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Abstract

In this work we derive an inversion formula for the Laplace transform of a density observed on a
curve in the complex domain, which generalizes the well known Post-Widder formula. We establish
convergence of our inversion method and derive the corresponding convergence rates for the case of
a Laplace transform of a smooth density. As an application we consider the problem of statistical
inference for variance-mean mixture models. We construct a nonparametric estimator for the mixing
density based on the generalized Post-Widder formula, derive bounds for its root mean square error
and give a brief numerical example.
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1 Introduction

Let p be a probability density on R, then the integral

L(z) = /000 e *p(x)dx, Rez>0, (1)

exists and is called the Laplace transform of p. The Laplace transform is a popular tool for solving
differential equations and convolution integral equations. Its inversion is of importance in many problems
from e.g. physics, engineering and finance (c.f. [2] and [6] for various examples).

In general, the complexity of the inversion problem for £ depends on the information available about
the Laplace transform. If the Laplace transform is explicitly given on its half-plane of convergence, the
density p can be reconstructed using the so-called Bromvich contour integral (see, e.g. [7])

1 c+ioco
p(z) = 2—7”/0 e L(z)dz, x>0.

—ioco

In the real case, i.e. in the situation where the Laplace transform of p is known on the real axis only,
the inversion of £ is a well-known ill-posed problem (see for example [4], [5] and references therein). One
popular solution for this case is given by the well known Post-Widder formula, which reads as follows (cf.

[7): P (—1)N <N)N+1 £ (N> .
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In some situations, the Laplace transform £ can only be computed on some curve £ in C, which is different
from Ry or {Re(z) = ¢} for some ¢ > 0. In this paper we generalize the Post-Widder formula to the case
of rather general curves ¢ and derive the convergence rates of the resulting estimator.

As an application of our results we consider the problem of estimating the mixing density in a variance-
mean mixture model (see e.g. [1] and [3]). After constructing the estimator, we derive bounds for its root
mean square error (RMSE) and demonstrate its performance in a short numerical example. An advantage
of using the generalized Post-Widder formula here is that the resulting estimator can be evaluated without
any numerical integration.

The paper is organized as follows. In Section 2 we introduce the generalized Post-Widder inversion
formula and discuss its convergence behavior. Section 3 is devoted to the statistical inference for variance-
mean mixtures together with some numerical results. Finally, the proofs of our results are given in Section
5to 7.

2 Generalized Post-Widder Laplace inversion

In this section we will introduce a generalized Post-Widder inversion formula that extends the classical
result by Post and Widder [7] to the situation when the Laplace transform of a continuous density on
[0, 00] is given on a curve in the complex plane. Subsequently, we prove a convergence result and derive
the rates of convergence for the resulting inverse Laplace transform.

2.1 Inversion formula and its kernel representation

Let p be a continuous probability density on [0,00) and let its Laplace transform £(z) be given on a
curve:

C={z=y+ic(y): y e Ry}, (2)

such that ¢ is piecewise smooth with ¢(y) = o(y) as y — co. In this setting the generalized Post-Widder
formula can be described as follows.

Definition 2.1 (Generalized Post-Widder formula). For any fized x > 0, we introduce the generalized

Post-Widder formula by
= S ()2 6 2)

where LIN) denotes the Nth-derivative of the Laplace transform £ and g(y) := y +ic(y). For fired x > 0,
we define the generalized Post-Widder kernel via

X

(N +ioe ()
N!

Ky(t,z) = e_(N'HC(%)m)t, t>0. (4)

Our first result deals with the convergence of pn to p as N — oco. Such a convergence follows from
the properties of the generalized Post-Widder kernel Ky and a representation formula for py in terms
of K and p. The latter representation is given by the following proposition.

Proposition 2.2. One has
p(a) = [ plte) Kt o) .
0

The following result states that Ky (¢, ) converges to the delta function §(t — 1) on (0,00) for any
fixed z > 0.

Proposition 2.3. The following statements hold.



(i) Forr =0,1,2, one has

S _(1+r/N)--~(1—|—1/N)
/0 RN )t = G TN e )Y

1+§1W+0<§+w>, N—>oo, z>0. (6)

Hence, in particular we have

/ Kn(t,z)dt =1 for all N € N. (7)
0

(ii) Let x > 0 be fized. For any 0 € (0,1), there exists a natural number N§ such that
/ Ky (t, @) dt < CeNmF0=0/8 N~ N2
{lt—=1]=6,t>0}
forr=0,1,2, and some constant C not depending on x and 4.

