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Abstract

In a rather general setting of It6-Lévy processes we study a class of transforms
(Fourier for example) of the state variable of a process which are holomorphic in
some disc around time zero in the complex plane. We show that such transforms
are related to a system of analytic vectors for the generator of the process, and
we state conditions which allow for holomorphic extension of these transforms
into a strip which contains the positive real axis. Based on these extensions
we develop a functional series expansion of these transforms in terms of the
constituents of the generator. As application, we show that for multidimensional
affine Itd-Lévy processes with state dependent jump part the Fourier transform
is holomorphic in a time strip under some stationarity conditions, and give
log-affine series representations for the transform.
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1. Introduction

Transforms are an important tool in the theory of (ordinary and partial) dif-

ferential equations and in stochastic analysis. In probability theory the Fourier
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transform of a random variable, which represents the characteristic function of
the corresponding distribution, is widely used. Fourier (and Laplace) transforms
have become increasingly popular in mathematical finance as well. On the one
hand, for example, via a complex Laplace transform and the convolution the-
orem one may derive pricing formulas for European options (e.g., see [9],[10]).
On the other hand, Laplace and Fourier transforms are known in closed form for
many classes of processes. A famous example is the so-called Lévy-Khintchine
formula which provides an explicit expression for the characteristic function of a
Lévy process. More recent financial literature goes well beyond Lévy processes
and attempts to establish explicit or semi-explicit formulas for derivatives where
underlyings are modelled, for instance, by affine processes (see among others
[6],[8] and [7]) or more general Ito-Lévy processes (e.g. see [14]). Theoretical
analysis of affine processes is done in the seminal paper by Duffie, Filipovi¢ and
Schachermayer [7] and has led to a unique characterization of affine processes.
In particular, it is shown that the problem of determining the (conditional)
Fourier transform of an affine process X corresponds to the problem of solving
a system of generalized Riccati differential equations in the time variable s (see
[7]). Although closed form solutions of this system can be found in important
cases, there is no generic approach to solve such a system in the general multi-
dimensional case. In this article we establish some kind of functional series
representation for the Fourier transform, hence the characteristic function of
the process under consideration and, in principle, for more general transforms.
The most natural one is a Taylor expansion in time s around sg = 0. Unfortu-
nately, it turns out that in many cases the resulting power series converges only
in s = s9 = 0. This problem corresponds to a difficulty which is well known in
semi-group theory and in the theory of parabolic differential equations: small
time expansions for the solutions of parabolic equations are usually possible in
a neighborhood of some sy > 0, while an expansion around sg = 0 may have
zero convergence radius. In this paper we prove that for a generator with affine
coeflicients the Fourier transform extends holomorphically into a disc around

so = 0 and a strip containing the positive real axes, under some mild regularity



conditions. Then, for multi-dimensional affine processes we obtain convergent
expansions for the Fourier transform and its logarithm on the whole time line.
Hence, we have (affine) series representations for the exponent of the charac-
teristic function of a general multi-dimensional affine process. More generally,
we develop a framework based on a concept of analytic vectors which allows for
functional series expansions for a class of holomorphic transforms which covers
the standard Fourier transform.

The outline of the paper is as follows. The basic setup is described in Sec-
tion 2. In Section 3 we introduce the notion of analytic vectors associated with
a given generator and study functional series expansions for the corresponding
transform. Section 4 is devoted to the Cauchy problem for affine generators. In
Section 5 we derive series representations for the logarithm of the Fourier trans-
form corresponding to a generator with affine coefficients. Section 6 gives an
explicit representation for these expansions in a one-dimensional case. Finally,
Section 7 contains results for affine It6-Lévy processes which mainly follow from

previous sections. More technical proofs are given in the Appendix.

2. Basic setup

Let (2, F,(F)i>0, P) be a standard filtered probability space where the
filtration (F;) satisfies ‘the usual conditions’. On this space we consider
for each £ € R™ a compensated Poisson random measure N (x,dt,dz,w) =
N(z,dt,dz,w) —v(x,dz)dt on Ry x R™ where N is a Poisson random measure
with (deterministic) intensity kernel of the form v(z, dz)dt = E N (x, dt, dz) sat-
isfying v(z, B) < oo for any B € B(R") such that 0 ¢ B (closure of B). Hence
N is determined by
thvk(z, B)

k! ’
In particular, for any B € B(R) with 0 ¢ B and € R”, the process M,”"" :=

P[N(x,(0,t], B) = k] = exp(—tv(z, B)) k=0,1,2,...

N(z,(0,], B) is a (true) martingale. Further, we assume that the kernel v

satisfies,

v(z,{0}) =0, /n(|z|2 Alzv(x,dz) < oo, x € R™.



Let us assume W (t) to be a standard Brownian motion in R™ living on our
basic probability space, and consider the It6-Lévy SDE:

dX, = b(X;)dt 4+ o(X,)dW (t) +/ 2N (X, dt,dz), Xo=u, (2.1)

n

for deterministic functions b : R — R", ¢ : R® — R™ x R™, which satisfy
sufficient regularity and/or mutual consistency conditions such that (2.1) has a
unique strong solution X, called an It6-Lévy process, which can be regarded as
a strong Markov process (e.g., see [17], [14]).

As a well-known fact, the above process X can be connected to some kind
of evolution equation in a natural way. In this context we consider a ’pseudo

generator’

A DAY cc® cec—c, (2.2)

where C := C(R") is the space of continuous functions f : R® — C, equipped
with the topology of uniform convergence on compacta, and C? is the space
of functions f € C which are two times continuously differentiable. Further,
feDAY) iff f e CP, and
1 & 0% f - of
Aif() = = 3 ay(a) =S bi(a) (2.3)

2 & 6:@6:@ 6:51-
7,j=1

i=1
+/ [f(x—i—z) - f(z) - %z} v(z,dz), with a =00,

exists and is such that A¥f € C. In this respect we assume that the building
blocks of the operator (2.3), a(z), b(x), and v(x, B) for any B with 0 ¢ B, have
bounded derivatives of any order.

Clearly, D(A?) is dense in C and we henceforth require that the operator A
thus defined is closable. In general, closability of an integro-differential operator
of type (2.3) will in particular depend on the characteristics of the measure v
and the chosen topology. In this respect, the following proposition provides

sufficient conditions on the measure v for the above specified topology.

