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On rate independent models for crack propagation
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We model the evolution of a single crack as a rate-indepeng&cess based on the Griffith criterion. Three approaches
are presented, namely a model based on global energy matioriza model based on a local description involving the
energy release rate and a refined local model which is thépimblem of regularized, viscous models. Finally we présen
example which sheds light on the different predictions efrtiodels.
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1 Griffith criterion and crack evolution models

In this note we concentrate on quasistatic, rate indepémdedels for crack propagation based on the Griffith fractuite-
rion. In order to make the mathematical and modeling issigisle we restrict our discussion to a very simplified siioiat
namely we consider a two dimensional model problem, wheieglescrack may evolve along a prescribed straight line. It
is intrinsic to rate independent models that discontinuexadutions might occur, i.e. the functien: [0, 7] — R describing
the position of the crack tip might develop jumps. Such disicwities are not accounted for in the usual crack propagat
models. It is the purpose of this note to discuss differept@gches to complete these models in such a way that “ptiysica
meaningful” discontinuities are predicted.

Let Q c R? denote the body with bounda#f2, which is divided into a parf p, where the displacements are prescribed,
and into a parl'y, where the surface forces are imposed. ((g0) " €02 and letL>0 such that for alls€[0, L] we have
Cs={2€R? 2=(0,0)", 0€(0, s] }CQ. The lineC; describes a crack of length Moreover), = Q\Cj is the domain with
crackCs, see Fig. 1(a). For given time crack tip positions and displacements : 2, — R? the deformation energy takes
the form

E(t,u,s) = st 1(Ce(u)) : e(u) dz — ‘]PN h(t) - uds.

Here, h(t):I' y—R? describes the applied surface force&,) is the linearized strain tensor ar@ denotes the elasticity
tensor. For a given crack lengghthe set of admissible displacements satisfying non-patietrconditions or’, is given by
V(Qs) = {u € H(Qs,R?*); ulr, =0, [u] -n > 00nC; }. For fixedt ands the energy£(t, -, s) has a unique minimizer
with respect to/(€2,). We denote byZ : [0,7] x (0,L) — R, Z(t,s) = min,cy(q,)E(t,v,s) the corresponding reduced
energy functional.

The Griffith criterion states that a crack is stationary & #mergy, which would be released at a small crack extenision,
less than the energy which is needed to create the new suhfeités context the energy release rgig, s) is defined as

G(t,s) = —%I(t, s).

For general strictly convex elastic energy densities itravpd in [1] thatG belongs toC°([0, 7] x (0, L)). Formulas forg
can be found e.g. in [2, 3] (quadratic case) or in [1, 4] (geheonvex energy density, curved crack path, polyconveg)cas
Assuming that the dissipated energy is related with thedradcoughness € C°([0, L)), x > 0, the Griffith criterion suggests
the following version of a quasistatic, rate independenti@héor crack propagation in Karush—Kuhn—Tucker form:

The functions : [0, 7] — R is non-decreasing(t) = - s(t) exists for allt € [0, 7] and for allt € [0, 7] we have
(@) r(s(t)) —G(t,s(t)) >0 (local stability), 1)
(b) 5(t)(k(s(t)) — G(t,s(t))) =0 (complementarity condition).
The problem is that the assumption tlaxists everywhere is too strong.tlf, s, are reached with(s..)—G(t., s.)=0 and
K(Sx+€)—G(t.+9, s.+€)<0 for 6€(0,d0), €€(0,¢p), then every continuous non-decreasing functidn, , ¢..+dy]— (0, L)
with s(¢.)=s. violates condition (a). Thus, this model is not satisfagtamd has to be refined by allowing for discontinuous
solutions and by adding further conditions for the disamnties. LetBV([0,7],R) denote the space of functions with
bounded variation. For € BV ([0, T']) the set/(s) C [0, 7] is the jump set and consists of the discontinuity points. of
Definition 1.1 A functions € BV([0,T1]) is alocal solution(LS) to the crack problem if it is non-decreasing and sassfie
@t e[0,TNJ(s) = £(s(t)) =Gt s(t)) =0,
(b) Energy inequality: For all < t; < t, < T we have Z(ts, s(t2))+ [ 5(0)do < T(ty, s(t))+ f,* OZ(t, s(t))dt.
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Fig. 1 (a) Domain with surface loadinky ; (b) Graph ofG(1, -); (c) Global energetic solution (thick line); (d) A local sibn.