2.2 Convergence analysis

By combining Proposition 2.2 and Proposition 2.3, the point wise convergence of py to p follows for
N — oo as stated in the following corollary.

Corollary 2.4. For any fized x > 0 and any continuous density p on [0,00), we have

lim py(z) = p(x). (8)

N—oc0

We may now sharpen the statement (8) under additional smoothness assumptions on the density p.
In the following propositions we give explicit convergence rates for py as N — oco. It turns out that the
rates crucially depend on the growth behavior of the function c(y) as y — oco. We henceforth assume

that )
c*(y)
Yy

} < 0. (9)

The notation f(x,N) = Ox(r(xz,N)) for fixed z € R and N — oo means in the sequel the usual O-
notation where the actual order coefficient may depend on x. We start with a local Lipschitz condition
on p.

~ := lim sup [

Y—>00

Proposition 2.5. Let p be a locally Lipschitz continuous density on [0,00) with Laplace transform (1)
given on the curve (2). Then

pn(z) =p(z) + RN (2),

where
R (z) = O,(N7'/?)

for N — 0o and each = > 0.

When the density p is differentiable, the rates of Proposition 2.5 can be improved as the following
result shows.

Proposition 2.6. Let p be a differentiable density on [0,00) with Laplace transform (1) given on the
curve (2). We then have for 0 <y < oo,

Re [pn(2)] = p(z) + Ry (x),



where
Ry(x) = o(N~Y/?)

for N — 0o and each x > 0. Further we have that
pn () :p(x)JrOm(N*lm) for 0<y<oo, and
pn(z) =p(z) +o(N~Y2)  for ~=0.

We conclude this section by considering the Laplace inversion problem for a differentiable density p
with locally Lipschitz derivative. It turns out that we can achieve the error term Ry of the order N1
in this case.

Proposition 2.7. Let p be a smooth density on [0,00) such that its derivative p' is locally Lipschitz, and
its Laplace transform (1) is given on the curve (2). Then for 0 <~ < oo,

Re [pn (2)] = p(z) + R (2),

where
Ry(z) =O(N™)

for N — oo and each © > 0. Moreover we have that
pn(z) = p(x) + Ox(N7Y?)  for 0 <y <oo, and
p(z) + O (N7Y)  for ~=0.

In the next section we discuss some applications of the generalized Post-Widder formula (3).

pn ()

3 Application to statistical inference for variance-mean mix-
tures

The problem of inverting a Laplace transform that is given on a curve £ in the complex domain appears
naturally in the context of statistical inference for variance-mean mixture models. In this section we apply
our generalized Post-Widder Laplace inversion formula to estimate the mixture density in a variance-mean
mixture model.

We start the construction of the estimator from the empirical characteristic function that can be
written as the Laplace transform of the mixture density evaluated on a certain curve in the complex
plain. By inverting this Laplace transform we obtain a nonparametric estimator for the mixing density
p. Then we derive bounds for the RMSE and conclude by a numerical example.

3.1 Variance-mean mixture models

A normal variance-mean mixture model is defined as

o= [ o (T2 s

where u € R, 0 € Ry, ¢ is the density of a standard normal distribution and p is a mixing density
on R, . Variance-mean mixture models play an important role in both theory and practice of statistics.
In particular, such mixtures appear as limit distributions in asymptotic theory for dependent random
variables and they are useful for modeling data stemming from heavy-tailed and skewed distributions,
see, e.g. [1] and [3].

As can be easily seen, the variance-mean mixture distribution ¢ coincides with the distribution of the
random variable o /€ X + p &, where X is standard normal and £ is a nonnegative random variable with
the density p, which is independent of X. The class of variance-mean mixture models is rather large. For
example, the class of the normal variance mixture distributions (u = 0) can be described as follows: ¢ is
the density of a normal variance mixture if and only if F[g](v/u) is a completely monotone function in .




3.2 Estimating the mixing density

Here we consider the problem of statistical inference for the mixing density p based on a sample Xy, ..., X,
from the distribution ¢. The Fourier transform of the density ¢ is given by

D(u) := Flgl(u) = / N eV Wp(s) ds = L[p](4(w)) (10)

0

with 9 (u) := —iup + u?0?/2 and from our data we can directly estimate the Fourier transform of ¢, e.g.
by means of the so-called empirical Fourier transform:

n

D, (u) := %Zei“X"'. (11)
k=1

Then we end up with the problem of reconstructing the density p from its empirical Laplace transform
observed on the curve
0:={z=Re¢(u) +ilme(u): ue Ry},

where we have Re[y)(u)] = u?0?/2 and Im[)(u)] = —up. Note that

t={z=y+cly): y € Ry} with c(y) = —ur/2y/0.

