due to the simple correlation structure of the (g)—approximation it is possible to set up a
lognormal random field model by a simulation technique as studied in [8] in a more general
setting; we construct a lognormal random field whose first two statistical moments are consistent
with those of the (g)—approximation.

We thus introduce the lognormal random model

L) (i,t) = expl¢@ (i, 1)] (20)

3From now on, (7;) is an arbitrary sequence of future time points, so not necessarily T; = i as in
section (2.2).
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with Gaussian ¢09) (i,t), i =1,...,n— 1, tg < t < T;, whose mean and covariation structure
coincide with that of ln(L(g (t)/L;i(to)), to <t <T;,i=1,...n—1, in the IP,,— measure:

(2

€9060) = n(F) (21)
D o L)y (L ()
(€9 (iy,11),€9) (g, ) = (In (m),ln ( Y ik (22)

where the bracket notations (U) and (U, V') denote IE,(U) and IE,(UV) in the IP,— measure,
respectively. From (14) we see that

t

n—1 ¢
1) =y @it = — S ki) gL [
(6(9)(Zat)> =4 g (Z’t07t) - j;l 1 —:5_:Lj(t0) /71 7](8)(18 2 J |71|2(S)d37 (23)

0

(9 (31, 11),€9) (g, ta)) = cov'9 (i1, ia; to, t1 A ta) + w9 (i1; o, t1) 9 (i2; to, ta), (24)

where
t

cov'9 iy, ig; 1o, 1) = /’yil - Yip (8)ds.
to

We now construct numerically the desired random field £(9) (6,75),i=1,....,n—1;j=1,...1.
To do this, we could simulate the Gaussian vector with the given covariance structure by a
conventional simulation technique, see e.g. [8]. However, the specific time correlation (24)
resulting from the fact that £ has independent increments, suggests a different simulation
algorithm.

Indeed, in the first step, we simulate a n — 1-dimensional Gaussian vector (£(9)(1,Ty), ...,

5(9)(n —1,T1)) as

K

9 (i,T1) = p9 (i to, T1) + Y hGIntY, i=1,...,n—1 (25)
k=1

where the (n — 1) x K7 matrix [hSI?] satisfies a Cholesky decomposition
Ki
SRR = cov@ (i jite, Th), di=1,...,n— 1 (26)
k=1

hgi) =0fori>n—-—1—-—K; +k, {n,(‘:l)}szll is a set of independent standard Gaussian random

numbers and K is the rank of the covariance matrix (26). Note that, in general, K; < n—1 and
K7 = d; the number of independent Brownian motions in the LIBOR model, in the case where
the ~y; are time independent.

In the I-th step (2 <1 <n —1) we have:

K
é‘(g) (Za T’l) = é‘(g) (Za T’lfl) + )u‘(g) (Zi th T’l) - H‘(g) (Z’ t07T'lfl) + Z hgi;)nls;l), 1= l: ceey 0 — 17 (27)
k=1

where the (n —[) x K; matrix [hgc)]i,k:l,...,n—l satisfies a decomposition

K;
S RORY = oo (i, 55 T3 1,11, iy =l ym— 1 (28)
k=1
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h(k) =0fori>n—1—K;+k, {nk K’l is a set of independent standard Gaussian random
numbers and K; is the rank of the covariance matrix (28). So, in general, K; < n — [ and
K; < min(d,n —l) in the case where the 7; are time independent.

After n — 1 steps we thus find

LO(Ty) = Li(t)) L9 (6, Ty) = Lito) exp{¢ W (1, 7))},  i=1,...,n—1;j=1,..,i. (29)
Analogously, the same procedure could be easily carried out for the lognormal approximations

(0). Indeed, the simulation formulae (25)- (29) remain the same, but the functions x(9) and cov(9)
should be replaced with

pO(it0,61) =0, and  cov® (iy, ig; to, 1) = cov® iy, dg; o, 1),
for the (0)—approximation.

