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Abstract

Given a Lévy process (L;);>0 and an independent nondecreasing process (time change)
(T(t))t>0, we consider the problem of statistical inference on 7 based on low-frequency
observations of the time-changed Lévy process Ly ;). Our approach is based on the genuine
use of Mellin and Laplace transforms. We propose a consistent estimator for the density
of the increments of 7 in a stationary regime, derive its convergence rates and prove the
optimality of the rates. It turns out that the convergence rates heavily depend on the decay
of the Mellin transform of 7. Finally, the performance of the estimator is analysed via a
Monte Carlo simulation study.

Keywords: time-changed Lévy processes, low-frequency observations, Mellin transform, Laplace
transform.

1 Introduction

Let L = (Lt)t>0 be a one-dimensional Lévy process with a Lévy triplet (u,0?,v) and let T =
(T (s))s>0 be a non-negative, non-decreasing stochastic process independent of L with 7(0) = 0.
A time-changed Lévy process Y = (Y5)s>0 is then defined via Ys = L. The process T is
usually referred to as time change. Here we consider the problem of statistical inference on
the distribution of the time change T based on low-frequency observations of the time-changed
Lévy process (Yz). Suppose that n observations of the time-changed Lévy process (Y;) at times
tj = jA, j =0,...,n, are available. If the sequence T (t;) — T (tj—1), j = 1,...,n, is ergodic,
strictly stationary with invariant stationary distribution pa, then for any bounded “test function”

f
1 n
(1) o > f (LT(tj) - LT(tH)) 2 Bpu[f(Lra)], n— oo
i=1

The limiting expectation in (1) is then given by

Epa [ (Lra)] = /0 B[ (L)) pa(ds).
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Taking f(z) = fu(z) = exp(iuz), u € R, and using the well-known Lévy—Khintchine formula:
o(u) == E[ei“Lt} —e W yeR, t>0

with )
P(u) = §a2u2 —ipu — / (e —1— izulfy <y (z)) v(de),
R

we arrive at the following representation for the characteristic function of Ya:

(2) E [exp (iuYa)] = /OOO exp(—tip(u)) pa(dt) = Lpa](¥(u)),

where L[pa] stands for the Laplace transform of pa. Hence the problem of statistical inference
on pa is related to the problem of Laplace transform inversion based on noisy and indirect (due
to the presence of 1) observations. The resulting statistical inverse problem is known to be
highly nonlinear and ill-posed, see [11]. Here we propose a novel and general approach for the
estimation of pa, which is based on the genuine use of Laplace and Mellin transforms.

The problem of estimating the parameters of a discretely observed Lévy process has recently
got much attention in the literature (see, e.g., a recent monograph [4]). Time-changed Lévy
processes have been recently studied in Belomestny [3], where it is shown how to estimate the
Lévy triplet of the underlying Lévy process L from low-frequency observations of the process
(Y2) without knowledge of the time change 7. The results in [3] rely on the fact that the process
L is essentially multidimensional. To the best of our knowledge, the problem of estimating the
time change 7 has not yet been studied in the literature except in some special cases. For
example, the case of stopped Poisson process was considered in a recent paper of Comte and
Genon-Catalot [9]. The case of the time changed Brownian motion (the so-called statistical
Skorohod embedding problem) has recently been studied in Belomestny and Schoenmakers [5].
Note that the latter problem can be transformed to a kind of deconvolution problem using
time scalability of Brownian motion. Unfortunately, such a transformation is not possible in
the case of general Lévy processes. Statistical inference for time-changed Lévy processes based
on high-frequency observations of (Y;) was the subject of many studies, see, e.g. Bull, [8] and
Todorov and Tauchen, [17] and the references therein. Although the problem of estimating the
density of T from discrete (low-frequency) observations of the corresponding time-changed Lévy
process Y is related to the problem of non-parametric mixture estimation (see, e.g. Zhang [19]
for continuous case or Roueff and Rydén [16] for discrete mixtures), it does not, in general, fit
into the existing literature on this topic for several reasons. First, the mixtures encountered here
are not, in general, of mean-variance type and therefore can not be handled by an application
of one single transform (Fourier or Mellin). Next we have to consider complex-valued functions
of complex arguments. Last but not least, the observations are not i.i.d. and so the standard
techniques of non-parametric statistics based on the independence assumption would fail here.

The paper is organised as follows. In Section 2 we recall the definition and the basic prop-
erties of Mellin transforms. Section 3 describes the construction of our estimator for pa. The
convergence of the estimator is studied in Section 4. In particular, we prove upper and lower
bounds on the expected pointwise risk. Numerical examples are presented in Section 5.1, which
also contains some discussion on adaptive choice of tuning parameters.



2 Mellin transform

Our approach towards estimating the density of the stationary distribution pa makes use of the
Mellin transform technique. In this section we introduce the Mellin transform and discuss its
main properties.

Definition 2.1. Let £ be a non-negative random variable with a probability density p¢, then
the Mellin transform of pg is defined via

3) /MMW%Zﬂfﬁz/‘m@WZWw
0
for all z € S¢ with S¢ := {z € C: E[¢R**7!] < co}.

Discussion Since p¢ is a density, it is integrable and so at least {z € C:Re(z) =1} C S¢.
Under mild assumptions on the growth of p¢ near the origin, one obtains

{z€eC:0<ae <Re(z) <be} CSe

for some 0 < a¢g < 1 < be. Then the Mellin transform (3) exists and is analytic in the strip
ag < Rez < be. For example, if p¢ is essentially bounded in a right-hand neighborhood of zero,
we may take ag = 0. More generally, if p¢ satisfies

O(z=%), x— +0,
pe(x) = W
O(x™%), x— +oo,

(4)

for some ag < bg, then the Mellin transform M|p¢](2) is a holomorphic function of z in the strip
ag < Re(z) < be. The role of Mellin transform in probability theory is mainly related to the
product of independent random variables: for any two independent r. v. & and &, we have

E[(616)" ' =Bl EE57"], 2 €8, NS,

The inversion formula for (3) follows directly from the corresponding formula for the bilateral
Laplace transform and is of the form:

1 y+ico
(5) pe(z) = 2/ Mpel(s)x™%ds, ag <y < bg

Tl y—ioco
at all points > 0 where p¢(z) is continuous. Note that although the r.h.s. of (5) formally
doesn’t depend on ~, the choice of v may be important for numerical evaluation of the integral.
A fundamental result in Mellin transform theory is the so-called Parseval formula. Suppose the

functions f(z) and g(x) are such that the integral

Awfum@wm

exists. Assume that the Mellin transforms M[f] and M[g] are both analytical in a strip S, then
oo 1 c+ioco
(6) | f@gte) i = 111~ 5)Mig](s) ds,
0 Tl Je—ico
provided that there exists ¢ such that {Re(z) = ¢} € S, M[f](1—c—i-) € L1(R) and 2" 1g(x) €
L1 (R4). Let us now discuss some results on the asymptotic behaviour of M [p¢](z). The behaviour
of M[p¢](2) in the strip of analyticity is given by the following lemma.



