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a b s t r a c t

A model for the evolution of damage that allows for complete disintegration is addressed. Small strains
and a linear response function are assumed. The ‘‘flow rule” for the damage parameter is rate-indepen-
dent. The stored energy involves the gradient of the damage variable, which determines an internal
length-scale. Quasistatic fully rate-independent evolution is considered as well as rate-dependent evolu-
tion including viscous/inertial effects. Illustrative 2-dimensional computer simulations are presented,
too.

Ó 2009 Elsevier B.V. All rights reserved.

1. Introduction

Damage, as a special sort of inelastic response of solid materials,
results from microstructural changes under mechanical load. Rou-
tine computational simulations based on various models are
widely performed in engineering, although mostly without being
supported by rigorous mathematical and numerical analysis.

We will consider damage as a rate-independent process. This is
often, although not always, an appropriate concept and has appli-
cations in a variety of industrially important materials, especially
to concrete [18,21,42], filled polymers [15], or filled rubbers
[24,32,33]. Being rate-independent, it is necessarily an activated

process, i.e. to trigger a damage the mechanical stress must achieve

a certain activation threshold. The mathematical difficulty is re-
flected in the fact that only local-in-time existence for a simplified
scalar model or for a rate-dependent 0- or 1-dimensional model
has been obtained, see [3,14,19,20]. The 3-dimensional situation
was investigated in [17,36,37] with the focus to incomplete dam-
age. The main focus of this paper is on complete damage, i.e. the
material can completely disintegrate and its displacement com-
pletely loses any sense on such regions. We show how mathemat-
ical modeling can be used to derive well-posed models by
suppressing the use of the displacement u and formulating every-
thing in terms of stresses and energies. In Sections 2 and 3 we will
neglect all rate-dependent processes like viscosity and inertia so
that the damage process is quasistatic and fully rate-independent.
Eventually, in Section 4, we will combine a rate-independent dam-
age process with viscosity and inertia which are, of course, rate-
dependent.

We consider an anisotropic material but confine ourselves to a
materials with linear elastic response and an isotropic damage using
only one scalar damage parameter under small strains (as in
[1,3,18,22]). Moreover, we use gradient of damage theory [13,18,
21,22,29,31,44,50] expressing a certain nonlocality in the sense
that damage of a particular spot is to some extent influenced by
its surrounding, leading to possible hardening or softening-like
effects, and introducing a certain internal length scale eventually
preventing damage microstructure development. From the mathe-
matical viewpoint, the damage gradient has a compactifying char-
acter and opens possibilities for the successful analysis of the
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model. Anyhow, some investigations are still possible without gra-
dient of damage, as shown in [17] for incomplete damage, leading
to a possible microstructure in the damage profile.

The goal of this article is to survey and further develop basic
mathematical tools focused on complete damage.

2. Complete quasistatic damage at small strains

We will consider specific stored energy u quadratic in terms of
small-strain tensor e, linear in terms of scalar damage parameter z,
and convex in terms of a gradient of the damage g:

uðe; z; gÞ ¼ 1
2
zCe : eþ j

p
jgjp þ d½0;þ1ÞðzÞ; ð1Þ

where C 2 R
d�d�d�d is a positive-definite elasticity tensor satisfying

Cijkl ¼ Cjikl ¼ Cklij; d 2 N denotes the considered spatial dimension,
j > 0 is a so-called factor of influence, and d½0;þ1Þ is the indicator
function of the interval ½0;þ1Þ, i.e. d½0;þ1ÞðzÞ ¼ 0 for zP 0 while
d½0;þ1ÞðzÞ ¼ þ1 otherwise. In this section, we consider the first-or-
der gradient of the damage profile f, hence we put fðt; xÞ in place
of the variable z 2 R and rfðt; xÞ in place of the variable g 2 R

d,
respectively. Another ingredient of the damage evolution model is
a specific dissipated energy

.ð _zÞ ¼ ÿa _z if _z 6 0;

þ1 elsewhere:

�

ð2Þ

where a > 0 determines the phenomenology howmuch energy (per
d-dimensional ‘‘volume”) is dissipated by accomplishing the dam-
age process, i.e. by decreasing z from 1 to 0. The value þ1 reflects
that we consider damage as a unidirectional process, i.e. damage can
only develop, but the material can never heal. Note that . is degree-
1 homogeneous, which is related with the intended rate-indepen-

dent evolution of the damage process. Simultaneously, a is also acti-

vation threshold determining the level of the ‘‘inelastic” driving force
ri :¼ u0

zðe; z; gÞ ÿ divu0
gðe; z; gÞ, i.e.

ri ¼ u0
zðeðuÞ; f;rfÞ ÿ divu0

gðeðuÞ; f;rfÞ ¼ 1
2
CeðuÞ

: eðuÞ ÿ divðjjrfjpÿ2rfÞ; ð3Þ

with the physical dimension of stress, that triggers the damage
process.

As we want to focus on complete damage where the material
can completely disintegrate, in the quasistatic case we cannot have
loading by dead load as e.g. gravity load. Thus we will consider a
‘‘hard-device” loading by time-varying Dirichlet boundary condi-
tions but zero bulk forces.

Altogether formally we consider the problem

div reð Þ ¼ 0; re :¼ u0
eðeðuÞ; f;rfÞ ¼ fCeðuÞ; eðuÞ ¼ ðruÞ> þru

2
;

ð4aÞ

@.
@f

@t

� �

þ ri þ rr 3 0; rr 2 N½0;þ1ÞðfÞ: ð4bÞ

In particular, Eq. (4a) represents an elastic equilibrium condition,
written in the terms of the ‘‘elastic” stress tensor re :¼ u0

eðe; z; gÞ.
Inclusion (4b) corresponds to a (possibly non-smooth) evolution
of internal variables, driven by the interplay among dissipated en-
ergy ., ‘‘inelastic” driving force ri introduced in (3) and a ‘‘reaction
force” rr to the constraint 0 6 f. Note that @. denotes the subdiffer-
ential of the convex function . and N½0;þ1Þ ¼ @d½0;þ1Þ denotes the
normal cone. In fact, as the evolution of f is unidirectional (here
non-increasing in time) and f will be prescribed at the beginning,

see (10) below, it always holds 0 6 fðt; xÞ 6 f0ðxÞ. Usually f0 ¼ 1 is
considered so even f 2 ½0;1� a.e. on Q :¼ ð0; TÞ �X.

This is indeed to be understood only formally because in the
completely damaged part f ¼ 0 and displacements u as well as
strain eðuÞ lose any sense.