Proposition 2.1. Let the measure v be of the form v(x,dz) = ~(z, 2)v(dz),

where the function v has bounded partial derivatives of any order, and v is



a Borel measure with bounded support satisfying [ |z|?v(dz) < oo. Then the

operator A% in (2.3) is closable.

The proof is given in the Appendix.

Remark 2.2. Without going into further detail we note that the above closabil-
ity restrictions on the measure v(x, dz) may be relazed, to unbounded support for
exzample, when the domain of A% is restricted to functions with certain growth
constrains. However, the restrictions of Proposition 2.1 do not exclude (pure)
jump-processes with infinite activity. Also, in practice, heavy tailed jump mea-

sures restricted to a large enough bounded domain may be considered.
The closure of Af is denoted by
A:D(A)cC—C. (2.4)

As such A can be seen as a relaxation of the notion of a generator of a strongly
continuous Feller-Dynkin semigroup associated with the process X, for which the
Hille-Yosida theorem applies. This semigroup is usually defined on the Banach
space Cp(R™), i.e. the set of continuous functions on R™ which vanish at infinity,
equipped with the supremum norm, and its generator coincides literally with
A% on a dense subdomain of Cy(R™). By slight abuse of terminology however,
we will also refer to A as ’generator’ when A is considered in connection with
the process X given via (2.1). Let now § := {f,, u € I} C C be a dense subset
of bounded continuous functions f, : R®™ — C which have bounded derivatives
of any order. With respect to the (closed) generator (2.4) we consider for each

fu € F the (generalized) Cauchy problem

Dsau) = Ap(s,a,u) (2.5)
p(0,z,u) = fu(z), s>0, zeXCR"

where X is some open (maximal) domain, and assume that problem (2.5) has a
unique solution for 0 < s < co. In this context existence and uniqueness results

can be found in [11], (see also [2] for generalizations and results for unbounded



initial data). Another proof can be obtained via purely stochastic methods us-
ing Malliavin calculus, see [3]|. In particular, if some global ellipticity condition
is satisfied we may have X = R™. For mixed type operators, i.e. for operators
where the type of the second order differential part may vary in space (which
may happen for differential operators with affine coefficients for example), ex-
istence, uniqueness, and the maximal domain X has to be considered case by
case. We underline, however, that in this article the main focus is on functional
series representations for the solution of (2.5), and we therefore merely assume
that sufficient regularity conditions for the coefficients in (2.3) (hence (2.1)) are
fulfilled.

Remark 2.3. In our analysis we often consider the pseudo generator (2.3) and
its closure (2.4) on C := C(X), for an open domain X C R™, rather than C(R™).
For notational convenience (while slightly abusing notation) we will denote these

respective operators with A and A also.

If A is the generator of the process (2.1), the solution p(s,z,u) has the

probabilistic representation

ﬁ(svxvu) =E [fu(Xg@)} )

where X% is the unique strong solution of (2.1) with Xg’m =z a.s. We refer
to p(s,z,u) as generalized transform of the process X2* associated with §. As

a canonical example we may consider

fulz) =e"'®, uweR", (2.6)

in which case (2.5) yields the characteristic function p(s,z,u) = E[ei“TXS’m].
By using multi-index notation, the integral term in (2.3) may be formally

expanded as
/n [f(:c—kz)—f(:c)—%.z} o, dz) =
> ot (”/ 0@d) = 3 ma(@)on @)

la|>2 |or|>2



Hence, we may write formally the generator as an infinite order differential

operator

A= " a0(2)0pe (2.7)

|a|>0

with obvious definitions of the coefficients a, () for |a| > 0.

3. Analytic vectors and transforms

First we introduce the notion of a set of analytic vectors associated with an

operator A.

Definition 3.1. § = {fu, u € I} is a set of analytic vectors for an operator A

in an open region X, if
(i) A*f, exists for any uw € I and k € N,

(i1) for every u € I there exists R, > 0 such that for all x € X,

r AT
lim sup m < R;l
k—o0 r>k r!

where the limit is uniform over any compact subset of X (hence a locally

uniform Cauchy-Hadamard criterion).

Example 3.2. For unbounded self-adjoint operators on a Hilbert space, analytic
vectors can be constructed via their spectral resolution [15]. In [16] unbounded
operators on sequence spaces are studied which are represented by exponentiable
infinite matrices. For such operators the standard basis composes a system of

analytic vectors in fact.

If § is a set of analytic vectors in the sense of Definition 3.1 then for all

x € X the map
ok
s
s — Psfu(z) := g EAkfu(x), |s] < Ry (3.1)
k=0

is holomorphic in the complex disc Dy := {s € C: |s| < R,} and the series
converges uniformly in z over any compact subset of X. In fact, P; f,(x) coincides

with p(s,z,u) for 0 < s < R,,.



Proposition 3.3. If § is a set of analytic vectors, the map (s,x) — Psfy(x)
defined in (3.1) satisfies (2.5) for all s, |s| < Ry, and x € X. In particular we
have Psfy(x) = (s, z,u), 0 < s < R,y.

PrROOF. Obviously, Py fu(z) = fu(z) for x € X. Set (see Remark 2.3)
P '
fulw Z -
then both P\ £, (x) and

N)fu Z k'Ak-i-lfu( )

converge uniformly for any x in a compact subset of X and for any s satisfying
|s| < R, — e with arbitrary small . Hence, since A is closed,
AP, £, Z S A ) = 2SS k@) = LR
u k' u a o aS sJu I

and we are done. [J

In order to study generalized transforms associated with a set of analytical
vectors § in domains containing the non-negative real axis we introduce for

n > 0 the sequence

o\ (2, u) = mH A+ D) fu(2) (3.2)

1
=: k! ch,rn_TArfu(x)v reX, vel, k=0,1,2,... (3.3)

In (3.3) the coefficients ck,r, 0 <1 <k, are determined by the identity

k—1

H(z—l—r):z(z—i—l)- (z+k-1) Zc;”z

r=0
and are usually called unsigned Stirling numbers of the first kind. These num-

bers satisfy cp o =1 and

ko =0, cpp=1,



Chy1j = kerj +crj—1, 1<J<F, (3.4)
if k > 1. Obviously, the following recursion is equivalent to (3.2),
(k+ 1)q,(€721(:v, u) = n_lAq,(cn) (x,u) + kq,(c")(x,u), k>0, zeX  (3.5)

The next theorem provides a functional series representation for the solution of

(2.5) for all s > 0, under certain conditions.