Remark 3.1.1 Of course, in a random field Monte Carlo simulation all the Cholesky decom-
positions above can be computed outside of the simulation loop. In general, the cost of the
Cholesky decomposition in the I'—th step of the random field construction is O((n —1)3), so the
total cost of the different Cholesky decomposition is @(n*). Moreover, in the case where the ;
are time independent it is easily seen that, in fact, only one Cholesky decomposition has to be
computed at a cost of O(n3). However, for a detailed cost comparison of random field simulation
to other direct simulation methods and Euler stepping SDE simulation, see section (4).

3.2 Simulation of the (g1'), (¢1) and (¢g2) approximation

We consider the g1’-approximation by example as the (g1) and (g2) can be treated analogously.
We define,

w9 (s £, ) = ZéL to) /‘yl v;(s s——/|’yZ

Jj=i+1

and from (16) we derive

ngll)(t) (_ql’) ) t
lniL,-(tg) = u (45t0,t) + / 1-— Z 8; L (to) / cyi(w)du | yi(s) - dW.

to j=i+1

We thus have
Covl€@) (i, 11), €6V (iz, )] = [ iy - ia(5) [1 = Sh 1 5L (ko) J1 5 + v ()]

[1 - Zk ir+1 Ok Lx(to) f:z Y * Vio (U)du] ds. (30)

For the (g1) and (g2)-approximation one can derive similar approximations straightforwardly
from (16), (17), respectively.

Unfortunately, the covariance functions of (g1), (g1’) and g(2) do not have the special struc-
ture that the (0) and (g)— approximation do, so a random field construction like in (3.1) does
not work. For instance, the increment In L;(T;) — In L;(7;_1) is now in general correlated with
InL;(T;1) for i > | — 1. However, it is possible to simulate the desired log-LIBORS simulta-
neously as one g—dimensional random vector £. Let the index set Z be the collection of pairs
(¢,7) for which L;(T;), 1 < j < i < mn—1is to be simulated. So, ¢ is equal to the number of

13



elements of Z and, for instance, ¢ = n(n — 1)/2 in case LIBORs over the whole tenor structure
are required. Let further ¢ : Z —> {1,...,q} be an arbitrary bijection, then

Q)
L (T; 3. ..
E(ig) = ln% = u®) (s, Ty) + hoigyam + -+ hgi gy xnis  (6,5) €L, (31)
where (-) stands for (g1'), (g1), (g2), respectively, the ¢ x K matrix h satisfies a Cholesky
decomposition

K
Z hpkhlk = CO’U(')(SP, 51) p,l = 1, ey g, (32)
k=1
hpr =0 for p>q— K + &, {nk}szl is a set of independent standard Gaussian random numbers
and K is the rank of the covariance matrix (32) which, for a specific lognormal approximation,
is determined by its covariance structure, for instance, (30).
For a full tenor structure, hence for O(n?) log LIBORS, the Cholesky decomposition will
now require a computational cost of O(n%) and compared to this the cost of the drift terms can
be neglected. However, all these computations can be done outside of the simulation loop.

3.3 Cost analysis of Euler SDE simulation and direct simulation
methods

Here we give formulae for the cost of Euler SDE simulation, random field simulation of the
(g9)—approximation and the direct simulation method for the other lognormal approximations.
We disregard all computations which can be done outside of the Monte Carlo simulation loop
such as the computation of various Cholesky decompositions etc.

Let us suppose that we are faced with the simulation of

Li(Tj), 1<j<m; j<i<n-1, (33)

for fixed m in the IP,,—measure.

3.3.1 Euler scheme for solving the log —LIBOR SDE system,

n—1 )
§:eYi 1 .
Vi = 3 = e+ e dW O =1 a1, (34)
j=i+1 J

where Y; := In L;(t). For the volatilities v; = (vi1,..., %), 1 <i <mn — 1, we may assume that
Yix = 0 for ¢ > n—1—d+k and then it is not difficult to verify that the computation of a single
Euler step from ¢ to t + At; t < T}, requires a cost of

computation drift term
-

COStEulerstep(n; d; ]-) = (TL - 2)(6* + C% + Cy + cexp) + %(C* + C+) +
computation noise term
. & +d N
+d(Crand + ¢4) +[(n — 1 —d)d + 5 l(cx +c4)
—2)(n—1 2
= (1 — 2)Gexp + [% nd— T Ye 4 dena, (35)

where the cost of one addition, multiplication, division, exponentiation and the generation of
a standard Gaussian random number is denoted by c,, ¢, C:, Cexp and crang, respectively. In
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practice ¢, ~ Cy, Cexp ~ Cexps Crand = Crand-
From (35) it is obvious that we have in general for T; 1 <t < T;; i > 1, (where Tj := t)