If o # 0 than the function ¢ is smooth and satisfies ¢(y) = o(y) as y — oo. Moreover,

~ = lim sup [CQ;y)} =242 /0. (12)

Y— 00

Hence if p is a differentiable density on [0, 00) such that p’ is locally Lipschitz, we can apply Proposition 2.7
to get the following asymptotic bound:

OT(I/N)v ,LL:O,

0.(1/VN), 10, (13)

pn(z) —p(z) = {

for pyn defined in (3) with ¢g(y) = y — iuv/2y/o. Due to (10), we have L(z) = ®(&(2)), where & is the
inverse of ¥ on £. Without loss of generality we may assume that o = 1, then £(2) = /22 — p? +ip using
the principal branch of the square root. So, for [ > 1 we have that

€)= (7 gy (e )

and by Faa di Bruno’s formula it follows that for z € ¢,

(N) () — N (k) T (0
L) = 2 Tl R TA)F (N T (g(z))H(g (Z))

k1,....,kn >0, l
k14+2ko+..+Nkny=N
ki+kot...+kn=Ek

N

= > W) (-7 " (22 - )

k=1

Il
N

k—N

N|=

Fn . (14)



The coefficients Fy j can be expressed as follows:

[ 5 H 2(1—1) \™
Nk == k:N' 211l—1'l'

ki,....,kn>0,
k1+2ka2+..+Nkn=N
ki+ko+..+kn=k

Noki1 [ 2a=1) \ F

N! =1 =1)1

kn_ !
Ky, kin >0, N—k+1' 75

ki42ko+..+(N—k+1)kn_k+1=N
ki+ko+...+EN 1=k,

_ (2(N —k))!
~ Bax <12Nk(N—k)'> ,

where By i stand for the partial Bell polynomials. In view of (11) and (14), we now introduce

N

£ (2) =Y oW (e(2)) ()Y (22— u2) 2" By
k=1

Nl

as an unbiased estimator for £(N)(z) at every z € £. We so arrive at an empirical estimate for the mixing
density p:

pov(@) = T (/)N L) (g(N /)
(- N+ LS ie(o(v/anx,
V) LS :

<SG ()N (2g(N ) — p?)

k—N

Nl

Fy i, (15)

which obviously satisfies E [p, n(x)] = pn(x). The coefficients Fi ; can be computed by evaluating the
partial Bell polynomials By j; these are available in most computational algebra packages. Hence, we
obtain an explicit estimator for p that circumvents the use of numerical integration procedures as needed
in other Laplace inversion techniques.

3.3 Convergence of the estimator

Let us now analyze the variance of p,, .

Theorem 3.1. For some constant C > 1, depending on x > 0, one has

Var [py, v () <7ZN * Bor., (16)
k=1

where Bap, ;= E [\X1|2k},

Based on the estimate (16), we can derive upper bounds of the root mean square error (RMSE) for
the density estimator p, .

Theorem 3.2. Fiz some x > 0 and suppose that Ry(x) = py(x) — p(z) = Ox(N~—P). We then have the
following bounds for the RMSE of pp n.



(i) If Bor < A*KF for some A > 0 and all natural k > 1, then

RMSE(pn’N) = Og; ( 1 ) 5

In’n

provided
Inn 2p

~ In(AC)  In(AC)

where the constant C' comes from the bound (16).

Inlnn, (17)

(ii) In the case Boi, < AFKP* k € N for some b > 1, it holds that

o
RMSE(p ) < 2107

Inn ’
which is achieved by choosing

B (2p +1Inn) 2p
N = T m@psmn) Jo=1) b1 (18)

Remark 3.3. Because of the inequality Var [p, n(v)] > Var [Re[p, n(x)]], the results of Theorem 3.2
remain valid with p, N replaced by Re[pn, n]-
3.4 Numerical example

Let the mixing density p be the exponential density, i.e. p(x) = exp(—z), then

E [|X1|2’“} - j;r(l FE)D(k+1/2) < AFE2

for some A > 0. Combining Proposition 2.7 with Theorem 3.2, we obtain

o Inln(n)

n — oo.