Therefore, we will also consider the regularized stored energy

ueðe; z; gÞ ¼
1
2
ðzþ eÞCe : eþ j

p
jgjp þ d½0;þ1ÞðzÞ; ð5Þ

and then the regularized problem

div reð Þ ¼ 0; re ¼ ðfþ eÞCeðuÞ; ð6aÞ

@.
@f

@t

� �

þ ri þ rr 3 0; rr 2 N½0;þ1ÞðfÞ;

ri ¼
1
2
CeðuÞ : eðuÞ ÿ divðjjrfjpÿ2rfÞ: ð6bÞ

As we have the displacement well defined if e > 0, we can easily
consider the Dirichlet boundary conditions

ujCðt; xÞ ¼ wðt; xÞ: ð7Þ

where C � @X is a part of the boundary of X where the hard-device
loading is applied. For simplicity, the remaining boundary condi-
tions are considered as homogeneous Neumann one:

CeðuÞm ¼ 0 on ð@X n CÞ and jjrfjpÿ2 @f

@m
¼ 0 on @X; ð8Þ

where m denotes the outer unit normal to the boundary @X of X.
Then we define the Gibbs’ stored energy

Geðt;u; fÞ :¼
1
2 ðfþ eÞCeðuÞ : eðuÞ þ j

p
jrfjp if ujC ¼ wðt; �Þ and

if 0 6 f a:e: on X;

þ1 otherwise:

8

>

<

>

:

ð9Þ

We still prescribe an initial condition f0 for the damage profile:

fð0Þ ¼ f0: ð10Þ

By the definition of the subdifferential @.ð _zÞ ¼ fr 2 R; 8~z 2 R :

.ð _zÞ þ ð~zÿ _zÞr 6 .ð~zÞg, the inclusion (4b) can equivalently be writ-
ten as a variational inequality

8~z : .
@f

@t

� �

6 .ð~zÞ þ ~zÿ @f

@t

� �

ri þ rrð Þ ð11Þ

for a.a. ðt; xÞ 2 Q :¼ ð0; TÞ �X, where X � R
d is a considered domain

occupied by the body and T > 0 a fixed time horizon. This could be
used for a definition of a weak solution.

Here, however, we can use homogeneity of . to formulate a
more suitable concept of so-called energetic solution. By (2) and
(4b), we have

ÿðri þ rrÞ 2 @.
@f

@t

� �

� @.ð0Þ ¼ ½ÿa;þ1Þ a:e: on X: ð12Þ

By the definition of the subdifferential @.ð0Þ and properties of .,
this means 0 ¼ .ð0Þ 6 .ð~zÞ þ ðri þ rrÞ~z for any ~z 2 R. Written for
~zÿ z instead of ~z, we have 0 6 .ð~zÿ zÞ þ ðri þ rrÞð~zÿ zÞ. Further,
by convexity of ueðe; �; �Þ, we have ueðe; z; gÞ 6 ueðe;~z; ~gÞÿ
n1ð~zÿ zÞ ÿ n2 � ð~g ÿ gÞ for any ðn1; n2Þ 2 @ðz;gÞueðe; z; gÞ. In particular,
we will use it for n1 ¼ 1

2Ce : eþ rr and n2 ¼ ðjjrfjpÿ2rfÞ. Alto-
gether, substituting e ¼ eðuÞ, g ¼ rfðxÞ and z ¼ fðxÞ we have
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Z

X

ue eðuðtÞÞ; fðtÞ;rfðtÞð Þ dx

6

Z

X

ue eðuðtÞÞ;~f;r~f
� �

ÿ ðri þ rrÞ ~fÿ fðtÞ
� �

dx

6

Z

X

ue eðuðtÞÞ;~f;r~f
� �

þ . ~fÿ fðtÞ
� �

dx 8 0 6 ~f 2 W1;pðXÞ:

ð13Þ

If fðtÞ satisfies (13), we say that fðtÞ is partially stable at t. Summing
(6b) tested by @f

@t
with (6a) tested by @ðuÿwÞ

@t
, using ÿ ri þ rrð Þ @f

@t
P . @f

@t

ÿ �

for any ÿ ri þ rrð Þ 2 @. @f
@t

ÿ �

, integrating it over the time interval
½0; T�, and applying by-part integration in time, we obtain formally
the Gibbs-type energy balance

Ge T;uðTÞ; fðTÞð Þ þ Var.ðf;0; TÞ

6 Ge 0;uð0Þ; fð0Þð Þ þ
Z T

0

Z

X

re : e
@w

@t

� �

dx dt ð14Þ

where w means an extension of w from (7) onto the whole X and
the variation Var. of f with respect to . (i.e. total dissipation of en-
ergy within the damage process) is, in view of (2), given by a simple
formula

Var.ðf; t1; t2Þ

¼
a
R

X
fðt1; xÞ ÿ fðt2; xÞ dx if ðfð�; xÞÞ is non-increasing

on ð½t1; t2�Þ for a:a: ðx 2 XÞ;
þ1 otherwise:

8

>

<

>

:

Let us denote by ‘‘B” and ‘‘BV” the Banach space of everywhere de-
fined bounded measurable and bounded-variation functions,
respectively. Moreover, let us abbreviate I :¼ ð0; TÞ; I :¼ ½0; T�,
Q :¼ I �X, and R :¼ I � C. It is important that, as uðe; �; �Þ is convex,
(14) together with the partial stability (13) allows us to derive back-
wards (11). This authorizes us to introduce a definition of a
solution:

Definition 2.1 (Weak/energetic solution). We call ðue; feÞ with
ue 2 BðI;W1;2ðX;RdÞÞ and fe 2 BðI;W1;pðX;RdÞÞ \ BVðI; L1ðXÞÞ a
weak/energetic solution to the original problem (6) with the initial
condition (10) and the boundary condition (7) and (8) if

(i) the partial stability (13) holds for all t 2 ½0; T�, i.e.
Z

X

ue eðueðtÞÞ;feðtÞ;rfeðtÞð Þdx

6

Z

X

ue eðueðtÞÞ;~f;r~f
� �

þ. ~fÿfeðtÞ
� �

dx 806~f2W1;pðXÞ:

ð15Þ

(ii) the energy inequality (14) holds with ðue; feÞ in place of ðu; fÞ,
(iii) (6a) is satisfied in the weak sense, i.e.

Z

Q

ðfeðtÞ þ eÞCeðueðtÞÞ : eðvÞ dx dt ¼ 0

8t 2 ½0; T�;v 2 W1;2ðX;RdÞ; vj
R
¼ 0;

(iv) (7) and (10) hold with ðue; feÞ in place of ðu; fÞ.

As the force equilibrium (6a) is governed by minimization of the
convex functional Geðt; �; feÞ which also governs the evolution of fe,
(6a) and the partial stability (13) is equivalent to the ‘‘full” stability
Z

X

ueðeðueðtÞÞ;feðtÞ;rfeðtÞÞ dx

6

Z

X

ueðeð~uÞ;~f;r~fÞþ.ð~fÿfeðtÞÞdx

8ð~u;~fÞ2W1;2ðX;RdÞ�W1;pðXÞ; ~ujC¼wðtÞ; ~fP0: ð17Þ

The configuration ðueðtÞ; feðtÞÞ is called stable at t if it satisfies (17).
In fact, under (17), the energy inequality (14) implies even energy
equality at any time t, i.e.