(n—i—1)(n—1)

Costputerstep(n, d,1) = (n—1i—1)Cexp + | 5 + max(n — i —d,0)d +
. 2 s . s
min®(d,n — i) ;— min(d, n z)]é* + min(d, n — i)Gng
= C(d,n —1). (36)

Remark 3.3.1 In our applications n is typically large, e.g. n = 40, 60 and therefore we could
try to deal with asymptotic expression for the behaviour of C(d, k) for large k and certain d.
However, we have to be careful; the cost of the exponential function and the Gaussian random
number generator is considerably higher than the cost of a multiplication. For the compiler we
used we found by experiment cexp/cx = 25 and with this compiler we found for the random
number generator we used, ¢rand/cx = 10. So in a typical situation, for instance k = 40, 60, the
term involving cexp in (36) can not be neglected at all and the same is true for the term involving
Crand When d = n — 1 (a full factor model). Therefore, it is important to consider (36) for all &,
rather than for £ — oo only.

Obviously, (36) yields,

C(d,k) = (k—1)Coxp + k?Cs + kérana;  k < d,

k—1)k d? +d
%Hk—d)m +

C(d,k) = (k—1)Cexp+] |éx + dérand; k>d (37)

The numerical experiments in (2.2) have shown that, in practice, for a uniform tenor structure
it is accurate enough to take time steps of order At = §,2§ for time ¢ up to 77 and between
two tenors T;, T; 11 we take d; for the Euler step size. So, it is clear that the total cost of a thus
organized SDE simulation of one sample of the values (33) will be equal to

Tl u“ . m
Costspg(n,d,m) = ECostEuler step(,d, 1) + Z Costguier step(N,d, i) + Cost(Exi)_ catss (38)
i=2

where Costg';;_ calls bakes into account the cost of the exponential calls at T}, to get LIBORs

rather than log —LIBORs. For i < m these exponential calls are already included in the first
and second term of (38) as LIBORs at 7T; are needed in the drift terms. Hence,

Tr

n—2
A Cldn—1)+ > C(d,k) + (n — m)eexp (39)

k=n—m

Costspgr(n,d,m) =

with empty sums defined as zero. We derive from (37) and (39) by elementary algebra* explicit
expressions for the cost of the Euler method for m > n — d and m < n — d, respectively:

T, B —2)(n—1 d>+d,_ _
Costspr(n,d,m) = Klt (n—2)cexp+[% nd — |éx + dCrana} +
2 3
+3m—4.__ 2m +d—1
+{(n - L)ym— %}cexp + {—% + %nz (40)
6m? + 6m + 3d? + 6d — 10 2m3 +3m2 +m+d®+3d2+2d—6. _
- 6 n+ 5 }eu +
n? 2m+2d+1 m?>+m+d>+3d, .
{—74— 9 n— 2 }Crand; m >n—d and

“The expressions (40) and (41) can be checked easily with Mathematica or Maple, for instance.
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Ty (n—2)(n—-1) d?+d

Costspg(n,d,m) = A (n —2)Coxp + | 5 + nd — |éx + dérana} + (41)
24 3m—14 -1 24929m—2md+2d—3
—i—{(n—l)m—m—i_fm}Eexp—i-{m2 nz—m +am 2m + n 4+
34+ 3m2+2m—6—3d°m — 3dm? + 3d? + 3d
+m + Sm” + 2m 6 m me + }ex + (m — 1)déana; m <n —d.

The expressions (40) and (41) will be used later for a cost comparison of random field simulation
and direct simulation of different lognormal approximations with Euler SDE simulation in various
situations.

