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Abstract

The optimal stopping problem arising in the pricing of American options can be tackled by
the so called dual martingale approach. In this approach, a dual problem is formulated over the
space of adapted martingales. A feasible solution of the dual problem yields an upper bound for
the solution of the original primal problem. In practice, the optimization is performed over a
finite-dimensional subspace of martingales. A sample of paths of the underlying stochastic process
is produced by a Monte-Carlo simulation, and the expectation is replaced by the empirical mean.
As a rule the resulting optimization problem, which can be written as a linear program, yields a
martingale such that the variance of the obtained estimator can be large. In order to decrease this
variance, a penalizing term can be added to the objective function of the pathwise optimization
problem. In this paper, we provide a rigorous analysis of the optimization problems obtained by
adding different penalty functions. In particular, a convergence analysis implies that it is better to
minimize the empirical maximum instead of the empirical mean. Numerical simulations confirm
the variance reduction effect of the new approach.
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1 Introduction

In this paper we consider the following optimal stopping problem. Let F; be a filtration, and let Z;,

t=0,...,T be a discrete-time adapted process with bounded variance. We wish to maximize
Y* = E|Z 1
max E[Z], 1)
where T is the set of stopping times on {0,...,T}. Desai et al. [3] introduced a pathwise optimization

method for solving this kind of optimal stopping problems. It is based on the dual martingale approach,
which was developed in [6] and [4], see also [2] which in fact contained the dual approach in germ. The
dual problem to the original optimal stopping problem can be written as an optimization problem over
the space of martingales M with zero initial value. More precisely,
Y*=infE Zy — My) = Zy — M} 8. 2
R B e Mo = e (%= M) as )
where M* is the martingale part of the Doob-Meyer decomposition of the Snell envelope of Z;, and
the optimal values of the primal and dual problem coincide.
As the optimal stopping problem, the dual problem is infinite-dimensional. In order to reduce it to
a finite-dimensional one, it was proposed in [3] to optimize over a finite-dimensional section of the space

*Corresponding author



of martingales. In other words, a finite number of basis martingales is chosen and the optimization
is performed over all linear combinations of these basis functions, the coefficients playing the role of
the decision variables. Since the optimal martingale M* is as a rule not contained in the linear span
of the chosen basis functions, the procedure yields a suboptimal solution leading to an upper bound
of the optimal value of the original optimal stopping problem. Another practical problem in solving
dual problem (2) is the presence of the expectation operator. This can be circumvented by replacing
the expectation by the empirical mean over a sample of N paths [3]. As a consequence, we obtain the
optimization problem

N K
. 1 (n) k,(n)
nolf ~ Z t:rgﬁ).(,T(Zt - Z ap M), (3)
n=1 k=1
Here a = (a1, ...,ax)? is the vector of decision variables, Zt(n) are the sample paths of the process

Z, and Mtk’(n) are the paths of the basis martingales. The index k = 1,..., K denotes the index of
the basis martingale, and n =1,..., N denotes the index of the path.
For an independent new simulation with N samples the quantity

N K
i Z max z™ _ Z oszk’(ﬁ)
t=0...7 \ ¢ P t

gives an upper biased estimate of (2).

As mentioned before, the martingale part M™* of the Doob-Meyer decomposition of the Snell en-
velope of Z; yields an optimal solution to (2). While this solution may not be unique, it has the
distinguished property that the random variable Z(M™*) = max;—o, . 7(Z; — M{) has variance zero
(see [1]). Martingales having this property have been named surely optimal and have been charac-
terized in [10]. When seeking a solution to the dual problem (2), one is not only interested in a
martingale M that gives a tight upper bound on the optimal value of the optimal stopping problem,
but also in a martingale that is close to a surely optimal one, in the sense that the random variable
Z(M) = maxy—o,... 7(Z, — M;) has a low variance. This second condition, however, is usually not met
by the optimal solutions of the approximated problem (3), as evidenced in [10].

To counter this problem, Belomestny proposed in [1] to add the empirical standard deviation as a
penalty term to the objective in (3), leading to the optimization problem

N 2
inf ZZ(" ) + A Z( %ZZ ) ; (4)

=1

where M (a) =5 JK:1 aj M7 and
7(m) (M — A )
(M (ax)) Jnax | 2 E arj My : (5)

Here A > 0 is a scalar determining the weight of the penalty term. However, while problem (3) can be
cast as a linear program, problem (4) may fail to be convex if A is too large, and thus difficult to solve
to a global optimum.

The subject of this paper is to analyze the effect of the penalty term in augmented problems of
type (4). As a penalty we assume a general continuous convex homogeneous function F' of degree 1 of
the vector Z(M(a)) = (Z (M (a)))p=1....n, Where

N
20 (M(a) = 20 (M(0)) ~ = 32 20 (M(a)). (6)

=1

Note that the vector Z(M(«)) resides in a subspace L € RY of codimension 1, and hence F is effectively
a function from RY~! to R. We will, however, consider convex homogeneous functions F : RV — R
and have in mind that only the values of F' on the (N — 1)-dimensional subspace L are relevant. As F
should penalize deviations of the vector Z(M(a)) from zero, we shall assume that

F(zx)>0 VazelL\{0} (7)



The problem considered in this paper is hence

inf ( Z Z® (M () + AF(Z(M(a)))) . (8)

The choice F(z1,...,2n) = \/ 77 Zn 1 22 leads, in particular, to problem (4).

We will construct a convex conic relaxation to this augmented problem and, for given A > 0, provide
a sufficient condition on the function F' such that this relaxation is exact, i.e., yields the same optimal
objective value as the original problem (8).

The aim of the next section is to show that there is a largest function F satisfying this condition,
namely the function given by RY 52— 2! maXp—1,..., N Tn. The augmented optimization problem
corresponding to this particular choice of F' is given by

K
inf Z™ (M(a)) = inf 7 _ i)
it ax, ZOM@) =i e, |27 -2 M, ©)
j=
and can also be cast as a linear program. In the subsequent section we analyze the convergence of (9)
toY* as N, K — oo.