Lemma 2.2. For ag < Re(z) < be, we have
Mpel(z) = 0, Im(z) = +oo.
This result is readily established by application of the Riemann-Lebesgue lemma. More
precise statements about the rate of decay of M|p¢](z) in the strip ag < Re(z) < b can be made
with additional information on the behaviour of the density pg, see, e.g., [6].

3 Construction of estimator

Define a curve in C
(7) ¢i= {Re(w()) +ilm((u)), u € Ry},

where ¥ (u) = —log(E(exp(iuL1))) and log function is the continuous principal branch of the
complex logarithm. Our approach to reconstruct the density pa from discrete time observations
of the process Y is based on the following simple identity (cf. (2))

(8) Floval(A) = Elexp(iALy(a))] = LIpal($(N))

where F[py,| stands for the Fourier transform of py, and
Lipal(u) = / e "“*pa(s) ds.
0

Since the Laplace transform L[pa](u) is analytic in the domain {Re(u) > 0}, the function

Mielpal(e) = [ LAl (w) du

is well defined for z € C with 0 < Re(z) < 1. The reason to consider the quantity M[L[pa]](z)
lies in the following relation

MILIpa]) / Me™)(2) pa(s) ds

—T(2) /0 s~pals) ds
9) = MIpal(1 — 2)T'(2), 0<Re(z) <1,

which relates the Mellin transform of pa to the quantity M[L[pal]](z). On the other hand,
the identity (8) implies that M[L[pa]](z) can be connected to the Fourier transform of py,, if
the contour integral [, w*~'Lpa](w)dw with ¢ defined in (7), can be connected to the integral
fo uw?~1L[pa](u)du. The latter connection can be readily established via the well known integral
Cauchy theorem. Indeed, under some rather weak assumptions, the difference of the above two
contour integrals will be zero by the Cauchy theorem (see Figure 1). The next proposition makes
this heuristic explanation more precise.



Re(W(u)) +ilm(W(u))

Figure 1: The contour ¢ in the case of a Lévy process L with parameters y = 0, 02> = 1 and

v(dr) = % e /2,

Proposition 3.1. Let us assume that flx|>1 |z|v(dx) < oo, Re(1p(u)) > 0 foru > 0, Re(¢(u)) —
o0 as u — 00, and

[Im (3 (u))|
Re(¢(u))

for allu > 1 and some A > 0. Moreover, let pa be (essentially) bounded. Then, for 0 < Rez < 1
it holds that

(10) <A<

Mielpale) = [ LAl () du

(11) = lim [W(w)]" ™ Lpal ()¢ (u) du
O Js
oo z—1 -
— i /
(12) =lim [ [000)] Llpal(@() 7w du
where w*~! := w™ ! exp [z log w] with logw denoting the principal branch of the logarithm defined
on Rew > 0.

Remark 3.2. Note that if 02 > 0, then the condition Re((u)) — oo, |u| — oo holds true.
If o =0 and v(]z,+o0]) = C/zY + o(z™7Y), © — +0 for some C > 0 and v € (0,2), then
Re(y(u)) — oo, |u| — oo, too. Due to the identity

Im(@(u)] _ |put fp(sin(z) — zulqzcy (@) v(de)|
Re(¢(u)) oc?u?/2 — [ (cos(zu) — 1) v(dz)

5



the condition (10) is fulfilled if, for example, the diffusion part of L is nonzero (o > 0) or if ¢ is
real. The latter property of ¢ always holds in the case of = 0 and symmetric Lévy measures
v.

Under the assumptions of Proposition 3.1, we may write

MIEPANE) = [ O Llpalb(A) (A
where Lpa](¥(X)) = Flpy,](A) due to (8). Hence we deduce from (9)

_ MLpall(t - 2) _ o W) FlpyaJ ()9 (A)dA
I'(1-2) I'l-2z2)

(13)  Mlpal(2) , 0<Re(z) <1.

In principle, one can now replace the Fourier transform of py, in (13) by its empirical counterpart
based on low-frequency observations of Y. However, in this case we need to regularize the
resulting estimate of M[pa](z) to perform the inverse Mellin transform. Suppose that

(14) Im(x»(A)) > 0 or Im(¢»(A)) <0 for all A > 0.

Consider the following regularised approximation for M[L[pal] :
1 n
(15) Mn[ﬁ[pA]](Z) = n;@n(l -z, Y, _Y;fk—1)7

where

b W(M]Zﬁlfi’\y Y'(A)dX,  Im(2)Im(p(N)) > 0,
fOA" [m} . e M/ (N)d), otherwise

(16) D, (2,y) =

and A,, — 0o, n — oo. Such a definition ensures that M,,[L[pa]](z) has the property M, [L[pa]](z) =
M, [L[pa]](2), which holds for the original Mellin transform. More importantly, the function

WO, Im(@)Im() >0,
[PO)] . ImE)m@ o) <0,

is bounded by |1 (A)|*°*7! for all z € C leading to a covariance structure of the estimate
M, [L[pa]](z) which is bounded on any line Re(z) = const. Moreover, due to Proposition 3.1,
the estimate M, [L[pa]](z) is asymptotically unbiased for A,, — oo. In view of the remark
below, the condition (14) is not an essential restriction.

Remark 3.3. The condition (14) can be relaxed in the following way. By continuity of Im(v)), its
graph can be decomposed in terms of excursions from zero (cf. excursion theory for Brownian
motion). That is, there exist countable, open and disjoint intervals I,j , 0 <k <k < oo

and I, , 0 < k < k3 < oo, such that the positive excursions of Im(y(u)) are supported:n I’

(i-e., Im()(u)) > 0 on each I;') the negative excursions of Im(¢)(u)) are supported by I, (i.e.,
Im(2(u)) < 0 on each I,) and Im(¢)(u)) = 0 on

kL kx
(17) Rxo\ | J LU I, -
k=1

k=1



Then by Proposition 3.1, the Cauchy theorem and smoothness of 1 (¢ is

f‘x|>1 |z|v(dr) < o0), we get
Michpalle) = [ o000 Elpal@ )y () du

koo L z
+> [ ] oA @GR du
k=1 I,

- / o ] Llpa] (9 (w)e (u) du
RN T

k;; —_ qz—1
+}; /I " [wm)] LIpal (¢ (w))! (w) du.

Therefore, instead of (16), we can take

®o(z) = [ @ e () du
R N[0, A, ]\UF T

koo

k=1

and

zfl [,
(z,v) e " (u) du
Z/I m[OAn ( )

<,
R4+N[0, An]\ukoo L

in the estimator (15).

i Z/Iﬁ[() Al [Wr e MY (u)du, if Tmz >0,

smooth due to

[w(u)]zfl ey (u) du, if Imz <0,

By using a regularised version of the inversion formula (5), we define in view of (13),

1Y MalElpall(1 =5 — )
2m F(l —y —iv)

(18)  puy(z):= 2777 dy

. ,Y Y, .
2 Z/ 1 —iv tk‘ tk—l)vafw dv for 0 <~vy <1,
™n

(I—v—iv)

where U,,, A, — oo in a suitable way as n — oco. Note that in many cases the function ®,, can
be found in closed form. For example, consider the case of a subordinated stable Lévy process



with ¥(A) = [A|® and 1 < a < 2. It then holds for Re(z) > 0,
A .
Bu(za) = [ WO ()
0
A, ‘
_ 04/ Aa(z—l)ela:)\Aa—l d\
0
An ‘
— Oé/ Aazflelx)\d)\
0

oz

- Fi(az; 1+ az;iA,x),
z

where Fy is Kummer’s function. In the next section we shall prove that the estimate p;, - (z)
converges to pa(x) and derive the corresponding convergence rates.

