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Summary. Standard generalized materials are described by an elastic energy den-
sity and a dissipation potential. The latter gives rise to the evolution equation (flow
law) for the internal variables. The energetic formulation provides a very weak,
derivative-free form of this flow law. It is based on a global stability condition and
an energy balance. Using time-incremental minimization problems, which allow for
the usage of the rich theory in the direct method of the calculus of variations, it
is possible to establish general, abstract existence results as well as convergence for
numerical approximations. Applications to shape-memory materials and to magne-
tostrictive or piezoelectric materials are surveyed.
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1 Introduction

On the mechanical side the theory of standard generalized materials was de-
veloped in the early 1970s, see [28, 63, 68, 80]. The mathematics for these
models was studied in parallel, but was mostly restricted to the case of con-
vex potentials with applications in small-strain elastoplasticity, cf. [31, 64].

The theory of rate-independent hysteresis operators advanced much fur-
ther, see [11, 35, 36, 79], mainly in the field of scalar-valued hysteresis op-
erators. In parallel, the mathematical theory of solid mechanics had major
breakthroughs in the treatment of finite-strain elastostatics [6, 13] and in the
study of microstructures in modern materials [7, 66].
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The theory presented here is located in a triangle that has its corners in
the rich area of existing engineering models, in the theory of hysteresis models,
and in the methods of calculus of variations that were derived for nonconvex
material models. The major fact is that rate independence is still so close to
statics that very similar methods can be employed. Nevertheless it allows us
to study evolutionary effects on slow timescales.

In Sect. 2 we will present the theory of standard generalized materials and
will show how these models are linked to the so-called energetic formulation.
In Sect. 3 we summarize the existence theory for energetic solutions developed
in a quite abstract setting, see [22, 42, 48].

In Sect. 4 we discuss the question of approximation of the energetic for-
mulation. Based on abstract Γ -convergence ideas it is possible to derive con-
vergent results for numerical approximations via finite-element methods, see
[37, 54]. Moreover, homogenization results are established, see [62]. Finally, a
relaxation result is presented that is due to [37, 56].

The final section is devoted to a list of several applications. The whole work
was initiated through the need for a better understanding of the hysteretic
evolution of microstructure in shape-memory alloys [57, 59]. In the Sects. 5.1
to 5.4 we report on the development of the analysis of different models since
then. Further applications occur in damage [20, 55], in delamination [34] and in
brittle fracture [12, 15, 21]. The modeling of ferroelectric and magnetostricitive
materials also fits into this framework, see Sects. 5.5 and 5.6. Moreover, the
theory of elastoplasticity should be mentioned, since it is one of the major
driving forces of the theory of rate-independent processes. The recent advances
in this topic will be surveyed in another article of this volume, see [45].

2 Modeling Materials with Internal Variables

2.1 Standard Generalized Materials

This theory was developed in [28, 80] and has established a central rôle in the
area of material modeling on the phenomenological level, see [23, 26, 44] for
some recent references.

We consider an elastic body with reference domain Ω ⊂ Rd . The deforma-
tion ϕ : Ω → Rd gives rise to the strain tensor F = ∇ϕ. We assume that the
state in a material point x ∈ Ω is described by F ∈ Rd×d and a further vari-
able z ∈ Z which is often called internal variable. Here z may denote plastic
variables, damage, magnetization, polarization or some phase indicator. The
admissible set Z is in general a submanifold (with boundary) of Rm for some
m ∈ N.

The material behavior is described by two constitutive functions, the
stored-energy density W = Ŵ (x, F, z) (also called elastic potential) and the

dissipation potential R = R̂(x, z, ż). While W is the potential for the stress-
strain relation, R is the potential for the dissipational forces versus the rate
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ż, viz.,
T = ∂

∂F Ŵ (x, F, z) and fdiss = − ∂
∂ż R̂(x, z, ż) .

The time evolution of the material is now described by the quasistatic elastic
equilibrium

−div
(

∂
∂F Ŵ (x,∇ϕ, z)

)
= fext plus bound. cond.

and by the flow law for the internal variable which involves the thermody-
namically conjugated driving force XZ = − ∂

∂z Ŵ (x, F, z), viz.,

−(fdiss + Xz) = 0 = ∂
∂ż R̂(x, z, ż) + ∂

∂z Ŵ (x,∇ϕ, z) .

Rate independence means that R̂(x, z, ·) is homogeneous of degree 1. Then,
∂
∂ż R̂ has to be understood as the multi-valued subdifferential of convex anal-
ysis

∂żR̂(x, z, v) = { η ∈ T∗
zZ | ∀w ∈ TzZ: R̂(x, z, w) ≥ R̂(x, z, v)+〈η, w−v〉 } .

To provide a mathematical framework we introduce F as the set of ad-
missible deformations, which is typically an affine subspace of some Sobolev
space W1,p(Ω, Rd) due to the Dirichlet boundary conditions. Moreover, we
let Z = L1(Ω, Z) for the function space of admissible internal states. For the
state space Q = F × Z we set q = (ϕ, z) and

E(t, q) =
∫

Ω Ŵ (x,∇ϕ, z) dz −
∫

Ω fext(t, x)·ϕ(x) dx ,

R(z, ż) =
∫

Ω R̂(t, z(x), ż(x)) dx .

Hence, the evolutionary problem takes the form

DϕE(t, ϕ(t), z(t)) = 0,

0 ∈ ∂żR(z(t), ż(t)) + DzE(t, ϕ(t), z(t)) .
(2.1)

2.2 The Energetic Formulation

In general the manifold Z ⊂ Rm might be complicated and the definition
of ż might be nontrivial. Moreover, in rate-independent systems it is to be
expected that solutions develop jumps. Hence, it is desirable to find a weaker
formulation avoiding derivatives. For this we introduce the dissipation distance
D(x, ·, ·) : Z × Z → [0,∞] which is associated with the Finslerian dissipation

metric R̂(x, ·, ·) : TZ → [0,∞], viz.,

D(x, z0, z1) = inf{
∫ 1

0
R̂(x, z̃(s), ˙̃z(s))ds | z̃∈C1([0,1], Z), z̃(0)=z0, z̃(1)=z1 } .

On Z this induces the distance D with D(z0, z1) =
∫

Ω
D(x, z0(x), z1(x)) dx,

and we are able to define the dissipation along an arbitrary path z : [0, T ] → Z
via
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DissD(z, [s, t]) = sup{
N∑

j=1

D(z(tj−1), z(tj)) | N ∈ N, s ≤ t0 < t1 < · · · tN ≤ t} .

For smooth paths is compatible with the classical dissipation

DissD(z, [s, t]) =
∫ t

s
R(z(τ), ż(τ)) dτ =

∫ t

s

∫
Ω

R̂(x, z(τ, x), ż(τ, x)) dxdτ .

Our weak form of (2.1) is the energetic formulation involving the stability
condition (S) and the energy balance (E). A process q = (ϕ, z) : [0, T ] →
F ×Z = Q is called energetic solution for (E ,D), if for all t ∈ [0, T ] we have

(S) q(t) ∈ S(t)
def
= { q∈Q | E(t,q)<∞, ∀ q̃∈Q: E(t,q) ≤ E(t,q̃)+D(q,q̃) }

(E) E(t, q(t)) + DissD(q, [0, t]) = E(0, q(0)) +
∫ t

0
∂sE(s, q(s)) ds .

Here ∂sE(s, q(s)) = ∂
∂sE(s, q(s)) is called the power of the external forces and

we implicitly assume that t �→ ∂tE(t, q(t)) lies in L1((0, T )).
In the case that Q is a Banach space, that E and R are Gateaux dif-

ferentiable and that the energetic solution q lies in W1,1([0, T ],Q) it is
easy to see that (S) implies DϕE(t, ϕ(t), z(t)) = 0 and O ∈ ∂żR(z(t), 0) +
DzE(t, ϕ(t), z(t)). Moreover, differentiating (E) with respect to time yields
DzE(t, ϕ(t), z(t))[ż(t)] + R(z(t), ż(t)) = 0 . This is exactly (2.1). In the case
that E(t, ·) is strictly convex on the Banach space Q and that R does not
depend on z, it is shown in [58] that (2.1) is in fact equivalent to (S) & (E).
See also [19, 51] for more general results on this equivalence.

However, as we are mostly interested in nonconvex models we will mainly
focus on the energetic formulation (S) & (E). Note that a significant simplifi-
cation occurs due to the fact that (S) is a purely static condition.