Ge t; ueðtÞ; feðtÞð Þ þ Var.ðfe;0; tÞ

¼ Ge 0;ueð0Þ; f0ð Þ þ
Z t

0

Z

X

re : e
@w

@t

� �

dx dt ð18Þ

with re ¼ ðfe þ eÞCeðueÞ. Note that (17) at t ¼ 0 in fact qualify
through (10) also f0 to be stable. The conditions (17) and (18) leads
to a concept introduced in [39–41] (see also [34] for a survey)

Definition 2.2 (Energetic solution). We call ðue; feÞ with ue 2
BðI;W1;2ðX;RdÞÞ and fe 2 BðI;W1;pðX;RdÞÞ \ BVðI; L1ðXÞÞ an ener-
getic solution to the original problem (6) with the initial condition
(10) and the boundary condition (7), (8) if

(i) the stability (17) holds for all t 2 ½0; T�,
(ii) the energy balance (18) holds with ðue; feÞ in place of ðu; fÞ

for all t 2 ½0; T�, and
(iii) (7) and (10) hold with ðue; feÞ in place of ðu; fÞ.

As already said, Definitions 2.1 and 2.2 are equivalent to each
other. Under the hard-device loading w 2 W1;1ðI;W1=2;2ðC;RdÞÞ
(and thus considering an extension from W1;1ðI;W1;2ðX;RdÞÞ for
(14) or (18)), assuming p > d and stability of f0, the existence of a
(weak) energetic solution ðue; feÞ is guaranteed for any e > 0, cf.
[36]. The proof consists in the limit passage with s! 0 for an
approximate solution obtained by the implicit time-discretization
with a time step s, which leads to a recursiveminimization problem

Minimize
R

X

fkseþe
2 Ce ruk

se

ÿ �

: e ruk
se

ÿ �

ÿ afkse þ j
p
jrfksej

p dx

subject to 0 6 fkse 6 fkÿ1
se ; uk

sejC ¼ wðksÞ; uk
se 2 W1;2ðX;RdÞ;

fkse 2 W1;pðXÞ;

9

>

>

=

>

>

;

ð19Þ
for k ¼ 1; . . . ;K :¼ T=s with f0se :¼ f0. Having (some) solutions
uk
se; f

k
se

� �

to (19), we assemble the piecewise constant interpolation

ðuse; fseÞ so that usejðkÿ1Þs;ks� ¼ uk
se for k ¼ 1; . . . ; T=s. Likewise, we de-

fine also fse. Also, ws denotes the piecewise constant interpolation
of w. For the right-hand side of (20) below, we assume the prolon-
gation fseðtÞ ¼ f0se ¼ f0 for t < 0, and similarly wsðtÞ ¼ wð0Þ and
useðtÞ ¼ u0

se for t < 0, with u0
se minimizing Geð0; �; f0Þ. We have the

two-sided discrete energy estimate:
Z t

0

Z

X

ðfse þ eÞCeðuse þwÿwsÞ : e
@w

@h

� �

dx dh

6 Ge t;useðtÞ; fseðtÞð Þ þ Var.ðfse; 0; tÞ ÿ Geð0; useð0Þ; f0Þ

6

Z t

0

Z

X

ðfRse þ eÞCeðuR
se þwÿwR

s Þ : e
@w

@h

� �

dx dh ð20Þ

holds with t ¼ ks for any k ¼ 1; . . . ; T=s, where ð�ÞRs denotes func-
tions ‘‘retarded” by s, i.e. uR

se

� �

ðtÞ :¼ useðt ÿ sÞ, and where w has
the meaning of an extension of the boundary conditions into X;
cf. [36, Lemma 3.3].

We are now going to formulate a suitable solution to the com-
plete damage problem. The essential peculiarity is that the dis-
placement u and the strain eðuÞ are no longer well defined on
areas that are completely damaged, i.e. where f ¼ 0.

At each time t, we have, however, estimates on the stress

ðfeðtÞ þ eÞCeðueðtÞÞ in L2 X;Rd�d
sym

� �

uniform with respect to e > 0,

where R
d�d
sym is the set of symmetric d� d-matrices. Each weak clus-

ter point s is called a realizable stress. The set of all realizable stres-

ses is weakly compact in L2 X;Rd�d
sym

� �

, cf. [4, Proposition 2.8]. A

realizable stress s that minimizes s# 1
2

R

X
s : eðwðtÞÞdx is called

1244 A. Mielke et al. / Comput. Methods Appl. Mech. Engrg. 199 (2010) 1242–1253
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an effective stress at a given t. Let us remark that one can also define

an effective strain e 2 L2loc fx 2 X; fðt; xÞ > 0g;Rd�d
sym

� �

by

eðt; xÞ ¼ C
ÿ1 sðt; xÞ

fðt; xÞ

� �

for all t and a:a: x 2 X such that fðt; xÞ > 0;

ð21Þ
where C

ÿ1 means the inversion of the mapping C : Rd�d
sym ! R

d�d
sym. It is

important that eðtÞ is a corresponding limit of eðueðtÞÞ for e! 0, cf.
[4, Section 2.3] for details. Let us define, for a given damage profile f,
the effective stored energy as the so-called C-limit [12] of the col-

lection fGeðt;u;~fÞge>0:

gðt; fÞ :¼ lim inf
06~f2W1;pðXÞ

e!0þ; ~f*f in W1;pðXÞ

min
u2W1;2ðX;RdÞ

Geðt;u;~fÞ: ð22Þ

The so-called recovery sequence of damage profiles that asymptot-
ically reaches the value gðt; fÞ involves ~f ¼ ðfÿ dÞþ when d ! 0þ
sufficiently slowly with respect to e! 0þ. An important result of
[4] is that for each t and f there is unique effective equilibrium
stress sðt; fÞ (i.e. div s ¼ 0Þ. Hence, we can write

gðt; fÞ ¼
Z

X

1
2
sðt; fÞ : eðwðtÞÞ þ j

p
rfj jp dx: ð23Þ

Also, we have an important formula for the power of external
loading:

@g

@t
ðt; fÞ ¼

Z

X

sðt; fÞ : e @w

@t

� �

dx: ð24Þ

Our definition for the complete damage is based on the energetic-
solution concept as in Definition 2.2.

Definition 2.3 (Energetic solution for complete damage). The pro-
cess f : ½0; T� ! W1;pðXÞ is called an energetic solution to the
problem given by the data u, ., w, and f0, if, beside (10), also

(i) f 2 BVð½0; T�; L1ðXÞÞ \ Bð½0; T�;W1;pðXÞÞ,
(ii) is stable for all t 2 ½0; T� in the sense that

g t; fðtÞð Þ 6 gðt;~fÞ þ
Z

X

. ~fÿ fðtÞ
� �

dx 80 6 ~f 2 W1;pðXÞ; ð25Þ

(iii) and, for any 0 6 t1 < t2 6 T , the energy equality holds:

g t2; fðt2Þð Þ þ Var.ðf; t1; t2Þ

¼ gðt1; fðt1ÞÞ þ
Z t2

t1

Z

X

sðt; fðtÞÞ : e @w

@t

� �

dx dt; ð26Þ

in particular, the function t#
R

X
sðt; fðtÞÞ : e @w

@t
ðtÞ

ÿ �

dx belongs to
L1ð0; TÞ.