Theorem 3.4. Let § be a set of analytic vectors in the sense of Definition 3.1,
u € I be fized, and the sequence (q,(cn)) be defined as in (3.3). Let p be the solution
of the Cauchy problem (2.5). Then the following statements are equivalent:

(i) There exists a constant R, > 0 such that for each x € X%, the map

s — p(s,x,u) has a holomorphic extension to the domain
Gr, ={z:|z2| <R,}U{z:Rez>0 A |Imz| < R,},

see Figure 1.

z=x+ 1y

Figure 1: Domain Gr, on the complex plane

(13) There exists an 1, > 0 such that for each x € X the following series

representation holds:

p(s,x,u) = Zq,(C “)(ar,u) (1 - e_"“s)k, 0<s < o0
k=0



Moreover, the series converges uniformly for (x, s) running through any compact
subset of X x {s € R:0<s < R,}.

(131) The solution p of the Cauchy problem (2.5) is holomorphically extend-
able to [0, 00), there exists n, > 0 such that

Tittg oo { ‘q,g’m(x,u)’ <1, zex, (3.6)

and, there exists €., 0 < €, < 1, such that the series
> a (@t (3.7)
k=0

converges uniformly for (x,w) running through any compact subset of X X

{weC:|lw<1l-—e,}.
PRrROOF. See Appendix.

Remark 3.5. From the proof of Theorem 8.4 it is clear that the implication
(i41) = (i), where statement (iii)" consists of (3.6), and (3.7) with &, = 0 holds
as well. That is, loosely speaking, if in (ii1) series (3.7) converges uniformly on
all compact subsets of £ x {w € C: |w| < 1}, the holomorphy assumption on p

can be dropped.

Remark 3.6. In order to use the representation in (ii) one has to choose n,,. In
fact, n, can be related to R, via n, = 7/R, and hence increases with decreasing

R,.

It is important to note Theorem 3.4 concerns the solution of the Cauchy problem
(2.5) connected with a general operator A. In particular, all criteria in this
theorem are of pure analytic nature and via (3.2), respectively (3.3), exclusively
formulated in terms of the A*f,(z), i.e. coefficients in Definition 3.1. In the
case where A is the generator of a Feller Dynkin process one can formulate a

sufficient probabilistic criterion for Theorem 3.4-(7):

Proposition 3.7. Let § be a set of analytic vectors in the sense of Defini-

tion 3.1 and let the Markov process {X:} be associated with the generator A. If

10



in addition, for every u € I there exists a radius R, such that for anyt >0

o0 k
S % ’A’“E[fu(XtO’””)] <00, 0<s5<Ry, (3.8)
k=0

uniformly in x over any compact subset of X, then Theorem 3.4-(1) holds.

The statement is a direct consequence of the following “quasi” semi-group prop-

erty of the transition operator P;.

Proposition 3.8. Let § be a set of analytic vectors satisfying (3.8). Then, for
allz € X and allt > 0, the generalized transform p(t + s, x,u) can be represented

as

o0
~ sF
Pt + s, z,u) ,;_ k_ E[fu (X)), 0<s<R,, (3.9)
where the series converges uniformly in x over any compact subset of X.

PROOF. Denote the right-hand-side of (3.9) by p(¢,s,z,u). Obviously,
P(t,0,z,u) = E[f,(X")]. Set

k

S x
Pt s, 2,u) == k_ AFE[f. (X)),

TTMZ

then both pV)(t, s, z,u) and

Sk

AP, (X07)

b?z

el
Il

0

converge for N — oo uniformly over any compact subset of X, and s with |s|

< R, — ¢, for an arbitrary small € > 0. Hence, for |s| < R, — &, we have

N-1
0 sk

~(N) k+1 0,z ~N-1)
55 (t,s,2,u) ,;:O k!A E[f.(X; )] = Ap (t,s,z,u),

p(t,0,2,u) = p(t, x,u)

and thus, by closeness of the operator A and uniqueness of the Cauchy problem

(2.5)-(2.7), we have p(t, s, z,u) = p(t + s, x, u).

11



The following proposition provides a situation in a semigroup context where
a much stronger version of the condition (i) in Theorem 3.4 applies. It also sheds
light on the connection between semi-group theory and holomorphic properties

of generalized transforms.

Proposition 3.9. Let Cy(R™) be the Banach space of continuous functions f :
R™ — C which vanish at infinity, equipped with supremum norm: ||f|| =
supyepn |f(2)]. Let A : D(A) C Co(R™) — Co(R™) be the generator of the
Feller-Dynkin semi-group (Ps)s>0 associated with the process X, i.e. Psf(x) =
E[f(X%%)], f € Co(R™). Suppose that the family  is such that f, € D(AF) for

each u € I and all integer k > 0, and that for each u € I,

o0 Sk
Z il | A" fu]| < 00, 0 < s<R,.
k=0
Then for each u € 1,
e k
PsfuZZ%Akfu, 0<s< Ry, (3.10)
k=0

with convergence in Co(R™). Thus, the map s — Psf, for 0 < s < R,, extends
via (3.10) to the complex disc Dy :={s € C: |s| < Ry,}. In particular, for each
x € R™ the map s — Psfyu(x) is holomorphic in Dy. Moreover, for each t > 0,

we may extend the map s — Piysfu, 0 < s < R, to the disc Dy via,

oo Sk 00 Sk
Ps+tfu:PtPsfu:ZEPtAkfu:ZEAthfua SEDO' (311)
k=0 k=0

PROOF. See Appendix.

Under the conditions of Proposition 3.9, § = {f., u € I} is a set of analytic
vectors for the generator A in the sense of Definition 3.1 with X = R™. Moreover,

due to Proposition 3.9 the map
— 5" k o k 0,z
s = Poyifu(x) = Z EPtA ful@) = Z HA E[fu(X)],
k=0 k=0

is holomorphic in Dy for each # € R™ and hence Theorem 3.4-(i) is fulfilled.

12



In this paper we do not stick to the semigroup framework because we want to
avoid the narrow corset conditions of Proposition 3.9. We also want to consider
operators A with unbounded (for instance, affine) coefficients and sets § of
functions that do not vanish at infinity (for example, (2.6)). Such situations
may lead to the violation of condition f, € D(A*), k € N in the sense of
Proposition 3.9. In particular, in the next Sections 4-5 we will focus on general
operators A with affine coefficients and in Section 7 on affine processes related

to affine generators satisfying a kind of admissibility conditions.

