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Definition: The epigraph of a function I : X → R∞ is defined as

epi(I) :=
{

(u, α) ∈ X × R
∣∣ I(u) ≤ α

}
⊂ X × R.

Exercise 21. Estimates via affine functions for convex functions. Consider a
proper, convex, and lower semicontinuous functional I : X → R∞.

(a) Show that for all u with I(u) < ∞ and all ε > 0 there exists ξ ∈ X∗ such that
I(u+v) ≥ I(u)− ε+ 〈ξ, v〉 for all v ∈ X. (Hint: Use epi(I) and separate it in X × R from a

suitable set.)

(b)∗ Show that for all u with I(u) = ∞ and all M ∈ R there exists ξM ∈ X∗ such that
I(u+v) ≥ M + 〈ξM , v〉 for all v ∈ X. (Hint: Work in X × R and construct a line segment

connecting (u,M) and (u1, I(u1)−1) that does not intersect epi(I).)

(c) Conclude from (a) and (b) (without using sublevels) that I is weakly lower semicon-
tinuous.

Exercise 22. Bounded convex functions are Lipschitz continuous. Let I : X →
R∞ be proper, convex, and lsc. Assume further that

∃M,K ∈ R ∀u ∈ BR(u∗) : K ≤ I(u) ≤M.

Show that I restricted to Br(u∗) with r ∈ ]0, R[ is Lipschitz continuous with a Lipschitz
constant that only depends on M−K and r/R.

Exercise 23. Continuity points of convex functionals. For a proper, lower semi-
continuous convex functional I : X → R∞ on a Banach space X the domain is defined
via

dom(I) := {u ∈ X | I(u) <∞} 6= ∅.
(a) Show that for u1 ∈ dom(I) the following conditions are equivalent:

(i) ∃ δ > 0 : sup{ I(u) | u ∈ Bδ(u1) } <∞;
(ii) I is continuous in u1.

(b) Show that I is continuous on A := int
(

dom(I)
)
, if I is continuous at one u1 ∈ A.

(c) Assume that I is continuous at one u1 ∈ A. Find a supporting hyperplane for all
u ∈ A, i.e. there exists β ∈ X∗ such that I(u+v) ≥ I(u) + 〈β, v〉 for all v ∈ X.
(Hint: Use the “open epigraph”

{
(u, α) ∈ X × R

∣∣ u ∈ A, I(u) � α
}
.)

Exercise 24. Sobolev embeddings. Let Ω = B1(0) ⊂ Rd.
(a) Consider the function u : Ω→ R with u(x) = |x|α for x 6= 0 and u(0) = 0. For which
p do we have u ∈ Lp(Ω) and for which u ∈W1,p(Ω)?

(b) Consider the function u(x) =
(
1− log |x|

)β
with β ∈ R. For which β and p ∈ [1,∞]

do we have u ∈ Lp(Ω) and for which u ∈W1,p(Ω)?

(c) For the case d ≥ 2 give a function u ∈W1,d(Ω) \ L∞(Ω).