Existence of an energetic solution has been proved in [4] by
convergence of the above introduced regularization for e ! 0. See
also [35] for a more general approach allowing for more general
convex, but nonquadratic elastic energies.

Proposition 2.4 (Existence of energetic solutions, convergence of
ðue; feÞ). Let p > d and w 2 C1ð½0; T�;W1=2;2ðC;RdÞÞ, Then, there exist

a subsequence fengn2N converging to 0 and a process

f : ½0; T� ! W1;pðXÞ being an energetic solution according to Definition

2.3 such that the following holds for all t 2 ½0; T�:

(i) Gen ðt;uen ðtÞ; fen ðtÞÞ ! gðt; fðtÞÞ,
(ii) Var.ðfen ;0; tÞ ! Var.ðf;0; tÞ,
(iii) fen ðtÞ ! fðtÞ strongly in W1;pðXÞ,
(iv) ðfen ðtÞ þ eÞCðeðuen ðtÞÞÞ * sðt; fðtÞÞ weakly in L2 X;Rd�d

sym

� �

.

Remark 2.5 (Quasi-stress). In fact, we have bounded in

B I; L2 X;Rd�d
sym

� �� �

not only the stress ðfe þ eÞCeðueÞ but even
ffiffiffiffiffiffiffiffiffiffiffiffi

fe þ e
p

CeðueÞ, which thus converges (as a subsequence) weakly*

in L1 I; L2 X;Rd�d
sym

� �� �

to some v. Let us call it quasi-stress. We have

s ¼
ffiffiffi

f
p

v for the corresponding effective stress s and, by (21),
v ¼

ffiffiffi

f
p

Ce with the effective strain on the part with f > 0. Contrary
to the stress itself which converges even L2-strongly to zero on the
completely damaged part, cf. [4, Proposition 2.5],

ffiffiffiffiffiffiffiffiffiffiffiffi

fe þ e
p

CeðueÞ
need not converge to zero on this part.

Remark 2.6 (Large strains). Generalization for stored energies that
are nonquadratic in terms of strain seems difficult, cf. [35]. For
incomplete damage (or, in other words, e > 0 fixed) we refer to
[36] where such a model was analyzed even at large strains and
a unilateral contact.

3. Numerical implementation, 2D computational simulations

In order to arrive at an implementable numerical algorithm, we
perform a spatial discretization of the time-incremental minimiza-
tion problem (19). To that end, we introduce finite-dimensional
spaces Uh � W1;2 X;R2ÿ �

and Zh � W1;pðXÞ and consider the follow-
ing minimization problem:

Minimize
R

X

fksheþe
2 Ce ruk

she

ÿ �

:e ruk
she

ÿ �

ÿafksheþj
p
jrfkshej

p dx

subject to 06 fkshe6 fkÿ1
she ; uk

shejC¼wðksÞ; uk
she 2Uh; fkshe 2Zh

9

=

;

ð27Þ
for k ¼ 1; . . . ;K :¼ T=s with u0

she; f
0
she

ÿ �

:¼ ðu0; f0Þ, i.e. the discretized
incremental problem leads to a non-convex, box-constrained opti-
mization program. Note that the convergence of the fully discrete
solution to the solution of the space-time continuous problem is
guaranteed thanks to abstract approximation results available in
[37].

In the actual numerical implementation, the spatial discretiza-
tion is performed using the linear conforming finite elements,
e.g. [2,8]. Moreover, for computational efficiency, we restrict our
attention to d ¼ 2 and dare to choose p ¼ 2 (which fits with the
theory presented in Section 2 only ‘‘up to epsilon” as we have re-
quired p > d).

For a given regularization parameter e and the time level k, we
express the discrete fields in the form

uk
sheðxÞ ¼ N

u
hðxÞuk

h; fksheðxÞ ¼ N
f

hðxÞfkh; ð28Þ

where uk
h and f

k
h denote vectors of the nodal values of displacement

and damage parameter fields, respectively (indices se are omitted in
the sequel for the sake of brevity) and N

u
h and N

f

h denote the oper-
ators of piecewise linear basis functions. The discrete problem (27)
can now be re-written in a fully algebraic format

Minimize 1
2 u

kT
h K

u
h f

k
h

� �

ukh þ 1
2 f

kT
h K

f

hf
k
h þ f

fT

h f
k
h

subject to 0 6 f
k
h 6 f

kÿ1
h ; ukh;D ¼ wDðksÞ

9

=

;

ð29Þ

with components of wD storing the nodal displacements on the
Dirichlet part C of the boundary. The individual matrices are pro-
vided by:

K
u
hðfhÞ ¼

Z

Xh

B
uT
h ðxÞ eþ N

f

hðxÞfh
ÿ �

CðxÞ
ÿ �

B
u
hðxÞdx; ð30Þ

K
f

h ¼
Z

Xh

B
fT

h jðxÞBf

hðxÞdx; ð31Þ

f
f

h ¼ ÿ
Z

Xh

aðxÞNfT

h ðxÞdx; ð32Þ

where the B operators contain derivatives of the shape functions
and C is the Voigt representation of the material stiffness tensor
C; see e.g. [2].

The discrete formulation (29) leads to a (usually large-scale)
non-convex program. Nevertheless, recognizing that the objective
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function is quadratic separately in ukh and f
k
h and exploiting the for-

mal similarity between the e-regularized damage model and the
Francfort–Marigo variational approach to fracture [7], the problem
(29) can be efficiently solved employing a variant of the alternate
minimization algorithm proposed recently by Bourdin in [5,6]. In
the current context, the incremental version of algorithm is briefly
summarized in Table 1. In each internal iteration, the minimization
problem with respect to u (Step 4) reduces to the solution of a
sparse system of linear equations, while the subsequent sparse
box-constrained problem is solved using a reflective Newton
method introduced in [11].

The convergence of the alternate minimization was studied by
Bourdin in [5], where it was shown that the algorithm converges
to a critical point of the discretized problem in a finite number of
iterations. Of course, there is no guarantee that the critical point
is a global minimizer of the non-convex objective function, which
is a crucial assumption of the theoretical framework. This obstacle
can be, for example, resolved by resorting to the global stochastic
optimization approaches [26,27,30]. Such techniques, however, re-
quire very large number of iterations and as such are applicable
only to very inexpensive objective functions. Fortunately, it is pos-
sible to construct a feasible numerical approach exploiting the
two-sided energetic estimates (20).