2 Penalties in the optimal stopping problem

In this section we first investigate under which condition problem (8) can be equivalently rewritten as a
conic program. We reformulate this condition as an easily checkable condition on the penalty function
F and give several examples of functions F' satisfying this condition. We then show that among all
such functions F' there exists a maximal one, and this particular choice of F' leads to the linear program
(9) formulated above.

We shall identify the vector space RV with its dual by means of the standard Euclidean scalar
product. Then the orthogonal projection operator IT onto the subspace L = {x € RV | <1N, x) = 0}
equals its adjoint and is given by the matrix Il = I — il ~1%. Note that the vector Z defined in
(6) then becomes the projection 7 =T1Z of Z. The function of Z which is to minimize in (8) can be
written as g(Z) = % (1n, Z) + AF(I1Z). We may then rewrite (8) equivalently as

infg(2Z) : 2™ = M) =1,...,N 1
in 9(2)  nax Zaj ,n=1,...,N, (10)
where Z(™) n =1,..., N are the components of the vector Z.

In order to write this problem as a conic program, we shall need the epigraph K = {(a,c) €
R x R¥|a > g(c)} € RN+ of the function g. Note that g is continuous, convex, and homogeneous of
degree 1, because F' was supposed to be so. These properties imply that K is a closed convex cone.
The conic program we consider is given by

K
inf a : (a,0)€K, ¢, > Zt(") —|—ZathJ’(n), n=1,...,N, t=0,...,T, (11)
a,a,c
j=1
where a is an additional scalar auxiliary variable and ¢ = (c1,...,cn)? is a vector-valued auxiliary

variable.

Problem (11) has a linear objective function and involves the conic constraint (a,c) € K as well as
N - (T + 1) linear inequalities in quantities which are linear in the decision variables «, a, c. Therefore
problem (11) can indeed be written as a conic program over the closed convex cone C x RN(T'H) It
is polyhedral, it can be written as a linear program.

Lemma 2.1 The optimal value of problem (11) is not greater than the optimal value of (10).
Proof. Let a € RX be arbitrary, and set ¢, = Z™(M(a)), n = 1,..., N, as defined in (5), and
a = g(c). Then the pair (o, a, c) is a feasible point for problem (11). Moreover, (a, a, c) gives the same
value to the cost function in (11) as « gives to the cost function in (10). This proves our claim. m



Lemma 2.1 shows that conic program (11) is a relazation of the original problem (10). In order for
this relaxation to be ezact, i.e., for problems (10) and (11) to be equivalent, we need further assumptions
on the penalty function F', or equivalently, on the objective function g.

Lemma 2.2 Suppose the function g : RN — R is such that for every ¢ € RN there exists a subgradient
y € 9g(c) which is nonnegative element-wise. Then relaxation (11) is exact, i.e., it yields the same
optimal value as the original problem (10).

Proof. Assume the conditions of the lemma, and let (o, a,c) be an arbitrary feasible point for (11).
Set Z=(ZW,...,ZMN) with Z") = Z")(M(a)), n=1,...,N.

The inequality constraints in (11) imply that ¢ > Z element-wise, and the conic constraint implies
that a > g(c). Let y > 0 be a subgradient of g at Z. Then a > g(c¢) > g(2) + (y,c — Z) > ¢g(2).
However, g(Z) is the value of the objective in (10) corresponding to «. It follows that the optimal
value in (11) is not smaller than the optimal value in (10).

Combination with Lemma 2.1 completes the proof. m

The condition imposed on g, and hitherto on F', in Lemma 2.2 is in no way artificial. In Section B
in the Appendix we show that in the absence of this condition the penalized problem (8) is in general
non-convex, which is a computationally highly undesirable property.

As it stands, the condition in Lemma 2.2 is not easy to check for a given function F. We can,
however, equivalently rewrite it as the following condition on the polar F} of the 1-level subset F} =
{ceRYN|F(c) <1} of F:

1
)\H'UZ_N]-N Vv e FY. (12)

The proof of this equivalence is relegated to Section C in the Appendix.

Hence the condition in Lemma 2.2 becomes Ilv > —ﬁl n for all v € FY. In other words, the
largest allowed value for A is such that a shift of the projection II[FY] by the vector ﬁl ~ still moves
it into the nonnegative orthant.

We shall now consider different examples of penalty functions F. Set Fy = Fy N L.

1. F(x) = max, x,. The set Fy is given by {«|z, < 1}. Its polar is given by F? = {y >
0|(y,1N) < 1}. The polar F? = TI[F{] is then spanned by the projections Ile,, of the unit vectors,
namely the vector (—%, e —%, %) and the vectors obtained by permutation of the elements from
it. The condition on A becomes (—%,...,—+, 25)T > — 551y, which yields A < 1.

2. F(x) = max, |x,|. The set F; is the unit cube, its polar F? the unit hyper-octahedron. The
polar I:"f is then spanned by the projections +Ile,, namely the vectors +(— 1 ceey —%, %) and the
vectors obtained by permutation of the elements from it. The condition on /\ becomes A< v

3. F(x) = >, |zn|.- The set Fy is the unit hyper-octahedron, its polar the unit cube The set
Ff is then spanned by the projections of the vertices of the cube. These projections are given by

(2 - %‘, 2= %’, 72#7 . f%”) and their permutations, where the first number appears n times
and the second one N — n times, n = 0,..., N. The condition on )\ becomes —2N + 2n < % for all

nzl,...,N,and2n§%forallnzow..,N— 1, yielding A < 2(N e

4. F(z) = ||z||2. Then both F; and F? are the unit ball, and F? is the intersection of the unit ball
with L. The condition on A is determined by the unit length vector in L with the smallest element,

which is (\/N(N \/N(N _\/g) We hence get —\/—Nil > — &, yielding A < 7#](11\[71).