4 Convergence

In this section we analyse the convergence properties of the density estimator py, ,(x). Through-
out the section we make the following assumption.

(ATS) The sequence Ty, := T (kA) —T((k—1)A), k € N, is strictly stationary, a-mixing with
mixing coefficients (a7 (7)) en satisfying

(19) > ar(j) < oo
=0

(ATM) The stationary distribution of the sequence Ty := T(kA) — T((k — 1)A), k € N,
possesses a density pa, which is essentially bounded and fulfils

/ upa(u) du < co.
0

Now we are prepared to derive the minimax upper bounds for the expected pointwise risk of
the estimate p, ().

4.1 Upper bounds

For any >0, p > 0,0 <, <~° and L > 0 introduce two classes of probability densities

C(57’70”YO’L> = {f :f€P, sup /Oo ‘M[f](c+iv)|emv‘ dv < L}

Yo<e<y® J —o0
and

o0

D(p, 701, L) = {f reP s [ M) 1+ o) do < L} ,
Yo<e<y® J —o0

where P stands for the class of all probability densities. While the class C(f,7.,7°, L) contains

densities with exponentially decaying Mellin transforms, the Mellin transform of densities from

D(p,v0,7°, L) decays only polynomially fast. Let us turn to some examples.



Ezxample 4.1. Consider a class of Gamma densities

P A-1 _—x

e

(20) pa(r;a) = W,

corresponding to Gamma subordinators 7 (t), ¢ > 0. Since

MNz+aA-1)

Mipal(:) = = Fro Ry

Re(z) > 0,

we derive that pan € C(8,7,,7°,L) for all 0 < f < 7/2, 0 < 7, < 7° < oo and some
L = L(B,7,7°) due to the asymptotic properties of the Gamma function (see Lemma 7.3
in Appendix).

Ezample 4.2. Let us look at the family of densities

_ gsin(r/q) 1

-q) = > 2 > 0.
pA(xaq) T 1+1’q7 q = 4, J}_O
We have
sin(m/q)
— 0<R .
Mpal(z) sn(rz/q)’ < Re(z) < ¢
Therefore

pA 6 6(67707707L)
forall 0 < B < m/q, 0 < <~° < oo and some L = L(3,75,7°).

Theorem 4.3. Suppose that o? > 0, f{|x‘>1}|x|u(d:ﬂ) < oo and (19) holds. Furthermore,

suppose that there are two numbers vo,v° with 0 < 7o < v° < 1 such that pa € C(8,7.,7°, L)
for some B > 0. Then under the choice

o 270‘_
21 Ap =0t Uy ==l —logn— log1
(21) n=nt Un=gprlogn = op——loglogn,
we get for the estimator py ~ in (18) with v = ~°
9 _ B° 5270—1

(22 up \[B [w(z) o () — pa(@)] £ 0”357 log” 55 m, n oo,

x_
where w(zx) := min{l, 22} and the notation < means that the above inequality is valid up to a

multiplicative constant that does not depend on the unknown density.

Corollary 4.4. Under conditions of Theorem 4.3,

27°—1

B o
(23 wpoup B [w(e) g @) — pal)] £ 0 F o BT 0 om0
pAGC(ﬂ,’Yo,'}/O,L) CCZO

In the case pa € D(p,70,7°, L), we get logarithmic rates.



Theorem 4.5. Suppose that o > 0, f{‘$|>1} |z|v(dx) < oo and (19) holds. Suppose that
pA € D(p,Yo,7°, L) for some p >0 and 0 < v, < v° < 1. Then under the choice

2
(24) A, =n'/4, Un:llogn——(p+’y°—1/2)loglogn,
T 7r

we get for the estimator py ~ in (18) with v = ~°,

sup /B [w(2) s (2) — pa(@)] £ og~#(m), o0,

where w(zx) := min{l, 22} and the notation < means that the above inequality is valid up to a
multiplicative constant that does not depend on the unknown density.

Corollary 4.6. Under conditions of Theorem 4.5,

25) owpoup [ [wle) I (0) — pale)?] Slog ), o
pPAa€D(p,v0,v°,L) 20

Discussion

e Due to the relation

Mpal(y +1iv) = Fle"pa(e)](v), aa <7y <ba,

the conditions pan € C(8,7.,7°, L) and pa € D(p,7.,7°, L) are closely related to the
smoothness properties of the function e?*#pa(e®). For example, if pan € C(8,70,7°, L),
then

o0
/ \f [ pale)](v)| e”Pldv < L
—00

and the function €?’pa(e?) is called supersmooth in this case, see Meister [14] for a
discussion on different smoothness classes in the context of the additive deconvolution
problems.

4.2 Lower bounds

Now let us turn to the question of optimality of the rates in Theorem 4.3 and Theorem 4.5. It
turns out that the above rates are already optimal (up to a logarithmic factor and for 4° =1 in
Theorem 4.3) in minimax sense for the case of time-changed Brownian motions and i.i.d obser-
vations (see Belomestny and Schoenmakers [5], where the lower bounds were already announced
without proof). This entails the optimality for a larger class of time-changed Lévy processes
and dependent observations.

Theorem 4.7. Fix some 3 > 1. There are € > 0 and x > 0 such that

8
lim inf inf sup P?A”OpA(x) —pn(x)| > en =+ log_”(n)) > 0,
T Prpa€C(Brye,1,L)

lim inf inf sup Pf?:(]pA(:c) — pn(z)] > elog_p(n)) >0,
TS PrpA€D(pyo°,L)

10



for some K > 0, 0 < v, < v° < 1, where the infimum is taken over all estimators (i.e. all
measurable functions of Xi1,...,X,) of pa and P?g 1s the distribution of the i.4.d. sample
Xi1,..., X, with X1 ~ Wrp, where W is a Brownian motion and T is a independent random
variable with distribution pa.

5 Numerical example

5.1 Gamma subordinator

We focus our numerical analysis on time-changed Brownian motion with drift, i.e., we consider
the process Y of the form Y; = Ty + Wy, t > 0, where (7}) is chosen to follow a Gamma process
with marginal densities

1132 t—1 ez

(26) pa(r) = W, z

We fix A = 1 and generate a time series Yy, Ya, ..., Y,A from Y of the length n. The estimate
(18) is constructed as follows. First note that () = —i\ + A?/2. In order to numerically
compute the function @, (1 — z, X) for z = v+ iv with v < 1, we use the decomposition

n An
(O7) 3 Bl 2 Yok~ Yagon) = /0 ()] [on() — e (A) d
k=1
+m2 (1 — 2) + O(my, 1) exp(—m,, A2 /2)),

where ¢,(A\) =577, eAYar=YaGk-1)) ig the empirical characteristic function and

n

1
My = — Z(YAk = Yag-1)) — 2.

k=1

This decomposition follows from a Cauchy argument similar to one used in the proof of Propo-
sition 3.1 and is quite useful to reduce the cost of computing the integral in (27), since the
integral on the r.h.s. of (27) is much easier to compute numerically due to the asymptotic re-
lation ¢, (\) — e ™ ¥ = O(A2), A — 0. Next we take v = 0.7 and compute the estimate p;, -
for n = 10000 and different values of the cut-off parameter U, ( 4, is fixed by the asymptotic
formula (21)). On the left-hand side of Figure 3, the loss supxe[oyw}{\pnq(x) —pa(x)]} is shown
as function of U, with the minimum attained for U,, = 2.2.