To that end, consider the discretized version of (20)

ÿ gþ
X

k

j¼1

Z js

ðjÿ1Þs

Z

Xh

f
j
she þ e

� �

Ce uj
she þwÿws

� �

: e
@w

@h

� �

dxdh

6 Ge ks;uk
she; f

k
she

� �

þ Var.ðfshe;0; ksÞ ÿ Ge 0;u0
she; f

0
he

ÿ �

6 gþ
X

k

j¼1

Z js

ðjÿ1Þs

Z

Xh

f
jÿ1
she þ e

� �

Ce ujÿ1
she þwÿwR

s

� �

: e
@w

@h

� �

dxdh

ð33Þ

where g is an energy tolerance parameter introduced for the
numerical implementation. The previous condition is used to detect
local minimizers: if the result of the alternate minimization algo-
rithm fkh fails to verify the inequality (33), the algorithm is restarted
from the previous time level with fkh used as an initial value for the
minimization algorithm instead of fkÿ1

h . This procedure is repeated
until an admissible solution is found, see Table 2 for additional de-
tails. It is worth noting that the resulting algorithm shares similar
features with the backtracking scheme introduced by Bourdin [5]
in the framework of variational fracture theories.

Performance of the proposed algorithm will be illustrated on
two benchmark problems inspired by [45]: an inhomogeneous
and a pre-notched specimen, see Fig. 1. The corresponding geomet-
ric and material data together with the algorithm parameters are
gathered in Fig. 1 and Table 3, respectively. Both structures are as-
sumed to be in the plane stress state and are subject to a propor-
tional-in-time axially symmetric hard-device loading. In both
cases, the spatial discretization was performed using the unstruc-
tured mesh generator T3D [48] and the problem size was reduced

using symmetries of the specimens. The analyzed time interval
½0;1� was decomposed into 100 identical time steps (a physical
dimension of time is omitted in the sequel because of rate-inde-
pendence). Finally, for the inhomogeneous specimen, the damage
localization is triggered by pre-existing imperfections introduced
by a reduced activation threshold in the shaded area on the axis
of symmetry.

The resulting energetics for the inhomogeneous specimen is
displayed in Fig. 2 for a representative choice of the e and h param-
eters. Clearly, in its basic version, the discrete solution obtained by
the alternate minimization algorithm fails to provide an appropri-
ate energetic solution to the problem. The two-sided inequality is
satisfied only in the initial stage, where the specimen stays mainly
elastic. At time t � 0:61, the damage propagates simultaneously
through the specimen, as manifested by the drop of the sum of
the globally dissipated and the Gibbs energy, see Fig. 2a. Even after
this instant, however, this quantity increases, which is the conse-
quence of the non-zero value of regularization parameter e. More-
over, the damage profile still evolves in the subsequent time levels,
leading to the increase in the dissipated energy balanced by the
contribution of the Gibbs energy.

With the backtracking option active, however, the algorithm
detects the local minimizer at t � 0:61 and, following the dotted
line in Fig. 2a, returns to the time level where the incremental
two-sided inequality is satisfied. After the backtracking stage is
completed, the alternate minimization algorithm is capable of find-
ing an approximate energetic solution, cf. Fig. 2b. As further illus-
trated by Fig. 3, evolution of the damage profile for the algorithm
with backtracking is more gradual when compared with the basic
variant.

Additional numerical tests summarized in Fig. 4 demonstrate
the ‘‘mesh-independent” behavior of the method, i.e. the fact that
the global energetic response is almost independent of the discret-
ization parameter h. The influence of the energy regularization
parameter e, however, is much stronger, cf. Fig. 4b. As e ! 0, the
algorithms tries to reproduce the one-dimensional complete dam-
age profile fðx; yÞ � jxja, derived in [4]. To make the presentation
complete, the energetic plots are accompanied with the reaction
force diagrams, highlighting again the independence of the ob-
tained results of the spatial discretization parameter h and the
influence of the regularizing parameter e on the ‘‘residual” reaction
of the damaged structure. Notice that the obtained displacement–
reaction relations can be, due to the displacement-driven loading
linearly increasing with respect to t, directly related to the rate
of the globally stored energy. Therefore, we restrict the attention
to the energy-based quantities in the following discussion.

The same set of numerical experiments was executed for the
pre-notched specimen leading to the results appearing in Figs. 5–
7. When compared to the inhomogeneous specimen, the global re-
sponse shows similar trends for algorithms with and without
backtracking.

Table 1

Conceptual implementation of the optimization algorithm for time level k and an
initial value of interval variable fð0Þ .

1 : Set j ¼ 0
2 : repeat

3 : Set j ¼ jþ 1
4 : Solve uðjÞ ¼ argminuD¼wDðksÞ

1
2 u

TK
u
h fðjÿ1Þ
� �

u

5 : Solve fðjÞ ¼ argmin06f6fkÿ1
h

1
2 u

TðjÞ
K

u
h fð ÞuðjÞ þ 1

2 f
T
K
f

h
fþ f

f

h

T

f

6 : until kfðjÞ ÿ fðjÿ1Þk1 6 d

7 : Set ukh ¼ uðjÞ; fkh ¼ fðjÞ

Table 2

Conceptual implementation of the time stepping procedure.

1 : Set k ¼ 1; fÿ1
h ¼ 0; f0h ¼ 0; fð0Þ ¼ 0

2 : repeat

3 : Determine fkh using the alternate minimization algorithm for time

tk and initial value f
ð0Þ
h

.
4 : Set fð0Þ

h
¼ fkh

5 : if two-sided inequality (33) is satisfied
6 : Set k ¼ kþ 1
7 : else

8 : Set k ¼ kÿ 1
9 : end

10: until k 6 K
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It is further confirmed by Fig. 8 that the numerical results are
almost independent of the spatial discretization parameter h,
which is considered to be an essential requirement for any damage
model in the engineering literature. The extent of damage zone de-
pends on the value of the regularization parameter e (related to a
‘‘residual” energy after the complete damage). As e ! 0, however,
the width of the localized damage zone, displayed in Fig. 9, remains
still finite and insensitive to spatial discretization.

Remark 3.1 (Clapeyron principle). Similarly to [28], it can be
observed that the work of external load is approximately equally
distributed to the dissipated energy Varq and the stored energy Ge

after the damage initiation; the effect known as the Clapeyron
principle for slowly loaded bodies with viscous damping, cf. [23].
The deviation from the ideal 1 : 1 ratio depends mainly on the
energy regularization parameters e, see Figs. 4 and 7, which makes
a certain portion of the stored energy ‘‘unavailable” to the damage
process. In addition, due to the localized character of damage, only
a part of the work of the external load can contribute to the
dissipative processes (analogously to the beginning of the loading
program where no damage occurs).