2.3 Formulations that Minimize Locally

A major drawback of the energetic formulation is that (S) involves a global
stability condition, while local stability would be more physical. However, the
word “local” means that we need to specify a topology in which neighborhoods
will be defined. One physical way of doing this is to consider systems with
small viscosity and to study the limit of vanishing viscosity,

0 = εA1ϕ̇ + DϕE(t, ϕ, z) ,

0 ∈ ∂R(z, ż) + εA2ż + DzE(t, ϕ, z) .

A mathematical way of approaching the same problem is that of doing local
minimization in the associated time-incremental problem

(IP)δ
loc qk ∈ Argmin{ E(tk, q̃) + D(qk−1, q̃) | q̃ ∈ Q, ‖qk−1−q̃‖ ≤ δ } ,

where ‖·‖ denotes a suitable norm.
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It is shown in [18] that for the smooth finite-dimensional situation the as-
sociated solutions converge, after an arclength parameterization, to solutions
of the following limit problem

0 ∈ ∂R‖·‖(z′(s)) + DzE(t(s), z(s)) and 1 = t′(s) + ‖z′(s)‖ ,

where R‖·‖(v) = R(v) for ‖v‖ ≤ 1 and ∞ else. Generalizations of this idea to
the infinite dimensional setting will be discussed in [52].

3 Analysis of the Energetic Formulation

3.1 The Basic Abstract Assumptions

Our state space Q = F ×Z is considered to be the product of two topological
spaces F and Z, both of which are assumed to be Hausdorffsch. Through-
out all topological notions like compactness, closedness and (semi-)continuity

are meant in the sequential sense. For convergence we write
Q→,

F→ and
Z→,

respectively.
We start with the assumptions on D : Z ×Z → [0,∞]:

∀ z1, z2, z3 ∈ Z : D(z1, z3) ≤ D(z1, z2) + D(z2, z3) . (3.1)

D : Z ×Z → [0,∞] is lower semi-continuous . (3.2)

For compact K ⊂ Z and (zk)k∈N ⊂ K we have:

min{D(zk, z),D(z, zk)} → 0 =⇒ zk
Z→ z .

(3.3)

For applications in continuum mechanics it is essential to allow D to attain
the value +∞ and to be unsymmetric, i.e., in general D(z1, z2) �= D(z2, z1).

An important abstract tool is a suitable generalization of Helly’s selection
principle, cf. [42]. If the functions zk : [0, T ] → K ⊂ Z with K compact satisfy
DissD(zk, [0, T ]) ≤ C < ∞, then there exists a subsequence (kj)j∈N and a limit

function z : [0, T ] → K ⊂ Z, such that for all t ∈ [0, T ] we have zkj (t)
Z→ z(t)

and DissD(z, [0, T ]) ≤ lim infk→∞ DissD(zk, [0, T ]).
For the energy functional E the following assumptions proved to be useful:

∀ t ∈ [0, T ] ∀E ∈ R : { q ∈ Q | E(t, q) ≤ E } is compact ; (3.4)

∃ cE
0 ∈ R ∃ cE

1 > 0 ∀ (t, q) ∈ [0, T ]×Q with E(t, q) < ∞ :

E(·, q) ∈ C1([0, T ], R) and |∂tE(s, q)| ≤ cE
1 (E(s, q)+cE

0 ) on [0, T ] ;
(3.5)

∀ ε > 0 ∀E ∈ R ∃ δ > 0 ∀ q with E(0, q) ≤ E :

|t1 − t2| ≤ δ =⇒ |∂tE(t1, q)−∂tE(t1, q)| ≤ ε ;
(3.6)

(
qk ∈ S(t), sup

k∈N

E(t, qk)<∞, qk
Q→ q

)
=⇒ ∂tE(t, qk) → ∂tE(t, q) . (3.7)
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The standard condition (3.4) implies lower semi-continuity and relative com-
pactness of infimizing sequences. The other conditions concern the power of
external forces ∂tE . Assumption (3.5) says that we are able to control the work
of the external forces via the energy itself. The assumptions (3.6) and (3.7)
concern continuity in t and q. They are easily checked in the Banach space
setting if E has the form E(t, q) = E0(q) − 〈
(t), q〉 with 
 ∈ C1([0, T ],Q∗).

The final and crucial assumption controls the interplay of E and D:

∀ t ∈ [0, T ] : S(t) is closed in Q . (3.8)

In most applications of the present theory, the major work goes into establish-
ing (3.8). There are a few abstract results that establish (3.8). For instance,
if D is continuous on Z, then (3.8) can be easily derived using (3.4).

The following lemma provides a more general condition. We refer to [42,
54, 56] for more discussion on ways to establish closedness of the stable set.

Lemma 1. If for each sequence (qk)k∈N in S(t) with qk
Q→ q and each q̃ ∈ Q̃

there exists a recovery sequence (q̃k)k∈N with q̃k
Q→ q̃ such that

lim sup
k→∞

(
E(t, q̃k) + D(qk, q̃k) − E(t, qk)

)
≤ E(t, q̃) + D(q, q̃) − E(t, q)

holds, then S(t) is closed.

Proof. We start from qk ∈ S(t) with qk → q and have to show q ∈ S(t).
Let q̃ be an arbitrary test function. Then, by the assumption of the lemma

there exist q̃k, k ∈ N, with q̃k
Q→ q̃. From qk ∈ S(t) we know 0 ≤ E(t, q̃k) +

D(qk, q̃k) − E(t, qk) and hence the lim supk→∞ is nonnegative. We conclude
E(t, q̃) + D(q, q̃) − E(t, q) ≥ 0 and obtain q ∈ S(t). ��

3.2 The Existence Result

We approach the time-continuous formulation (S) & (E) by the following time-
incremental problem (IP). For a partition Π = {0 = t0 < t1 < · · · < tN = T }
and a given initial value q0 ∈ Q we let

(IP)Π
Find q1, q2, . . . , qn such that
qk ∈ Argmin{ E(tk, q̃) + E(qk−1, q̃) | q̃ ∈ Q } .

By assumption (3.2) and (3.4) it is immediate that (IP)Π is solvable and we
are able to define the piecewise constant interpolant

qΠ : [0, T ] → Q with qΠ(t) =

{
qj−1 for t ∈ [tj−1, tj) ,

qN for t = T .

It is not difficult to see that the incremental solution satisfies qΠ(tj) ∈ S(tj)
for j = 1, . . . , N and
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E(tj , q
Π(tj)) + DissD(qΠ , [0, tj]) ≤ E(0, qΠ(0)) +

∫ tj

0
∂sE(s, qΠ(s)) ds .

From this it is then possible to derive a priori estimates independent of Π
for E(t, qΠ(t)) and DissD(qΠ , [0, T ]). Helly’s selection principle for the z-
component and the compactness of the sublevels of E allow us then to con-
struct a converging subsequence and to pass to the limit. The final result reads
as follows. We refer to [22, 42, 48] for the proof.

Theorem 1. Let Πk = {0 = tk0 < tk1 < · · · < tkNk
= T }, k ∈ N, be a sequence

of partitions such that φ(Πk) = max{tkj −tkj−1 | j = 1, . . . , Nk } tends to 0. Let

q0 ∈ S(0) be an initial condition and qΠk : [0, T ] → Q be piecewise constant
interpolants of the solution of (IP)Πk

. Then there exists a subsequence qn =
qΠkn and an energetic solution q : [0, T ] → Q of (S) & (E) with q(0) = q0

such that for all t ∈ [0, T ] the following holds

(i) zn(t)
Z→ z(t) ,

(ii) E(t, qn(t)) → E(t, q(t)) ,
(iii) DissD(qn, [0, t]) → DissD(q, [0, T ]) ,

(iv) ∃ subsequence (N t
l )l∈N: ϕNt

l
(t)

F→ ϕ(t) for l → ∞ .

Moreover, ∂tE(·, qn(·)) ∗
⇀ ∂tE(·, q(·)) in L∞((0, T )).

The convergence of the ϕ-component occurs only on t-dependent subse-
quences (N t

l )l∈N. Hence, in general, we cannot guarantee the measurability of
the mapping ϕ : [0, T ] → F . However, in [41] it is shown that measurability
can also be obtained by applying suitable results for measurable selections of
multi-valued mappings.