3.3.2 Random field simulation technique.

Here we consider the general case where 7 is time dependent and we thus have to take in (27),
K;=n—1for 1 <l <n,even if d is small. We choose the (n — ) x (n — I)-matrix h() in (27)
as an upper-triangular matrix. Disregarding again pre-computation costs outside of the Monte
Carlo loop it follows from (27) that the cost of calculating one sample of the LIBORs (33) is
given by

1 . . m,n
Costgrs(n,m) = Z{g(n —)(n—1+1)¢ + (n — )érana} + COSt(Ez’p.)calls
=1
1 2 2 3 . = ~
= g(3mn —3mn +m° —m)é, + §m(2n —m — 1)(Crand + Cexp)s (42)
where the term Costgr;’;)calls = %m(2n — m — 1)Cexp is taken into account because we need

LIBORs rather than log —LIBORs.

Remark 3.3.2 It turns out in practice that it is very reasonable to take «; piece-wise constant
between the tenors: 7;(s) = 'yz-(p) for T, < s < Tpi1, 1 < p < n— 1. In this situation the first
Cholesky decomposition in the random field construction, (26), might have rank n — 1, but for
the Cholesky decompositions in step 2 < | < n — 1 we may take K; = min(d,n — [). In this
important practical situation the random field simulation will be much faster in case d is small.
Indeed, it is easily verified that for the computation cost we now have

. 1 } 3 i - mn
Cost}é%_si[TI’T"}(n, d,m) < En(n —1)é + (n — 1)érana + Z[(n — l)dé, + dérana] + Cost{™™

Ezp. calls
=2
- %n(n _1)é + (n(m—1) — %)d&*
+(n+md — d — 1)eana + %m(2n = 1o (43)
Even for a full tenor structure m = n — 1, we have
Cost}z%g'[Tl’T"](n,d,m =n-—1) < (n2 —n - ?;n + 2d)é* +

- 1 -
+(n(d+1) — 2d — 1)érana + §n(n —1)Cexp, (44)
and so the coefficients of &, Crang and Cexp in (43) and (44) are for small d quadratic and linear

in n, respectively, whereas the corresponding coefficients in the cost of the SDE simulation tend
to be larger: For example, when m = n — 1 in (40) the coefficient of ¢, still contains n3/6 and
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%%2 for small d.
(0)

If, moreover, 7, is constant on [ty,T1[, i.e. 7i(s) = v, for tyx < t < Ti, a rank-d Cholesky
decomposition applies to the ¢ (T1) construction also and then we have

m
Costyl);lg'[to’T"] (n,d,m) < Z[(n — 1)déy + déand] + Costgr;ﬁ)mlls
=1
2
1
— (nm— @)da o+ mdegang + 5m(2n =~ Déexp,  (45)

which means a next speed up with respect to Euler SDE simulation in the case where d << n;
e.g. compare (45) with (41) for d = 1.
3.3.3 Direct simulation of the (g1’), (g1), and (¢g2)—approximation.

By taking ¢ = Z;nzl(n —j) = %m(2n —m — 1) in (31) we see that with an upper-triangular h,
for the full rank case K = q, the simulation of one sample of (33) will cost inside of the loop:

1 ~ ~ m,n
Costpg(n,m) = §q(q + 1)éx + qCrana + C’ost(Em’p_)ca”S
2 3 2 2
m m° +m*—m m(m+1)(m*+m—2), _
1 _ -
+§m(2n -—m-— 1)(crand + Cexp)- (46)

It is clear that for m = n—1 the first term will be of order O(nc,) and so, direct simulation of the
(g1"), (g1), or (g2)—approximation for a full tenor structure (m = n—1) can only be recommended
when n is not too large, whereas for larger n this simulation method is recommended for relatively
small values of m. For example, m =1 in (46) yields

n2—n_

5 Cx + (n — 1)(érand + Cexp)- (47)

Costps(n,m =1) =

4 Efficiency gain with respect to SDE simulation; an
optimal simulation program

Let us suppose that we are faced with a Monte Carlo evaluation of a LIBOR derivative involving
LIBORs specified in (33). Rather than full Euler stepping from the starting date ¢, it may
be profitable to simulate L(7}) by one of the lognormal approximation and then, for instance,
proceed with Euler stepping through the remaining tenors, of course, provided that L(T}) is well
approximated. Alternatively, provided the (g)-approximation is tolerable, one may apply the
random field simulation technique. It is to expect that for longer dated products (i.e. larger
T1) and in particular when additionally m is small, e.g. m = 1 in the case of a European style
derivative, both alternatives may yield a substantial efficiency gain. We will compute the order
of this gain for a “full” tenor structure, i.e. m = n — 1 and the European case m = 1, where we
distinguish between the multi-factor case d = n — 1 and the one factor case d = 1.