As can be seen from Figure 3, the choice of the cut-off parameter U, is crucial for a good
performance of the estimate p,, and a data-driven choice of U, would be desirable. To this
end, we adopt the so called “quasi-optimality” approach proposed in [2]. This approach is
aimed to perform a model selection in inverse problems without taking into account the noise
level. Although one can prove the optimality of this criterion on average only, it leads in many
situations to quite reasonable results. In order to implement the “quasi-optimality” algorithm
in our situation, we first fix a sequence of bandwidths Uj,..., U and construct the estimates
p,(ll), e p,(lL) using the formula (18) with cut-off parameters Uy, ..., Uy, respectively. Then one
finds {* = argmin; f(!) with

F@ =1 =P Laoaoy, =1, L.

11



Denote by p, = pg*) a new adaptive estimate for pa. In our implementation of the “quasi-
optimality” approach we take U; = 0.1 x [, [ = 1,...,40. On the right-hand side of Figure 3 one
can see the objective function f(I) and the location of its minimum (U; ~ 1.8).

Loss
1.0 1.2 1.4 1.6
! !

0.8
|

0.6
|

0.05
|

(1)

05 1.0 15 20 25 3.0 05 1.0 15 20 25 3.0

U, U,

Figure 2: Left: the loss sup,c(o 1] {Ipny(z) — pa(z)|} as a function of the cut-off parameter U,,.
Right: the objective function f used in the adaptive “quasi-optimality” algorithm.

In order to assess the finite sample performance of the “quasi-optimality” algorithm, we
conduct 100 runs of the estimation algorithm for different sample sizes with the optimal (ora-
cle) choice of U,, which minimises the loss Supxe[o,1o]{|17n,w($) — pa(a)|}. The results in form
of box plots of the loss are shown on the lLh.s. of Figure 3. Then we repeat 100 runs
and use the data-driven procedure described above to choose the cut-off parameter U,, n €
{1000, 5000, 10000, 50000}. The corresponding box-plots of the loss are shown on the r.h.s. of
Figure 3. By comparing these two graphs, we conclude that the performance of the “quasi-
optimality” algorithm is quite reasonable in our situation.

5.2 Integrated CIR process

Another candidate for the time change process is given by the integrated Cox-Ingersoll-Ross
(CIR) process. The CIR process is defined as a solution of the following SDE:

(28) dZt = (CL - bZt)dt + Q\/ Zt th,

where a, b and ( are positive numbers, and W; is a Wiener process. If Zj is sampled from the
stationary invariant distribution 7 and 2a > (2, then Z; is strictly stationary and ergodic. The

12



1000 5000 10000 50000 1000 5000 10000 50000

Figure 3: Left: box plots of the loss sup ¢/ 19 {Ipn,y(z) —pa(z)|} for different sample sizes under
the oracle choice of the cut-off parameter U,,. Right: box plots of the loss supxe[o,lo}{\pn,y(a:) —
pA(CU)|} for different sample sizes under adaptive choice of the cut-off parameter U,.

time change process 7 (s) is then defined as

0
The Laplace transform of 7 (A) under 7 is given by

LR w) = Eq [E[emT®)|7)]

- exp {abA/CQ} ox —2ZOU
2 T cosh(38/2) 1 §omn(aa/2) "¢ [ p{b+ Acoth(AA/2) H |

where A(u) = /b + 2¢2u, see Chapter 15.1.2 from Cont and Tankov, [10]. Since the stationary
distribution of the CIR process is the Gamma distribution with parameters 2a/¢? and 2b/¢?,
the Laplace transform of Zy under 7 has a form

. [e—hZo} _ (1 N hQZ) —2a/<2,

and therefore

(30) Ex [eXp { bT AgjﬁiA 72) H = <1 + 51 (A)C;X) o !

-1
where Bj(A) = (b/A + coth(AA/Z)) — 1 as A — oo. Using an inverse Fourier transform, we
obtain the corresponding probability density function of the integrated CIR process as

(31) pa(z) = = /O ~ Refe e £ICTR (_iy)] du,

™
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We apply the adaptive Gauss-Lobatto quadrature to compute pa (z) numerically via (31). The
following set of parameters was used

¢*>=0.5,a=0.5,b=0.25.

We fix A =1 and generate a time series Yy, YA, ..., Y,a from the process Y; =T, + Wr,, t >0
of the length n, where for simulation of the time change (7}) on the time grid A, 2A, ..., nA via
the (28) the Milstein scheme with time step 0.001 is used. Next we take v = 0.5 and compute
the estimate p,, , as described in the previous section. In the Figure 4 the box plots of the error
supx€[07101{|pnﬁ (z) — pa()|} based on 100 runs are shown for different values of n.

0.24 ' L

0.22 r

0.20 § - L
0.18 1 -

0.16 § I

0.14 1 —

0.12 1 I

0.10 § . L

0.08 - R L

0.06 - : | i

0.04 | : .

0.02 e i g

500 1000 5000 10000

Figure 4: Left: box plots of the loss sup,¢jo10] {|pn~(z)—pa(z)|} for different sample sizes under
the oracle choice of the cut-off parameter U,.
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6 Proofs

6.1 Proof of Proposition 3.1

First note that the condition flr|>1 |x|v(dx) < oo ensures that ¢ (u) is smooth. It is enough
to prove (11), (12) goes analogously. Let O,.x be such that A = tanfy,x. Take an arbitrary
U > 1 and let ¥(U) = Ry €%, Assume w.l.o.g. that 6y > 0, hence by assumption (10), 0 <
Oy < Omax < /2. For fixed 0 < Rez < 1 the map

w — w* L[pa](w)
is holomorphic in the region Rew > 0. Note that for Rew > 0 it holds that
(32) ‘wzfl‘ — ‘w’—l |w‘Rezeflmz argw o ‘w’Rez—l eﬂ'|Imz\/2 — C, |w‘Rez—1 .

At the arc Ky : w = Ry e'?, 0 < 6 < 0y, it then holds that
|[Iy| = ’/K wz_lﬁ[pA](w)dw' < CL,RyOmax - nge'z_l /e_xRU COSGmaXpA(x)d:L‘
U

< CzBemange z / e—:tRU cos 0maxd$

Rez—1
Ry

c0S Onax

= Cz Bemax

with sup,~qpa(z) :== B. So when U — oo, we have Ryy > Re (¢)(U)) — o0, and then by Re z < 1,
Iy — 0. Now let K5 denote the arc between [¢()| and 1(§) parametrized by w = [4(d)|e® .
For Rew > 0, we have that

|Llpa)(w)] < / e Reny (2)d < 1.