3.3 Results Based on Convexity

The abstract result of the previous section can be improved if additional
properties are available. We now assume that Q is a Banach space, such
that convexity methods can be used. In general, one should distinguish three
different spaces X, Y and Z. The space Z is the one that provides coercivity
of the dissipation distance, i.e.,

∀ q0, q1 ∈ Q : D(q0, q1) ≥ ‖q1 − q0‖Z . (3.9)

The space Y measures the uniform convexity of Jt,q : q̃ �→ E(t, q̃)+D(q, q̃):

∀ q0, q1 ∈ Q : Jt,q

(
1
2 (q0+q1)

)
≤ 1

2 (Jt,q(q0)+Jt,q(q1)) − α
2 ‖q0−q1‖2

Y (3.10)

for some α > 0. Finally, X relates to the coercivity of E , i.e.,

∀ q ∈ Q : E(t, q) ≥ g(‖q‖X) (3.11)

for some g ∈ C0([0,∞), R) with g(t) → ∞ for t → ∞.
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The abstract results of Sect. 3.2 immediately imply that any solution of
(S) & (E) satisfies

q = (ϕ, z) ∈ L∞([0, T ], X) and z ∈ BV([0, T ], Z) .

For a proof of the following result we refer to Theorem 3.4 in [48].

Proposition 1. Assume that E and D satisfy the joint convexity condition
(3.10) for some α > 0 and that there exists CY > 0 such that

∀ t ∈ [0, T ] ∀ q0, q1 ∈ Q : |∂tE(t, q0)−∂tE(t, q1)| ≤ CY ‖q0−q1‖Y .

Then, every solution q of (S) & (E) satisfies

∀ t1, t2 ∈ [0, T ] : ‖q(t1)−q(t2)‖Y ≤ CY

α
|t1−t2| .

As a typical example we consider the case Q = Z = X with

X = H1(Ω) , D(z0, z1) =
∫

Ω |z0(x) − z1(x)| dx ,

E(t, z) =
∫

Ω W (∇z(x)) + α
2 |z(x)|2 − fext(t, x)z(x) dx ,

with α > 0, fext ∈ C1([0, T ], L2(Ω)) and W : Rd → [0,∞), where W is convex
and coercive, i.e., W (A) ≥ c|A|2 −C for some C, c > 0 and all A ∈ Rd. Then,
we may choose Z = L1(Ω) and Y = L2(Ω).

In such situations it is possible to define q̇(t) almost everywhere, since
jumps, which are allowed in the energetic formulation, can no longer occur.
Hence, it is possible to study the local subdifferential formulation (2.1) instead.
Using q = (ϕ, z) ∈ X = Q and R(z, v) = limε→0

1
εD(z, z + εv) we write (2.1)

in the compact form

X∗ � 0 ∈ ∂vR(q(t), q̇(t)) + ∂qE(t, q(t)) a.e. on [0, T ] . (3.12)

This equation is called a doubly nonlinear equation and it relates to evolu-
tionary quasi-variational inequalities (cf. [10]). We refer to [51, 58] for exact
conditions which guarantee the equivalence between (S) & (E) and (3.12).

The latter work contains also a general existence result for Lipschitz con-
tinuous solutions to (3.12). Under quite severe additional assumptions it is
even possible to prove uniqueness, see [10, 51, 58]. However, these assumptions
are rarely met in material models except for very simple cases like linearized
elastoplasticity with quadratic hardening, see [29, 31, 64]. Other uniqueness
results are discussed in [60, 61] for piezoelectricity and in [4] for an isotropic
model for shape-memory alloys, see also Sect. 5.

4 Approximation, Γ -Limits and Relaxation

In several circumstances it is desirable to consider sequences of functionals
(Ek)k∈N and (Dk)k∈N which converge to limit functionals E∞ and D∞, respec-
tively, in a suitable sense. The main question is which type of convergence
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guarantees that limits q : [0, T ] → Q of solutions qk : [0, T ] → Q for (Ek,Dk)
are solutions for (E∞,D∞).

Typical applications of this idea occur for

• numerical approximations with Ek(t, q) = E∞(t, q) for q ∈ Qk ⊂ Q and ∞
otherwise, where each Qk is a finite-dimensional subspace of Q such that
Qk ⊂ Qk+1 and

⋃
k∈N Qk is dense in Q.

• problems with singular perturbations (like sharp interface models) or with
penalization terms

• constant sequences Ek = E1,Dk = D1, where E1(t, ·) and D1(·, ·) are not
lower semi-continuous and differ from their Γ -limits E∞ and D∞.

The latter point relates to relaxations of rate-independent evolution which is
an important topic in material modeling. It is a tool for deriving evolution
equations for microstructures. We refer to [14, 47, 50, 59, 78] for discussions
of this topic.

Here we present the theory originating from [37]. In [56] the abstract ver-
sion was developed and in [54] it is applied to numerical approximation in
several material models. The following version is a simplified version of the
one developed in [56].

4.1 Γ -Convergence of Rate-Independent Systems

We let N∞ := N ∪ {∞} and state first the conditions on the dissipation
distances (Dk)k∈N∞

. Each Dk, k ∈ N∞, is a pseudo distance on Z, i.e.,

∀ zj ∈ Z : Dk(z1, z1) = 0 and Dk(z1, z3) ≤ Dk(z1, z2) + Dk(z2, z3) . (4.1)

To obtain solutions of incremental problems we impose that

∀ k ∈ N∞ : Dk : Z ×Z → [0,∞] is lower semi-continuous . (4.2)

The limit distance D∞ must be positive in the following sense

For compact K ⊂ Z and (zk)k∈N ⊂ K we have:

min{D∞(zk, z),D∞(z, zk)} → 0 =⇒ zk
Z→ z .

(4.3)

Finally, D∞ must be bounded from above by the Γ -liminf of (Dk)k∈N, i.e.,(
zk

Z→ z and z̃k
Z→ z̃

)
=⇒ D∞(z, z̃) ≤ lim inf

k→∞
Dk(zk, z̃k) . (4.4)

Next we state the conditions on the energy functionals. We start with the
compactness of the sublevels:

∀ t ∈ [0, T ] ∀E ∈ R :
(i) ∀ k ∈ N∞ : { q ∈ Q | Ek(t, q) ≤ E } is compact ,
(ii)

⋃
k∈N{ q ∈ Q | Ek(t, q) ≤ E } is relatively compact .

(4.5)
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The next three conditions provide suitable continuity properties of the powers
∂tEk(·, ·) of the external forces.

∃ c0, c1 > 0 ∀ k ∈ N∞ ∀ (t, q) ∈ [0, T ]×Q with Ek(t, q) < ∞ :

Ek(·, q) ∈ C1([0, T ]) and |∂tEk(s, q)| ≤ c1(Ek(s, q)+c0) on [0, T ] ;
(4.6)

∀ ε > 0 ∀E > 0 ∃ δ > 0 ∀ k ∈ N∞ ∀ q ∈ Q with Ek(0, q) ≤ E :

|t1−t2| ≤ δ =⇒ |∂tEk(t1, q)−∂tEk(t2, q)| ≤ ε ;
(4.7)

(
qk

Q→ q and sup
k∈N

Ek(t, qk) < ∞
)

=⇒ ∂tEk(t, qk) → ∂tE(t, q) . (4.8)

The final condition on (Ek)k∈N∞
concerns the Γ -liminf, namely

qk
Q→ q =⇒ E∞(t, q) ≤ lim inf

k→∞
Ek(t, qk) . (4.9)

The crucial condition that connects the convergences of Dk to D∞ and Ek to
E∞ involves the sets of stable states. For k ∈ N∞ we have

Sk(t)
def
= { q ∈ Q | Ek(t, q) < ∞ and ∀ q̃ ∈ Q : Ek(t, q) ≤ Ek(t, q̃) + Dk(q, q̃) }

and ask for the upper semi-continuity Limsupk→∞ Sk(t) ⊂ S∞(t), i.e.,(
qk�

∈ Sk�
(t) and qk�

Q→ q for k	 → ∞
)

=⇒ q ∈ S∞(t) . (4.10)

In typical applications in continuums mechanics it is hard to establish this
condition. On the abstract level it is possible to provide sufficient conditions.
For instance, we say that E∞ is the Γ -limit of (Ek)k∈N if (4.9) holds and if for
all q̃ ∈ Q there exists a recovery sequence (q̃k)k∈N such that

q̃k
Q→ q̃ and E∞(t, q̃) ≥ lim sup

k→∞
Ek(t, q̃k) . (4.11)

A similar notion of Γ -limit holds for (Dk)k∈N.
It is shown in [56] that in general (4.10) does not hold if Ek Γ -converges

to E∞ and Dk Γ -converges to D∞. Even more, the following theorem may be
false. The next lemma gives a positive result.