4. Affine generators

Let us now consider generators of the form (2.3) with affine coefficients. In
this section A may or may not be a generator of some Feller-Dynkin process. The
next theorem and its corollaries say that the extended Fourier basis { fu(:v) =
ei“T””, u € C"} is a set of analytical vectors for an operator A of the form
(2.7), where the coefficients a,(x) are affine functions of x and satisfy certain

growth conditions for || — co. Moreover, an explicit estimate for the radius of

convergence is given.

Theorem 4.1. Let A be a generator of the form (2.7) with affine coefficients

ao (), i.e. for all multi-indezxes «,
0o (7) = co +2'dy, TEX, (4.1)

where X C R™ s an open region, co s a scalar constant, and d, € R™ is a
constant vector. Assume that the series
> aal(z)u® (4.2)
|a|>0
converges absolutely for all w € C™. This is in particular fulfilled under the

conditions of Proposition 2.1. Then, for every u € C" and x € X it holds

fu()

Aul@) | 2 ) ) (43)

13



O(v) :=> 2"(1+v)*D}, veRy (4.4)
E>1
and
DE = sup |05 aa ()]

max
sex lal=k,p1<1 1+ ||z

The proof of Theorem 4.1 is given in the Appendix.

Corollary 4.2. If in Theorem 4.1 the region X is bounded, the generalized

Fourier basis constitutes a set of analytic vectors for the affine operator A in X.

Corollary 4.3. If in Theorem 4.1 there exists for any ¢ > 0 a constant M
(which may depend on ¢ > 0) such that

Df < MJF/k! k> 1,

then
O(v) < Mexp (2¢(1+v)).

Corollary 4.4. Ifin Theorem 4.1 it holds that a,(x) = 0 for |a| > 2 (generator
of diffusion type) then

O(v) < C(1+wv)?, C>0.

For an affine operator A the sequence (3.2) can be explicitly constructed via the

next proposition, which is proved in the Appendix.

Proposition 4.5. Let A be an affine generator as in Theorem 4.1 and define

bola,0) 1= 0 ) = 5 a5 e

a>0

=: bjj(u) + Z b, (u) 2",

K, |k|=1
with ag := 0. We set A" f,(z) =: gr(x,u) fu(x) and, for fired n > 0, g (x,u) =:
he(z,w)fu(z) (the dependence on n is suppressed in h for notational conve-

nience), where both g, and h, are polynomials in x of degree r. It holds

gr(z,u) =: Z gry(Wz?,  he(z,u) = Z hy (), (4.5)

lyI<r v <r

14



where g, and h, satisfy go = go,0 = ho = ho,o = 1, and for r > 0, respectively,

v+
Ir+1y = Z ( 3 >gr,’y+ﬁb% (4.6)
[BI<r—1|v
Y—K+06 1
+ Z Z < )grﬁ,ﬁﬁbﬁﬁ, and,
ls]=1, k< |BI<r+1-|y]| b
(v +B
(r+1)hr+l,’y = Z n 1( 3 )hrﬂ-i'ﬁb%
1BI<r—1v
(v —Kk+pS
+ ¥ 3 771( : )hrﬁ_,i_,rﬁbéﬁ—i—rhrﬁ(u),

le|=1, k<y |B]<r+1—|v]

where |y| <r+1, and empty sums are defined to be zero.

Remark 4.6. Depending on the open set X we may consider instead of (4.5)
for an xg € X expansions in x—xg rather than in x. For simplicity we henceforth
assume {0} € X which, if necessary, may be realized by a translation of the state

space.

A natural question is whether affine generators are the only ones for which the
Fourier basis constitutes a set of analytic vectors. For this paper we leave this
issue as an open problem but the following proposition shows that at any case
the set of such generators is rather “thin”.
Let us put X = [—7, 7| and
2

A= %a(z)% + b(a:)i
Proposition 4.7. The set of coefficients (a(x),b(x)) such that for an arbitrary
M>0

1AY fullz2y) 2 MYNY, - N — oo,
is dense in L?(X) x L*(X).
ProoF. Without loss of generality let us assume that b(x) = 0 and u > 0. The
general case can be considered along the same ideas and is only formally more

complicated. Any a € L?(X) may be approximated (in L?-sense) by a finite

Fourier series

n
a(x) ~ Z el
=1

15



Thus, for given £ > 0 we can find natural n and amplitudes a; (a, # 0) such
that

<e.
L2(Xx)

n
_ E alellm
=1

The corresponding approximative operator is given by

2

k—1 !
‘2{51 ‘Z[Skezux = ( 1) Asy gy, H u+ ZS ez(qu j=1 sj)w
1=0 §=0
and setting
1 ~
Fro= oo *““f Y2) AN fu(w)dz, k€N,

we have Fk:Ofork>nN, and for N — oo

N 1
Fon = (-1D)Va (u+nl)? ~ (=1)Na¥n2V (N = 1))2(N — 1)2%/",
=0

Further, by Parseval’s identity it holds
1/2

)

nN
IAY full L2y = [ZWZ | F.|?
k=0

and then we are done.

Obviously, Proposition 4.7 may be formulated with respect to any bounded

interval.

5. Log-affine representations for the affine Cauchy problem

In [7] a Markov process X is called regular affine if for every s, s > 0, the

characteristic function p of X% has the form

p(s,x,u) = E[fu(Xtom)] = exp (C(s, u) + ITD(S, u)) , (5.1)

16



with f,(z) = exp(iu" ). As a main result, it is shown in [7] that (under certain
conditions) the vector valued function D satisfies for all s > 0 a generalized

system of Riccati equations,
0sD(s,u) = R(D(s,u)), (5.2)
and the function C' is then obtained by

C(s,u) = /05 Q (D(1,u)dr) . (5.3)

The vector valued function R and real valued function @ in (5.2) and (5.3)

respectively, are determined by the relation
(Q(iw) +z" R(iu)) fu(z) = Afu(x). (5.4)

In general the equation for D in (5.2) is impossible to solve analytically. In
this section we will derive (under certain conditions) general functional series
expansions for (5.1), hence in particular for C' and D, for which all ingredients
can be obtained from the generator A in a direct algebraic way.