4. Damage in viscoelastic media with inertia

Finally we include also some rate-dependent phenomena, in
particular viscosity and inertia. Combination with viscosity has
been addressed in the Maxwellian rheology (even with plasticity)
in [16] and in the Kelvin–Voigt rheology in [25,43,49,10].

We will consider linear viscosity in the Kelvin–Voigt rheology,
i.e. the total stress r is composed from the elastic contribution
re :¼ fCeðuÞ as before and now also the aviscous contribution
rv :¼ fDe @u

@t

ÿ �

where C is a positive-definite elasticity tensor as be-
fore and D is a positive-definite viscosity tensor satisfying
Dijkl ¼ Djikl ¼ Dklij. Note that, like the elastic response, it is natural
to assume that also the viscous response depends on the damage
f and vanishes in the completely damaged. This substantially dif-
fers from previous studies [16,25,43,49] which considered viscos-
ity unchanged even in damaged material. Like in [43,49], we also
consider inertia related to the mass density q. Note that, to sim-
plify the following treatment, the density q > 0 is assumed to be
independent of spatial coordinate x. Naturally, contrary to the vis-
coelastic response, the inertial effects are independent of damage
because the mass is not destroyed by damaging inter-atomic links.
Thus the rate-independent evolution of the damage is now coupled
with rate-dependent evolution of the displacement. Due to the
inertial effects, we can now impose dead loading by a bulk
force f. For simplicity, we then do not consider any hard-device
loading, i.e. we impose only the boundary conditions (8) with
C ¼ ;. Altogether, formally, we consider

q
@2u

@t2
ÿ div rv þ reð Þ ¼ f ; rv ¼ fDe

@u

@t

� �

; re ¼ fCeðuÞ; ð34aÞ

@.
@f

@t

� �

þ ri þ rr 3 0; rr 2 N½0;þ1ÞðfÞ;

ri :¼
1
2
CeðuÞ : eðuÞ ÿ div jjrkzjpÿ2rf

� �

: ð34bÞ

Fig. 1. Scheme of simulated experiments; (a) inhomogeneous specimen and (b) pre-notched specimen.

Table 3

Parameter of the damage model and incremental algorithm.

Young’s modulus, E 27 GPa
Possion’s ratio, m 0:2
Factor of influence, j 10 Jmÿ2

Activation threshold, a (see [22]) 500 Jmÿ3

Maximal prescribed displacement for the inhomogeneous
specimen

5� 10ÿ4 m

Maximal prescribed displacement for the pre-notched
specimen

2:25� 10ÿ4 m

Time step, s 0:01
Damage profile tolerance, d 10ÿ6

Two-sided energy inequality tolerance, g 10ÿ3

Fig. 2. Global energetics of the inhomogeneous specimen ðe ¼ 5� 10ÿ2;h ¼ 0:03 mÞ; (a) Without backtracking (energy balance fails) and (b) with backtracking (an
approximate energetic solution).
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Of course, now we must prescribe also the initial condition on the
displacement and the velocity, so altogether we have

uð0; �Þ ¼ u0 2 W1;2ðX;RdÞ; @u

@t
ð0; �Þ ¼ _u0 2 L2ðX;RdÞ;

fð0; �Þ ¼ f0 2 W1;pðXÞ: ð35Þ

We assume naturally 0 6 f0 6 1.
Similarly as before, let us take e > 0 and consider the regular-

ized problem:

q
@2u

@t2
ÿ div ðfþ eÞDe

@u

@t

� �

þ ðfþ eÞCeðuÞ
� �

¼ f ; ð36aÞ

@.
@f

@t

� �

þ 1
2
CeðuÞ : eðuÞ ÿ divðjjrzjpÿ2rfÞ þ N½0;þ1ÞðfÞ 3 0: ð36bÞ

Its weak solution, let us denote it by ðue; feÞ, can be obtained by
rather standard methods. The force equilibrium (36a) in the weak
form looks as

Z T

0
q
@2ue

@t2
;v

* + 

þ
Z

X

ðfeþeÞ De
@ue
@t

� �

þCeðueÞ
� �

:eðvÞÿ f �v dx
�

dt¼0

ð37Þ

for all v 2 L2ðI;W1;2ðX;RdÞÞ with h�; �i standing for the duality be-
tween W1;2ðX;RdÞ� and W1;2ðX;RdÞ. Like (15) and (14), we have
now the ‘‘partial stability”

Z

X

feðtÞ þ e
2

CeðueðtÞÞ : eðueðtÞÞ þ
j
p
jrfeðtÞjp dx

6

Z

X

~fþ e
2

CeðueðtÞÞ : eðueðtÞÞ þ
j
p
jr~fjp þ . ~fÿ feðtÞ

� �

dx

80 6 ~f 2 W1;pðXÞ ð38Þ

for any t 2 ½0; T� with . from (2), and an energy inequality

Z

X

q
2

@ue
@t

ðTÞ
�

�

�

�

�

�

�

�

2

þ GeðT; ueðTÞ; feðTÞÞ dxþ Var.ðfe;0; TÞ

þ
Z

Q

ðfe þ eÞDe
@ue
@t

� �

: e
@ue
@t

� �

dx dt

6

Z

X

.
2
j _u0j2 þ Geð0;u0; f0Þ þ

Z

Q

f � @ue
@t

dx dt; ð39Þ

here we used f0 ¼ 1 from (35) and, for coming from (14)–(33),
(34a), (34b), (35), (36a), (36b), (37)–(39), we relied on (37) for
all v :¼ @ue

@t
2 L2ðI;W1;2ðX;RdÞÞ. Note that eðueðTÞÞ is well defined

because @ue
@t

2 L2ðI;W1;2ðX;RdÞÞ just due to the regularization by
e > 0.

Now, as no minimization of stored energy applies, we unfortu-
nately do not have at our disposal the formula like 1

2

R

X
re : eðwÞ dx

for the stored energy, cf. (23). To avoid usage of eðuÞ on the fully
damaged parts, the stored energy

R

X
1
2 fCeðuÞ : eðuÞ dx can alterna-

tively be written as
R

X
1
2ve : C

ÿ1ve dx where we have denoted

ve :¼
ffiffiffi

f
p

CeðuÞ and, as above, Cÿ1 means the inversion of the map-
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Fig. 3. Time evolution of f field for the inhomogeneous specimen h ¼ 0:03 m, e ¼ 5� 10ÿ2 , displacements are scaled by a factor 100 and only a quarter of the specimen is
shown.

1248 A. Mielke et al. / Comput. Methods Appl. Mech. Engrg. 199 (2010) 1242–1253



Author's personal copy

Fig. 4. Convergence of the approximate energetic solution for the inhomogeneous specimen; (a) h ! 0 m; e ¼ 5� 10ÿ2 , (b) e ! 0; h ¼ 0:02 m; mesh with h ¼ 0:05 m contains
493 triangular elements, h ¼ 0:03 m corresponds to 1193 elements and h ¼ 0:02 m to 1549 elements.