Therefore we have for 6 | 0 by (32),
15| := ‘/K wz_lﬁ[m](w)dw‘ < CL [ p(8)| m/2 = C. () 7 /2.
8

Since 1(d) — 0 for § | 0 it thus holds by Rez > 0 that Iy — 0 for § | 0. Now by Cauchy’s
theorem we so have for any § > 0, U > 1,

Ry

U
/ ()" Llpa) (W ()¢ (w)du — Iy — / W Llpal(u)du + Iy = 0
5 [1(8)]

and the theorem is proved by sending U — oo and § | 0, respectively.

6.2 Proof of Theorem 4.7

Our construction relies on the following basic result (see [18] for the proof).

15



Theorem 6.1. Suppose that for some ¢ > 0 and n € N there are two densities pon,p1n € G
such that

d(po,nvpl,n) > 2evy,.
If the observations in model n follow the product law Py, = Pg@n under the density p € G and

X2(p1n | Pon) < nog(1 + (2 — 46)?)
holds for some 6 € (0,1/2), then the following lower bound holds for all density estimators py,

based on observations from model n:

inf sup PE" (d(pn,p) > cvp) > 6.
Pn peg

If the above holds for fized €,6 > 0 and all n € N, then the optimal rate of convergence in a
minimax sense over G is not faster than v,.

6.2.1 Proof of a lower bound for the class C(8,7,,7°, L)
Let us start with the construction of the densities pg , and p1 5. Define for any v > 1 and M > 0
two auxiliary functions
vsin(m/v) 1
x
T 14zv’ -

q(x) =

and
1 _1ogz<w> sin(M log(x))
e

pm () = \/% -z

The properties of the functions g and pjys are collected in the following lemma.

x > 0.

Lemma 6.2. The function q is a probability density on Ry with the Mellin transform

sin(7/v)

Mql(z) = 0 < Re[z] < v.

sin(mz/v)’

The Mellin transform of the function pyr is given by
: 1 u+i(v u+i(v—

(33) Miparl(u+iv) = o [e( H(o+M))? /2 _ (uti(o=M))?/2]

hence

| outards = Mipal(v) = o
0
Proof. The formula for M]g|(z) can be found in [15]. We have

_ log?(x)

Mpm)(z) = \/12?/0006 2 sin(M log(z))x*dlog(z)

2
~'7 sin(My)e¥*dy

1 o0
= — e
\/27T /—oo

1 00 y2 ey(z—i—iM) _ ey(z—iM)
= — / ez - dy
V2T J o 2i

e(zHiM)?/2 _ (2~1M)?/2

2i

(&

16



Set now for any M > 0 and some § > 0,

qo.m(x) :=q(z), qu(z):=q(x)+(qVpm)(z),

where fV g stands for the multiplicative convolution of two functions f and g on Ry defined as
> f(t t
(34) (FV g)(@) = / f()gt(x/)dt, 2> 0.
0

The following lemma describes some properties of go as and g1 7.

Lemma 6.3. For any M > 0 and some 0 > 0 not depending on M, the function g1 is a
probability density satisfying

g0, — q1,0m 00 = Sup lgo,01 () — q1,m(2)| Z exp(—Mn/v), M — occ.
reER4

Moreover, qom and g1 p are in C(B,7,7°, L) for all 0 < f < 7/v and v° > v, > 0 with L
depending on v, and ~°.

Proof. Tt holds with ¢, := “52(/v),

_log?(@) 1 1

Vo)) < cy/”1 el 1
o V2m 221+ (y/x)”
L1 2w 1 1
= cy/o 777Te 2 9714—@/90)”613:

4 /°° 1 _logz(z) 1 1 d
C —€ — 0 ——ax
Yl Ve 21+ (y/x)v

=: ¢, 11 + ¢, I,
where /2
) 2
I < 1 1 / o0 +%dy§ e
V2rl+y¥ Jo 14y
and )
1 log?(y/z) 1 1 log? ()
I < / e 2 dz < e~ 2
V2my Jo 1L+ 27 V2my
Note that for any v > 1, there is a constant ¢; = ¢1(v) such that
1 log? (y) C1
e 2 < , > 0.
V2my T 14yr Y

Hence we have with 6 = 1/(y/e + ¢1),

Sl(gVom))| <aly), y=0.

Moreover

| e =1+ [TV o) = 14 MEQOMIpI) = 1.
0 0

17



Furthermore, due to the Parseval identity

Cy

B ooefloﬁ% sin(M log(z)) 1

_ Cy > _%3. (M) e " d
- S e —v(o—togw) ¥

dx

CB

© 2 e(log(y)—v)

= e /OO e 2 s1n(Mv)—1 o oE @) D) dv

Cyeflog(y) /OO e—iulog(y) [H(u —+ M) — H(u — M)
2

| iRl

<= and H(z) = \/%6_7:2/2. Note that

oo x+tiux 1 o0 ev/vtiww/v 1 141 141
]-"[R](U)Z/ ¢ d:Jc:/ (M (- )
oo L ev? V) o 1+e€v v v v

- g 1
/_oo Ty o= ly=0+e) 7/ = /0 (1— )™y~ Ldy = T(:)I(1 - 2)

for any z with 0 < Re(z) < 1. Hence due to (57)

sup |qo,m(y) — qi,m(y)| = sup [(¢V pum)(y)| 2 exp(—Mm/v), M — .
yeERL yERL

The second statement of the lemma follows from Lemma 6.2 and the fact that Mg V pys] =
Mgl M [pas]. Indeed, the Mellin transform M |p/](u+iv) is of order O(e~**/2) for |v| — oo and
so M[q V pu](u +iv) has the same order. O

Let Ty ar and T ps be two random variables with densities go as and g1y, respectively. Then
the density of the r.v. [Wr, [, i = 0,1, is given by

2 [ 22
piv () :—\/ﬂ/0 AV 5 (M) dN, i =0, 1.

For the Mellin transform of p; pr we get

Mipiar(z) = E[[Wi BT,

B[ Migead] (= + 1)/2)
B 2z/2

Ver

Lemma 6.4. The x2-distance between the densities po,m and p1ar fulfills

(35)

I'(z/2)Mgiml((z+1)/2), i=0,1.

_ 2
X (p1,aelpo.r) = / Pr(2) = P () do < MY ~Lem MmUY N 0
po,m ()

18



Proof. First note that pg ar(z) > 0 on [0, 00). Since

2 wsin(r/v) /OO 12 22 1
= ——""7 A~V dA
po,m () oz - ; e 2x T
2 vsin(n/v) /°° 12—y 1
=1/A = _— Pe vy — — __d
fv=1/%/ Ver oo 0o’ Pa+y )
_ 2 vsin(r/v) /oo e—yé yu+1/272dy
2r W 0 (I+y")
9 .
= MF(V —1/2)2™ T £ O(z™), 2z — oo,

2 7T

we have po ar(z) 2 2721 2 — oco. Furthermore, due to (35), the Parseval identity (6) and the

identity M[()*p(-)](z) = M[p(")](z + a), we get

(36) / 2 Ipoa (@) — prae ()P de =
0

9—A4+2v  pyioo z+1 z 20—z+4+1 2 —z
L (2 ) (25 (25

—100

where M(q V par](z) = Mlq](2)M[pm](z). Due to (33)

e 90+ M) + §(v = M)