Consider the Cauchy problem (2.5) for affine generators A of the form (2.7),

under the assumption (4.2). As in (4.1) we set a(z) = ¢, + 2 "d,. The ansatz
p(s,x,u) = exp (C(s,u) + 2" D(s,u)), (5.5)
for scalar C'(s, u) and vector valued D(s, u), where C(0,u) = 0 and D(0,u) = iu,

for the Cauchy problem (2.5) yields,

0.C+2"0, D= an(z)D* = Y caD*+ > a'daD",
o[>0 la[>0 la|>0
and so
0.C =Y caD* 0D= > duD"
[a]>0 |a|>0

C0,u) =0, D(0,u)=iu.

We thus have a system of ordinary differential equations (ODEs), which reads

component-wise

0.C= > caD* 0.Dj= Y d9D% j=1,.,n,

[a|>0 |a|>0

17



C(0,u) =0, D;(0,u)=iuj. (5.6)
By assumption (4.2), the series
Z caly”, Z dPy>, j=1,..,n, (5.7)
[a|>0 [a|>0
are absolutely convergent for all y € R", and thus define terms-wise differen-
tiable C(‘X’)(R") functions. In particular, they are locally Lipschitz and so ac-
cording to standard ODE theory the system (5.6) has for fixed u € R™ a unique
solution (C(s,u), D(s,u)) for 0 < s < s2° < oo, where (s, C(s,u), D(s,u)) leaves

any compact subset of R x R x R”, when s T s3°.

Remark 5.1. By a general theorem from analysis (e.g., see [4]), it follows that
the solution of (5.6) extends component-wise holomorphically in s into a disc
around s = 0, due to the analyticity of (5.7). This implies that (5.5) is holomor-
phic in s. So, besides Theorem 4.1, also along this line one may show that (5.5)
can be represented as a power series of the form (8.1). Le., in particular, the
Fourier basis (2.6) constitutes a set of analytic vectors for the affine operator A.
However, the direct approach in the proof of Theorem 4.1 (see Appendiz) leads
to an explicit estimate (4.3) and allows for investigating possible extensions of
D(s,x,u) into a strip containing the real azis in the complex plane (see Theo-
rem 5.4). Moreover, it also suggests the line to follow in cases where A is not

affine and/or the function base is not of the form (2.6).

Let us suppose that for fixed v € R™ the statements of Theorem 3.4 hold.

Then we obtain for 0 < s < s3° < 00, x € X,

pls,z,u) = exp (C(s,u) + z' D(s, u)) (5.8)
=S¢ (@ u) (1 — e o),
k=0

Since q(()"“)(:v,u) = fu(z) = exp (iu"x) # 0 we have, taking into account the

boundary conditions for C' and D, at least for small enough £ > 0,

C(s,u) +x' D(s,u) = Z p,(:“)(:zr, w)(1—e ™k 0<s<e, (5.9)
k=0

18



where by a standard lemma on the power series expansion of the logarithm of
a power series,

p((f]“)(x,u) =In qé"“)(:t, u) =iu' (5.10)

k—1
1 N u u
P (2, ) = " (@) = 23 ip " @ wg @) | k=L
j=1

Thus by (5.9), the p,(:“) are necessarily affine in z!

Remark 5.2. It is possible to prove directly that the functions p,(:“) defined
above are affine in x using Proposition 4.5 via a (rather laborious) induction

procedure, so without using a local solution of (5.6).

Theorem 5.3. Suppose that for fized u € I the statement of Theorem 8.4-(i)
holds for an open region X and, in addition, for s € Ggr, and x € X it holds
(s, z,u) # 0. Then, with p( “)(:17, u) =: pgh“o) (u) + pr,(;]”’l)(u) determined by
(5.10), we have

s = |30 (02 2T ) (| 0
k=0

PROOF. Let u € I and x € X be fixed. Since Gg, is simply connected and s —
p(s, x,u) is holomorphic and non-zero in G g, , there exists a single-valued branch
s — L(s,z,u) of the multi-valued complex logarithm such that p(s,z,u) =
exp(L(s,z,u)) for all s € Gg,. Along the same line as in Theorem 3.4 we then
argue that there exists an 7, > 0 such that w — L(®,,, (w),z,u) (see the proof
of Theorem 3.4) is holomorphic in the unit disc {w : |w| < 1}, hence, there

exists pg(z,u) such that

L(®y, (w), v, u) = Zﬁk(a:,u)wk, 0<]|w] <1, andso
k>0

L(s,z,u) = Zﬁk(x,u)(l —e MmNk )< s < .
k>0
Since the later expansion must coincide with (5.9) for small s, it follows that

necessarily pi(z,u) = p,(cn“)(:v, u) and the theorem is proved.
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Let us now pass to another interesting log-affine representation for the char-
acteristic function. From (4.5) and (4.6) we derive formally

D () (1= ™) = YT B (W) (1= ) g

r>0 r>0~v>0

_ lu T v NS |'y\+r
= D8 By () (1= e7™)

¥>0 >0
Suppose that the requirements of Theorem 5.3 hold for fixed v and n = n,.
Then, using Theorem 4.1, it is easy to show that for small enough ¢ > 0,
S 2l D i ()] <0, il <&, ol <&
v>0 r>0

(see Remark 4.6). Thus, for |s| and ||z|/s small enough we obtain

Inp(s,z,u) = iu'z+In vazhl’ﬂ”’y (1 — e Mus)ll+r
>0 >0

C(s,u) + 2" D(s,u),

with (in multi-index notation)

w)=In (> heo(u)(1—e ™) |, (5.11)

r>0

Yorst Pr(u) (1 — e )"
D"(s,u) = " + == ;e[ =1
Z""ZO hr,O(U)(l — 6_77u5)7‘

However, the left- and right-hand-sides of (5.11) are holomorphic for all s € G,

and we so arrive at the representation

p(s,z,u) =exp |In Z Bro(u)(1 —e ™) | +iu'z (5.12)
r>0
T 2rz hr(w) (1 — e
x —Nus\r |’
Zrzo hro(u)(1 — e=mus)

SEGRW T € X,

with
he(u) = [hri(W)]izy 0

where for 1 < ¢ < n, the multi-index (d;;),=1,... » is identified with i.

20



Particularly due to the explicit estimate (4.3) for affine generators in The-
orem 4.1, we may proof the next theorem (which is a non-probabilistic version

of Proposition 3.7 in the situation where A is affine).