Note that (a) and (b) of Definition 1.1 imply that the complentaeity condition (1)(b) is satisfied for almost everg [0, 7).
The model described in Definition 1.1 allows for a great ugr@ solutions. By either a global minimization criterion @
criterion based on a vanishing viscosity approach, one rel@gsparticular local solutions.

Definition 1.2 s € BV([0, ) is aglobal energetic solutio(GES) if it is non- decreasing and satisfies fortadl [0, 7]

(a) Global stability: For alk € [s(t), ]We have Z(¢,s(t)) <Z(t,$ +j O o)do,

(b) Energy equality: Z(t, s( +j o)do = Z(0,5(0) +f0 I (T, s(T ))dT.

The global energetic formulation is a general concept fodefiag rate independent problems, see e.qg. [5] for a survey.
The existence of GES follows from this general frameworkteé\tbat every GES is a special LS.

A further selection principle is based on the vanishing sty method. In this approach one introduces the artificial
viscosityr > 0 (Theorem 1.3) and studies the behavior of solutions if teeosity tends to zero (Theorem 1.4).

Theorem 1.3 [1] For everyv > 0 exists a non-decreasing functieh € H! ([0, T']; R) satisfying for a.et € [0, T]

(@) r(s” (1)) +v3"(t) = G(t,s"(t)) > 0,

(b”) (k(s”(t)) +vs”(t) — G(t, s (t))) 5" (t) = 0.

Theorem 1.4 [1] There exists € BV([0,7]) and a subsequenee™, 0 with s* = sin BV([0,T]) ands” (t) — s(t) for
everyt € [0,T]. Moreover,s is a local solution and satisfies in addition

(@) k(s(t)) — G(t,s(t)) > 0foreveryt € [0, T\ J(s),

(b) if k(s(t)) — G(¢t, s(t)) > 0, thens(t) =0,

(©)Vt e J(s),Vs. € [s(t-),s(ty)] we haver(ss) — G(t,s.) <O0.

Definition 1.5 s € BV([0, T1) is alocal energetic solutiofLES) if it is non-decreasing and satisfies (a)—(c) of Thi. 1.

2 Example

As an example we consider a rectangular domain as in Fig, W{@re the crack may follow the dashed line. We choose a
symmetric loadingi(¢, z) = thy(x) and assume thatis constant. With this loading it follows that(t, s) = t>Z(1, s) and
G(t,s) = t2G(1, s). Itis assumed that; is chosen in such a way that the energy releasedéites) has the shape indicated

in Fig. 1(b), i.e. there exidi < sy < s1 < s2 < L such thaG(1,-) is strictly decreasing ofsg, s1), G(1,-) = 0 on(sy, s2)
andg(1,s) > 0fors > so. Thanks to the non-penetration conditions, the region @ith 0 can be generated by compressing
the body. The stability criteria of Definitions 1.1-1.5 imphat for allz € [0, 7]\ J(s) we haves/t* > G(1, s(t)).

In the case of a GES, for jump timescondition (b) of Definition 1.2 implies thaﬁs(t’+) (‘2 Gg(1, cr))da = 0. Thus,

starting withs(0) = s the crack does not grow until tinte with «/t? = G(1, so). Fort > t; it grows continuously until the
first timet; is reached, for which there exists > s(t;) such thatf:(‘;__) (£ —G(1,0))do = 0, i.e. the aread; andA; in
J i

Fig. 1(c) are equal. After the jump frosft;—) to s(t;+) = s. the crack will proceed continuously.

The behavior of the local energetic model is completelyedéht. Definition 1.5 implies that along jumps froft; —) to
s(t;4) at jump timet;;, the horizontal line:/¢> has to lie below the graph @f(1, -) in the region(s(t;—), s(t;+)). Due to
the particular shape @ it is not possible to jump through the regiés , s2). Thus, starting withs(0) = so and using the
local energetic model, the crack does not grow until timevith x/t3 = G(1,s0). Fort > t; the crack grows continuously
with x/t2 = G(1, s(t)) and will never exceed the length. We refer to Ref. [1] for an example with a discontinuous LES.

The GES and LES are special local solutions. A further loohlt®n, which is neither a LES nor a GES, is plotted in
Fig. 1(d). The conditior\;+A3 < A, is a consequence of the energy inequality from Definition 1.1

This example shows that different choices of the jump datlerad to completely different predictions of the crack migd
Itis a modeling issue to find those criteria which fit best tlitg.
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