Lemma 2. If E∞ = Γ -limk→∞Ek, i.e., (4.9) and (4.11) hold, and if Dk con-
verges continuously to D∞, i.e.,(

zk
Z→ z and z̃k

Z→ z̃
)

=⇒ Dk(zk, z̃k) → D∞(z, z̃) , (4.12)

then (4.10) holds.

Proof. Let qk = (ϕk, zk) ∈ Sk(t) be given such that qk�

Q→ q. Moreover, let
q̃ be arbitrary. Then there exists a recovery sequence q̃k = (ϕ̃k, z̃k) satisfying
(4.11). Using (4.12) we conclude
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E∞(t, q) ≤ lim inf	→∞ Ek�
(t, qk�

)

≤ lim inf	→∞
(
Ek�

(t, q̃k�
)+Dk�

(qk�
, q̃k�

)
)

= E∞(t, q̃) + D∞(q, q̃) .

Here we use first (4.9), next qk ∈ Sk(t) and last (4.11) and (4.12). Since q̃ ∈ Q
was arbitrary, we have q ∈ S∞(t). ��

The following result is concerned with the so-called incremental problem
(IP)k. For this choose a sequence (Πk)k∈N of partitions with Πk = {0 = tk0 <
tk1 < . . . < tkNk

= T } and fineness φ(Πk) = max{ tkj − tkj−1 | j = 1, . . . , Nk }:

(IP)k

Given qk
0 ∈ Q, find iteratively

qk
j ∈ Argmin{ Ek(tkj , q̃) + Dk(qk

j−1, q̃) | q̃ ∈ Q }.
Existence of solutions follows easily from (4.2) and (4.5). We define the con-
stant interpolants qk : [0, T ] → Q via

qk(t) = qk
j−1 for t ∈ [tkj−1, t

k
j ) and qk(T ) = qk

Nk
.

Theorem 2. Let the conditions (4.1) to (4.10) hold and let the partitions Πk,
k ∈ N, satisfy φ(Πk) → 0 for k → ∞. Moreover, assume

qk
0 ∈ Sk(0), qk

0
Q→ q0, and Ek(0, qk

0 ) → E∞(0, q0) .

Choose any sequence (qk)k∈N of constant interpolants of solutions to (IP)k.
Then, there exists a solution q : [0, T ] → Q of (S) & (E) associated with
(E∞,D∞) and q(0) = q0 and a subsequence (qk�

)	∈N such that for all t ∈ [0, T ]
the following holds:

(i) Ek�
(t, qk�

(t)) → E∞(t, q(t)),

(ii) DissDk�
(qk�

, [0, t]) → DissD∞
(q, [0, t]),

(iii) zk�
(t)

Z→ z(t),

(iv) ∃ subsequences (Kt
n)n∈N of (k	)	∈N : ϕKt

n
(t)

F→ ϕ(t) for n → ∞.

Moreover, we have ∂tEk�
(·, qk�

(·)) ∗
⇀ ∂tE∞(·, q(·)) in L∞([0, T ]).

4.2 Relaxation in Case of Missing Lower Semi-Continuity

In applications it may occur that for mechanically given functionals E and D
it is not possible to choose a space Q, such that the sublevels of E are com-
pact. In particular, the time-incremental problems (IP)Π may not be solvable
because of the missing lower semi-continuity, which has its mechanical coun-
terpart in the formation of microstructure. In such situations it is desirable to
find suitable relaxations , which allow for the calculation of suitable effective
quantities associated with these microstructures. For rate-independent sys-
tems this question was first addressed in [59], where the separate relaxation
E∞ = Γ -limE and D∞ = Γ -limD, and further developed in [14, 20, 47, 56, 78].
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Of course, in the case of a constant sequence the Γ -limit is simply the lower
semi-continuous hull.

In [47, 56, 59] it is suggested to study the approximate incremental problem

(AIP)Π,α

Given q0 ∈ Q, find iteratively q1, q2, . . . , qN such that

E(tj , qj) + D(qj−1, qj)

≤ (tj−tj−1)α + infeq∈Q E(tj , q̃)+D(qj−1, q̃).

For α > 0 this problem always has solutions and the question arises as to how
the solutions behave for α → 0 and for smaller and smaller time steps.

Choose sequence (Πk)k∈N and (αk)k∈N with 0 < αk → 0 and φ(Πk) → 0.
Then, wor each k ∈ N a solution of (AIP)Πk,αk

exists and defines a piecewise
constant interpolant qk : [0, T ] → Q. In [56] it is shown under general abstract
conditions that the interpolants contain a convergent subsequence in the sense
above and that the limit q : [0, T ] → Q is an energetic solution for the Γ -limit
potentials E∞ and D∞. One simple sufficient condition is that D is already
continuous, which implies D∞ = D.

Another abstract relaxation result is derived in [50]. It uses a kind of elliptic
regularization of the subdifferential inclusion (3.12). We consider a sequence
of functionals

Ik,δ(q) =
∫ T

0
e−t/δ(Rk(q̇(t)) + 1

δEk(t, q(t))) dt ,

where again each Rk : Q → [0,∞] is convex, lower semi-continuous and 1-
homogeneous. If Rk and Ek were smooth, the Euler-Lagrange equation reads

δD2Rk(q̇)[q̈] = DRk(q̇) + DqEk(t, q) ,

which in the formal limit δ → 0 converges to (3.12).
Using the 1-homogeneity of Rk it is proved in [50] that minimizers q :

[0, T ] → Q of Ik,δ satisfy the δ-independent energy balance

Ek(t, q(t)) +
∫ t

0
Rk(dq) = Ek(0, q(0)) +

∫ t

0
∂sEk(s, q(s)) ds .

As in Sect. 3.2 this implies a priori bounds independent of δ > 0 and of k, if
(4.6) is used. Fixing δ > 0 and letting k → ∞, we obtain a Γ -limit I∞,δ in
the form

I∞,δ(q) =
∫ T

0 e−t/δ
(
R∞(q̇(t)) + 1

δE∞(t, q(t))
)

dt ,

if E∞ = Γ -limk→∞ Ek and Rk converges continuously to R∞. Finally, under
these assumptions it is shown that for minimizers qk,δ : [0, T ] → Q the accu-
mulation points for k → ∞ and δ → 0 are in fact solutions of the energetic
formulation (S) and (E) associated with E∞ and D∞ : (q, q̃) �→ R∞(q̃ − q).

4.3 Numerical Space Discretization

We indicate one of the main applications of the Γ -convergence results. Con-
sider a reflexive Banach space Q equipped with its weak topology. This space
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is approximated by a nested sequence (Qk)k∈N of finite-dimensional subspaces
such that their union is dense, viz., Qk ⊂ Qk+1 ⊂ Q and ∪k∈NQk = Q. Finally,
assume that the functionals E∞ = [0, T ] × Q → R∞ is strongly continuous
and D∞ : Q×Q → [0,∞] is weakly continuous in addition to the assumption
(3.1) to (3.8). Now define the finite-dimensional (space) approximations via

Ek(t, q) =

{
E∞(t, q) for q ∈ Qk ,

∞ otherwise ,
Dk(q, q̃) =

{
D∞(q, q̃) for q, q̃ ∈ Qk ,

∞ otherwise .

Then it is easy to see that the assumptions (4.1) to (4.9) are satisfied. To
establish the upper semi-continuity of the stable sets we proceed as follows.
Starting from qk ∈ Sk(t) with qk ⇀ q we need to show q ∈ S∞(t). For q̃ ∈ Q
we choose q̃k ∈ Qk with q̃k → q (strongly). Then we have

0 ≤ Ek(t, q̃k) + Dk(qk, q̃k) − Ek(t, qk) = E(t, q̃k) + D(qk, q̃k) − E(t, qk) .

Using strong continuity for E , weak continuity for D and weak lower semi-
continuity for E we take the limsup of the last expression and find

0 ≤ lim sup
k→∞

(
E(t, q̃k)+D(qk, q̃k)−E(t, qk)

)
≤ E(t, q̃)+D(q, q̃)−E(t, q) ,

which is the desired stability result, since q̃ is arbitrary.
This theory is the basis for treating spatial discretizations of energetic

formulations. In particular, Theorem 2 guarantees that each limit point of the
joint space-time discretization provides a true solution of (S) and (E).

