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Abstract

We study a novel projection-based particle method to the solution of the cor-
responding McKean-Vlasov equation. Our approach is based on the projection-
type estimation of the marginal density of the solution in each time step. The
projection-based particle method can profit from additional smoothness of the un-
derlying density and leads in many situation to a significant reduction of numerical
complexity compared to kernel density estimation algorithms. We derive strong
convergence rates and rates of density estimation. The case of linearly growing
coefficients of the McKean-Vlasov equation turns out to be rather challenging
and requires some new type of averaging technique. This case is exemplified by
explicit solutions to a class of McKean-Vlasov equations with affine drift.

1 Introduction

Nonlinear Markov processes are stochastic processes whose transition functions may
depend not only on the current state of the process but also on the current distribution of
the process. These processes were introduced by McKean [6] to model plasma dynamics.
Later nonlinear Markov processes were studied by a number of authors; we mention here
the books of Kolokoltsov [4] and Sznitman [9]. These processes arise naturally in the
study of the limit behavior of a large number of weakly interacting Markov processes and
have a wide range of applications, including financial mathematics, population dynamics,
and neuroscience (see, e.g., [3] and the references therein).

Let [0, 7] be a finite time interval and (2, F, P) be a complete probability space, where a
standard m-dimensional Brownian motion W is defined. We consider a class of McKean-
Vlasov SDEs, i.e. stochastic differential equation (SDE) whose drift and diffusion coef-
ficients may depend on the current distribution of the process of the form

{x;:5+ﬁﬁ@mu;w%www+ﬁ?&mu;w%wwﬁm O
e = Law(Xy), te€][0,7],

where X ~ & is an Fy-measurable random variable in R?, a : R? x R — R? and
b: R x R?T — R? x R™. If the functions a and b are smooth with uniformly bounded
derivatives and the density of pg satisfies

po(z) S exp (—polz|™), |z| — o0

for some py > 0, p1 > 0, then (see [1]) there is a unique strong solution of (1) such
that for all p > 1,
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Assume that d = 1 and for any ¢ > 0, the measure 1;(du) possesses a bounded density
¢ (). Then the family of these densities satisfies a nonlinear Fokker-Planck equation of

the form
et — - 2 ([ atwmmtan) wio)

+§§;<(/waymxwm02umw> (3)

which can be seen as an analogue of the linear Fokker-Planck equation in the SDE case.
In Section 4.1 we will show that if the drift a is moreover affine in z, and the diffusion
coefficient b independent of x, the system (1), and hence (3), has an explicit solution.
These solutions, apart from being interesting in their own right, also provide explicit
cases of explosion, hence where the assumptions of [1] are (partially) violated.

The theory of the propagation of chaos developed in [9], states that (1) is a limiting
equation of the system of stochastic interacting particles (samples) with the following
dynamics

t t
XN =g [ e s+ [ [ vt el an: @)
0 0

for i = 1,..., N, where p¥ = %Zf\il Oxin, €,4=1,...,N, are i.i.d copies of &,
distributed according the law i, and W i = 1,..., N, are independent copies of V.
In fact it can be shown, under sufficient regularity conditions on the coefficients, that

convergence in law for empirical measures on the path space holds, i.e., ¥ = {uN : t €
0,7} = u, N — oo, see [7].

Despite the numerous branches of research on stochastic particle systems, results on nu-
merical approximations of McKean-Vlasov-SDEs are very sparse. Authors in [1] proposed
to use the Euler scheme with time-step h = T'/L, that for [ = 0,..., L — 1, yields

N N

i i 1 i,N -7, 1 viN v, i

Xﬂzxﬂ+ﬁ§pwﬂxﬁm+ﬁ§ﬂ&ﬂm%&ﬂw (5)
j=1 j=1

fori=1,...,N, t;, = hl, and A, ;W' = Wli(l-&-l) — W},. Implementation of the above
algorithm requires usually N? x L operations in every step of the Euler scheme. By using
the algorithm presented here one can significantly reduce the complexity of the particle
simulation especially if the coefficients of the corresponding McKean-Vlasov SDE are
smooth.