While problem (11) with F glven by cases 1 — 3 is a linear program, it is a conic quadratic program
with one conic quadratic constraint when F is given by 4. In general, (11) is a linear program if and
only if K is a polyhedral cone.

Finally we shall show that among the penalty functions F' which allow a weighting value of A = 1,
the function F(z) = max, x, is maximal.

Lemma 2.3 Suppose the function F satisfies condition (12) with A = 1. Then for every x € R™ such
that (1, ) = 0 we have F(x) < max,, T,.

Proof. Define the set C = {z € RY | max;, v;, < 1} and the set C = {z € C'|(1y,z) = 0}. From case
1 above we have that the polar C° is given by {y > —+ | {(y,1V) = 0}. By assumption we have that
+1% + II[FY] is contained in the intersection of the subspace {y| {y,1¥) = 1} with the nonnegative
orthant, i.e., in the convex hull of the unit vectors. Hence we have the inclusion TI[F}] = F¢ € C°. Tt
follows that C' C F'l. From this the claim of the lemma easily follows. =



In this sequel we henceforth concentrate on the case where A = 1 and F(z) = max,=1,. n Tp. In
this case the equivalent problems (10) and (11) simplify to the easily solvable linear program (9), whose
properties will be the subject of the next sections.

3 Convergence analysis of the maximally penalized problem

In this section we analyse the convergence of the solutions of the sequence of optimisation problems
(9) if both the dimension K of the subspace of martingales and the number of paths N tend to infinity.
We establish bounds on the growth rate of N in dependence on K ensuring the convergence to the
solution of the original problem (2). Consider for a sequence of basis martingales M*, k = 1,2, ... with
M¥ =0, the linear span

K
AK = {M(a) = Zaij D, .., 0K € R}
k=1

for any K € Ny, and then study the convex optimization problem

ofNim argint | max Z0(M(a). (13)
a:]W(a)eAK”:L...,N

with Z(") (M (a)) := max;—o,. 7 (Zt(n) - Zle akMtk’(n)) . The following result is proved in the Ap-
pendix.

Theorem 3.1 Suppose that an almost surely optimal martingale M from (2) is square integrable and
has a representation

M;=> apMf, te[0,T]
k=1

in L? satisfying

o0
§ o My
k=K+1

|

for somep>1, Ky >0,n>0, and p > 0. Let t, be a random variable satisfying

p
] <nK~*, VK>K, (14)

Y*=(Z, — M), as.
Then it holds for any ¢ > 0, € > 0 that
P({lla"" — a®N| > e} N &) < Ay NK7/(c2)", (15)

where o % = (af, ..., ay.), Ay is a constant depending on p, and

K
Ee kN = { maXNchkMk(;(;L) > cl|d]] forallé € RK} .
k=1 *

n=1,..., t
One of the main issues is the estimation of the probability of the event &  n. Clearly we have

n=1,...,.Nt

K
P{& k.n} > ]P’{ max rilinTZ sztk’(") > c||z|| for all z € RK} . (16)
A

Note that the right-hand side depends only on the choice of the basis martingales M*. In order to
estimate this probability, we introduce the random set

K
min E zk.Mthc ,
t=1,,T £

=1

S = {zeSKl




where SX~1 is the unit sphere in R¥. The random set S is the intersection of T random spherical caps

S1,...,Sr with opening angles @1, ..., @7 given by cos 5t = HJ\ZH’ or equivalently via
2 c t=1,....T
V¢ = 2arccos ——, =1,...,T,
[[ M|
centered on H%—:H, respectively. Here M, = (M},..., M/) denotes the vector formed of the basis

martingales at time instant ¢. The cap S; is nonempty if and only if ||M;|| > ¢. Let now

vey

S = {z e g1

K
. k,
t:rRmTkglszt (n)Zc}, n=1...,N,

be N independent copies of S corresponding to the N independent realisations Mt]C ) of M. Then
the event on the right-hand side of (16) happens if and only if Uﬁ;l S(n) = SK=1 je. if the random
subsets S(™) cover the whole unit sphere.

In order to estimate the probability of this event, we shall employ an idea from [7]. Fix § > 0, and
introduce random spherical caps S C S, centered on H%—:H and with opening angle ¢, — 20 if ¢, > 24,

and empty otherwise. In other words, Sf is the subset of points of S; which lie not closer than § to
the boundary of S;. Define the random subset

of SE-1. Since §% ¢ S% for § > &', for every z € SE~1 the probability P {z € S‘S} is monotonously
decreasing in §. We have the following result.

.....

N K-1
2K N
P{Use s}z e H e (GREG)T

n=1

7 > 0. Then

A proof of this theorem is given in the Appendix.

Remark 3.3 The asymptotics of the bound for N — oo is of the same order as in the exact results
for the isotropic sphere covering problem by random sets obtained in [11] and [12].

Combining with (16), we then get the following estimate for the probability of &, x n.

Corollary 3.4 Under the assumptions of Theorem 3.2, we have the bound

K-1
P{E, o} >1— 2 %(1 — )N K+ <27(T;?]_Vi)> . (17)

Remark 3.5 The bound (17) depends on the parameter c¢ via the coefficients mg,m1. If the basis
martingales are chosen properly (see the next section for a discussion on this), then my is bounded
away from zero and m grows linearly with growing dimension K. Hence the r.h.s. of (17) tends to
1, if N is growing not slower than K'*% for some a > 0. In this case we get that the probability for
Ec,x,N not to occur is exponentially small in N.

We stress that in the case when the event &, x n does not occur, the optimization problem (3) will be
unbounded. In other words, the complement of & i,y will entail the failure of the solver to converge to
a solution. In this case the Monte-Carlo simulation has to be repeated. In what follows, we shall assume
that the event £ g n has occurred. The results below are hence to be understood as conditioned on
&,k ,N, in particular, from (15) it follows that,

]P{Hoz*’K — aK’NH > 5} <A, NK™*/(ce)?, (18)



Assume we have simulated a new set of trajectories (independent of those used to construct o)

(Z.(n), M.(")), n=1,...,N;. Consider the estimate

1 Ny ) K
— (n K,N 3 rk,(n)
Ve = g 2y (47 - a0,

k=1

Using the Doob inequality, we get

00 2
§ o My

k=K+1

> (ol o) st

k=1

E[Vicwn, = V'] < E

Hence the following proposition holds.