Theorem 5.4. Let X be a bounded domain. Assume that the system (5.6) is
non-exploding, i.e. s5° = oo, and that for any fized u € R™ the solution D(s,u)
remains bounded as s — oco. Then, there exists a radius R, > 0 such that for
any t > 0 the map s — p(t + s,x,u), 0 < s < Ry has a holomorphic extension
to the disc {s € C: |s| < Ry}. Moreover, it holds

0 k
plt+s,a,u) =Y %Akﬁ(t, qu)(z), |s| <R, x€X (5.13)

Remark 5.5. The mazximal extension radius R, satisfies

1

R, > inf ,
2m0(||[ D*(u)]) =ex 1+ ||z

(5.14)
where function 6 is defined in (4.4) and || D*(w)|| = sup,sq || D(s, w)||.

PROOF. Denote the right-hand-side of (5.13) by p(t,s,z,u). Obviously,
p(t,0,z,u) = p(t,0,z,u). Let us define

N

k
S ~,
ﬁN)(t,s,x,u) = E yAkp(t, ',’LL) (.I)
k=0

Since p(t, z,u) = exp(C(t,u) + " D(t,u)), Theorem 4.1 implies that the series

> HA’fﬁ(t, ) () (5.15)

k=0
is absolutely and uniformly convergent on any compact subset of X x {s € C :

|s| < Ry} if R, satisfies (5.14). So, both p(™) (¢, s, 2, u) and

AP (t, s, 2, u) ZklAkHAH)()

converge for N — oo uniformly over any compact subset of X and s with

|s| < Ry — € for any € > 0. Hence, for |s| < R, — ¢

0
A{N) k+1/\
5P (t,s,x,u) g k'A (t,-,u) = ApNV(t, s, 2,u),
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ﬁ(tu O,ZL’,U) = ﬁ(taxau)u

and thus, by closeness of the operator A and uniqueness of the Cauchy problem

(2.5)-(2.7), we have p(t, s, z,u) = p(t + s, x, u).

6. Full expansion of a specially structured one dimensional affine sys-
tem

Let us consider Cauchy problem (2.5) for n = 1 with f,(z) = exp(iuz), where
the jump-kernel in the generator A (see (2.3)) has a special affine structure of
the form

v(x,dz) =: (Ao + Max)v(dz),

and where the diffusion coefficients have a similar structure,
b(z) = (Ao + M2)8, a(z) = (Ao + M)V,

for some constants Ag, A1,0,9 € R, and measure v. So, in Proposition 4.5 the

a,, have the form a; =: (A9 + A\x)m where

o =0, w1 =10, puo:= % (19—}— /Z2V(d2)) . M= %/ wdz), 1>2.

Hence, in Proposition 4.5, the bg in (4.6) have the form

by, ) = B2(u) + b (u)
I+r) . d"
=: ()\0 + )\1$) Z lltl—i-r(li')(lu)l =: ()\0 + )\1,@) dur
>0 ’

h(u) r >0,

where h(u) =35 wi(iw)!. Tt is now possible to show via (4.6) that for r > 1,

1 .
gr(z,u) = Z P AL (Mo + M)

™
rl 7 (n1,ma), (ng,mg)
p>0,¢>0

0<ny1<...<ng, mu,..., mg>0,
T=ptnimitectngmg

< 07 (u) ﬁ(b”ﬂ(u) i b(U))mj, (6.1)

du™i

with the following integer recursion procedure:
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Initialization: 7(P) = 1, a0 =0, pq=>1

(nlvml);"'x("qvmq)
For all n; >0, m; >0, with1 <i<gq, p,g>1:
Reduction rule I: If m; = 0, for some j, 1 < j < g, then

(p) (p)

=7 .
(n1,m1),,(ng,myq) (n1,ma), -, (nj—1,mi—1),(njt1,mj4+1), -, (ng,mq)
Reduction rule II:

(»)

(nl7m1)1"'1(nq*11mQ*1)7(nqvmq) -

" ptn;—1 (p+mn;—1) (p—1)
J prn;— pP—
Z ( n; )”(m,m1>,~»,<nj,mj—1>,---,<nq,mq> T (), (ngamg)”

Jj=1

™

In fact, the above recursion procedure follows automatically after substituting
(6.1) as ansatz into (4.6). Finally, we obtain the q](;’) for the series expansion in

Theorem 3.4 by (3.3), i.e.

k
1 —r
a0 (@) = 5 D cwrn"ge(w,u) fula).
r=0
Remark 6.1. If the measure v is finite,

.u l
h(u) = iub — %ﬁu2 + Z % /zlu(dz)

1>2

= 6u) ~ 14 (6~ (0))u— L0,

where ¢ is the characteristic function of v. Hence, in this case § and all its

derivatives may be computed from ¢.

7. Application to affine processes

Affine processes have become very popular in recent years due to their analyt-
ical tractability in the context of option pricing, and their rather rich dynamics.
Many well-known models such as Heston and Bates models fall into the class
of affine jump diffusions. Option pricing in these models is usually done via

the Fourier method which requires knowledge of the Fourier transform of the
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process in closed form (see e.g. [6]). The functional series representations for
affine generators developed in this paper, in particular (5.12), can be directly
applied to affine processes. Let us recall the characterization of a regular affine

process as given in [7].

Definition 7.1. We call a strong Markov process { X;} with generator A a reg-
ular affine process if A is of the form (2.3) and all functions

aij(x)v bi(x)v U(I,dz) ,j=1,...,m

are affine in x (see (4.1)), and satisfy the set of admissability conditions spelled

out in [7, Definition 2.6]. These conditions guarantee that A is the generator of
. . 1 —1

a Feller-Dynkin (strong) Markov process X in a subspace of the form R*xR! ™" C

R™ for some 0 <1 <mn.

The next theorem provides a sufficient condition for convergence of the series
representation in Theorem 3.4-(ii), hence representation (5.12), for regular affine

processes.

Theorem 7.2. Let {X,} be a reqular affine process which has a non-
degenerated limiting distribution for s — oo, and has a generator A which satis-
fies the moment condition (4.2). Then the (conditional) characteristic function
(s, z,u) = E[f (X0®)], with fu(z) = €' has a representation according to

Theorem 3.4-(ii):
- k
p(s,z,u) = Zq,(C “)(:C,u) (1—e™%)", 0<s< o0
k=0
Moreover, the scaling factor n, may be chosen according to the inequality:

u > COL + [|ull3)),

where the (monotonic) function 6 is defined in (4.4), L > 0 is a constant inde-

pendent of x, and C is a constant generally depending on x.