(37) IMlprm](u+iv)| <e 5

2
with ¢(v) = e~ 2. Combining (57) (see Appendix), (36) and (37), we derive

2
r)— T
X’(pimlpon) = / (Pr1(2) = po.ne(2))”
po,m ()
5 / (pl,M(x) - pO,M(l‘))2dl' + / xQVfl(pl’M(I) o po,M(ﬁ))QdCC
0 0
S / |U|V71€7\v|7r/2*|v|7r/u (p(v/2+ M)+ ¢(v/2 — M))z dv
S MuflefMﬂ'(lJrZ/y)’ M - o0

Fix some x € (0,1/2). Due to Lemma 6.4, the inequality

nx*(p1umlpoy) < s
holds for M large enough, provided

l+e
M = MTQ}V)(IOg(n) + (v — 1) loglog(n))

for arbitrary small €1 > 0. Hence Lemma 6.3 and Theorem 6.1 imply

(38) inf  sup  Ppn(llpn — pllee > cvn) >4
Pn peC(B,70,1,L)
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with some constants ¢ > 0 and § > 0, 5 = (1 — e3)7/v for arbitrary small e5 € (0,1) and

_ /v 771'(1/71)/1/
vy =exp(—Mn/v) =n an/m) 1€ g~ wi2/m) (Hsl)(n).

Hence
Uy = n—(1+8)8/(7+28) log—(1+5)5(v—1)/(7r+2/3) (n)

I

where & = &(e1,e2) — 0 as max{ej,e2} — 0.

6.2.2 Proof of a lower bound for the class D(p,~,,7°, L)
Define for any v > 1 and M > 0,

log Y(1/z), 0<x<1,

7 2log" 1(z), x>1

q(z) = 20 ()]~ x {
and
1 7@% sin(M log(z))

> 0.
o xlog(x) 220

py(x) =

The properties of the functions g and pas can be found in the next lemma.

Lemma 6.5. The function q is a probability density on Ry with Mellin transform
1
Mlql(z) = 3 27"+ (2-2)""], 0<Re[z] <2
The Mellin transform of the function pyr is given by
(w-1)? G(u,v+ M) — G(u,v — M)

(39) Mlpm(u+iv) = e 5 ;

2 .
where Glu,v) = k= [*._ e %+ Vg, hence

o) 1 M 22
(v ::/0 pM(x)dsz[pM](l):m/_Me 2 dz.

Proof. We have

1 [e.e]
Mlg)(z) = @)™ {/ 2* " tlog” ' (1/x) da:+/ 2* e log” " (x) de]
0 1
= [2r() [ /0 e Yy dy + /O eVt dy]
o+ (2-2)7"
- 5 .
Furthermore
_ 1 [ _1og?@ sin(M1og(z)) i1
_ L SIUNIWE A0S\ L)) - utiv 1
Mpa](u + i) ) g ° dlog()
_ i 00 6_% sin(My) oY (utiv—1) dy
2 J_ Yy

1 [ g

_ - e~ T tyu—1) [

21 21y

— 00

ely(v+M) _ iy(v—M)
dy
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and hence

o ) B y 1) 6iy(v-}—]\J) _ 6iy(v—M)
%M[/)M}(u +iv) = \/%/ 5 dy
%s) iy(v+M iy(v—M
= i e~ (—ut1)?/2+(u—1)%/2 ley( ) — e )] dy
2 2
B e(u=1)2/2 gi(u—1)(v+M)—(v+M)?/2 + ei(u—1)(v—M)—(v—M)?/2
B V2T 2

Set now for any M > 0 and some § > 0,

qo.m (@) == q(x), qum(@):=1-0m)qx)+d(qVpum)(z),
where fV g is defined in (34).

Lemma 6.6. For any M > 0 and some 0 > 0 not depending on M, the function g1 15 @
probability density satisfying

sup qon(2) — qu ()] = [cos(mr/2)| MY +O(M™Y), M — oo,
ze€(1—0,140)

where ¢ > 0 is a fized number. Moreover, qo.p and qi v are in D(p,Yo,7°, L) for all p < v —1
and vo,7° € (0,2).

Proof. The nonnegativity of g1 as for some § > 0 can be proved along the same lines as in the
proof of Lemma 6.3. Next

/Ow au i (@)do = 1 +6/0°°<qva><x> — Gy = 1+ SMpar)(1) x Mlg)(1) = 6Car = 1.

So gi,um is indeed a probability density. Furthermore, (q V par)(y) = 5 [20()] 7 11 (y) + Ix2(y)]
with

> og?(z in(M 1
Il(y) = / e_l gg( )x_QMIOg”_l(x/y)dx
)

log()
= /1 e_é_zism(Mz) (z —log(y))" tdz

og(y) z
and

IL(y) = /Oy G Ty — (il os(z)) log"~ ! (y/x)dx

log(z)
_ /bg ey M (o) oyt

o0

21



By taking y = exp(A), we get for I1(y)
[ee] 2 2 3 M A
L(y) = /0 P - fz ) -1y,

2
— AT (ra)

= cos(AM)/ ¢ sin(Mz)z""1dz
0

+sin(AM) / ¢
0

z+ A
~EA ey )

A cos(Mz)z""1dz.

The well known Erdélyi lemma (see Appendix) implies

00 o=y a) 4
/ T A sin(Mz)z" " tdz = [(v)sin(rv/2)M ™" +O(M~*"), M — oo
0 z
and

°S) 6—%—(2’-{—14) e—ATQ—A
/0 H—Acos(Mz)zy_ldz = T'(v)cos(nv/2)M™" + O(M™17%), M — oo,

_GEM? (g

since the function z +— &—=———— is infinitely smooth with all derivatives vanishing at

infinity. Hence
_A%
2

(40) Lty =5 D) sin(AM + 70/ M + O(M™'™), M = oc.

Analogously

A2 sin(M
IQ(GA) = eQA/ 677+Z78m( ?) (A —2)"dz
oo z
_ 2 /OO g2 q e sin(M(A—2)) oy
0 A —Z
SEE Sy cos(Mz)
A—z
_ (A;Z)Q +A—2 Sln(MZ)
A—z

= eQAsin(AM)/ e 2" 1dz
0

—e A cos(AM)/ e 2 tdz
0

a2
= ¢ 2 T(v) sin(AM — 7 /2)M™ + O(M~17).

Combining the previous estimates, we arrive at

A2
—AT A
A

It remains to note that the maximum of the main term in (40) is attained for A € {7 /2M, 3w /2M}
and

e

L(ed) + I (e?) =2 I'(v) sin(AM) cos(mv/2)M ™" + O(M~17).

sup [I2(e?) + I (e)] = T(v)| cos(mv/2) | M~V + O(M™Y).
Ae{r/2M 37 /2M}
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The property qi.ar € D(p, 70,7, L) for all p < v — 1 and 7,,7° € (0,2) with L depending on
v and v° follows from the identity Mg ar](2z) = Mq](2)(1 — 6¢ar) + OM[par](2)M]g](z) and
(39). O

Let Ty, pr and T ps be two random variables with densities go s and g1 ar respectively. The
density of the r.v. |[Wr, [, i = 0,1, is given by

2 e 71 2 7& .
pim(z) = — A 1/2¢ g my(N)dA, i=0,1.
) \/%/0 )
For the Mellin transform of p; pr, we have

Mipiarl(z) = E[[Wi BT ]

=E[[W1[F Mg (2 + 1)/2)
B 9%/2

V2r

Lemma 6.7. The x2-distance between the densities po,m and pin satisfies

(41) I'(z/2)Mlgi,m]((z +1)/2).