2 Projected particle method

Assume that for any ¢ > 0, the measure y;(du) possesses a bounded density 1;(u). Let
(or, k= 0,1,2,..) be a total orthonormal system in L,(R?). We can formally write

u) = w(t)pr(u)

where the sequence

() = / () on(us) du = E [0 (X2)] (6)

converges in [y for any fixed ¢ € [0, T]. Let us introduce the functions
an(s) 1= [ ale.wp(w) du e Y,

Bre(x) = /b(x,u)gok(u) du € R x R™

so that

/ xyut dy E@k ’Yk (7)
R4

/bfcyutdy E Br(x

R4

Fix some natural number K > 0 and consider a prOJected particle approximation for (1)

XZ’K’Nzé““r/ Z% (XN ds+/ z% (XN aWE (8
0 ,_ 0
fori=1,..., N, where
1 — .
=N Z pe(XTT).
j=1

Consequently, we can consider an Euler-type approximation for (8)
K
i, K,N i, K,N i KN
XN = XN 4 Do (n(6) en(K™) (6 = ()
k=0

+ka (XiS™N) (W= W) (9)

fori=1,...,N, and h = T/L, where n(t) := lh for t € [lh,(l + 1)h). Note that in
order to generate a discretized particle system (XZ’IN), i1=1,...,.N, Il =1,...,L, we
need to perform (up to a constant depending on the dimension) N K L operations. This
should be compared to N2L operations in (5). Thus if K is much smaller than N, we
get a significant cost reduction.



3 Convergence analysis

In this section we first study the convergence of the approximated particle system (8)
to the solution of the original system (1). As a first obvious but important observa-
tion, we note that the distribution of the triple (X7/V XKN X7) with X5V =

(XN XN does not depend on j, and therefore we can write
(XPRN XKN x) BB (KN XRN XY for j =1, ..., N. (10)
For ease of notation, henceforth we denote with || := ||, for a generic dimension dim

the standard Euclidian norm in R4™, Let us make the following assumptions.

(AF) The basis functions () fulfil
o8(2) = or (D] < Lo |2 = 21, lon(2) <Dy k=0,1,...
for all z, 2/ € R? and some constants Ly, D, > 0.
(AC) The functions ax(z), Bk(z), k =0,1,2,... satisfy

sup |ag(z)| < Ago(l 4 |2z|)  with

zcRd
ZAk,a S Aa and Z Lk,goAk,a S Lgvon
k=0 k=0

sup |f(x)] < Arp(l+ |x]) with

rER4

> Aws<As and Y LiypArs < LyAs,
k=0 k=0

for some constant L, > 0, and further

| () — ap(a))]

sup . < Ba,
RS |.I‘ -z ’
> _ /
p 520 =G _
x,x' ER4 k=0 |LL’ - |

(AM) The density of i satisfies
po(z) S exp (—polz|™), [z = o0

for some py > 0 and p; > 0.

Note that, if the sequence (Ly),_o,  in (AF) is bounded, one may take L, =

SUPg>o Lk in (AC). Henceforth, for any random variable & € R%™ on (Q, F,P) we
shall use |||, for the norm of |£| in L,(£2). The following bound can be proved.

4



Theorem 1. For p > 2, it holds under assumptions (AC), (AF) and (AM) that

5 N—1/2+ Z Ak,a ”’YICHLP[O?T}
» k=K+1

+ Z Apg

k=K+1

sup ‘X;K’N —X;|
0<r<T

Ykl p[0,775 (11)

where < stands for an inequality with some positive finite constant depending on
Aau Aﬂa BOH B,B,-Dl,m L<p7 Po, P15 P, andT.

Remark 1. For 1 < p’ < 2, we simply have

sup ‘X;K’N —X;a|

0<r<T

sup ‘X,',’K’N —X;|
0<r<T

<
p/

p

for any p > 2.

The next theorem, on the convergence of the Euler approximation (9) to the projected
system (8), can be proved along the same lines as the proof of Theorem 1.