Fig. 5. Global energetics for the pre-notched specimen ðe ¼ 10ÿ2;h ¼ 0:03 mÞ; (a) Without backtracking (energy balance fails) and (b) with backtracking (an approximate
energetic solution).
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Fig. 6. Snapshots of the time evolution of the f field for the pre-notched specimens; h ¼ 0:03 m; e ¼ 10ÿ2 , displacements are scaled by a factor 100 and only a half of the
specimen is displayed.
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ping C : Rd�d
sym ! R

d�d
sym. As in Remark 2.5, let us call ve an elastic qua-

si-stress; its physical dimension is again Pa ¼ J=m3 as a standard
stress. Similarly, to avoid usage of e @u

@t

ÿ �

, we introduce the viscous

quasi-stress v
v
:¼

ffiffiffi

f
p

De @u
@t

ÿ �

.
Also, let us denote the corresponding quasi-stresses for (36),

i.e.

ve;e ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

fe þ e
p

CeðueÞ and v
v ;e ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

fe þ e
p

De
@ue
@t

� �

: ð40Þ

Then, in terms of these quasi-stresses, (37) rewrites to

Z T

0
q
@2ue

@t2
; v

* +

þ
Z

X

ffiffiffiffiffiffiffiffiffiffiffiffi

fe þ e
p

v
v;e : eðvÞ þ ve;e : eðvÞ

� �

 

ÿf � v dxÞ dt ¼ 0: ð41Þ

Moreover, (38) and (39) can be written as
Z

Q

1
2
ve;e : C

ÿ1ve;e þ
j
p
jrfejp dx dt 6

Z

Q

1
2

~fþ e
fe þ e

ve;e

: C
ÿ1ve;e þ

j
p
jr~fjp ÿ . ~fÿ fe

� �

dx dt

80 6 ~f 2 W1;pðXÞ ð42Þ

Fig. 7. Convergence study for the pre-notched specimen; (a) h ! 0 m, e ¼ 10ÿ2 , (b) e ! 0; h ¼ 0:02 m; mesh with h ¼ 0:05 m contains 377 triangular elements, h ¼ 0:03 m
corresponds to 1229 elements and h ¼ 0:02 m to 1773 elements.
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Fig. 8. Examples of the f field distribution for t ¼ 1 (e ¼ 5� 10ÿ2 , h ! 0 mÞ; displacements are scaled by a factor 100 and only a half of the specimen is displayed.
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Fig. 9. Examples of the f field distribution for t ¼ 1 (h ¼ 0:02 m; e ! 0); displacements are scaled by a factor 100 and only a half of the specimen is displayed.
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We derive a-priori estimates that are independent of e > 0 by test-
ing (36a) by @ue

@t
. It is essential to use @fe

@t
6 0 and symmetry and po-

sitive definiteness of C to obtain
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Assuming f 2 L1ðI; L2ðX;RdÞÞ, by Gronwall’s inequality we obtain the
bounds
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with some constants C;Ce, and Cv . In other words, kv
v;ekL2 Q ;Rd�d

symð Þ 6
Cv , and kve;ekL1 I;L2 X;Rd�d

symð Þð Þ 6 Ce. From this, for 0 < e 6 1, we also

obtain

q
@2ue
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where kukY ¼ kukL2ðI;W1;2ðX;RdÞÞ þ kukL1ðI;L2ðX;RdÞÞ.
Unfortunately, it does not seem that any estimate for @ve;e

@t
is

available, which brings troubles by defining values of ve;e at partic-
ular times in the limit. In the spirit of Definitions 2.1 and 2.3 but
balancing Helmholtz stored energy (since the by-part integration
in time of the outer loading is no longer necessary and advanta-
geous) and in view of the estimates (46d), we can exploit the above
relations (37), (40), (42), and (43) when putting e ¼ 0 for a defini-
tion of a weak/energetic solution to the complete damage problem
in the following way:

Definition 4.1 (Weak/energetic solution). We call ðu;ve;vv ; f;EÞ
with

u 2 W1;1ðI; L2ðX;RdÞÞ; ð48aÞ
ve 2 L1 I; L2 X;Rd�d

sym

� �� �

; ð48bÞ

v
v
2 L2 Q ;Rd�d

sym

� �

; ð48cÞ

f 2 BVðI; L1ðXÞÞ \ BðI;W1;pðXÞÞ; ð48dÞ
E 2 BVðIÞ ð48eÞ
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@t2
2 L2ðI;W1;2ðX;RdÞ�Þ þ L1ðI; L2ðX;RdÞÞ ð49bÞ

a weak/energetic solution to the problem (34) with the initial con-
ditions (35) and the homogeneous Neumann boundary condition,
i.e. (8) with C ¼ ;, if
Z T
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* +
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ffiffiffi
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for all v 2 L2ðI;W1;2ðX;RdÞÞ, if the ‘‘partial stability”
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and if the energy inequality holds, i.e.
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with Eð0Þ ¼
R

X
1
2Ceðu0Þ : eðu0Þ þ j

p
jrf0jp dx and, for all t1 2 I,

Z t1

0
EðtÞ dt P

Z t1

0
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2
ve : C

ÿ1ve þ
j
p
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Remark 4.2. Let us comment this definition especially at the point
that we claim much less information on the completely damaged
part than we did in the quasistatic evolution in Section 2, which
is related with what we are able to prove. As a consequence, we
also cannot prove full energy balance as an equality. Anyhow, the
granted a-priori estimates (46d) and (47) give certain solid base
for engineering calculations and Definition 4.1 then indicates what
information we can surely read for the limit when e approaches
zero. In fact, we have bounds also on some other derived quanti-
ties, e.g. ðfe þ eÞ @

@t
ðCeðueÞ : eðueÞÞ which equals to ve;e : D

ÿ1v
v;e

which is bounded due to (46b) and (46c) in L2ðI; L1ðXÞÞ. From
(50), one can see that

ffiffiffi

f
p

ðv
v
þ veÞ is in the position of the stress

rv þ ve, cf. (34a), and from (52) one can further get the explicit
form

rv ¼
fDe @u

@t

ÿ �

0

(

and ve¼
fCeðuÞ on anyA from ð52Þ;
0 on thedamagedpart f¼0:

�
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Proposition 4.3. Let p > d, f 2 L1ðI; L2ðX;RdÞÞ;u0 2 W1;2ðX;RdÞ;
_u0 2 L2ðX;RdÞ, and f0 2 W1;pðXÞ;0 6 f0 6 1. Then there exists a

weak/energetic solution in accord to Definition 4.1.

Proof. By (46b) and (46c), we can choose a subsequence such that

ve;e *
�
ve in L1 I; L2 X;Rd�d

sym

� �� �

and v
v ;e * v

v
in L2 Q ;Rd�d

sym

� �

. Though

the obtained ve need not be well defined at particular time levels,

the stored energy Ee : t#
R

X
1
2veðtÞ : Cÿ1veðtÞ dx itself is well

defined and measurable because its sum with the kinetic energy
has a bounded-variation which is seen from (45) to (46c). By Hel-
ly’s principle, we choose a subsequence so that also EeðtÞ ! EðtÞ for
all t 2 ½0; T�.