Proposition 3.6 Suppose that M} is a sequence of continuous square integrable martingales with
E[ML ME] = 61, for all i,k € {1,..., K}, and that (14), (18) are fulfilled with p > 2 and p > 1, then

Efa®N — ot [+ 3 <a;;>2]

k=K+1

8
Ny

IN

E[IYicvn = Y]

_ 8 V(A,, NE ¢y

= —p\2/p
Ml wope  TUET) ]

Thus if N grows slower than K, we have a strong variance reduction effect by using the mazimal
penalty in (8) for N, K — oo.

3.1 Discussion of conditions

Suppose that Z; = G¢(X;), where Gy : R? — R is a Hélder function on [0,7] x R and X; is a
d-dimensional Markov process solving the following system of SDE’s:

dXt = M(t,Xt) dt+U(t,Xt) th, Xo = X. (19)

The coefficient functions p : [0,7] x R? — R? and o : [0, 7] x R? — R¥*™ are supposed to be Lipschitz
in space and 1/2-Hoélder continuous in time, with m denoting the dimension of the Brownian motion
W = (W ...,Wm™)T. It is well-known that under the assumption that a martingale M; is square
integrable and is adapted to the filtration generated by Wi, there is a square integrable (row vector
valued) process Hy = (H}, ..., H™) satisfying

t
M, = / HydW,. (20)
0

It is not hard to see that in the Markovian setting and under some rather weak assumptions, the
optimal (almost sure) Doob martingale M™* can be represented as

t
Mt*:/ u(s, Xs)dWs. (21)
0

for some vector function u(s,x) = (u1(s,),...,um(s, z)) satisfying

T
/0 E[ju(s, X,)|*] ds < .

In such a situation, we can consider a class of adapted square-integrable martingales which can be

“parameterized” by the set Lo p([0,7] x RY) of square-integrable m-dimensional vector functions ¢
on [0,T] x R? that satisfy H1/)||2 p = fo [|1(s, Xs)|?] ds < oo. Choose a family of finite-dimensional
linear models of functions, called sieves, with good approximation properties with respect to u. We
can consider, for example, linear sieves of the form:

Vg :={fio1+...+ Brxdr : f1,...,0x € R},



where ¢1,..., ¢ are some given vector basis functions from Ly p([0, 7] x R?). Then the basis mar-
tingales in (9) can be defined via M} = M;(¢r) = fot oK (s, Xs)dWs, k = 1,..., K. In this case the
condition (14) can transformed (by using Burkholder-Davis-Gundy’s inequalities) to the following one
p/2

T
E / (U(S,XS) - aTqSl(SaXS) T T a;{¢K(S7XS))2 ds < 77K7p (22)
0

which measures the quality of “best projection” of u on the linear subspace ¥

We now provide an example of martingale basis allowing for an explicit estimates of the quantities
Ty, 1. Let us assume that the process X is Markovian and is adapted to the filtration generated by
the Brownian motion Wy, s € [0, T]. Let us take basis martingales in the form

T t
M;:Z/ L, s <ocey61(s, Xo, L) dWY, (23)
j=1"0

for some increasing set of times 0 =ty < t; < ... < tp. The form (23) can be viewed as an approxima-
tion for the integral fot #1(s, Xs)dWs. Note that the integrals

tj
AM} = / du(s, Xy, _,) AW,
ti—1

are zero mean Gaussian conditional on thfl, with conditional covariance matrix

) tj
F{l/(th—l) = ¢l<S7th71)¢l’<s7th71)ds'

ti_1
We have A ‘
Ml =Y AM!. and [|M,]| <> [|AM,].

r=1 r=1

Hence the inequality

i [ K
<Z 2 AML -6 AMT> >c¢ for 1=1,..,T,

r=1 \Il=1

implies
K
Zletl >c + || M,
1=1

for i=1,..,T,

which in turn implies

K

> aM] > ccosd + 6| My, || > ccosd + \/||My,[|* — > siné = HMtHcos(% —6) for i=1,...T

=1

and therefore z € S°. Hence for any ¢ > 0,

% K
P(zeS)>P (Z (Z 2 AM! — 5||AMTII> >c for i=1, T> >
r=1 \l=1
K T K
P ({ZZZAMf —§|AM, | > c} N {ZZZAMﬁ —§||AM,| > o}) =
=1 r=2 =1
K T-1 K
EPXtr-1 <{ZzlAM{ —§||AM,|| > c} N {ZZZAMi — 8 |AM,| > 0})
=1 r=2 =1

K
xPXtr—1 (Z 2 AML — §||AMr|| > 0> :
=1



Now note that the (regular) conditional probability PXtr-1 (Z{il 2 AML > O) = + almost surely,

since Y1e | ) AML are Gaussian. Let I (y) be a covariance matrix of the vector AMy = (AM}, ..., AMK)
given Xy, , = y. Denote by Apin(A), Amax(A4) the minimal and maximal eigenvalue of a matrix A, re-
spectively. If the basis functions are such that the condition number

Amax (FT (y) ) //\min (FT (y))

is bounded in y, there exists dg > 0 such that for all § < § we have

K
PY <Z qAME — 5| AMy|| > o) >

=1

R

uniformly in y. Iterating and arguing analogously backwards in time, we get for any ¢ > 0 and small
enough § > 0

T 7 K K
P (ﬂ {Z (Z 2 AML — 5||AMT||> > c}> > %P (Z 2AML —§||AM, | > c> . (24)

i=1 \r=1 \l=1 =1

The probability density of the Gaussian vector AM; = (AM], ..., AM{) can be bounded from below
by