Theorem 2. For p > 2, it holds under assumptions (AC), (AF) and (AM) that

sup ‘X;K,N _ X;,,K,N}
0<r<T

< Vh,

p

where < stands for an inequality with some positive finite constant depending on

Aa, Ag, Bo, Bg, Dy, Ly, p and T.
Let us now discuss the estimation of the densities y;, t > 0. Fix some ¢ > 0 and set

K

AN (@) = (t)en(x)

k=1

with 7Y (1) := L 327 0p (XPN). We obviously have

B / AN @) — @) de = SB[ - w@E] - S 0P,



where (due to (AF))

B[{'() ~ ] = B || 5 D0 o) ~ B ln())]

< 2E %; (gok(Xf’K’N) - sok(th))
+2E % Z (or(X7) — E [on(X7)])

. 1], 2
<2L; B UX;KN - X, } + 7 Var [pr(X2)]

since the X7 are independent. Theorem 1 now implies

(v f - nioear) s (25502, 0m)

k=1

K /2
+ <Z Li#,> Y (Aka+ Aep) Iill,om
k=1 k=K+1
- 1/2
+ ( > |’7k(t)’2> :

k=K+1

=]~

The last term always converges to zero, since ji; is bounded and hence p; € Lo(R?).
The first term can be controlled for any K by taking N large enough. However, in order
to ensure that the middle term goes to zero for K — 0o we need in addition to (AC),
(AF), and (AM) some supplementary assumptions.

Discussion The bound (11) is proved under rather general assumptions on the coeffi-
cients a(x,y) and b(z,y). So we allow for a linear growth of these coefficients in . This
makes the proof of the bound rather challenging, since we need to avoid the explosion
of coefficients while using the Gronwall's lemma. In order to overcome this problem, we
employ a kind of averaging technique which, being combined with the symmetry of the
particle distribution and the existence of moments (see Section 6.1), gives the desired
bound. The bound (11) consists of stochastic and approximation errors. While the first
error is of order 1/4/N, the second one depends on K and the properties of the coeffi-
cients a(x,y) and b(x,y). If these coefficients are smooth in the sense that their Fourier
coefficients (ay) and ((y) decay fast, then the approximation error can be made small
even for medium values of K.

Example 1. The Hermite polynomial of order j is given, for 7 > 0, by

2 d’ 2

Hj(w) = (~1pe” ().



Hermite polynomials are orthogonal with respect to the weight function e™*" and satisfy:
Jo Hj(z)Hy(x)e " dx = 2751\/76;,. The Hermite function of order j is given by:

i) = ¢ Hy(w)e™ 2, ¢ = (2j1v/m) 2 (13)

The sequence (¢;,7 > 0) is an orthonormal basis of Ly(R). The density p, can be devel-
oped in the Hermite basis ji;(u) = .7 (t)p;(u) where v;(t) = [, () pj(z)de =
(e, ;). This leads to a collection of projection estimators [ix N = Z]K:O v (t)p;, where

vy =N ZZ]\LI ¢;(X}) is the empirical estimator of y;(t). Let us discuss the assump-
tions (AC) and (AF). Using Theorem 34 in [2] and the definition of oy, and By, we can
derive the following result.

Theorem 3. Suppose that for any u € R, the coefficients a(x,u) and b(z,u) admit
derivatives in u up to order s > 2 such that all functions

a(z,u), Oua(z,u),. .., 0a(zx, u), v 0 a(x, u)
b(x,u), 0ub(z,u), ..., 00(x,u), u" 0l b(x, u),

0=0,...,5—1, belong to Ly(R) (in u) together with their first derivatives in x. Then
the assumptions (AC) and (AF) are satisfied and

sup }X;K’N —X;‘

0<r<T

,S K1_8/2+N_1/2, (14)

p

as K, N — cc.