1: Lognormal approximation of L(7}) followed by Euler stepping

As a first alternative to full Euler stepping we thus consider a simulation algorithm which sim-
ulates with a proper lognormal approximation the LIBORs L(T}) first and then proceeds with
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Euler §-stepping. By the results of section (3.3) we may compute for this method straightfor-
wardly the efficiency ratio

COStSDE[tO,Tm]

R(l) (TL d m) =
EfV COStDS[tO,Tl]&SDE[Tz,Tm]

and yield the following results:

full structure, multi-factor

n2 ~
(n% + T)Cexp + (nAt + )crand + ( 2T1 + 5 )

n2 ~

5 Cexp T 5 Crand +

1
R%}%—[‘(n’” —1,n—1)

%

full structure, one factor

Ty | n?\x T ~ n2 Ty | nd\x
(n x5 + %5 )Cexp + (A% +1)Erand + (5 &5 + &)«
n2 ~
2 Cexp + 2nCrana + % C*+

Q

Rgé(n, I,n—1)

FEuropean, multi-factor

T ~ T ~ 2T ~
R(l) (’I’LE + n)cexp + nmcrand +n A Cx

kg —1,1)

Q

ncexp + NCrand + Cx
FEuropean, one factor

2T
( + n)cexp + Atcrand + 5 Altc*

ncexp + NCrand + % 7 *

e

Eﬁ‘(n; ]-) 1)

%

Hence, when % > n it is clear that this alternative will be substantially faster than full Euler

stepping.
2: Random field simulation

When volatilities are not too high or T), is not too large the (g)—approximation might be
acceptable and then, particularly for a full tenor structure (m = n — 1), it might be profitable
to use the random field simulation technique. The efficiency ratio

Costspg
R (n,d,m) := - ~ltoTm

Eff COStRFS[Tl,Tm]

may be computed by section (3.3) again and for m = n — 1 we have

full structure, multi-factor
(055 + %5)oxp + (5 & 5 )oma + (05} + )G

2.
n2
5 Cexp + 4 Crand + % 5 C*

R® (n

EH( —1,n—-1)

full structure, one factor
T n2\~ T ~ n® Ty n3\~
RO 1n—1) ~ a&t %)+ (a1 1)eana + (TK + 5 )C
ELV S n; Cexp + Crand + ’

from which we conclude that, in general, the efficiency gain with respect to simulation alternative
(1) is limited: If in the full rank case n3¢, is much larger than n2Geyp, random field simulation
is about two times faster than simulation alternative (1). However, for a low factor model with
v(s) piece wise constant between 77 and T, it follows from remark (3.3.2) that random field
simulation is really faster than alternative (1). In the one factor case we then have

full structure, one factor
3

2\ . ~ 2 ~
(085 + 5o + (B )rana + (5 55+ 5)E,

n? ~
5 Cexp + 2nérana + e,

R(Ezi):f’ v p'c'(n, ILnm—1) =
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For any problem in practice for which alternatives (1) or (2) applies it will be easy to compute
or estimate from the expressions in section (3.3) the efficiency gain with respect to Euler step-
ping SDE simulation. However, instead of listing many possibilities we rather present typical
situations in which the proposed simulation alternatives improve upon standard Euler stepping.

Example 4.0.3 Suppose we have to price a relatively long term LIBOR option with 77 = 12
years, T,, = 22 years, 3 month periods and where LIBORs over the full tenor structure are
required for the valuation of the contract (m = n—1). A product of this type is, for instance, the
trigger swap, see section (5). So, § = 0.25, n = 41, m = 40. For our C++ compiler the relative
cost of a standard Gaussian random number and the exponential function is approximately
Crand/Cx, = 10 and Cexp/Cx ~ 25, respectively.