The limit passage in (41) uses fe ! f in LqðQÞ with any
1 6 q < þ1, which follows by a generalized Aubin–Lions’ theorem

[46, Cor. 7.9] from the estimate fe in L1ðI;W1;pðXÞÞ \ BVðI; L1ðXÞÞ,
and also it uses ve;e*

�
ve in L1 I; L2 X;Rd�d

sym

� �� �

and v
v ;e * v

v
in

L2 Q ;Rd�d
sym

� �

.

The limit passage in (40) uses also the bounds of eðueÞ and e @ue
@t

ÿ �

in L2 K;Rd�d
sym

� �

on any compact cylinder K of the form ½0; t� � K0 on

which f > 0. Here we use a very special structure of the problem
that K0 � X such that fðtÞ > 0 on K0 implies that, for any d > 0,
there is e0 such that for any 0 < e 6 e0 we have feðtÞ þ eP d for all

x 2 K0; here we used that W1;pðXÞ is embedded into CðXÞ because
p > d. Thus also fe þ eP d for all ðt; xÞ 2 K ¼ ½0; t� � K0 because
feð�; xÞ is non-increasing. Then we can pass to the limit in (40) and
cover A in (52) by cylinders of the form K above.

The limit passage in the ‘‘partial” stability condition (42) in the
term

Z

Q
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2

~fþ e
fe þ e

ve;e : C
ÿ1ve;e dx dt

¼
Z

Q

1
2
ð~fþ eÞCeðueÞ : eðueÞ dx dt

is more difficult than in the usual ‘‘full” stability (17) in the rate-
independent case. We must do it simultaneously with the left-
hand-side term

Z

Q

1
2
ðfe þ eÞCeðueÞ : eðueÞ dx:

Let us take 0 6 ~f 6 f and, following [4, Proposition 2.10], put
~fd :¼ ð~fÿ dÞþ. Then, for any fixed d > 0, we have ~fdðtÞ 6 feðtÞ if
e > 0 is small enough (depending on t, however); recall that p > d

so that W1;pðXÞ � CðXÞ compactly. Simultaneously ~fdðtÞ ! ~fðtÞ in
W1;pðXÞ. Indeed, let us consider an open �-neighbourhood O�ðtÞ of
a compact set NðtÞ :¼ fx 2 X; ~fðt; xÞ ¼ 0g. Then, for d > 0 small en-
ough, ~fd > 0 on X n O�ðtÞ. For a.a. x 2 O�ðtÞ n NðtÞ, we have either
~fdðxÞ ¼ 0 or ~fdðt; xÞ ¼ ~fðt; xÞ ÿ d and also r~fdðt; xÞ ¼ 0 or
r~fdðt; xÞ ¼ ~fðt; xÞ. Hence, for d > 0 small enough,

Z

X

jr~fdðtÞ ÿr~fðtÞjp dx ¼
Z

O�ðtÞnNðtÞ
jr~fdðtÞ ÿr~fðtÞjp dx

6

Z

O�ðtÞnNðtÞ
jr~fðtÞjp dx: ð55Þ

Yet, the last expression can be pushed to zero with �! 0 because
jr~fðtÞjp 2 L1ðXÞ is absolutely continuous for a.a. t 2 ½0; T�. Then also
R T

0

R

X
jr~fdðtÞ ÿr~fðtÞjp dx dt ! 0 by the Lebesgue dominated-con-

vergence theorem; the common integrable majorant is
t#kr~fðtÞkp

LpðX;RdÞ.
Then, by the ‘‘partial” stability for fe, we have
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Q

.ðfe ÿ ~fdÞ dx dt P
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Q

fe þ e
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~fd þ e
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CeðueÞ : eðueÞ

þ j
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ve;e : C
ÿ1ve;e þ

j
p
jrfejp ÿ

j
p
jr~fdjp dx dt: ð56Þ

Now we use that ð~fd þ eÞ=ðfe þ eÞ ¼ ~fd=f converges strongly in any
LqðKÞ, q < þ1, and weakly* in L1ðKÞ on every compact cylinder K

of the form ½0; t� � K0 where f > 0, as already used above. Then,
by the weak lower semicontinuity, we obtain
Z

K

.ðfÿ ~fdÞ dx dt P
Z

K

1
2

1ÿ
~fd

f

 !

ve : C
ÿ1ve

þ j
p
jrfjp ÿ j

p
jr~fdjp dx dt: ð57Þ

Then we pass d ! 0 and use ~fd ! ~f weakly* in L1ðQÞ because we
proved already strong convergence in LpðI;W1;pðXÞÞ and bounds in
L1ðQÞ. When we cover A involved in (52) by cylinders of the form
K, we obtain just (52).

Limit passage in (43) is then by weak lower semicontinuity.
Here we use also that EeðtÞ ! EðtÞ and the weak lower semicon-
tinuity, hence we also get (54). h

5. Conclusions

In the current paper, a mathematically supported model of a
non-local isotropic damage has been presented, covering the math-
ematical and numeric aspects in the rate-independent case as well
as possible extensions to incorporate rate-dependent phenomena.
The most important findings and conclusions can be summarized
as follows:

� As shown in Section 2, the rate-independent energetic frame-
work allows for a rigorous analysis of the damage evolution
even when the material completely looses its integrity, includ-
ing physically well-founded interpretation of fields on the com-
pletely damaged domain. It is worth noting that existence of the
e-regularized solution has recently been proven for f 2 W1;pðXÞ
with p > 1 in [51], which opens the way to the similar develop-
ment in the context of complete damage, see [35].

� The numerical scheme introduced in Section 3 efficiently exploits
the two-sided energetic bounds to incrementally construct a
proper energetic solution. Even though the algorithmwas applied
to basic engineering benchmark problems only, its applicability
seems to be much wider and deserves further investigation.

� The strategy presented in Section 4 allows us to incorporate
rate-dependent viscous and inertia phenomena into the rate-
independent setting, resulting in substantially more realistic
physical framework. This was recently scrutinized in a broader
context of fairly general inelastic processes in [47], based on
the concept of energetic-type solutions rather than the weak/
energetic solutions in Section 4 but only viscosity independent
of the damage was considered for analysis in [47, Example 7.5].

� From the engineering point of view, both the model and frame-
work presented in the current paper provide a solid basis for
constructing more realistic constitutive models, well-supported
by analysis. Additional refinements may include, among other,
combining the bulk- and surface-related dissipation variables
in order to reproduce the localized strain profiles, see [9, and ref-
erences therein] for a recent engineering work. Moreover, a con-
cept of a state-dependent dissipation potential [38] can be
adopted to obtain a more accurate description of the post-peak
response.
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