In [37] this numerical theory was developed for a model involving gradient
Young measures to describe microstructures in shape-memory alloys. A more
systematic treatment of different aspects of numerical space discretizations
as well as penalizations or relaxations is given in [54]. Using more regularity
and convexity assumptions full convergence results, without choosing subse-
quences, are established in [4]. This is closer to the highly developed theory
in linearized elastoplasticity, see [1, 29, 31, 77].

5 Applications to Material Models

The theory of rate-independent processes finds applications in many areas.
This includes the theory of superconductivity [67, 75], dry friction on surfaces
[2, 43, 74], delamination [34], damage [55] and brittle fracture [12, 15, 21].
The latter three areas involve applications where the internal variable is active
only on submanifolds of the elastic body. Here we restrict ourselves to those
situations where the internal variable z is distributed throughout the body.

The original driving force of this theory was the dynamic problem of lin-
earized elastoplasticity, however, nowadays many other applications occur in
phase transformations in shape-memory materials, in magnetostriction, in
piezo- or ferroelectricity, and in damage. Finite-strain elastoplasticity is an-
other very active area for rate-independent modeling. This will be surveyed
in [45] of this volume.



364 Alexander Mielke

5.1 Shape-Memory Materials

We consider an elastic body Ω ⊂ Rd in its reference configuration, which we
assume to have a Lipschitz boundary. The deformation ϕ : Ω → Rd describes
the elastic behavior in the case of large strains (also called “finite strain”),
whereas the displacement u : Ω → Rd, x �→ ϕ(x) − x, is used in the case of
small strains (also called “infinitesimal strain”). The elastic properties depend
on the strain tensors ∇ϕ�∇ϕ and ε(u) = 1

2 (∇u + ∇u�), respectively.
Since the shape-memory effect relies on the fact that these materials have

several phases, the corresponding stored-energy density (also called stress po-
tential) has a multi-well structure, which is usually given in the form

W (x,∇ϕ) = min{ Wj(x,∇ϕ) | j = 1, . . . , N } .

Here N is the number of (variants of) phases including the austenite and the
martensites. Each Wj(x, ·) : Rd×d → [0,∞] is assumed to behave nicely in
terms of lower semi-continuity and coercivity.

However, W (x, ·) is in general not rank-one convex, and hence formation
of microstructures is to be expected. This is compatible with the physics, since
the shape-memory effect relies heavily on formation of martensitic laminates
(also called “twinning”), see Fig. 1. We refer to [9, 70] for surveys on the
mathematical modeling of microsctructures in shape-memory alloys.

tw
inn

ing

pla
ne

twinned
martensite

parent
austenite
(cubic) variant of

martensite

another

one variant 
of martensite

atomistic scale microscale mesoscale

Fig. 1. Sketch of the multiscale structure of a sequential laminate in a shape-memory
alloy (left to middle). Microscopic view of laminates by Chu and James (right)

To describe this mathematically it is advantageous to use gradient Young
measures, see [7, 9, 38, 39, 65] for the static case and see [3, 27, 37, 47, 53, 70]
for the evolution of microstructures. We will survey this work next. After that
we will discuss several models which do not resolve the microstructure but keep
certain volume fractions or effective properties, see [23, 24, 25, 41, 57, 59, 76].
Finally, we will indicate how these models may be generalized to include the
temperature as an additional external parameter.

5.2 Models Using Gradient Young Measures

A gradient Young measure is a function over the physical domain Ω which
takes values in the set of probability measures on the set Rd×d of deformation
gradients, namely
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Prob(Rd×d) := { μ ∈ M(Rd×d) | μ ≥ 0,
∫

Rd×d 1 μ(dA) = 1 } .

However, the addition “gradient” means that only those measures are consid-
ered, that can be generated via a sequence of gradients of deformations.

We say that a bounded sequence (ϕk)k∈N in W1,p(Ω, Rd) generates the

gradient Young measure μ : Ω → Prob(Rd×d) and write ∇ϕk
YM→ μ, if for all

ψ ∈ C0
c(Ω × Rd×d) we have, for k → ∞,∫

Ω ψ(x,∇ϕk(x)) dx →
∫

Ω

∫
Rd×d ψ(x, A)μ(x, dA) dx .

Such μ have the additional property
∫

Ω

∫
Rd×d(1+|A|)pμ(x, dA) dx < ∞, and

we denote the set of all these measures by

Gp(Ω) = p-integrable gradient Young measures .

To model the hysteretic behavior in shape-memory materials with the en-
ergetic formulation discussed in Sect. 3 we need to introduce a phase indicator
z : Ω → ZN where ZN is usually taken as the Gibbs simplex

ZN = { z ∈ RN | zi ≥ 0,
∑N

i=1 zi = 1 } .

The components zi of z ∈ ZN measure the volume fraction of phase i in a
representative volume element. For gradient Young measures we extract the
phase fractions via a continuous mapping

ζ : Ω × Rd×d → ZN

such that ζ(x, A) = ej (unit vector in RN ), if W (x, A) = Wj(x, A) ≤
Wk(x, A)− δ for k �= j. Here δ > 0 is a suitable constant which is assumed to
be much smaller than the depth of the wells.

Finally we introduce a dissipation distance D : ZN × ZN → [0,∞). It
suffices to prescribe the values κj→k = D(ej , ek) > 0, such that the triangle
inequality holds, i.e., κj→	 ≤ κj→k + κk→	. Here κj→k denotes the energetic
loss when the material jumps from a phase ej into another phase ek. Then,
D : ZN × ZN → [0,∞) is defined via the optimal transport problem

D(z, z̃) = min
{ N∑

j,k=1

mjkκj→k

∣∣ mjk ≥ 0,
N∑

k=1

mjkej = z̃,
N∑

j=1

mjkek = z
}

.

It is shown in Proposition 4.7 in [59], that there exists a convex, 1-homogeneous
R : RN → [0,∞) such that D(z, z̃) = R(z̃ − z).

With these notations we now formulate the function spaces and the func-
tionals. We assume that Ω ⊂ Rd is a bounded domain with Lipschitz bound-
ary ∂Ω and that ΓDir ⊂ ∂Ω is a set of positive surface measure on which we
describe Dirichlet boundary data. We let

F = { ϕ ∈ W1,p(Ω, Rd) | ϕ|ΓDir = ΦDir } × Gp(Ω) and Z = L1(Ω, ZN ) .
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The state space is Q = F × Z and a state consists of a triple q = (ϕ, μ, z).
We further let Q0 = { (ϕ, μ, z) ∈ Q | ∇ϕ = id•μ, z = ζ•μ }, where “•”
denotes the contraction over A ∈ Rd×d but not over x ∈ Ω, i.e., (id•μ)(x) =∫

Rd×d Aμ(x, dA) and (ζ•μ)(x) =
∫
Rd×d ζ(x, A)μ(x, dA). With the prescribed

external volume and surface loadings

〈
(t), ϕ〉 =
∫

Ω
fext(t, x)·ϕ(x) dx +

∫
ΓNeu

gext(t, x)·ϕ(x) da(x)

we define the energy-storage functional

E(t, q) =
∫
Ω

∫
Rd×d

W (x, A)μ(x, dA) + ρ
2 |∇αz|2 dx − 〈
(t), q〉 for q ∈ Q0 (5.1)

and E(t, q) = +∞ for q = (ϕ, μ, z) ∈ Q\Q0. Here ρ > 0 and ∇αz, α > 0,
denotes a (fractional) derivative, for instance for α ∈ (0, 1) we have

∫
Ω |∇αz|2 dx =

∫
Ω

∫
Ω

|z(x)−z(ex)|2
|x−ex|d+2α dxdx̃ .

This regularizing term allows us to choose the strong topology in L1(Ω, ZN ) as
this space is compactly embedded into Wα,2(Ω, RN ) for α > 0. Nevertheless,
for α < 1/2 the functions in Wα,2(Ω, RN ) may have jumps along smooth
interfaces such as the habit plane between austenite and martensite.

The dissipation distance is defined as

D(z, z̃) =
∫

Ω D(x, z(x), z̃(x)) dx =
∫

Ω R(x, z̃(x)−z(x)) dx . (5.2)

Since D is (strongly) continuous on Z the crucial closedness condition (3.8)
of the stable sets is easily obtained via Lemma 1 by taking q̃k = q̃.

The following existence theorem is established in [37]. The earlier version in
[53] was based on the much stronger assumption that E(t, (·, ·, z)) has a unique
minimizer, but this condition is no longer needed because of the abstract
developments in [22, 48].