The relative cost of full Euler §—stepping from ¢y to T;, with respect to simulation method
(1): (¢92)—approximation of L(T}) and Euler §—stepping from T3 to T,
COStSDE[:O,Tn]

1) .
REff :

- b
Costpsy,, r,)&SDEz, 1,

is computed from expressions in section (3.3) and listed in table 5 for a one and two factor
model, a multi factor model and different Euler step sizes, At = §, 24,36 on [ty, T1]. The absolute
computation costs of the SDE method in terms of 10* multiplications is given in brackets 5.

RE&- (COStSDE X 1045*)

Tat[d=1 [d=2 Jd=40
1) 3.66 (11.6 ) | 3.64 (12.0) | 3.83 (19.0)
26 || 2.30 (7.0) 2.29 (7.5) 2.39 (11.8)
30 || 1.84 (5.8) 1.84 (6.0) 1.90 (9.4)

Table 5

Example 4.0.4 We consider the same problem as in example (4.0.3) except that now only
Li(Ty); i =1, ..., n — 1 are required for pricing the product, so now m = 1. For instance,
the swaption and the callable reverse floater are products of this type, see for details section
(5). The computed cost ratios of direct simulation of the (g1), (g1’) or (92)—approximation with
respect to FKuler stepping SDE simulation are listed in table 7 for different step sizes At and
different d. It is clear that the efficiency gain is tremendous in this case. Note that in general
when m = 1, the simulation costs inside the loop of the (¢)— approximation and the (g1), (g1)
or (g2)—approximation coincide and so a refined lognormal approximation as a (g1'), (g1) or
(92)—approximation should be prefered in any case.

Rcost (COStSDE X 1046*)

[Ai[d=1 |d=2 J[d=40 |
) 39.5 (8.7) | 40.6 (8.9) | 64.8 (14.3)
26 || 19.9 (4.3) | 20.6 (4.5) | 32.6 (7.1)

36 || 13.4 (2.9) | 13.8 (3.0) | 21.9 (4.8)
Table 6

4.1 An optimal simulation program

Based on the experimental results with respect to the accuracy of different LIBOR approxima-
tions in section (2.2) and the cost comparison between standard Euler d-stepping and different
alternative simulation methods in section (4), we now propose the following procedure for the
price simulation of a derivative structure involving a system (33) of LIBORs, in a given calibrated

LIBOR model.

>The approximate expressions in section (4) give nearly the same results.
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Step (I): Compare the accuracy of different lognormal approzimation for the calibrated
LIBOR model by using a path simulation program as designed in section (2.2).

Step (II): Decide which approzimations are acceptable in view of the accuracy required for
the derivative structure and then follow one of the following alternatives:

Case (1): If the (g1),(gl’') or (g2)—approzimation is tolerable up to L(Ty) while the (g)—
approzimation is not, generate L(Ty) by a direct simulation method of (3.2) and proceed to
Ty with Euler §—stepping.

Case (2): If the (g)— approzimation is tolerable over all tenors, the number of factors (d)
is small, and y(8) is piece-wise constant between Ty and T,,, then apply the random field
stmulation technique (3.1).

Case (3): If (1) and (2) don’t apply, SDE simulation by §—stepping Euler turns out to be
acceptable in almost all practical situations.

5 Examples of LIBOR derivatives

We now present some test results on the valuation of the swaption and the trigger swap and
discuss the pricing of a callable reverse floater.

5.0.1 European swaption

The value of a payer swaption with maturity 7}, strike k and principal $1 gives the right to
contract at 77 to pay a fixed coupon k and receive the T'1—swap rate at the settlement dates
Ts,..,T),. As, equivalently, one can contract for receiving spot LIBOR instead of the T'1—swap
rate, the price of the swaption at ¢ < T} can be given by

+
n—1
Swpn(t) = Bi()Ey | | Y Bja(TV)E; 1[(Li(Ty) — k)65 | Frl | |7,
j=1
where (-)* := max(-,0), see [2, 10]. By a martingale property and measure transformation the
swaption can be represented in the IP,, measure by
n—1 B (T )
i+1\L1
Supn(t) = 3 Balt)En | 1405 (1) - 05 1] (18)
j=1 "