Remark 2. As a rule, one chooses N and K such that the errors in (14) are balanced,
that is N'/(5=2) ~ K, yielding a proportional reduction of computational cost of order
of N - K/N?* ~ N=(=3)/(s=2) In [1] conditions are formulated, guaranteeing that all
measures (i, t > 0, possess smooth exponentially decaying densities. In this case we
can additionally profit from the decay of the Fourier coefficients () such that the
convergence rates in (11) give rise to a proportional reduction of computational cost
approaching N—1. Generally, the smoother the density i, is, the faster is the decay rate
of its Fourier coefficients i (t).

4 Specific models

4.1 Generalised Shimizu-Yamada Models

Inspired by the work of Shimizu and Yamada [8], [10] and [5], we consider the McKean-
Vlasov equations of the form (1) with

a(x,u) = a’(u) + a'(u)z, b(z,u) = blu).

This class of models allows for a linear dependence of drift on the distribution of X
through E [a(X})] and E [a!(X})].



Theorem 4. Define

1 , (p—u)?
Haj(p7q> = \/m/aj(u)e_ 2q dUa j:0,17

1 _(p=w?
Hb<p7Q) = \/m/b(u)e 2 du

and let (A, Gt) be a solution of the following system of ODEs

G:f — HbQ (At7 Gt) + 2Ha1 (At7 Gt) Gt (15)
A;/ = Hypo (A, Gy) + Hp (A, Gr) A, (Go, Ag) = (0, 20) .

Then the McKean-Vlasov equation
dX, = (B [a®(Xy)] + X, E [a'(Xy)]) dt + E[b(X,)] dW;,  Xo = 2 (16)

with bounded functions a’ : R — R, i = 0, 1, has an explicit solution of the form:
t
X, = moeo Har(As.Go)ds 4 / Hqo (A, Gy) eJs Hor (Ar.Grydr g g (17)
0
t
+ [ Hu(a, G et
0

Proof. It can be straightforwardly checked that for arbitrary continuous and deterministic
functions a?, a}, and b; on [0, T, the solution of the SDE

dXy = (a) + a; X;) dt + b,dW,, Xog=1my, 0<t<T,

reads explicitly,

t t
t 1 t 1 t 1
X, = moedo %5 / alels @rdr s 4 / byels i dw,

0 0

and thus the characteristic function of X; takes the form

t 1 t
(V) = exp {iv/ agef: ardr s — 502/ bge”; s + el g | (18)
0 0
Since
_—w?
e 2 1

NeTT =5 /e_w“ exp ['wp — vzq/Q] dv,

we have for 7 =0, 1,

1 . A
Haj (p, Q> - /a](u)du/exp [ivp — U2q/2} e~ WUy,

T or

Now let , 4
af =E[a’(X})], 7=0,1, and b, =E[b(X,)].

8



It then follows that

t t
Haj(ef()taidsx0+/ agef:aidrds’/ <b2)262f;a}-drds)

— % aj(u)du/%(v)ewudv
- [ @
=E[d(X)] =al, j=01,

and similarly,
t 1 t t 1 ¢ 2 t 1d
Hy(elo %, +/ alels “Tdrds,/ (62) el ardrds)y = B [b(X,)] = by.
0

0

By next introducing
Lald ! 0_[fald
Ay = elossdsgy +/ adels wdr s,
0
! 0\2 2 [fald
G, ;:/ (bs) e S5 ar rds7
0

the system (15) follows straightforwardly. Conversely, it is easy to see that a solution to
(15) yields an explicit solution (17) to (16). O

Example 2. Let us consider affine functions
a’(u) = af) + adu,
a'(u) = ay + aju,

b(u) = by + byu.

Then for c = a°, c = a', and c = b, respectively, we have

_ (o u)2
H.(p,q) = \/7 / du
/ (p2u)2d n 1 7(p;u)2d
coé a du+ —— | cjue e du
\/27r 0 2./7q !