Theorem 3. Let p ∈ (1,∞), α ∈ (0, 1), and ρ > 0. Assume that there exists
C > 0 such that for j = 1, . . . , N , we have

∀A ∈ Rd×d : 1
C |A|P − C ≤ Wj(x, A) ≤ C|A|P + C . (5.3)

Further assume 
 ∈ C1([0, T ], W1,p(Ω, Rd)∗) and that q0 ∈ S(0). Then, the
energetic formulation (S) and (E) associated with E and D from (5.1) and
(5.2), respectively, has a solution q : [0, T ] → Q0.

The theory of Γ -convergence discussed in Sect. 4.1 can also be used to
show that space-time discretizations of the energetic formulation contain sub-
sequences which converge to energetic solutions. For this we use triangulations
Th of Ω. Moreover, we approximate gradient Young measures by sequential
laminates of order κ ∈ N, see [3, 8, 38, 71] and Sect. 5.4 in [47] for an intro-
duction. Fixing κ ∈ N we define Qh

κ as the space of functions q = (ϕ, μ, z) ∈ Q
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for which ∇ϕ, μ and z are constant on each simplex and μ is a laminate of
order at most κ. Using the penalization parameter ε > 0 we let

Eh,ε(t, q) = E(t, q) + 1
ε

∫
Ω |z−ζ•μ|2 dx for q ∈ Qn

κ with ∇ϕ = id•μ

and Eh,ε(t, q) = +∞ otherwise on Q.
In [37] a function H : (0,∞) → (0,∞) with H(ε) → 0 for ε ↘ 0 is con-

structed such that the following holds: If (Πk)k∈N is a sequence of partitions
of [0, T ] with φ(Πk) → 0, if (Thk

) is a sequence of triangulations of Ω and if
εk → 0 with hk ≤ H(εk), then the incremental solutions qk associated with
(Ehk,εk

,D) on Qh
κ have a subsequence which converges to an energetic solution

q : [0, T ] → Q for (E ,D).
Figures 2 and 3 show results from a numerical simulation from [37] for

a sample of 4×4×9mm single-crystal alloy of CuAlNi. It has a cubic-to-
orthorhombic phase transition with one austenite and 6 variants of a marten-
site (i.e., N = 7).
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Fig. 2. Left: 12 steps of the compression cycle. The greyscale indicates the volume
fraction of martensite in each element. Additionally, in the discs the microstruc-
ture on the indicated element is indicated (white=austenite, grey=martensite2,
black=martensite3). Right: hysteresis in the overall stress-strain relation

All phases are modelled by a Saint-Venant-Kirchhoff material Wj(x, A) =
1
2 (A�A−Cj) : Cj : (A�A−Cj) + dj , where Cj ∈ R3×3

sym, Cj ∈ Lin(R3×3
sym), and

dj are the experimentally measured values for each j ∈ {1, . . . , 7} at a fixed
temperature of 312K. The dissipation constants D(ej , e	) are chosen to be
0.5MPa for transformations between martensite and austenite or vice versa.
Transformations between different variants of austenite are assumed to have
much lower dissipation thresholds.

The discretization involves 180 tetrahedrons and second-order laminates.
This leads to 20 degrees of freedom in each element, which lie in a nonlinear
manifold with boundary (box constraints). The minimization technique for
solving the highly nonconvex incremental problem is described in Sect. 6.3 in
[37].
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Fig. 3. Energies (in Joule) during the cycle. Left: stored energy E(t, q(t)), middle:
dissipated energy DissD(q, [0, t]) and right: work of external forces
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A microscopic model that does not allow for microstructure and uses only
pure phases is developed and analyzed in [41]. It is based on the usage of
an interface energy that is proportional to the surface of the interfaces. We
denote the set of pure phases by PN = {e1, . . . , eN} ⊂ ZN ∈ RN and let
Zpure = L1(Ω, PN ) equipped with the strong L1-topology. The space F of
admissible deformations remains as above, whereas the energy functional E :
[0, T ]×Q → R∞ takes the form

E(t, ϕ, z) =
∫

Ω Wj(x)(x,∇ϕ(x)) dx + ρ
∫

Ω |Dz| − 〈
(t), ϕ〉 ,

where j(x) = k ⇔ z(x) = ek and where
∫

Ω |dz| denotes the total variation∫
Ω
|Dz| def

= sup{
∫

Ω
z·divψ dx | ψ ∈ C1(Ω, Rn×d), |||ψ(x)||| ≤ 1 on Ω } .

The norm ||| · ||| on RN×d can be adjusted to anisotropies in Ω ⊂ Rd and to
different weights for the interfaces between phases j and k, see [41] for the
details and for generalizations.

Using the same dissipation distance D as above an existence theory as in
Theorem 3 can be derived, since BV(Ω) embeds compactly into L1(Ω). The
solution q = (ϕ, z) : [0, T ] → Q now satisfies

ϕ ∈ L∞([0, T ], W1,p(Ω, Rd)) and

z ∈ BV([0, T ], L1(Ω, PN )) ∩ L∞
weak([0, T ], BV(Ω, RN )) .

5.3 Mesoscopic Models

Often it is not desirable or prohibitly costly to calculate the evolution of the
microstructure during the hysteretic evolution process. If these details are not
needed and if volume fractions or other effective quantities are sufficient, then
simpler models may be used.

If we only care about volume fractions, then the mixture function can be
used to describe the effective behavior of phase mixtures. Let Wj(x, ·) be given
as above for j = 1, . . . , N . For z ∈ ZN and A ∈ Rd×d we let

W(x, A, z) = inf
{ ∫

(0,1)d

WJ(y)(x, A+∇ψ(y)) dy
∣∣∣ J ∈ L1((0, 1)d, {1, ..., N}),

∫
(0,1)d

eJ(y) dy = z, ψ ∈ W1,∞
0 ((0, 1)d, Rd)

}
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where (0, 1)d is a microscopic representative volume element, J a microscopic
phase indicator, and ∇ψ microscopic fluctuation of the gradient. In [40] W is
also called cross-quasiconvexification and in [25] the free energy of mixing.

Unfortunately, in general situations it is almost impossible to calculate W

explicitly. Nevertheless W is cross-quasiconvex and hence, for each x ∈ Ω and
A ∈ Rd×d, the function W(x, A, ·) : ZN → [0,∞) is convex and, for each x ∈ Ω
and z ∈ ZN , the function W(x, ·, z) : Rd×d → [0,∞) is quasiconvex. Explicit
formulas are only available in dimension d = 1 or if each Wj is quadratic with
an elastic tensor independent of j, viz.,

Wj(x, A) = 1
2 (ε(A) − εj(x)) : C(x) : (ε(A) − εj(x)) + dj(x)

where ε(A) = 1
2 (A + A� − 2I). Then,

W(x, A, z) =
∑N

j=1 zjWj(x, A) + wmix(x, z) ,

where wmix(x, ek) = 0 and wmix(x, ·) : ZN → R is convex. See [25, 46] for
cases where wmix can be calculated or estimated efficiently.

The advantage of the mixture theory is that we are not forced to work with
quasiconvexity. We are able to use polyconvexity as well. Hence it is possible
to use energy densities that take the value +∞, as for instance in finite-strain
elasticity where W (x, A) = +∞ for detA ≤ 0. Instead of cross-quasiconvexity
we may use cross-polyconvexity, namely W(x, ·, ·) : Rd×d × ZN → [0,∞] is
called cross-polyconvex, if there exists a function g(x, ·) : Rmd+N → [0,∞]
that is convex, lower semi-continuous and satisfies

W(x, A, z) = g(x,M(A), z) ,

where M(A) ∈ Rmd is the set of all minors.
We now define the state space Q = F × Z for classical functions ϕ only,

namely
F = { ϕ ∈ W1,p(Ω, Rd) | ϕ|ΓDir = id } ⊂ W1,p(Ω, Rd)

equipped with the weak topology. The stored-energy functional takes the form

E(t, ϕ, z) =
∫

Ω
W(x,∇ϕ(x), z(x)) + ρ

2 |∇αz|2 dx − 〈
(t), ϕ〉 . (5.4)

For ρ > 0 and α > 0 we take Z = L1(Ω, ZN ) equipped with the strong
topology. Under suitable coercivity and (poly)quasiconvexity assumptions on
W(x, ·, z) it can then be shown that the sublevels of E(t, ·) are compact in
Q, which is our basic condition (3.4). In the case ρ = 0, this is more diffi-
cult, since Z then has to be equipped with the weak topology. Then, cross-
(poly)quasiconvexity is necessary for weak lower semi-continuity of E . How-
ever, for the case without regularization (ρ = 0) the best we can hope for is
that solutions for the incremental problem (IP)Π exist. The passage to the
limit of vanishing time incrementals strongly relies on the closedness condition
(3.8) for the stable sets which, so far, cannot be established in cases without
regularization.