In (48), A denotes the Fr, measurable event {S(T7) > K}, where the swap rate S(71) is given
by
S(Ty) = 1= Ba(T1)  _  —1+TLIi (1 + 6 La(Th))
Sohot Sk Brer(Th) kst 6k [T (1 + 6iLi(Th))
and Bj.1(T1)/Bn(T1) can be expressed in the LIBORs by

Bin(T1)  Tr .
Bn(Tl) _Z£1(1+51L1(T1))

The value of an at the money swaption based on the tenor structure given in example (4.0.4)
is simulated for the various LIBOR approximations and the results are listed in table 8. In
order to estimate the systematic error in the swaption value due to a particular approximation,
the swaption value is simulated by the log —SDE of the approximation, where the same Wiener
processes are used for all approximations.
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“rue value” | §—step E. | 36—step E. (92) (g1) (g1") (9) (0)
0.037907 0.037954 0.038071 0.038169 | 0.037933 | 0.037728 | 0.040818 | 0.05164

| syst. err. [ 0.12% [ 043% [ 0.69% | 0.07% [ -047% | 7.7% | 36.2% |

Table 8: Swaption values for different LIBOR approximations simulated under the same Wiener
processes; 71 = 12, n = 41, §; = 0.25, L;(0) = 0.06045, |v;| = 0.15, o = 0.9, 8 = 0.04,
k = 0.06045. Number of trajectories: 50000, Monte Carlo error (1 standard deviation) ~ 0.0005
~ 1.3%; SDEs simulated with A¢ = 0.05.

We note that while the (g2)—approximation according to tables 1-4 looks to be the best
path-wise lognormal approximation overall, it produces larger outliers than (g1) and (g1'). For
this reason, apparently, the (g2)—approximation does not give an essentially better swaption
approximation than the (g1) gives. Further we note that by using a much faster direct simulation
method the “real time” Monte Carlo error can be reduced considerably by increasing the number
of simulations. For instance, a run of 500000 direct simulations of the (g1)—approximation takes,
for this example, about 10 seconds on a 500Mhz Unix-workstation and gives a Monte Carlo error
of about 0.4%, whereas from table 7 (full rank column) we see that even a 36—stepping Euler
method, which is comparable to (g1') in accuracy, would have taken about 40 times longer.

5.0.2 Trigger swap

Next we consider an up and out trigger swap contract with discretely monitored trigger variable
L;(T;) and trigger levels K7, ..., K, : As soon as L;(T;) > K; one has to swap LIBOR against a
fixed coupon & for the remaining period [T;,T},] with settlement dates Tj;1,...,T,.

The value of the trigger swap in the IP,, measure can be expressed by

n—1
1
Trswp(t) = >  Bu(t)En 1[711,]m 1= Bu(Tp) — 6> Bin(T)8 | [ Fe|,  (49)
p=1 n\-p s

where 7, the trigger index, is given by 7 := minj<pen{p|Lp(Tp) > Kp}, see [10]. In (49) the
expression inside the expectation can be expressed in LIBORs only and we thus have

n—1 n—1 n—1
Trswp(t) = >  Bn(t)En |1y | -1+ [ A+ 6:Li(Tp)) - KZ & [] Q+6Li(T) | | 7
p=1 i=p j=p i=j+1

(50)
As an application of example (4.0.3) we simulate the value of a trigger swap under different
LIBOR approximations just as in the swaption example. The trigger levels are taken to be
equal; ; = (.08, see table 9.

“true value” | §—step E. (92) (g1) (g1") (9) (0)
0.042851 0.042909 | 0.043184 | 0.042946 | 0.042758 | 0.046142 | 0.056714

[ syst.err. | 0.13% [ 0.77% | 022% [ -022% | 7.6% | 323% |

Table 9: Values of a trigger swap for different LIBOR approximations simulated under the same
Wiener processes; 171 = 12, n = 41, §; = 0.25, L;(0) = 0.06045, |v;| = 0.15, « = 0.9, 8 = 0.04,
k = 0.06045, K; = 0.8. Number of trajectories: 25000, Monte Carlo error (1 standard deviation)
~ 0.0007 ~ 1.6%; SDEs simulated with At = 0.05.