2

p1alpos) i= / (p1,0 () — pom(x)) do < e M2 M o,
Po,m ()

Proof. First note that pg ar(z) > 0 on [0, 00). Since

1 12 1 12
/A‘l/Qe_nlog”_l(l/)\)dA = /A‘l/Qe_MIog”_l(l/)\)d)\
0 0

Jy=1/MA=1/y/ = /1 Y326/ 10g7 1 (y)dy
o0

= [ e g ey

2

= x/ y eV log" Ty a?)dy S e/
22
and

o0 12 1 12
/ A3 2e7 3 log" Tt (\)dA = / Y2 TV l0g? " (1 /y)dy
1 0
'(1/2)

Wﬂv_l log” ! (z%) + O(1/z),

1 x — oco. Furthermore, due to (41) and the Parseval identity (6),

we have po y(x) 2 2~

(42) /Ooo z* lpo,n1 () — p1,M($)‘2 dx =

9—4+a  pytico z+1 z a—z+1 a—z
- /7 M[qva]<2>F(2)M[quM1< 5 >F< 5 )dz,

—ioco
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where M(q V par](z) = Mlq](2) M]par](z). Due to (39),

@@(U+M)+<I>(U—M)
2

(43) IMlpar)(u+iv)| < e

22
with ®(v) = ["_ e™ 2 dz. Combining (42) with properly chosen v > 0, (43) and Lemma 7.3
(see Appendix), we derive

Clnlp) = [ — (@) 4, < / " (p1(a) — pole))?da + / " v (@) — po(a))?d

po(x)
< / e lvlm/2 (®(v/2+ M) + ®(v/2 — M))2 dv < e*Mfr/27 M — oo.

Fix some x € (0,1/2). Due to Lemma 6.7, the inequality

nx*(p1,mlpoa) < K
holds for M large enough, provided

M- 2(1 +€1)

log(n)
for an arbitrary small £; > 0. Fix p = (1 —e2)(rv — 1) for some €3 € (0,1). Then Lemma 6.6 and
Theorem 6.1 imply

ipf sup Pp,n(“ﬁn - p”oo > Cvn) >0

Prn peD(p,v0,7°,L)
for any 7.,7° € (0,2), some constants ¢ > 0, § > 0 and v, = log~ "~V (n) = log=?/(1752)(n).
Since €9 can be taken to be arbitrary close to 0, we get the desired statement.

6.3 Proof of Theorem 4.3

For simplicity we assume that Im()(A)) > 0 for all A > 0 (cf. (14)). The proof in the more
general case of Remark 3.3 can be done in a similar way. Denote X, :=Y;, —Y;, ,k=1,...,n,
and fix some 7y € [v,,7°]. By (13), we derive for the bias of p,~(z), > 0,

ool st = [ [ FORGEI TR e [ Ml o

77y

1 U f eyl o Flpx](=2)¢'(A)dA
27r/ (1 —~—iv)

IN

77 v

i )] Flpx ) ()¢ (A)dA
27T/ (1— —iv)

=7

Mpal(y + iv)| dv
- /{Mn} pal(y +iv)

=t (*)1a + (¥)1p + (*)2.
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Since pa € C(5,7,7°, L), we have for the third term

-t N e
(x)2 < o € /{|v>Un} IMpal(y +iv)| e”ldv < e o
Furthermore, by Lemma 7.2
1 1
[ Flpx (M| = [Llpa](W(M)] < W S 2
and by Lemma 7.3
ol | (U S22 [POV] T Fed (Ao
()12 3 27 /0 I(1l—~—1iv) v

U, [ y—2y-1 _
< !wl_w/ Ja, 2 “ v < || 7U"/—l/QeU””/QA‘ZW.
~ Tl —y—iv)] ~ 2y " "

Similarly we get the same estimate for (x)q;. For the variance we have

1 U @,(1—y—iv,X1) 4
Var(p, () = W\/ar [/—Un N ER—— x dv] + R (x)

2
1 Un \/Var[q)n(l—'y—iv X1)]
44 < —2y 9 d Rn ’
() = o [/_U IT(1— —iv)| vl +Ral@)
where
Un

Ra(z) = — 1 y / / Cov [® — v Xm iu, X )]x*%ﬂ(u 2 dudo.

n*(27) 1<|j— k\<n 1 1 =y — i)l -y —iu)
For example let us take v > 0 and v > 0, then

Cov [,,(1 = 7 — v, Xp), B (1 — 7 — iu, X)) / / T )T

V)Y (A2) Cov [ TN e | s,
Due to Lemma 7.1, the sequence X7, ..., X, is a-mixing with mixing coefficients satisfying (19).
The Billingsley’s inequality (see, e.g., [7]) implies |Cov [e7 Xk e=1%2Xi]| < 4q(]j — k[) and
consequently

Ap 2
[Cov (1= 7 ~ 0. X0, Bl =7 = 0, X < dali = k) | [ W17 | 0] a4

By respecting definition (16) for different signs of u and v, we obtain the estimate (45) for all u
and v. Hence

(46
e SR T Y AT VP e —

1<|j—k|<n—1 -
2 ot [ b S
=0
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where Y7 a(k) < oo due to (19). On the other hand, e.g. for v > 0 we have

(47) V/ Var[®,(1 — v — iv, X1 )] / \/Var —iwe—iX1Ay/ ()] dA
Ap

< [T ¢ (1= [Flpx ] OR) [#/ 0] ax

0

and the same estimate applies for v < 0. Hence combining (44), (46), and (47), we get

(48)  Var(pua(@) < W[/OA"h/)(A)rW(A)\dA]Q[/U” S A

n v, [P =~ —iv)

Due to Lemma 7.2, we have

[ s [0 ma <6
1 1

1 —
for v < 1 and
A, An
/ ) [0 (V)] dA < / A=204) < Gy log(An)
1 1

for o = 1. Furthermore, it holds due to |F[px,](A\)| > 1 — Var(X1)A?/2,

Cy
-7

/ (A 1—|prx1 )2) |9 (A \d)\</ [N (V)| d
for some constants Cp, C; > 0. Hence from (48) we get by (57),

(UV 1/20Unm/2 g2(1- ))2 =: (%)3,

3\)—‘

|2[*Var (pn 4 (2)) <

and by gathering ()14, (%)1s, (*)2, and (x)s,

1
\/ B[22V [pus () = pa(@)?] < JRUNT RO U B4 A
Next, the choice (21) leads to the desired result.