ProOF. Following [7], p(s,x, u) has representation of the form (5.5) for 0 < s <

0o. The existence of a limiting distribution implies in particular that D(s,u) in
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(5.5) is bounded for all s > 0. Moreover, as shown in [7, Section 7|, p(s, x,u) is
the characteristic function of some infinitely divisible distribution for all s > 0
(hence also in the limit s — o0). As a consequence (see [19]), there exists an

M > 0 independent of s such that

lim ull3? log (s, 2 u)| < M.

llulla—o0

This implies that || D(s,u)|| < L(1+||u||3) for some constant L > 0 not depend-
ing on = and s > 0. Now we apply Theorem 5.4 and Remark 5.5.

Remark 7.3. The existence of a limiting stationary distribution is a sufficient
condition for the boundedness of D(s,u). In fact, there are affine processes
which have no limit distribution but bounded D(s,u) (a trivial example is stan-
dard Brownian motion). The study of existence of limiting (and stationary)
distributions for affine processes is currently under active research, e.g. see [13]

or [12].

8. Appendix
Proof of Proposition 2.1

Let us split the operator A* in a diffusion and an integral component,
1 & 0% f " af
# — | .
A f(z) == 3 E_ a;j(x) Dm0, + E bi(z) 9z,

Al f(z) = Aff(x) — Al f(x)

Suppose that in the given topology,
fn—0 and A'f, —g. (8.1)
Let ¢ € C2°(R™) be an arbitrary test function with compact support. Then

[e@absu@)dn = [ (o) (41) ela)da

where

(Ati ) % Z 6;1018:10] a5 g
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Since f,, is uniformly bounded on the compact support of ¢ we have by domi-

nated convergence

[ ) (45) elwrdo — o

hence
/cp(x)AﬁDfn(x)dx — 0. (8.2)
For the integral part we have by Fubini,
Ofn
et su@ra = [vias) [ (ot 2= fule) - 2 22 ) ploni(o, )i

= [v(dz) [ fn(@) (o(z — 2)7(z = 2,2) = p(x)v(2,2) — 2 - 9 (p()y(x,2)) ) da.
/ / ( oz )

Since by assumption both the measure v and the function ¢ have compact
support, the latter integral can be restricted to (z,z) € K1 X Ks for compact
subsets Ko C R™. Thus, since by assumption the derivatives of © — 7(z, 2)

are continuous in (z, z), we have

ple—z)y(z—2,2)—p(x)y(z, Z)—Z~a% (p(@)y(z,2)) = O(|2I"), (2,2) € Kix Ka.

Thus, since [ |2|%(dz)< oo, it follows by (8.1) and dominated convergence that
f(p(x)Agfn(x)d:c — 0, and then by (8.2),

/(p(x)Aﬂfn(x)d:c — 0.

On the other hand also A?f, is uniformly bounded on the compact support of

©, so again by dominated convergence and (8.1),

[e@ipuade— [ ela)g@ds o
The function ¢ is arbitrary, hence g = 0.

Proof of Theorem 3.4

(i) = (i7) : Let U := {z € C: |z| < 1} be the unit disc in the complex

plane. Consider for 7 > 0 the map

1
¢, :z— ——Ln(l - 2).
n
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Obviously, there exists an 7, > 0,
(0—,00) C @y, (U) C G,

(i.e., for ¢g > 0 small enough (—eg,00) C ®,, (U)). Moreover, the map ®,,, is
injective on Y. Thus, (denoting the extension in (7) with p as well) for each = € %,

the function p(®,,, (w), z,u) is holomorphic in U and has a series expansion
w — p(Py, (W), z,u) =: Z&k(:ﬂ,u)wk, lw| < 1,
and as a consequence,
p(z,x,u) quxu (L —e ™5k 2 e®, U), zcX. (8.3)

Since (8.3) holds in particular for z € (0—, 00), we have in a (possibly small)

e-disk around z = 0,
n o 2 k
D(z,x,u) quxu (1 — e M? :ZHAfu(:zr), 0<|z|<e, (84)
k=0
due to Proposition 3.3. By taking z = 0 we have

ﬁ(O,x,u) = go(xvu) = fu(x)

We know from the exponential generating function of Stirling numbers of the

second kind S,, ;, that

ex

(exp(e) = )" _ Z Suny (8.5)
(cf. for example [5], Vol.II, Sec. 21.9, (9.1), p.1041). ! Hence,

(=1 A fu(e) =

AR
(=10, o DGl w) (1 = exp(—7u2))’ Zskl ) ().

IWe thank an anonymous referee for his remarks and references concerning the theory of
Stirling numbers, which have led to a substantial shortage of our original proof.
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Using Stirling inversion, (see [1] for example), we have

l

k
up = Z Sk & v = Z(—l)l_kcl,kuk;

1=0 k=0

with ¢, defined in (3.4). Hence,

!

. 1 _

Gz, u) = il > cirng F AR fu(x).
" k=0

Next we prove the uniform convergence as stated in (ii). Let us take an
arbitrarily fixed compact subset K C X, and an arbitrarily fixed x with 0 < x <
R,,. Let now ¢ > 0. Take a fixed § with 0 < § < 1 such that x/(0R,) < 1. Due
to Definition 3.1 there exists a number Ng such that

rl

470 < 5y

for all n > N5 and =z € K. With w := 1 — e7™°  we then have, using a well
known property of Stirling numbers, for all 0 < s < k < R,, x € K, and all
N > Ng,

oo

Z (M) _ 77"Arfu(x)
k=N
o o A" fu(@)lr<iln<k
e = |wf
< Znu A" fu(2)] Z R CRr
r=0 k=max(N,r) ’

< Zn_T |Arfu Z ﬁck rt
Y A Z' =5 (1) + (I1).

r=N-+1

For N > N, we have for the second term

o0 oo

1
(I1) < Z 6R Zl Chr =Y R

r:N+1 r=N+1
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. oo K )T"
r:;rl (6Ru

Thus, since £/(6Ry) < 1, (II) < €/2 for N > Ny > Nj;. For the first term we

may write
N [eS) k N o) k
" |w A" ful@)] |\ o [l
(D= n" A" ful@)] > Gk = T > o Gk

r=0 k=N =0 k=N
N r T

_ N A fu(@)] [ In(d — Jw])