1 .
p(z) = e—l\96\|2/(2>\mm(1“1(ﬁto)))7
(2m) K72, /det(Tt(z0))

where I'! () is the covariance matrix of AM; given Xy = z¢. Note that for y;,y,v > 0 and 6 € [0,1)

the inequality y; — d1/y? +y > « is equivalent to the inequality y; — 1—762 > \/15752 A/ 112;2 +y. The
function on the right-hand side of the latter is concave in y and hence majorized by its linear Taylor
polynomial at y = 0. It follows that this inequality is implied by the inequality y; > 125 + %y. Setting
Zz 1ZZA1\/[ AM, | —y3

2
C —
% o) 7#,,1“1“1(%))’ and y = A (D (zo)) We then have

< (T K/2
P (Z 2AM, — 6| AM, | > c) > Amin (I (0)) 77

= det(T' (zg))
Cc )\min(l—‘l(xo))é
P<€Z @)1 -0) 2 ”)
_ Amin (T (o) 2
det(T (zy))
c p<—<<>>>< c (K~ 1) Ammm(xo))) )
N | - -9 o(§
( Amm(Pl(xo») Var A T (70)) 2 0@

where £ and 7 are independent variables with distributions N'(0,1) and x%_;, respectively. For small
enough 0 we then may choose

AT /det(T(z0)) Aomin (T2 (20))
2 min (T () /2 exp(—m) ¢ L (K = 1)y Ain (T (0))
YT AT det (T () Vo Ao (L1 (20)) 2 '

If the basis functions ¢;(s, X) are chosen such that the ratio %ﬁ‘z)):{;z as well as the minimal
€ Zxo

eigenvalue Apin(I'(70)) stay bounded from zero with growing K, then 7y stays bounded away from
zero and my grows linearly with K (cf. Remark 3.5).



4 Simulation example

Consider the example given in [10, Section 8]. We have T'=2, Zy = 0, Zy = 1, and Z; = £ is a random
variable which is uniformly distributed on the interval [0,2]. The optimal stopping time 7* is given by

_J L §>1,
T 7 e £<1.

and the optimal value of problems (1) and (2) by Y* = Emax(¢, 1) = 2.
The martingale M in problem (2) can be assumed of the general form My = 0, My = My = h(§),
where h : [0,2] = R is a function satisfying Ech(£) = 0. It follows that

I_I%)a1X2(Zt - Mt) = max(h(f)a 57 1) - h(f)

=yl

and hence Emax;—o1,2(Z; — M;) = Emax(h(€),£,1) > Emax(¢,1) = 5. Any martingale given by a
function A satisfying h(£) < max(&, 1) almost surely is hence an optimal solution for problem (2). Such
an optimal solution then yields max;—g1,2(Z; — M;) = max(¢, 1) — h(§) almost surely.

However, not every such martingale is surely optimal in the sense defined in [10]. A surely optimal

martingale is defined by a function h(€) satisfying max;—o,1,2(Z; — M;) = max(&,1) — h(€) = 5 almost

surely, which gives h(£) = max(§,1) — 2 almost surely. Define the function h*(£) = max(¢,1) — 2 and
denote the martingale defined by this function by M*.

We shall now try to find the function h* by Monte-Carlo methods. We search over a finite-
dimensional subspace L of functions h(£), which will depend on an even integer parameter K. Namely,

L g consists of functions of the form

K/2
h(§) = Z ¢k cos(kém) + s sin(kér),
k=1
where ¢, sk, k= 1,..., K/2 are real coefficients. The dimension of the subspace Li equals K. Note

that h*(§) is not contained in Lk for any K. We rather have

h* (&) =) ci cos(kém) + sp sin(kém)

k=1

with s} = f%, c; = 0 for even k, and ¢ = # for odd k.

Note further that for fixed K we have P(E. x n) > 0 for ¢ > 0 small enough and N large enough,
and that for fixed ¢ > 0 small enough we have limy_, oo P(€. x n) = 1.

We solve the two optimization problems (3) and (9) for K = 2,4,...,20 and with the number of
samples N being 50,100, and 200, respectively. For the martingale M which gives the optimal solution
of problems (3) and (9), respectively, we compute the expected value and the variance of the expression
maxy—o,1,2(Z; fMt). Note that both this expected value and the variance are random variables, because

they depend on the random realization of the paths (Zt(n)7 Mtj’(")). For each pair (K, N), we perform
100 independent runs. On Fig. 1 we plot the distribution function of the logarithms of these quantities.

It is clear from Fig. 1 that the variance of maxy—g 1,2(Z: — ]\th) drops dramatically if problem (9) is
solved in place of problem (3). However, it can also be seen that the expectation E max;—¢ 1,2(Z; — Mf)
improves. The conclusion is that the presence of the penalty term in (9) not only decreases the variance,
but also leads to a robustification against the uncertainty introduced by the sampling procedure.
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A Convex analysis

In this section we introduce some notions from convex analysis and conic optimization. The dual of
the real vector space R™ will be denoted by R,,, and the scalar product between y € R,, and x € R"
will be denoted by (y,x). Let 1, 1,, = (1,...,1)T be the all-ones vector in R™ and in the dual space
R,,, respectively.
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A.1 Conic programs

Conic programming is a generalization of linear programming where the ordinary inequality constraints
are replaced by a more general notion of inequality defined by a convex cone.
A conic program over a closed convex cone KL C R” is an optimization problem of the form

xuél’fc(c, x) : Az =b, (25)
where ¢ € R,, is a vector defining the linear cost function of the problem, A is an m x n matrix, and
b € R™. Here A, b define the linear constraints of the problem.

The availability of algorithms for solving a conic program depends on the nature of the cone K.
For example, if K is the positive orthant R, then (25) is a linear program which can be easily solved.
Efficient solution algorithms are also available if I is a second order cone, in which case the program

is called conic quadratic program.

A.2 Exposed and extreme points

In this subsection we introduce the notions of exposed and extreme points of a closed convex set and
consider the relations between them.