In Figure 1 one can see the result of numerical estimation of the underlying exponential density p(x) =
exp(—x) based on different numbers of terms IV in (15) and different sample sizes n. As can be observed,
the estimation error increases as x — +0. This effect can be explained by noting that |g(N/z)| — oo as
x — 40 and so the variance increases for small x (see the proof of Theorem 3.1).
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5 Proofs

In this section we gather the proofs of our results from Section 2.
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Figure 1: Approximations p, n (real parts) for sample sizes n = 10000 (above), n = 50000 (below) and
different values of N of the true exponential density p(z) = exp(—z) in the normal mean variance mixture
model with parameters p = 0.1 and o = 1.



5.1 Proof of Proposition 2.2

We start by proving the integral representation of py in terms of p and the generalized Post-Widder
kernel K. We have by definition

L(z)= / e “*p(u)du, Rez>0.
0
Differentiating N-times results in
£ = [ (upe Eptuydu
0

yielding finally

X

! (N e (N))N“ [ e ety

TN\ =z T

L (N +izc (Z) ) ™ Ve t(NFie(F)2) p(2t) dt

|~
J

pr(z) = (=% (f +ic (N>>N+1/Om(—u)fve“(%c(f))p(u) du

p(tx)Kn(t, x) dt.

5.2 Proof of Proposition 2.3
(i): For r=0,1,2, ... we have

> > 1 N\ we( 2
[ rrtma= [ 5 (Ve (T)) e v

0 0

1 N -r (N—Q—i:cc(%))oo
_ N . o N+r —z .
N1 ( + ixe ( - )) /0 z e “dz

Note that on the set {z : arc(z) = Rel’, —m/2 < 6 < 7/2} one has |zN+7e=%| = RN+re=Rcosf 5  for
R — oo. Thus, by the Cauchy integral theorem,
(N-i—i:vc(%))-oo N (e’ N .
/ NHre™ dy = / tN*reTtdt = (N +7)!,
0 0

from which (5) follows. Thus (5) holds for any integer integer r > 0. The asymptotic expression (6) for
r =1 and r = 2 can be seen from taking the logarithm of (5):

T

(L+r/N)---(L+1/N) _ S (1 +1/N) —rin (1 +i(z/N)e(N/z))
=1

(1+i(z/N)e(N/x))"

N N/z

ro e/ (;ﬁ c(NN//;;))Q.

(ii): By Stirling’s formula,

(i (F) e (9) " e

Ky(t,z) = z tNe=Nte=i@)e($) (1 4 O(1/N

N N+1 N ]
B (1 e <x) ;) Vgt e NN e R (1 0(1/N),



and hence

In Ky (t, ) = —i(zt)e @7) +(N+1)In <1 +i- % ¢ <JZ>)

1. N
+71n2—+N1nt—Nt+N+O(1/N)
™

2
X (=1t / (N z) 1. N
). i U\T)wv) Talhgg

Jj=1

+ NInt— Nt + N —i(zt)e (Z) +O(1/N)
- %m% +0 (Nc (1;7) ;)2 +O(1/N)
+N1nt—Nt+N+ic(];]>x(l—t)+ic<]§). (19)

In particular, for t # 1 we have

1, N N\ z\°
|[Kn(t,x)| = exp ilng—&-O(l/N)—i-N lnt—t+1+0<c<x> N)
<0

—0

-0 as N — oo. (20)

Let us fix x > 0 and 6 > 0 arbitrarily. W.l.o.g. we may assume that § < 1. Because c(%)ﬁ — 0 for
N — 00, there exist a number N such that for any N > N§ and any ¢t > 0 with [t — 1| > 6,

N\ z\° 1
lnt—t—&-l—i—O(c(x)N) i(lnt—t-i-l)

i.e.

|[Ky(t,z)|] < exp [;lné\] +O(1/N) + %N(lnt—t-l— 1)
7r

and so for r =0,1,2, N > N,

N
/ £ | Ky (t,z)| dt < CH/—/ £ (te= )2 g, (21)
{jt—1]>6, t>0} 2T J{jt—11>s, t>0}

Int—t In(1+48)—96
Note that for [t — 1| > § we have te ¢+l = elnt=t+l < ¢ S hence for 7 =0,1,2, N > N,

/ e (t67t+1)N/2 < N(n(1+8)- /4/ freN(nt—t+1)/4 3y
{|t—1]>8, t>0} {|t—1|>8, t>0}

< Nn(1+6)- /4/ ro(nt—t41)/4
{|t—1]>34, t>0}
< Nn(+8)-5)/4 / frHL(—HH D/ gy < CpeNn(1+6)=8)/4
0
where In (1 +J) —§ < 0 and C3 > 0. It next follows from (21) that for some constant C' > 0

/ t" | Ky (t, )| dt < CeNn+0)=0/8 ¢ (22)
{|t—1|>6, t>0}

for N — oo, N > Ny.