=cy+cip

with c(u) = ¢o + ciu. In particular, the H.(p,q) do not depend on ¢, and so (15)
simplifies to
Ay =ad+ (a + ag) A + a1 A}, Ag = 0. (19)

The solution (can be checked via Mathematica) is given by

(@ +ah) V=D 1,5 i+ + 20,00
A =— 20l + 2] tan 5 —Dt + arctan /D (20)

9



if D = (a) + a(l))2 — 4ada} < 0, and by

A_\/E—a(f—aé_\/ﬁ 1 (21)
b 2a} al 1 4 YD+al+aj+2aiw , /Dy
! ! + \/57(1(1)7(1(1)72(1%:1:06

if D := (a9 4 a})? — 4adat > 0. Consequently, the corresponding McKean-Vlasov SDE
reads
dXy = (ag + aYA, + (ag + ajAy) Xy)dt + (b + by A,) dW,

with explicit solution
t
X, = zgedo (sotaide)ds | / (ag + a}As) eJs (abtaidr)dr g
0
t t 1 1
+ / (bO + blAs) efs (ao—i-alAr)drdWS’ (22)
0

where A; is given by (20) or (21). Moreover, it is also possible to give closed form ex-
pressions for the mean and variance of (22), but omitted here since these expressions
are rather long.

Example 3. By taking in Example 2
a(r,u) = alu+ajw, bz, u) =by, a)+aj <0,

we get essentially the Shimizo-Yamada model. With /D := —a$ — a}, and taking the
limit for ai — 0 in (21) we get after some trivial manipulations

At = zoe (a(l)+a(1))t

bl

which of course can also be found directly from (19) by taking a = ai = 0. From (22)
we then get straightforwardly the explicit solution

t
X; = xge(“?Jraé)t + / boed =) dW,
0

L, . . 04,1 . 2adt_ L. .
which is Gaussian with mean xoe<“1+“0)t and variance b3, and which is consistent
0

with the terminology in ([3], Section 3.10), where a% + a} = —v and a} = —v — k.
Example 4. By taking in Example 2

a(z,u) = (af +aju) z, bz, u) = by,
we straightforwardly get from (21),

alt
Top€ 70
At — ol 0 1 5 (23)
1 -~z (e ol — 1)
0

10



and

X, = zoeh (a+aids)ds / boels (ag+aiar )drdWS, (24)
0
respectively. Plugging (23) into (24) then yields
Y Toe adt N boe adt .
t = t

1—Z—ix0(e“5t—1) 1—%x0(ea5t—1)

with Gaussian T';, = fo (1 — 1£Co ( ags _ 1)) e ~%5dW,. In particular, if a} = 0 we
get

o
A= ——
P —alagt
and solution . )
To 1 —ajxos
X, =—+b —dW,.
- atrot 0/0 1 —alzot

Remark 3. From Example 4 it is clear that if a} # 0, the McKean-Vlasov solution may
explode in finite time. On the other hand, this is not surprising since when ai # 0 the
derivative Oya(x,u) is unbounded and so the main results in [1] do not apply.

5 Proofs

5.1 Proof of Theorem 1

Let us introduce

1
aK,N(xay) = N Z

and

for any z € R?, y € RN We so have that
t
A= XN - X = / (arn (XY, X)) — a,(X))) ds
0

t
+ / (bre (XPEN XEN)Y g (X)) dW7,
0

11



where W i =1,.... N, are i.i.d. copies of the m-dimensional Wiener process V. Hence,

t
|Ai|p < 2p—1tp—1/ |aK7N(X§’K7N,XSK’N) — aS(X§)|p ds (25)
0
d t ) . P
#2713 (o (XY XN ) divy)
g=1 170

and so we have with N

AP = %Z sup |Al‘p

i—1 S€[0,t]

the bound

N t

— 1 ; i

Af S 2p—1tp—1ﬁ E / |C(K7N(X;’K’N,XSK’N) - as(X;Mp ds
—1 J0

1N
+2p71d”712NZ sup

q=1 i—1 S€0,]

=: 2" 1P~ Termy + 2P~ 1 @7~ ! Terms,.

p

[ (ol (Y X — o)

Assumption (AC) implies

‘QK,N(ma y) - ClK,N(l"/, y')\ =

WE
] =

1
N <
1

(an(@)on(y;) — 04k($')90k(1/}))‘

<.
Il
-

o () — ()| |or (1))