6.4 Proof of Theorem 4.5

This proof is similar to the above one. Only (k)2 in the bias term is different and now becomes

1|$’77L

)
/ IMpal(y +w)| (1 + [v|”)dv < (1 +|Un|?)~ :
{[v|>Un} 2m

whence

1
¢ E |27 [pns (2) — pa(@)*] £ U2 TRAL) L UpT R R A (1 U )
and the choice (24) leads to the desired result.
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7 Appendix

7.1 Some results on time-changed Lévy processes

Lemma 7.1. Let Ly be a Lévy process with the Lévy measure v and let T (t) be a time change
independent of Ly. Fix some A > 0 and consider two sequences Ty, = T(Ak) — T(A(k — 1))
and Xy = Yar — Yag-1), b = 1,2,... where Yy = Ly If the sequence (Tk)gen is strictly
stationary and a-mizing with mizing coefficients (ar(j))jen, then the sequence (Xj)ien is also
strictly stationary and o-mizing with mizing coefficients (ax (j))jen, satisfying

(49) ax(j) <ar(j), jeN.

Proof. Fix two functions ¢ and v mapping R to R such that E[¢(X})]? < oo and E[)(X})]? < oc.
Using the independence of increments of the Lévy process L; and the fact that 7 is a non-
decreasing process, we get

E[¢(Xk)] = E[0(Th)], Elp(Xp)0(Xer)] = E[G(Th)0(Ter1)], k1 €N,

where ¢(t) = E[¢ ¢(Lt)] and Y(t) = E[1p(Ly)]. Since T}, is strictly stationary, E[¢(T})] is indepen-
dent of k and E[¢(Tk)v (Tk+l)] depends on [ only. Furthermore, for any 7,7 € N and any two
functions ¢ : R — [0,1] and ¢ : R? — [0, 1], we have

El¢(X1, ., X)) (Xiphrts - Xika ) = BO(T, . TG (Tivkrs -, Toprrs)),

where @(t1,...,t;) = E[p(Ly,, ..., Lt )] and O(ty, . .. stj) = E[t(Lyy, ..., Lt;)]. By noting that
ax (k) = sup {|Cov(d(X1, ..., Xi), V0(Xithi1s - Xints)) i @ : RE = [0,1], ¢ : R — [0, 1]}
and that ¢, € [0, 1], we get (49). O

Lemma 7.2. Let (L, t > 0) be a Lévy process with the triplet (1, 0%, v). Suppose that f{|x‘>1} |z|v(dz) <
00, and that o and v are not both zero. It then holds for (u) = —log(E(exp(iuLy)))

(50) (i) [Y(u)| <u® and  (id) Y ()] S u — 00.

Further, if

(51) d=p+ / zv(dz) # 0
{lz[>1}
we have
(52) () Wl Zu and (@i): ()] S1, ulo.
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If d = 0 we have in the case v({|x| > 1} Ndx) =0,

(53) () W@l 2u? and (i) [¢'@)]Su ulo,
and in the case v({|x| > 1} Ndx) # 0,
(54) (@) Wl Zu, and (i) [ (u)]=o0(1), ulO.

Proof. In general we have

: 202 iuz :
(55) P(u) = —iup + 5 + /R(l — " +iurl < )v(de),
where

. 1— iuz :
(56) /(1 — " Fiuzl < )v(dz) = u2/ c —;—mm 2u(dx)
R {lol<1y  (ux)
+ / (1- eiux) v(dx).
{l=z|>1}
Note that :
1— e +i
0<ﬂ<c for y e R,
Yy
with ¢ > 0, and that
/ (1— ") av(dr) — zv(dx) for u — oo
{lz|>1} {lz|>1}

by Riemann-Lebesgue. This yields (50)-(¢). It is not difficult to show by standard arguments
that due to the integrability condition we have

V' (1) = —ip + uo? — i/R(ei“z — Ligj<1)zv(d).

Next, (50)-(iz) follows by observing that

/{| Kl}(ei” — Dav(dx) = u/ S 1x2V(dx),

{lel<1y UL

where (eiy - 1) /y is bounded for y € R. Suppose d # 0. By (51), ¥/(0) = —id # 0, and since
¥(0) = 0 we have (52)-(4), and (52)-(4i) is obvious. Next suppose d = 0, i.e. ¢'(0) = 0. We then
have,

() = P(u) — ug'(0) = Y (u) +iud

ulo? .
=5 + / (1— e+ iux1|w‘§1)y(dm) + iu/ zv(dz)
® {le|>1}
u?o?

= + / (1 — e + juz)v(dr)
2 Ny

+ /{x|>1}<1 — ei“z)l/(dx) + iU/ rv(dz)

{lz|>1}
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and
' (u) = ' (u) — ¥'(0)
=uo? — i/R(ei“m — Ljgj<1)zv(de) +i/{|x|>1} zv(dz).

If v({|z| > 1} Ndx) = 0 we thus have

u?o? ;
Y(u) = ——+ / (1 —e™ +iux)v(dr)
2 Ny
2 2 _ Jiux :
_ 49 +u2/ 1o biur —;mxx%(da:)
2 {al<yy  (ux)

and we observe that .
Re (1 — €"* +iuz) = 1 — cos(ux) > 0.

So in particular Re(u) > u? while |¢p(u)| < u?. Hence (53)-() is shown. Then, since
V' (u) = uo® — i/ (e® — Dav(dzx)

{l=|<1}
iur _ 1

=uo? — iu/ ¢ 22v(dx)
{loj<1} W

and again (e — 1) /y is bounded, we have (53)-(ii). Finally, if d =0 and v({|z| > 1}Ndz) # 0,
let us write

P(u) = vo +u2/ Lo fue —;luxxzy(dx)
{lal<ty  (u)

1 — cos(ux))v(dr) +1i ux — sin(ux)) v(dx),
+/{m|>1}< (u) () + /{M( (uz)) w(dx)

where

0< / (ux — sin(ux)) v(dz) < u/ zv(dx) S u,
{l=[>1} {l=[>1}

but due to dominated convergence also

ux — sin(ux)) v(dx) = u zv(dr) + o(1).
[, st v = [ i) +o()

{lz|>1}

Hence,
/ (ux —sin(uz)) v(dx) = u+o(u), ulO0,
{lz[>1}

and from this (54)-(¢). For the derivative we have,

W (1) = uo? — i / (€% — 141 )av(de) + i / zv(dz)

R {lz|>1}
iur _ 1 .
=uo? — iu/ c v (dx) — i/ (e"® —1) av(dz)
{lzl<1} UL {lz|>1}
=o(1), ulo0,
by similar arguments, i.e. (54)-(ii). O
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Lemma 7.3. For any a > —2, there exist positive constants Cy and Ca(cr) such that uniformly

for || > 2,
(57) C|B|e 12 IBIm/2 < |T(a +1B)| < Ca|B|* /2 18I7/2,
Proof. See, for example, Theorem 1.4.2 in [1]. O

Corollary 7.4. For all0 < a < 1/2 and oall U > 2, it holds

v dp 1/2-a Un/2
=8) [, e <O

for a constant C > 0. For o > 1/2, we have

v dp Ur/2
(59) /_U W S Cl (Oé) + 026 s

where Cy does not depend on a.

7.2 Lemma of Erdélyi

Lemma 7.5 ([12],[13]). Let « > 1, v > 0, function f € C*°([0,00)) be such that f and all its
derivatives vanish at infinity, then

/ zzlf 1)\m Cll‘_
0

, A — 00,

where ay = f((;c;f,o)lj (%) exp { UH_V)} .
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