- Z ! Cr.N

T m

r=0

with

l ZN 1 |w|k .
In(1 - le)l

Note that 0 < (, v < 1, and that limy_,o ¢y = 0 for all » > 0. Due to our

C’I’,N =1-

assumptions we then have

Ns o] T
K
n<c E Gronlren + E (—5R ) Gronlr<n (8.6)
r=0 r=0 u

forall 0 < s <k < Ry, x € K. Due to dominated convergence, the right-hand-

side of (8.6) converges to zero as N — oo.
(i1) = (i74) : Is obvious, take g, 1= 1 — e ~"uFu,

(i4i) = (i) Let n, and &, be such that (ii4) holds. We may then de-

fine (see the proof of (ii))
p(z,z,u) Z —e AR e X, (8.7)
k=

which is holomorphic in z € ®,,, (). We first note that p(0, z,u) = fu(x). Next

we consider for 0 < s < —77;1 Ine,,

(s,z,u) E qk ) (z,u)(1 — e M)k,
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which satisfies

N

0
gﬁm(s,x,u) = ; kq,(cn“)(:v, u)(1— e‘"“s)k_lnue_"“s
N
Z (nu e*ﬁus)k
k=1
N-—1
Y (k+ 1)) (2, u)(1 — 7o)k (8.8)
k=0

= —nqu("“)(:v, u)(1 — e_"“S)N
N-—1

+ 37 Ag™ (@ u) (1 — ek (8.9)
k=0

by some rearranging and using (3.5). Since due to (7i7) the first term in (8.9)
vanishes for N — oo, we obtain

ap(s T,u) = hm gﬁ )(s,x,u) = hm ApN =V (s, 2, ),

0s N—oo 0§

together with
lim 5 (s, z,u) = (s, 2, u).

N —oc0
From the uniform convergence as stated in (iii) it follows easily that the two
series in (8.8), the first term in (8.9), and so also the second term in (8.9)
converge uniformly in the same sense. Thus, the above limits are uniform on

compacta accordingly. Since the operator A is closed, we so obtain

0 _ _
s (s,x,u) = Ap(s,z,u), 0<s<—n, lne,,
s

and by uniqueness of the Cauchy problem associated with the operator A we

thus have

N
(s, z,u) = p(s, z,u) Z Y1 —e ™k 0<s< -, Ine,.
k=0

Because of the assumption that p(s,x,u) is holomorphically extendable in each
8, 0 < s < 0o, we then must have p(s, x,u) = p(s,z,u) for 0 < s < oo. Finally,
it is not difficult to see that there exists R; > 0 such that Gr, C ®,, (i), hence

(1) is proved. O
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Proof of Proposition 3.9

From the Taylor formula for semi-groups it follows that
. Sk k 1 ? r r+1
Psfu:ZHA fu—l—ﬁ | (s = 7)" P A" f,dr.
k=0
Due to (3.10), for 0 < 7 < s < R,, we have

1 r+1
P Al < s (P A0 < s 1Pl () G

for any € > 0. It thus follows that

1 r+1
< - r+1 PT
< (Ru + 5) s sup || P-|,

0<7<s

r k
5" 4k
Pofu = 27 A fu
k=0

which converges to zero when r — oo, if |s| < R,/(1 + €R,). Since € > 0 is
arbitrary, the first statement is proved.
The commutation property A*P;f, = P,A*f, and the boundedness of P,

for t > 0 imply that for |s| < Ry,

= |5|k k = |5| k | k

> AL =D S 1PA £ < ||Pt||Z o 1 AEful| < oo

k=0 k=0
Since P, f, € D(AF) for all k > 0, (3.11) follows.
Proof of Theorem 4.1

For r > 0 define ATfu = ngu with fu(:v) = exp [iuTx} , and write

A f, = A (gT exp(iuTx)) = Z a0 (2)Oza (gr exp(iu—rzzr)) )

o] >1
Leibniz formula implies
AT—HJEu = Z ao(z Z e 1,@gr(9wa ﬁGXp(luTI)
la|>1 B<a
= gl ao(x ﬁ; Bila—7 m)o‘ P09, | expliu’z).
« (o7

Hence, the following recurrent formula holds

gri1= Y Ga(1) Y m—— i ° ~09,59r. (8.10)

la>1 B<a
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Similar formulas for derivatives of g,41 can be obtained:

mpgr—i-l Z Z 6' VUf a QZ Oxn o amp—nwgr-

la|>1 B<a 7]<p
Since the underlying process is affine, all derivatives of a of order higher than
one are zero and thus, by induction, g, is polynomial in = of degree at most

equal r. We so get for |p| < r+1,

Ouegre1 = Z n: (P n)! Z Z B )aiﬁaﬂaa Ogo—nt89r

n<p, [n|<1 la|>1 <
By defining

T, = 0
r ‘Iglégglxagrl,

we obtain the following estimate for = € X,

ol DD DT o [u*~" Df,

|0ar gra| ST (1+Jzfl) Y

n<p, "( lal>1 8<a
In|<1
with |u| := [|u1], ..., |u,|]. Hence, by the simple relations
S it g T < A
n'(p —n)! & Ble
{n:Inl<1} Bza
k — 1!
Z 1= % < gntk,
I(n —1)!
a,lal=k
with |lu]| = max;—1,.. n |u;|, we have
Trpr < 2T (r+2)(1+ [lof) D281 + [Jul)FDf (8.11)
k>1

= 2", (r+2)(1 + [|2])0(||ul]),

where the series in (8.11) is convergent due to assumption (4.2). As a conse-

quence, (4.3) holds. O
Proof of Proposition 4.5

From (8.10) we have with ag := 0,

_ 7! -
grii= Y, T _5)!(”00‘ ﬁgwmﬁ 1< lp<alpzy
a,3,7v>0
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v+ B
S DFH] L PR

B,7>0

SDITD DR LA

vI<r [BI<r—]v]

5D SD SR ChAl 1D SI W

[vI<r |BI<r—]v] K, [K5]=1

SIDIELED SR I

[vI<r+1 |BI<r—]v]

+ Z a? Z Z gr,’yn+ﬁ<’y_;+6) bé,m

[yISr+1  |s]=1, k<y B, [BI<r+1—]v]

where empty sums are to be interpret as zero. The second recursion follows

from (r + 1)hp41 = n’lﬁTH + rh, with A(h, f,) = 7LT+1fu and 7LT+1 computed

via (4.6) with g, replaced by h,. O
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