Definition A.1 /9, p.162] Let C C R™ be a closed convex set. A point x € C is called extreme point
if there does not exist an open line segment L C C' such that x € L.

Lemma A.2 [9, Corollary 18.5.1] A closed bounded convez set is the convex hull of its extreme points.

Definition A.3 [9, pp.162-163] Let C C R™ be a closed convex set. A point x € C is called an
exposed point if there exists a supporting affine hyperplane H C R™ to C such that H N C = {z}.

Lemma A.4 [9, Theorem 18.6] Let C C R™ be a closed convex set. Then the set of exposed points of
C is dense in the set of extreme points of C.

Corollary A.5 Let C C R" be a bounded closed convex set and E its set of exposed points. Then C
is the convex hull of the closure of E.
Proof. The corollary follows immediately from the two lemmas above. =

A.3 Convex functions and subgradients

In this subsection we introduce the notion of a subgradient.

Definition A.6 [9, pp.214-215] Let D C R™ be a convez set and f : D — R a convez function. A
subgradient of f at x € D is a dual vector y € R,, such that f(z) > f(x) 4+ (y,z — x) for all z € D.
The set of all subgradients at © € D is called subdifferential at x € D and denoted by 0f(z).

The subdifferential is a closed convex set [9, p.215]. If f is differentiable at x, then the gradient
f'(z) is the only subgradient [9, p.216].

Lemma A.7 [5 p.261] Let D C R™ be a convex domain, F' : D — R a convez function, and h : D — R
a convex C1 function. For x € D and A\ > 0 we then have O(AF + h)(z) = A\OF (z) + b/ (x).

Lemma A.8 [9, Theorem 23.9] Let D C R™ be a convex domain, and H : R™ — R™ an affine
map given by H(x) = A(x) + b, with A,b the linear part of H and the shift, respectively. Let further
F : H[D] — R be a convex function. Then for x € D we have O(F o H)(x) = A*[0F (Az + b)], where
A* is the adjoint map of A.

12



A.4 Convex sets and polars

In this subsection we introduce the notion of a polar and study its properties.

Definition A.9 [9, p.125] Let C C R™ be a closed convex set containing the origin of R™. The set
Co={yeR,|(y,x) <1V x e C} is called the polar of the set C.

The set C° is also closed, convex, and contains the origin [9, p.125]. It is bounded if and only if the
origin of R™ is contained in the interior of C' [9, Corollary 14.5.1]. Moreover, the polar of C° is again
C' [9, Theorem 14.5]. If C,C’ are two closed convex sets containing the origin and satisfying C' C C’,
then their polars satisfy (C')° C C° [9, p.125].

Let now L C R™ be a linear subspace, and let L+ C R,, be the orthogonal subspace. Then the dual
space L* of L can be identified with the quotient R, /L*. Let IT : R,, — R,,/L* be the corresponding
projection. Let C' C R™ be a closed convex set containing the origin. Then the intersection CNL C L
is a closed convex set in L, containing the origin of L. The next result gives a convenient description
of the polar of C'N L as a subset of L in terms of the polar C°.

Lemma A.10 Assume the notations of the previous paragraph. Then the polar (C' N L)° is given by
the closure of the projection IT1[C°].

Proof. Let y € C° be an arbitrary point in the polar of C and II(y) = y + L* its projection on the
quotient R, /L+. Then we have (y,z) < 1 for all # € C. In particular, we have (y,z) < 1 for all
x € CN L. Hence l(y) € (CNL)°. It follows that II[C°] C (C N L)°. However, (C'N L)° is closed, and
hence the closure of II[C°] is also a subset of (C N L)°.

Let now y € R, such that II(y) = y + Lt is not contained in the closure of I1[C°]. Then there
exists a hyperplane H C R,,/L+ which separates II(y) from I1[C°], and such that II(y) € H. Then the
hyperplane II-![H] C R,, separates y from C°, and y & II-![H]. Note also that y # 0. It follows that
there exists a vector z € L such that (y,z) > 1 and (w,z) <1 for all w € C°. Hence z € CN L. But
then y + L+ ¢ (C N L)°. This proves the converse inclusion and completes the proof. m

B Convexity of the penalized problem

The following consideration shows that if the condition in Lemma 2.2 is not satisfied, then problem (8)
may not be convex at all.

Let o* € RX be an arbitrary vector, and define the vector ¢* by c; = Z(*) (M (a*)). Assume that
g is differentiable and ¢’ is not nonnegative at ¢*, i.e., there exists an index [ such that V;g(c*) < 0.

Suppose further that the maximum maxt(Zt(l) — 25:1 aﬁMf’(l)) is attained at more than one index

t, e.g., at the indices i, j, and suppose that there exists a direction § € R¥ such that 27{(:1 5TM;’(k)
is zero for pairs (k,t) other than (I,7) and (,j) such that fok) - 27{(:1 oz;kMtT’(k) = 7Z®)(M(a*)), and
SE MWD £ K 6TM;’(I). Then problem (8) is not convex.

Indeed, for real € define a. = a* + &d and a vector c(¢) by cx(e) = ZF) (M(a.)). Let without loss
of generality 27{(:1 6TM:’(Z) < Ziil 5TMJ-T’(Z). For € > 0 small enough we then have ¢, (+e) = ¢} for all
k#l ce)=c—¢ 25:1 5TM1-T’(Z), and ¢;(—¢) = ¢f +¢ 25:1 5TM;’(l). The cost function of problem (8)

K () K ()
is given by g(c(g)) for & = .. We have %WE:O = Vig(c") =1 oM 22":1 HM < 0,

and the cost function is not convex.
If K is not too small, then the above conditions are in general verified for some value of . Hence
it is reasonable to demand the condition given in Lemma 2.2.

C Justification of condition (12)

We need to prove the equivalence of the following two conditions.

(i) For every x € R™ there exists a subgradient y € dg(z) whose elements are all nonnegative.

(ii) The set 11,, + AII*[FY{] is contained in the nonnegative orthant.

13



We shall prove the two directions of the equivalence relation separately.