The following result is a slight variant of the existence results in [22, 41, 48].
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Theorem 4. Let p ∈ (1,∞), α, ρ > 0 and 
 ∈ C1([0, T ], W1,p(Ω, Rd)∗). More-
over, let D be given as in Sect. 5.2 and assume that E in (5.4) has com-
pact sublevels in Q ⊂ W1,p(Ω, Rd)weak × L1(Ω, ZN )strong. Then, for each
stable initial state q0 = (ϕ0, z0) ∈ Q there exists an energetic solution
q = (ϕ, z) : [0, T ] → Q for (E ,D) with ϕ ∈ L∞([0, T ], W1,p(Ω, Rd)) and
z ∈ BV([0, T ], L1(Ω, ZN )) ∩ L∞([0, T ], Hα(Ω, RN )).

The associated numerical convergence results are discussed in [54]. But all
the above models have the disadvantage that the solutions are not unique.
Hence, it is not possible to show that numerical solutions converge.

The next model goes back to [76] and was further developed in [4, 5]. This
model is based on the linearized strain tensor ε(u) = 1

2 (∇u + ∇u�) and the
mesoscopic transformation strain z ∈ Z = { A ∈ Rd×d | A = A�, tr A = 0 }.
The dissipation is simply a multiple of the L1-norm:

D(z, z̃) = R(z̃−z) =
∫

Ω
cd|z̃(x)−z(x)| dx .

The energy functional takes the form

E(t, u, z) =
∫

Ω
W (x, ε(u), z) + h(|z|) + ρ

2 |∇αz|2 dx − 〈
(t), u〉 ,

with W (x, ε, z) = 1
2 (ε−z):C:(ε−z). Again, the classical model has no regular-

ization, i.e., ρ = 0. The hardening function h : [0,∞) → [0,∞] equals

h(r) =

{
c1

√
δ2 + r2 + c2r

2 for r ∈ [0, r∗] ,
∞ otherwise ,

in [5] and has δ = 0 in [76]. In these cases it is easy to solve the incremental
problems (IP)Π in the space Q = H1(Ω, Rd) × Hα(Ω, Z), for all α ≥ 0.
However, for obtaining energetic solutions we again need ρ and α strictly
positive, to make D weakly continuous on Z = Hα(Ω, Z).

A further variation is considered in [4], where h is replaced by a smooth,
convex function taking finite values and growing at most quadratically, e.g.,

h(r) = c1

√
δ2 + r2 + c2r

2 + c3

δ
max{0,r−r∗}4

r2
∗
+r2 .

Then, for α ≥ d/6 it can be shown that E(t, ·) : H1(Ω, Rd)×Hα(Ω, Z) → R is
three-times differentiable and uniformly convex. Hence, the theory of Sect. 7
in [58] is applicable. This allows us to conclude uniqueness of the solutions
as well as strong convergence of the solutions of the incremental problem. In
fact, the convergence rate is (φ(Πk))1/2. In [4] also the convergence of spatial
discretization will be discussed.

5.4 Temperature-Induced Phase Transformation

The original shape-memory effect is based on cooling and heating to switch be-
tween martensite occurring in several variants and the single austenite phase.
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So far the energetic formulation is only available for the isothermal case and
thus is suited for stress-induced phase transformations only.

There is at least one nonisothermal case that can be treated via the en-
ergetic formulation as well, namely if the temperature field is given a priori
independent of the solution to be calculated. This means that the deformation
and phase transformation process is so slow that all latent heat which is either
consumed or generated via phase transformation can be transported via heat
conduction into the environment.

Thus, our model is based on a temperature dependent stored-energy den-
sity W (x, A, z, θ) which is assumed to satisfy

∃ cW
3 ∈ R ∃ cW

4 > 0 ∀x ∈ Ω ∀A ∈ Rd×d ∀ z ∈ ZN ∀ θ > 0 :

|∂θW (x, A, z, θ)| ≤ cW
4 (W (x, A, z, θ)+cW

3 ) .
(5.5)

The given temperature profile θ should satisfy (log θ) ∈ C1([0, T ] × Ω), then
the energy potential, which for simplicity is now without external forcing,
takes the form

E(t, ϕ, z) =
∫

Ω W (x,∇ϕ(x), z(x), θ(t, x)) dx

and the power associated to the temperature changes is

∂tE(t, ϕ, z) =
∫

Ω ∂θW (x,∇ϕ(x), z(x), θ(t, x))∂tθ(t, x) dx .

Using (5.5) it is easy to establish the condition (3.5) and, under suitable
additional assumptions, the conditions (3.6) and (3.7) hold as well. In [49] we
will provide the detailed assumptions for a full existence theory.

5.5 Poling Induced Piezoelectricity

Multifunctional materials derive their functionality from the combination of
several properties such as elasticity, polarizability, and magnetizability. For
such materials the polarization p or the magnetization m may be considered
as the variable z used above. However, in addition we have to take the relevant
version of the Maxwell equation into account.

In the quasi-static setting either the electric or the magnetic field vanishes
such that we obtain two clearly distinguished cases, which are dual in a certain
sense. Throughout we will restrict to the case of small strains, since otherwise
the Maxwell equations have to be solved in the deformed configuraton, see
the references at the beginning of Sect. 5.6.

The electric field E and the dielectric displacement D are defined on all of
Rd whereas the polarization P : Ω → Rd on the body only. These fields are
related by the constitutive relation

D = ε0E + P in Ω and D = ε0E in Rd\Ω .

The reduced Maxwell equations are
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divD = 0 and curl(E − Eext(t, ·)) = 0 in Rd , (5.6)

where curl Ẽ = ∇Ẽ − (∇Ẽ)�. We will implement these equations as part of
the energetic formulation.

We consider the displacement u : Ω → Rd and the dielectric displacement
D as variables in the space

F = H1
ΓDir

(Ω, Rd) × L2
div(R

d, Rd)

with L2
div(Rd, Rd) = { D ∈ L2(Rd, Rd) | divD = 0 } .

The internal variable p ∈ Z = H1(Ω, Rd) is the remanent polarization. For
q = (u, D, p) ∈ Q = F ×Z and t ∈ [0, T ] the energy potential E is defined via

E(t, q) =
∫

Ω
W (x, ε(u), p)− 1

ε0
D·P (x, ε(u), p)+ ρ

2 |∇p|2 dx

+
∫

Rd
1

2ε0
|D|2 dx − 〈
(t), (u, D)〉

where the external forcing occurs via mechanical volume and surface loadings
and via an external electric field

〈
(t), (u, D)〉 =
∫

Ω fext(t)·u dx +
∫

ΓNeu
gext(t)·u da +

∫
Rd Eext(t)·D dx .

The electric field is the dual variable to the dielectric displacement D, i.e.,

E = 1
ε0

(D−P (x, ε(u), p)) in Ω and E = 1
ε0

D in Rd\Ω . (5.7)

The polarization is given as a constitutive function and poling induced piezo-
electricity means that the piezoelectric tensor ∂εP does not vanish.

Following [32, 69] the dissipation distance is the Legendre transform of the
so-called switching function, namely

D(p, p̃) = R(p̃ − p) =
∫

Ω R(x, p̃(x) − p(x)) dx

for some Caratheodory function R : Ω×Rd → [0,∞) with R(x, ·) being convex
and 1-homogeneous. Under the assumption that W (x, ·, ·, p) : Rd×d

sym ×Rd → R

is convex and that W satisfies suitable upper and lower bounds, it is now
straight forward to prove the existence of energetic solutions (u, D, p) :
[0, T ] → Q with (u, D) ∈ L∞([0, T ],F) and p ∈ BV([0, T ], L1(Ω, Rd)) ∩
L∞([0, T ], H1(Ω, Rd)).

To see the compatibility with the Maxwell equations (5.6) we note that
the stability condition (S) implies that for all t ∈ [0, T ] we have

DDE(t, u(t), D(t), p(t))[D̂] = 0 for all D̂ ∈ L2
div(R

d, Rd) .

