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Exercise 11: Noether’s theorem for rotationally invariant systems. The density
f € C¥([a, B] x R™ x R™; R) with m > 2 defines the functional I(u) = ff f(tu(t), u(t))dt.
For the rotation matrix R, € R™*™ with

Rtp(:glay%y?n "'7ym)T = (COSQOyl —Sin¢y2>Sin90y1 +C0890y2,y3, "'7ym)T7 ¢ € Ra Yy € Rm>

the density f satisfies the rotational symmetry f(¢, R,u, R,A) = f(t,u, A) for all t,u, A, ¢.

(a) Show that along solutions u : [a, 3] — R™ of the EULER-LAGRANGE equation we
have conservation of the moment of momentum (Drehimpulserhaltung):

d

3 [0 ()04, f (1, u(t), a(t)) — ua(8)0a, (2, u(t), i(t))] = 0.
)

(Hint: Calculate first %f(t, R,u, RHOA)‘ga:o

(b) Now consider R, = e#® € R™*™ for a general B € R™*™B with B = —BT and assume
the symmetry f(¢, Ryu, R,A) = f(t,u, A). Which quantity J(u, ) is now conserved?

Exercise 12: Vector analysis and ESHELBY’s tensor. Consider a domain 2 C R%.
(a) For tensor fields A € C1(2; R™*4) and B € C}(Q; R™™) derive the product rule

div(BA) = C:A+ BdivA  with (C:A), =31 >0 | 05, By,
(b) For a volume density f € C*(Q x R™ x R™*4) the ESHELBY’s tensor is defined via
]E(QS’, u, A) = ATaAf<x> U, A) - f(l’, U, A)Id € RdXd

Show that a solution u € C*(Q) of the EULER-LAGRANGE equation associated to f
satisfies the identity

div E(-, u, Vu)(z) + 0, f (x, u(z), Vu(z)) = 0 € R

Exercise 13: Weak and strong local minimizers. Consider M = C'(]a, b]; R), func-
tions g, h € C*(R;R), and the functional I : M — R defined via

Hm:/ﬂmm+mwmm

(a) Derive the associated EULER-LAGRANGE equation. Which conditions guarantee that
solutions of the form u(x) = u* = const exist?
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(b) Assume that u(z) = u* = const is a stationary point of /. Show that the conditions
h"(u*) > 0 and ¢”(0) > 0 are sufficient to imply that I has a strict weak local minimizer
in u*.

(c) Assume now that g(A) > 0 = ¢(0) for all A € R"! and that u" is a local minimizer
of h. Show that the constant function @ : z + u° is a strong local minimizer. What

additional conditions imply that w is a global minimizer?

Exercise 14 Second variation Consider the functional I : C'(€; R™) — R with I(u) =

Jo f( r), Vu(z))dz, where f € C2(QxR™xR™*9). For v, vy, > 0 assume the estimates
[ &t wun(o), Vuolo)) (Fur Vuldo = [ [Fupa, )

Q 0
D27 (1) [, w] > 72/ |2 da. @)

0

(a) Use (1) and suitable estimates for 940, f and 9> f to find C* such that
DI (ug) [w, w] > 71/ |Vw|?*dz — C*|w|*dz for all w.
Q
(b) Combine (2) and (1) to find 73 > 0, such that

D*I (ug)[w, w] > 73/ |Vw*+|w|*dz  for all w € CH(Q;R™).
Q

Exercise 15: Anisotropic elasticity theory. The functional I : C'(Q;R%) — R; u
fQ f(Vu)dz is defined via

A
Slspurd)’ + LA+ AT 4 A
(a) Establish the formula 94 f(A)[B, B] = 2f(B) for all A, B € R,

(b) For which A, ;1,0 € R do we have f(A) > 0 for all A € R¥? (which is equivalent to
convexity)? Try first to solve the case d = 2.
(Hint: For testing the positivity it essentially suffices to consider diagonal matrices.)

(c) For which A, u,d € R does f satisfy the LEGENDRE-HADAMARD condition? Try first

to solve the case d = 2.
(Hint: Write 0% f(x,u, A)[€ @0, & @ n] > 0 in the form B(n)¢ - € > 0 with B(n) € R¥*%)

f(A) =

Submission of written solutions on 16th of November 2009.