(ii) = (i). First we consider condition (i) for the case IIz = 0. We shall show that the dual vector
y = 11, > 0 is a subgradient of g at . We have F(IIz) = 0 and hence g(z) = 1(1,, ). For every
z € R"™ we have F(I1z) > 0 by assumption (7) on F and hence g(z) > L(1,,2) = g(z) + (+1,,2 — z).
This proves +1,, € dg(x).

Now let € R™ be such that L 5 IIz # 0. Then F(Ilz) > 0, and we can define & = F(Hm) € L.
By definition, we have F(Z) = 1. It follows that & is on the boundary of the set F;. Hence there
exists an element w € FY such that (w,x) = 1, and hence (w,Ilz) = F(Ilz). By assumption we have
y =11, + AlI*w > 0. We shall show that y € dg(z).

Indeed, let z € R™. Then we have g(z) — g(z) — (y,z — z) = M(F(Ilz) — F(llz) — (T*w,z — z)) =
AF(Iz) — (w,IIz)). If IIz = 0, then F(Hz) — (w,IIz) = 0. Let us assume that IIz # 0. Then
F(IIz) > 0, and we may define Z = F(H . We get F(2) =1, and Z € Fy. It follows that (w,z) <1,
because w € FY. But then (w,I1z) < F( ) which proves g(z) —g(z)—(y, z—z) > 0. Hence y € 9g(z),
which yields (i).

(i) = (ii). First we shall prove an auxiliary result.

Lemma C.1 Let Fy = Fy N L. Then the polar FY of Fy in L is given by the projection TI*[F?].
Proof. By Lemma A.10 the polar FY is given by the closure of II*[F{]. It remains to show that IT*[F}]
is closed. We have F'(0) = 0, and hence F; contains a ball around the origin with positive radius r. It
follows that the polar F{ is contained in a ball with radius 7~!, and is hence compact. But projections
of compact sets are compact, and in particular closed. m

We now come to the implication (i) = (ii). Assume (i) and consider first an exposed point w € Fy. C-
Our aim is to show that 11, + Aw > 0. By definition, there exists = € Fy such that (w,z) = 1,
(v,z) < 1forall v € FP, and {v € F?|(v,z) = 1} = {w}. Note that 2 # 0, hence F(z) > 0, and
T= g € Fy. Therefore (w,#) <1 and 1 = (w,z) < F(x). It follows that F(z) = 1.

Let y > 0 be a subgradient of g at . By Lemmas A.7 and A.8 there exists v € 0F(z) such that
y = 11, + MI*v. By definition, for all z we have F(z) — F(z) — (v,z — ) > 0. Inserting z = ax
for & > 0, we obtain (o — 1)F(z) > (o — 1)(v,z). Since o — 1 assumes positive as well as negative
values for o > 0, it follows that 1 = F(x) = (v, z) = (v,lz) = (IT*v,z). Thus we get for all z that
F(2) — (v,2) > 0. In particular, for z € F} we have 1 > F(z) > (v, z) = (IT*v, ), and IT*v € FY. From
(II*v, z) = 1 it follows that II*v = w, and y = 11,, + Aw > 0.

Thus %ln 4+ Aw > 0 for all exposed points w € 1*:’1". By Corollary A.5 we get that %ln +Aw >0
for all w € FP = IT*[F?]. This shows (ii).

D Proof of Theorem 3.1

We first need the following Lemma.

Lemma D.1 Let K,N € N, and 8 € R¥ be fized. For a fived set of N Monte Carlo realizations, let
tgl), n=1,..., N, be such that

K
(n) k(n) | _ k,(n)
B (Zt o ) ZWm

k=1
If
K
k,(n
maXNZ&CMtE;) )>0 for all § € RX (26)
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then it holds that

K
. (n) k,(n)
< _
<inf, max,, mox, (Zt 2w )
< max max,_ g B Mk )
~ n=1,...,N t=0,....T

Proof. With o = 3 — 6 for § € RX we have on the one hand

..........

k,(n)
mfn Irll’axw 70 ( Z BeM, " + Z 5kM )

..........

. (n) k,(n) k,(n)
>
> 1%1fn:nllax (Z ™ Zﬂ M e + E oM™ i )

K
. k?(n ki(n)
z (ﬂ%%w ( S ( Zﬁ g >+25’“Mt$) ))

= i%f (n,_rrlli.n <Zt(<7;,> Zﬂk]\/[k(n(/? )> + max ZékMzn()n)>
k (n

by using (26). =

Corollary D.2 Suppose that for a fized K € Ny there exists an o € RE such that

K
* * k
M= apM]
k=1

is surely optimal in the sense of [10]. That is

K
Y= ,nax <Zt - Z a,’iMf) almost surely,

and so we have
* k,(n) _
Y* = t:rgax ( E ar M ) n=1,..,N.

Let t™, n=1,..,N, be such that



for each n. By virtue of Lemma D.1 we then obtain for § = o*

K
Y*=inf max ma (Zt(”) _ ZakMﬁ(n)) 7
k=1

a n=1,...,Nt=0,...,T

provided that (26) holds for B = o*.

Proposition D.3 Let us assume M* as in (27) in Corollary D.2 and that

K
k’(n)
1aXN;5kMti") >c|6|  forall §€RE  and some ¢ >0, (28)

n=1,...,

that is, a stronger version of (26) holds. If now

K

o _ : (n) _ k,(n)

a® = argalnf n=rr11axN t=%}%?iT (Zt Z oM, ) ,
k=1

then it follows that a® = .