10



5.3 Proof of Proposition 2.5

In order to derive the convergence rates in (8), we use the following lemma.

Lemma 5.1. Forr=1,2,..

o r ['((r+1)/2) N\ 2
_ (r+1)/2 2 \\" " 2)/4) 2 ()2
/0 [t —1]" |Kn(t,2)|dt < C6 5 exp |O | c N )|

Proof. Let us fix x > 0. For 6 > 0 with 0 < § < 1 we have by (20),

1+6 . [N N\ z)\?2
_ < - ) =
/1 [t —1]" |Kn(t,z)|dt < C 5 EXP NxO(c(a:) N)

1446
< / (t— 1) exp [N (Int — ¢ + 1)] dt, (23)

where
1+6
/ (t—1)"exp[N (Int —t+1)] dt
1

5
:/0 u"exp [N (In (14 u) —u)] du

62D ((r+1) /2)
- 9 N(r+1)/2

Hence by (23) and Theorem 2.3-(ii)
00 (r+1)/2 2
/ = 1" |Kn(t,2)|dt < Cy 2 5 Lr+D/2) p {o <02 <N) ‘”)} .
1

Nr/2 x ) N
Similarly,
/1 [t — 1" |[Kn(t,z)|dt = C Nowplo(e (Y v
s N “ YV o P z) N
1
X / (1—t)"exp [N (Int —t+1)] dt,
1-6
where
1 ~
/ (1—t)"dtexp[N (Int —t +1)]
1-6
0 )
= / w'duexp [N (In(1 —u) +u)] < / u"dtexp [—-Nu?/6] .
0 0

By applying Theorem 2.3-(ii) once again the statement of the lemma is proved. O

Let us now fix > 0. By the Lipschitz assumption on p we thus have for fixed 0 < § < 1,

ipx (@) — p(a)] < / Ip(tz) — p(a)| [Fon (t, )] dt

< K, |z| It — 1] |Kn(t, )| dt + K, eNn(+9-0)/8
[t—1|<é
N z?
< Kl N—l/2 207\
< K, |z exp |0 | ()
< K2?|z| N7Y/?

due to assumption (9).

11



5.4 Proof of Proposition 2.6
Let us fix > 0. By differentiability of p we may find for any € > 0 a . with 0 < §. < 1 such that
p(tz) =: p(x) + (t — 1) (ap'(x) + Ef)

with |EF| < e for all ¢ > 0 with |t — 1| < d.. Due to Proposition 2.2 we then have

pa(@) 20 = [ 0) —p@) Knteaar= [ oten) i) Koy

+xp/ () / (t—1)Kn(t,x)dt + / (t —D)EKn(t,z)dt =: ()1 + ()2 + (%)3.
[t—1|<6 |t—1]<6

Since p is bounded we have by Theorem (2.3)-(ii) that
(*)1 < D1€N(1n(1+55)75€)/8 (24)

for some Dy >0 and N > Ny (cf. the proof of Theorem 2.3)-(ii). By Theorem (2.3) we have

/|t1<55 (t—=1)Kn(t,z)dt = /O (t—1)Kn(t,x)dt — /t1>55, tZO(t — DKy (t, z)dt

1 _¢(N/x) Lo ( 1  ¢(N/z)

N N/z

=+

2
T+ ) (25)

with |fn,s.| < DaeNIn(1H9)=0:)/8 for N > Nf . Next, by Lemma 5.1 and assumption (9) we have
€ o N 22
€

N1/2°
From (24)—(26) we gather that

< Dy

(o) =) + /(o) (7~ 19 ) O+ LD o), (27)
Now, since
c(N]\/'//;c) =0 (N_l/g) , if 0<vy<oo, and C(NN//;) =o(N712) ify=0, (28)

the statements follow by taking the real part of (27).

