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Exercise 27. Fourier series and Hilbert spaces.
Let Q© =0, 27| and k € Ny and consider the Hilbert spaces

HHNQ) = {f e LXQ) | [, [,. [P € L2 (Q)},
HE (Q) = {f € H}Q) | f9(0) = fU(2r) for j = 0,....,k—1},

per

HE(Q) = closure of C(£2) in H*(Q).

Further let S,(t) = s, sin(nt) and C,(t) = ¢, cos(nt). Then, from previous courses we
know that L?(Q) has the following three complete orthonormal systems (cONS)

Olz{Cn,Sm|m€N,n€Ng}, OQZ{Cm/2|mEN0}, ng{Sm/g\meN}.

(a) For Oy show that f = 7% amSm + Yo bnCp € L*(Q) lies in H!.(Q) if and only if
ST P(|a*+|bif?) is finite and that in this case we may differentiate the series represen-

tation of f term by term.

(b) For Oy show that f =" 0,,Ciny2 lies in HY(Q) if and only if Yo" m?b?, < oo.

(c) Show that O lies in Hj(Q2) and that f = > 7% a,,Smy2 lies in Hj(Q) if and only if
ST mPa, < .

(General hints: (i) Use, without proof, that H**1(]0, 2x[) c C*([0,27]) for k = 0,1,.... (ii) Compare

the series differentiated term by terms with a suitable new expansion of the derivative. (iii) Take care of
boundary terms in integrations by parts.)

Exercise 28. Lax-Milgram lemma in unbounded domains. Let Q C R? be any
domain (i.e., open and connected). On H = H(Q2) define the bilinear form B : Hx H —
R via B(u,v) = [, Vu(z) - A(z)Vo(z) + c(z)u(z)v(z) dz, with A € L>(Q;REY) and
c € L>(Q). Further there is an a > 0 with & - A(x)¢ > af€]? for all x € Q and all £ € R%,
(a) Show that B is a symmetric and continuous bilinear form. Give sufficient conditions

on c¢ that guarantee that B is also coercive.

(b) Consider the Schrodinger operator Lyu = —Au + Vu + Au in HJ(Q) with Q =
Rx |0, 7[, where V(z) = 1/(1+z7). Show that the bilinear form B, (of Lax-Milgraqgm
type) associated with L, is coercive for A > —1 but not for A < —1.

(please turn over)
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Exercise 29. Friedrichs’ inequality. A domain Q C R%is said to satisfy a FRIEDRICHS’
INEQUALITY, if there exists a constant C' > 0 such that

(%) C’/Qu(a:)de < /Q |Vu(z)|*dz for all u € C(Q).

The largest such C' is called the Friedrichs constant Cyieq(€2) of the domain. Chyieq(2) =0
means that no such positive constant exists.

(a) Show that (*) holds if and only if the same inequality holds for all u € H}(Q).

(b) For Q = Ja, b C R! calculate Cryieq (2) explicitly in terms of b—a via a suitable Fourier
expansion.

(c) For X C RF and Y C R™ set Q = X xY C R*™ and show Chyied(Q2) = Cryiea(X) +
Crriea(Y). With this calculate the Friedrichs’ constant for ]0, 1] x - -+ x ]0, £4].

(d) For ©Q; C Qs show Cryieda(€21) > Chyiea(£22) and conclude that every domain €2 fitting
between two parallel hyperplanes with distance d satisfies Cryieq(2) > (7/d)?.

Exercise 30. (Counterexample to Friedrichs and Poincaré inequality).

We construct a bounded domain 2 (open and connected) that
does not have a Lipschitz boundary. We set A, A

Q=0 U | J(4,UB,) with Qo =10,1[ x ]—1,0],
n=0

A, =11/2",3/2" [ x ]1/2,1] and > | B

B, =]1/2",1/2"+1/4"[ x [0,1/2].

Show that there exists a sequence of functions u, € H'(Q)
with the following properties:

(a) UN|QO =0, (b) fQ up,dz =0, Qo
(¢) support(u,) C A, UB,UA, 11 UB,1,
(d) Jouzde =1, (e) Jo|Vu,|>dz — 0.

Dates for the teaching evaluation: June 17-28, 2019.

Dates for the oral exams:
July 22-25, 2019 and September 30 — October 2, 2019.
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