Proof. Let us define

K
— (n) _ k,(n)
Flo) =, o, o, (Zt 2 ) ~

So by Corollary D.2, F (a°) = F (a*) = Y*, and for any § € R we have

K K
F(a®—9d)= max max (Zt(n) - ZO&}ZMtk’(n) + Z 519Mtk’(n)>
k=1 k=1

n=1,..,N t=0,...,T
K K
(n) * 1 rk,(n) k,(n)

> n:Hll,aX,N <Zti"’ - Z O‘kMt(*n) + Z 6kMt£n) >

k=1 k=1

K
k,(n)
=Y* ma oM >c|lé
+”:1"‘}'(’Nk§:1 WM,y 2 clldll,

hence a* is a strict local minimum of F. Since F' is convex, a* is also a unique strict global minimum.
Thus, it must hold that a® = a*. =

We next suppose that an almost surely optimal martingale M* satisfies
o0
M* = Z ap MF
k=1

where the convergence is understood almost surely (and if it is needed to be in an L, sense for some
p > 1). Let us introduce two convex functions

K 0o
— (n) k,(n) « 7 k()
Gt = sy, (47 3ot = 3 wpart)

and

K
— (n) _ k,(n)
Fien(e) = max,,, o, (Zt 2 kM, ) ~

It then holds that

o0
sup |[Fre.n(a) — Ggn(a) € max  max Z OzZMtky(n) .
; n=1,..,N1=0,.T'| <=
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Indeed, for fixed o, n* and t* such that

Frn(a) = Zt(,’f Za My ()

we have on the one hand

Fr n(a )—GKN( )
n k.(n = k.(n
<Zt(" Za M} R ( el ZakM” - Y M >>

k=K+1
|2 )
k=K+1

k
g Osztn,gn ) < maXNt ma
k=K+1 -

and on the other hand, with n° and ¢*° such that

n k,(n
GK7N( Zt(no ) z o Mtng Z ak tno
k=K+1

GKJV(Oé) — FK,N(OK)

K 0o
<z =Y e = 3 M — (Zt(jfo Za M )>
k=1 k=K+1
ji: ak k(n

k=K+1

o0
k o
E ayM ;((Zo) < max = max
to o n= Nt 0
k=K+1

Now let tin), n =1,..., N, be defined such that for o* := (of,...,ak),

n % k,(n *
Gg . n(a” Zt((”)) ZakM (n) — Z akMtSF”() ) Y
k=K+1

for each n, and assume that
 nax deMk(n()") >c|6] forall §€RX andsome ¢>0. (29)

By applying Proposition D.3 to the cash-flow

oo
> i
k=K+1
it thus follows that

arginf G n(a) = (af,...,a%)
a€RK

on & g, n. Then, using the Markov and Doob inequalities, we get

oo
3 _ w7 rk,(n)
P (bl;p |Fr n(o) — Gg n(a)| > 5) <P (maxt_r&%)fT Z ag M, > 5)
k=K+1
=1—-P (max max,_ Z ozk]\ilc () )
S - K+1
o N
—1—(P VAR
( (t_rglﬁz.jth Z oy, M, <e
k=K+1
<1-(1—-A,ne PK "N <A, nNe PK~* (30)
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for K > Ky and some constant A, depending on p. Now consider K and N to be fixed and let

F . F F ._ :
Qg = (ain“, ey ainﬁK) = arginfFx n(a).
acRK
Due to
F _ * * F
G v (i) = Grv (aF = (o — agy))
K %)
k k k
= max max Zé") - E oy M, () _ E ap M,” () E r—al, *) Mo ()
n=1,...,N t=0,...,T
k=1 k=K1 k=1
(") E : k,(n) E : k (n) § : k,(n)
> n:HIlaX < t(") akMti") — ak‘M(n) - alnf k Mtﬁn)
” k=K+1
K
—V* * F k,(n)
=YY"+ n:HllaX (ak — ainﬁk) Mt(")
N .

>Y* 4+ c||a* — aiﬁfH ,
by virtue of (29), it holds that

1

|a* — aie < = (GKN( oe) — Gr.n(ah)

|GK v(adne) = Fren(efne)| + = ! (FK,N(aiI;f) — Frn(a")) + % [Frn(a®) = Grn(a®)]
< %sgp |Fr n(a) — Gr n(a)|.
So we have
(" = alill > e} 1) < P (2suplFien(@) - G (o) = ) < A2 Niee) 7 7

by (30).

E Proof of Theorem 3.2

The proof goes along the lines in [7], where a similar result was proven for the covering of the sphere
by random spherical caps.
Let z € SX~1 be a point such that z ¢ UkN:1 S(™). Then the spherical cap B(z,26) centered on z

and with opening angle 24 is contained in the complement of the union Uiv:1 5% where §%(™) is the

realization of the random subset S° =(),_;, S? corresponding to the realization Mtk’(n).

""" gK-1

In particular, the fraction us of points of the sphere which is not covered by the union

UL, §%(" is not smaller than

1B(,20)] _ Fire—nizm Jo (@) e T(K/2) Jy (sing) < 2dy
|SK-1 ey ValL((K —1)/2)
Hence N s X
(n) B F(K/Q)f (sin ) E~2dy
EU5ZP{HS #SK 1} \/EF(O(K—l)/Q) . (31)

The expectation of us can now be computed as in [7]. By the independence of the 5%(") we have

that N
P{z ¢ s5v<n>} =(1-P{zesH~

n=1
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and by Robbins’ theorem [8]
z€S

Eus = /stl(l —IF’{z € S‘S})Ndu(z) <(1- m}(QIP{z € S‘S})N

with p the canonical measure on the sphere summing to 1.
We therefore obtain by the assumption of Theorem 3.2 that

N _ N _ K=3/2 /K1 = 1o+ m6)N
g(n) £ gK—1 (1—mo+m0)Nyal(K -1)/2) = ot mo)
P{ U . } = I'(K/2) foé(sin ©)E—2dyp = oK—5/25K—1

n=1

K—-1 —1
Here we have used that Fﬁg) < ¥ and fog(singo)K_Qdap > (%)K_Q‘Zil for 6 < 7. With ¢ =
(1—mo)(K—1)

m we then get

N K-1
ko1l o JH g s (_TTiNe
P{ICL_{SX;C #S }SQ T (1 7T0) 2(K—1) ’

where we used (j=jezg)V KT < eFL

This completes the proof of Theorem 3.2.
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