<
Il
—

+ IA

S
.MZ 'MZ
M= M= 7

<

i

I
i

)| |80k(yj) - @k(ym

< |z —2'| DypBa,y

—yi|. (26)

Hence
lagn(z,y) —agn( v <2071z — 2| DVBE

+2P7ILP AP (1 4+ |2f|)P Z ’yj — y]|p

soaso

So it holds that

|age v (XPN, XIN) —ape v (XD X)|" < 207" DEBRIALP

N
FoIp AR (L XL S A,
j=1

12



and then it follows that, with regard to Termy,

t
Term; < 22DV BY / E|A7) ds
0

t 1 N )
2p—2 )
+2% L{';A’;/O E A%:-N;_lj(u!Xs\)p] ds

1 Lt . ,
+2p—1NZ/ B [|axn (XL X,) — ay(XD)["] ds. (27)
i=1 Y0
Let us now consider the middle term. Set
z 1 Y )
(on = §1+|X —N;E[(H\XS})P]

so that

E AL %ﬁ;u + |X§\)P] = %iE [(1+| X)) - E [F]
+E |G- 28]
For arbitrary but fixed § > 0, it holds that
Bl B2 =B [Gw Al o] +B[en B0, ],

where on the one hand

BlGn M1 ] < 08 |2F]

and on the other

B o Bty o] < B[t o]y P [(A_gﬂ-

Due to (2) we have that for any 7 > 0, there exists Cjy,, > 0 such that

E [Cngl{Cs,Nw}] - 1 [(fgs]\f) 1{f§ N>0f}} Jgfﬂ’ 0<s<T,

for N large enough and

E [(Fﬂ <E _NZ sup ]AJ

]1r€

re[0,T]

=E [ sup A, [

=E | sup ‘XT',’K’N —X;‘2p]
_TE[O,T]

<227 | sup ‘XT:,K,NFP
rel0,T]

+2%71E | sup |X7L|2p
rel0,T]

§D1+D2:D27

13



where due to Theorem 5

E [ sup }X;K’N|2p] < Dy uniform in N and K.
rel0,7]

Thus, finally,

N

AP 1 t]\p
AS-NZ(H\XS{)

=1

Fy

E Np/2+1/2

SF{’-E[E’}+

with Fy := 0'/7 + supy,r |1 + | Xslll, and Fy := Cy,D, where we have taken 1 = p.
Set now L
H(s) :=E [Aé’] :

then the estimate (27) reads

N t
%Z/O E [Jagn(XEON, XENY —a (XD)|7] ds
i=1

t
F.
< (2%7°DEBE + 22 LP AP FY) / H(s)ds + 2% 2[PA? 2 ¢
0

¢ a NTp/2+1/2
p—li - ' i . 7\ |P
+2 NZ E [|arn (XL X,) — ay(XD)["] ds. (28)
i=1 70

Regarding the term Termy we call upon the Burkholder-Davis-Gundy's inequality which
states that for any p > 1,

sup
s€[0,t]

t p/2]\ /P
<q, (E[(/ (B (X5, 05) — ) s ]) .
0

This implies that for p > 2,

[ (ol (X X8 —n(x) a
0

S p
B sup | [ (b (XY, XI) — (X)) (29)
s€(0,t] 1J0
! i, K,N K,N i) [2 o/
< 0 | ([ I(ohontxto x5 — s as

t
< g | [ ok (Y, XN ) s
0

t
< Crtr/*TE [/ | (b (XN, XN — bS(X;'))\pds} :
0

14



Now, completely analogue to the derivation of (28), we get

N t
%}:/Emmm¢QK&x5M—wAXMT%

I
(22p 2Dpo+22p QL?’APF / H(s ds+22p 2LpA,B]\no/2+1/2
iy [ Bl (X0 = bu(X ] ds. (30)
i=1

Now by gathering all together and taking expectations, we arrive at
H(t) < (DEBRTP~' 4 LP AL FPTP
t
+CPDE BEAPTPI*™! 4 CPLE ALdPTP/* 1 FY) 2772 / H(s)ds