In Proposition 2.1 of [60] it is shown that the latter relation is equivalent to
the Maxwell equations (5.6), if the definition (5.7) is used.

Moreover, in that work additional conditions are discussed which imply
also uniqueness of solutions. For this the uniqueness theory of Sect. 7 in [58]
is employed. However, the resulting conditions seem very restrictive.
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5.6 Magnetostrictive Materials

We summarize the theory of [17] which is based on small-strain elasticity, see
also [54]. For the much more complicated constitutive theory in the case of
finite-strain elasticity we refer to [16, 30] and for some analysis for the static
problem with second-order regularization of the deformation we refer to [73].
For small strain-models including microstructure via Young measure (like in
Sect. 5.2) we refer to [71, 72].

In analogy to the case of polarizable materials we use the magnetization m :
Ω → Rd as an internal variable. Usually the saturation assumption |m(x)| =
msat > 0 is added which we impose by letting Z = { m ∈ Rd | |m| = msat }.
The magnetic induction B : Rd → Rd and the magnetic field H : Rd → Rd

are related via the constitutive law

B = μ0(H + m) in Ω and B = μ0H in Rd\Ω .

In this quasistatic setting Maxwell’s equation reduces to

divB = 0 and curlH = 0 in Rd . (5.8)

We choose F = H1
ΓDir

(Ω, Rd)×L2
div(Rd, Rd) equipped with the weak topology

and Z = L1(Ω, Z) with the strong topology. The energy potential reads

E(t, u, B, m) =
∫

Ω
W (x, ε(u), m)−B·m+ρ

2 |∇m|2 dx

+
∫

Rd
1

2μ0
|B|2 dx − 〈
(t), (u, B)〉

with an external forcing of the form

〈
(t), (u, B)〉 =
∫

Ω
fext(t)·u dx +

∫
ΓNeu

gext(t)·u da +
∫

Rd Hext(t)·B dx .

The parameter
√

ρ relates to the exchange length, which determines the scal-
ings for the width of domain walls. The dissipation distance may be chosen
via an arbitrary distance D(x, ·, ·) on Z = msatS

d−1, e.g.,

D(x, m, m̃) = c1 arccos
(

m· em
m2

sat

)
+ c2|ê·(m−m̃)|

where ê is an “easy” axis and c2 = 0 in the isotropic case. We let D(m, m̃) =∫
Ω

D(x, m(x), m̃(x)) dx.

Using the standard coercivity assumptions on W : Ω×Rd×d
sym ×Z → [0,∞),

convexity in ε(u) and continuity in m ∈ Z it is standard to show that E(t, ·) :
Q = F × Z → R is lower semi-continuous with compact sublevels. Moreover
D : Z × Z → [0,∞) is continuous in the strong L1-topology (or in the weak
H1-topology). Thus, existence of energetic solutions for (E ,D) can be easily
obtained from Theorem 1.

Since the magnetic field H is the dual variable to B,

DBE(t, u(t), B(t), m(t))[B̂] = 0 for all B̂ ∈ L2
div(R

d, Rd)
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is equivalent to (5.8) in the form

divB = 0 and curl( 1
μ0

B − Hext − χΩm) = 0 in Rd .

It is more common to formulate the problem of magnetostriction in terms
of the potential U of the magnetic field H , i.e., H = ∇U . In the above
formulation we may then replace B via

B = μ0(∇U + Hext(t) + χΩm) (5.9)

in the energy E to arrive at

Ẽ(t, u, U, m) =
∫

Ω W (x, ε(u), m)−μ0

2 |m|2−m·Hext(t) dx

+
∫

Rd
μ0

2 |∇U |2−μ0

2 |Hext(t)|2 dx − 〈
mech(t), u〉 .

Note that the Euler-Lagrange equation for U does not supply the desired
Maxwell equation

div(∇U + Hext(t, ·) + χΩm) = 0 in Rd . (5.10)

Thus, to derive an energetic formulation in this situation the variable U has
to be taken as a function of m ∈ L1(Ω, Z) and t ∈ [0, T ] via Hext(t, ·), namely
U = U(t, m) being the solution of (5.10).

Instead of simply replacing B by the corresponding variable, we might
as well perform a partial Legendre transform such that W̃ (f, x, ε(u), B, m) is
replaced by

Ŵ (t, x, ε, H, m) = W̃ (t, x, ε, B, m) − B·∂BW̃ (t, x, ε, B, m)

where B is again eliminated using (5.9). The corresponding energy Ê then
contains the negative definite term −

∫
Rd

μ0

2 |∇U |2 dx. Thus, we may use

DU Ê(t, u, U, m)[Û ] = 0 to obtain (5.10), but the saddle point structure of

Ê does not allow us to introduce a stability condition in terms of (u, U, m).
Thus, it is not possible to derive an energetic formulation either.

6 Conclusions

The energetic formulation of rate-independent processes was developed much
further via the abstract approaches described in [22, 42, 48]. The major im-
provement occurred through finding abstract versions of the ideas in [15] for
treating a rate-independent model for crack growth. Now it is possible to deal
with problems where the energy E(t, ·, z) : F → R∞ is non-convex. In general,
the abstract theory is available in topological spaces without any linear struc-
ture. Thus, it is possible to treat finite-strain elasticity (cf. [22, 33]) as well as
internal variables which lie in general nonconvex sets such as in magnetism
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(cf. Sect. 5.6) or in finite-strain plasticity, see [45]. Moreover, it is possible to
include Young measure into the state space as well [37, 53].

Further developments include the abstract theory of Γ -convergence and
relaxations of the energetic formulation. This allows us, for instance, to treat
numerical approximations, see [4, 37, 54]. However, the numerical analysis and
efficient simulations still need a lot of further developments.

The major drawback of the energetic formulation is that there are only very
few results on the uniqueness of solutions, see [10, 51, 58]. Another deficiency
concerns the fact that the stability condition (S) involves a global stability
condition. For a better physical modeling and for numerical implementation
it would be desirable to replace this condition by a suitable local stability
condition. First attempts are given in [18, 52], but a reasonable general theory
is not yet developed. This is closely to the general problem how these rate-
independent models can be embedded into more general dynamical problems,
for instance including rate-dependent heat conduction, viscous effects or even
kinetic terms.

On the side of material modeling there is now quite a variety of models
for shape-memory materials. It is possible to describe models on many dif-
ferent length scales. However, the question of upscaling and deriving effective
models on larger scales needs further investigations. The relaxations and Γ -
convergence results in Sect. 4 will be a good basis for doing this, see also
[56]. A first step in two-scale homogenization will be developed in [62]. More-
over, evolutionary models for microstructures and textures will certainly be
important future areas where the energetic formulation can be helpful.

The strength of the energetic formulation is that it can model the statics
extremely well by adjusting the energy-storage functional E according to ex-
periments, see, e.g., [37]. However, the modeling of the dissipation distances,
which contains the only information on the dynamics, is not supported very
well by experiments. In this sense, the energetic formulation provides a first
mathematical step to well-posed evolutionary models for complex material
behavior.

Acknowledgments. The research was supported by DFG within the Col-
laborative Research Center SFB 404 Multifield Problems in Fluid and Solid
Mechanics, subproject C7. Further support by the European Union under
HPRN-CT-2002-00284 Smart Systems: New Materials, Adaptive Systems and
their Nonlinearities and by the DFG Research Center Matheon, subproject
C18. The author is grateful to G. Francfort, A. Mainik, C. Miehe, M. Ortiz,
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of doubly nonlinear evolution equations and applications to rate-independent
problems. In preparation, 2006.

20. G. Francfort and A. Garroni. A variational view of brittle damage evolution.
Arch. Rational Mech. Anal., 2006. To appear.

21. G. Francfort and J.-J. Marigo. Revisiting brittle fracture as an energy mini-
mization problem. J. Mech. Phys. Solids, 46:1319–1342, 1998.



Mathematical Framework for Rate-Independent Materials 377

22. G. Francfort and A. Mielke. Existence results for a class of rate-independent
material models with nonconvex elastic energies. J. reine angew. Math., 2006.
In print.
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38. M. Kruž́ık and M. Luskin. The computation of martensitic microstructure with
piecewise laminates. J. Sci. Comp., 19:293–308, 2003.
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55. A. Mielke and T. Roub́ıček. Rate-independent damage processes in nonlinear
elasticity. M3AS Math. Models Methods Appl. Sci., 16:177–209, 2006.
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