Again we see that the (¢g2)—approximation does not give an essentially better result than
the (g1)— or (g1’)—approximation for the same reason as in the swaption example. Regarding
the rather large systematic error of the (g)—approximation over a ten year time period, for
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the example trigger swap above we propose a direct simulation method (4.1)-(%) by using the
(g1)—approximation. On our 500 Mhz workstation a run of 100000 simulations by method (4.1)-
(1) of the (full factor) LIBOR model takes about 4 minutes and yields a tolerable Monte Carlo
error of about 0.8%, whereas a d—step Euler method takes about 4 times longer according to
table 5. Moreover, although the systematic error of the §—step Euler method is smaller than
the error of the (g1)—approximation, the later error is still much smaller than the Monte Carlo
error in this case and so the §—step Euler method will not give an essentially better result.

5.0.3 Callable reverse floater

Note that particularly for products where example (4.0.4) applies the efficiency gain of the
proposed simulation method compared with Euler stepping is quite big. A realistic example of
such a product is a T7—callable reverse floater, which is a European call option on a reverse
floater at T;. Generally, reverse floaters occur in different variations. As a typical example, [4],
the cash flows may be specified by Cr,,, = §;L;(T;) — 6; max(K — L;(T;),0), 1 <i <n—1. By
standard financial pricing techniques, [2, 4, 7], it follows that the value of this product at time
t < T is given by

B n—1 CTZ-JFI
RF(t) = Ba(t)E, (Zl mm)
n—1
= Bi(t) = Ba(t) = Y Biy1(t)Eiy1[6; max(K — Li(Ty),0)| 7] (51)
i=1

and can be evaluated analytically in a LIBOR market model, in which L;(T;) is log-normally
distributed under IP;;1. Hence RF(T}) may be expressed explicitly as a function of L(7}) and
it is possible to compute the price of the callable reverse floater,

CRF(t) = Ba(t)E, |50 7] (52)
by Monte Carlo simulation of L(7}) in the terminal measure. Hence (4.0.4) applies. Moreover,
for moderate maturities 77 the efficiency gain for this product will still be large. From (51) it
is clear that this product exhibits both cap and swaption characteristics and thus can not be
priced analytically in a LIBOR market model, nor in a swap market model. More technical
details around the callable reverse floater can be found in [10].

6 Conclusions

From tables 1-4 in section (2.2) and the examples (5.0.1) and (5.0.2) we conclude that ap-
plication of the lognormal (g)—approximation as proposed by Brace et al., [2], in the valu-
ation of long maturity derivative structures may lead to intolerable errors in the option val-
ues. In section (2) different lognormal approximation are constructed, in particular, besides the
(0) and (g)—approximation we considered the (g1') (g1) and (g2)—approximation. While the
(g)—approximation is not reliable for longer maturity structures, the refined lognormal approx-
imations (g1') (g1) and (g2) are in most cases still acceptable in the sense that the systematic
errors in the option values caused by these approximations are well within an in practice for
over the counter options thoroughly tolerable Monte Carlo error of about 1%. In view of the
larger outliers produced by the (g2)—approximation, however, the (g1)—approximations seems
to be the best candidate in practice and its implementation according to one of the simulation
strategies outlined in section (4.1) turns out to be very efficient compared to standard simulation
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of the log —LIBOR SDEs with time steps §, 26 or 3J. Moreover, the efficiency gain becomes really
tremendous when the proposed simulation method is applied to products which fit into (4.0.4),

for instance, the callable reverse floater. Then, for practical purposes we suggest the implementa-

tion of a path comparison method as described in section (2.2) as a measuring instrument which

helps to decide in a particular situation whether a certain lognormal approximation is acceptable

or not. Finally, it should be noted that smile effects are not taken into account in this paper

and the extension of the methods presented in this paper to extended LIBOR market models as

studied by Andersen, Andreasen, [1], in order to incorporate volatility skews, would be a next

interesting research issue.
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