Fy
Np/2+1/2

t
ot LS [ a6, ) — aXD] i
j=1"0

2978 (LR ARTP + dPCPLE ABTPI?) — =

N t
vt LS B (XX 000 ds
— Jo

We next proceed with explicit estimates for the last two terms above. Let us write

o0

a v (X!, X,) §)u¢2 (er(XD) = (s)) = D ar(XD(s),

k=K+1

then we have by the Minkowski |nequa||ty,

] =

lare (X2 X.) — a (X0)||, <

s p —

| N
J
X )N ka
k=1 j=1 p

+ D [laXDwus)],

k=K+1

where & := 0(X7) —7i(s), = 1,..., N, have mean zero. Let us now observe that

p N p
X1= &+Zd<%
i
N p

<ol + (3¢l | ]

N p

>

|]" +
i
i

2p—1 -1
< 2%-1pp 4 9v E[
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using (6). For p > 2, it follows from the Rosenthal’s inequality that,

N Ap N . P/2 N .
E[Zfi (ZE\fil) +Y B¢l
i J# J#i

for a constant C,gl) only depending on p, and, in fact, for p = 2 we have simply,

N 'p N .
E[Zfz ]=ZE\£§|
JF JF

Thus, for p > 2,

1 N
E[N;d

p

IN

/2
1 owipe op-1o® (/N NN
1 %] p p
x| < TR (Somlar) X
J#i J#i
_ oy 22-1cVpr 2108 pr
- NP T NPp/2 + Np—1
(¢ pr
p %

for N > N, and some C’I()Q)

So for any p > 2,

1N
i J
XS)N E &
J=1 p

p

<AL E|(1+]|XI)'E

1 .
26

Jj=1

|

‘ N

(2)
, (97) o :
< A= EIA+ X)),

hence

< CP AroD,FsNTY2 with Fyi= sup |1+ X,
0<s<T

1 N
2 J

and further

S XD, < Fs D Axaluls)].

k=K+1 k=K+1
We thus obtain,

ok (X2 X,) = a(XD)|| < CPADLFsNT2 + Fy >~ A l(s)]

k=K+1
that is,
B [|ag.n (XL Xs) — a)(XD[] < 207 (CP) AL D2 FY N~/
p
+ 2P~ 1Fp< > Apaluls > : (32)
k=K+1
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Analogously we get

B [|br.n(XL X,) — by (XD)|] < 2071 (CP)" AL DY FY N~/

2p 1Fp< Z Ak,@h/k ) . (33)

k=K+1

Now, combining the estimates (32) and (33) with (31), yields for 0 <t < T,

t
H(t) < (CppxTP" + Dp,%xdep/Ql)/ H(s)ds
0

+ (BppxT? + Fypxd?TP* + O(N7Y/?)) N7P/2

P
+Gp7¢7XTP1/ (Z Aka k(s ) ds

k=K+1

p
+Hp7@’Xdep/21/ (Z Ags (s ) ds

k=K+1

with abbreviations

Chpx = 2P°DP BY + 2773 AP FY

Dpox = 2%~ 3CprBp + 2%~ 3CPL”APFP
Eypx =273 (CP)" AL DY FY
Fypx = 2773CP (CP) ALDPFY

Gpox = 2°77 3F3p

H,,x =2"7CPF}.
Finally, the statement of the theorem follows from Gronwall’'s lemma by raising the
resulting inequality to the power 1/p, then using that (3>°7 la;|P) P < Y4 |ai| for
arbitrary a; € R, p,q € N, a Minkowski type inequality, and the observation that

B |a7] = ZE

sup ’AZ

s€[0,T] €[0,T

[ sup |A,[7

6 Appendix

6.1 Existence of moments

Theorem 5. Fix some p > 2 and suppose that E[|Xo|P] < oo. Then it holds under
assumptions (AC) and (AF),

sup ‘X KN‘
s€[0,T]

p

17



Proof. Fix some ¢ € {1,..., N} and for every R > 0 introduce the stopping time

>R}.