5.5 Proof of Proposition 2.7
Let us fix z > 0. By the Lipschitz assumption on p’ we may find a § with 0 < § < 1 such that

plte) = pla) + (6= Vap!(2) + 5(— 1B,

with |R7| < R* for some constant R > 0 and for all ¢ > 0 with |t — 1| < . Due to Proposition 2.2 we
thus have

pw () — ple) = / " (plte) - pla)) K (t,2)dt = / ((tz) — p(x)) Kn(t, z)dt

0 [t—1]>6

— Dav' (x 1 _1\2pz 2 —: (%), %)
+/|1t1|<5 <(t Dap(z) + 5= 1) Rt>KN(tv )dt =: (%)1 + (%) (29)

12



Since p is bounded we have by Theorem 2.3-(ii) again that (¥); < D;eN2(1+0)=0)/8 for some D; > 0 and
N > N¥ (cf. the proof of Theorem (2.3)-(ii)). Now let us consider (k). From Theorem 2.3 it follows as
in the proof of Proposition 2.6 that

[, = vt = 5~ o (L ) -

with | fas] < DoyeN(In(146)=0)/8 "and by Lemma 5.1 we have that

< Rz/ [t — 1% |Kn(t, z)| dt
0

< %exp {o (&(Z)f\j)] . (31)

|/| ; 6(t71)2RfKN(t,x)dt
t <

We thus get by (29), (30), (31), and assumption (9),

i) =9(0) + ') (1~ D) o, (1 DD o,

from which the statements follow by taking the real part and taking (28) into account.

6 Proof of Proposition 3.1

For a generic constant C' > 1, depending on z and changing in this proof from line to line, we may write

2

N N2N+2 N B 1,
Var o, v (@) S — o B[S 6X0F ()Y 20(N/w) — ) Y P
k=1
2
al ka 3k—N
Z iX1)" (= (29(N/z) — pi?) Fng
k=1
al 2]4; 2 k—2N 2
Z [ |29(N/x) — 1i?| FN,k}
k=1
<072N: k—2N [2 E[‘X”Zk}
~ T & Nk :

It is not difficult to see that for I =1,.... N — k + 1,

%sclu,

and so from the definition of the Bell polynomials it follows that

Fny <CFByny (1., (N — k+1)1)

(2 )(1 Joven

< ONNN-k,

13



7 Proof of Proposition 3.2

(i): Without loss of generality we may assume that A > 1. Since for k < N, N~F < k=% we get from
(16),

N
C (AC)N
V n, — 32
(o) < 5> < AT (32
By substituting N according to (17) into (32) we obtain
A (AC)N A
Var [p, v (z)] < 11 ( n) =11 In~"?n,
while for the squared bias we have
1
Ri(2) = Ox(N7%) = O, ( 2 ) :
In**n
hence (i) follows.
(ii): In this case (16) yields
oN & oy
Var [pn,N(z)] < T ZAkk.(bfl)k < T1]\[(1771)N (33)

for another constant Cy > 1. From (18) it follows straightforwardly that

o NO-DN+2p _ 2p+Inn 0 (2p +1nn) 2
N m((2p+nn) /(6=1)) <(b—1)ln((2p—|—lnn)/(b—1)) b—1>
2p+1nn

~ In((2p+1nn)/(b—1))
(o+un)/(B-1) (. In(@p+lnn)/(b—1))
In((2p+Inn)/(b— 1)) (1 2 2p +1nn )]
B 2p+1nn 0 (2p+Inn)/(0-1) Inlnn
N 111((2p—i—lnn)/(b—1))1 In((2p+1nn)/(b-1)) 2p—|—0( Inn >

Inln ((2p+1nn)/(b—1)) Inlnn
m((2p +mn) /(b —1) *O( mn >

=Inn—(2p+1nn)

On the other hand, from (18),

(2p+1Inn)InCy

IO S T (2t )/ (- 1))°

So, for n — oo,

Inn
(2p+1Inn) / (b—1)
(2p+1nn)/(b—-1))

—+00

(CNN(b 1)N+2p) (lnlnn>
In (

—(2p+1Inn )

In (

_ ln01
(b—1)Inln((2p+1Inn)/(b—1)) |’

—0
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hence

C{VN(bfl)NJr?P < on.

We thus obtain by (33),

while

In?”1
Var(pa,v (2)) < 2N~ < =20
In“’ n
In?71
R (z) = O(N~) =0, ( ] 2 nn) ,
In“’ n

which gives (ii).
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