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Numerical methods for interesting physics
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Outline

❖ semiconductor equations (arb. distribution function) 
and their discretisation

❖ discuss three numerical flux approximations

❖ assess quality by looking at a benchmark
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change in mass

=

flow through boundary
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Voronoi Cells

http://postitdoodling.tumblr.com
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How to choose the fluxes?
Desired properties:

❖ stable

❖ preservation of max principle

❖ approximate boundary layers well

❖ consistency with thermodynamic equilibrium
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Zero current leads to

Mimic this numerically via

with
0 = � � UT �⌘n

� =  L �  K �⌘ = ⌘L � ⌘Kand

Important for coupling!



Finite Volume Discretisation
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Three flux approx.
for Blakemore!



Koprucki/Gärtner (2013): 

General Scharfetter-Gummel
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General Scharfetter-Gummel
Koprucki/Gärtner (2013): 
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with

g(x) = x(F�1)0(x) = 1
1��x

j0 = qµNCUT

n(xK) = nK

n(xL) = nL
with

d

dx

jn =
d

dx

qµ

⇢
UT g

✓
n

Nc

◆
d

dx

n� n

d

dx

 

�
= 0

j = j0
n

g
⇣

nL
NC

⌘

B
⇣

� KL

UT
+� j

j0

⌘

nL
NC

� g
⇣

nK
NC

⌘

B
⇣

� � KL

UT
�� j

j0

⌘

nK
NC

o

and



Koprucki/Gärtner (2013): 

Exact solution for Blakemore

with

General Scharfetter-Gummel

and

fixed point equation
exact (up to machine precision)
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 Diffusion averaging
Bessemoulin-Chatard (2012) and Koprucki et al. (2014):
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 Diffusion averaging
Bessemoulin-Chatard (2012) and Koprucki et al. (2014):
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approximates
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Fuhrmann (2015):
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General Scharfetter-Gummel

Diffusion enhanced Scharfetter-Gummel

Inverse activity based scheme

Compare three schemes
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Leave equilibrium!

How to design a benchmark?

�'KL = ��⌘KL + � KL r' = �r⌘ +r 

hKL

L
� (linear potential)

coarse grid large bias

large contrast
with opposite sign

 large  density contrast
⌘ = F�1(n)



Errors between schemes

diffusion enhanced vs general SG inverse act. vs general SG
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pin 

2µm 2µm 2µm

0.5µm

NA = 4.35⇥ 1017/cm3 ND = 4.20⇥ 1018/cm3

NI = 0.00/cm3

How do schemes influence current and electrostatic potential?
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Results
❖ three thermodynamically consistent schemes 

(Blakemore)

❖ all schemes converge to SG for large negative 

❖ pin benchmark useful to discriminate accuracy

❖  exact scheme yields best current approximation; 
diffusion enhanced scheme good for electrostatic field

❖ other factors: computation times need to be considered

⌘



❖ prototype: ddfermi

❖ moderately-sized 2D/3D problems

❖ different variables: heterostructure

❖ we welcome applications!

Outlook



Thank you for your attention!

Muchas gracias  
por su atención!