Tip = inf {t € (0,77 : ‘XZ’K’N _ X

We obviously have

sup ‘Xt’/@]: < R+ |X{|
te[0,7)
so that the non-decreasing function fr(t) := Hsupse[ojﬂ X;/f;]\; .t e [0,7], is
p

bounded by R+ [|X{][,,. On the other hand

) tAT; R ]
sup [XEEN | < X3+ / lape (XN, XEN)| s
s€[0,t] 0
tAT; R ] )
+ sup / b v (XEEN XNy g/t
s€[0,t]

) tAT; R ]
< |X5| + / |lag N (X2ON XN ds

+Z sup

q= 1s€0t

tAT; R ) )
/ b (XN XRN) ayy|.

It follows from the Minkowski and BDG inequality that

t
Falt) < %o, + / 1oy are (X, X | s
0

tAT; R
BDG
4 do ¢ /

< [ Xoll,

0
t
+ AgD,dCPPC /
0

t
<Xl + 400, [ (14 sy
0

. 2
bK,N(X;’K’Na XSK’N)

)

ds

p

SAT; R

‘XZKN

ds
p
)’ ds
) ds
P

i, K,N
Xs/\‘r

p

1/2
S)

again by the Minkowski inequality (p > 2). Consequently, the function fg satisfies

SAT; R

+ AgD,dCPPY | Vi (

‘XzKN

t t 1/2
Fu®) < 1l +4uD, [ 1+ fnls)) dsAsDdCle (ﬁ ¥ ( | i ds) ) |

18



that is,

fr(t) < | Xoll, + AaDyt + AgD,dCI oVt
t t 1/2
+A.D, / fr(s)ds + AgD,dCPP¢ </ f2(s) d5> :
0 0

By Lemma 1 (see Appendix) it follows that

sup [ X5 || < 9 (eper BB N)T, (34)

SAT; R
s€[0,T]

p

(HXOHP + AuD,T + AﬂDg,dchG\/T) .

Now note that the stopping times 7; p are non-decreasing in R, and thus converges
non-decreasingly to 7; o, say, with 7; . € [0, 7] U {oo}. Thus,

R — sup ‘X;AI;Z\IQ
s€[0,T7
is nondecreasing with
i KN _
li XZKN _ SUPse(o,7] ‘X;’ 7 ‘ on {T@OO - OO} (35)
Riso oo | shTim| = 00 on {Tis < T} '
Oose 0,77 7,00

Indeed, on the set {7, o, < T'} we have for any R > 0, — X{| > Rwith 7, g < T,

so that

i, K,N
Sup ’XS/\T R
s€[0,7

The Fatou lemma (35) implies (with 0 := oo - 0),

‘XZKN‘ > ‘XzKN‘ >R— |Xz‘

lim 1y, <7y sup ‘X;,{ij\; P({Ti <T})
Rtoo s€[0,7T »
<liminf |14, <7 sup )X;,fijl
R T s€[0,T) ! »
< liminf || sup ‘X;AEA; < o0,
B lselo,1] ' )

because of (34). So P ({7« <T}) =0, i.e. Too = 00 almost surely. Again by the Fatou
lemma, (35) then implies

sup ’X;’K’N} < hmmf sup ‘X;Alij\; < (%) < o0,
s€[0,T] ) s€[0,T]
because of (34) again. O
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The following lemma is consequence of Gronwall’s theorem.

Lemma 1. Let f : [0,7] — Ry and ¢ : [0,7] — R, be two non-negative non-
decreasing functions satisfying

t t 1/2
so<a [ s@asn( [ Feds) e, e @
0 0
where A, B are two positive real constants. Then
F(t) < 2eCGA )y (0) b e 0,7,

Proof. It follows from the elementary inequality \/zy < 3 (z/B + By),z,y > 0,B > 0,

" ([ rew) " (s [ sis)as) RPEICIE IRCL

Plugging this into (36) yields

f(t) < (24 + B?) /0 f(s)ds + 2(t).

Now the standard Gronwall inequality yields the desired result. O]
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