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1. Introduction

Damage, as a special sort of inelastic response of solid materials,
results from microstructural changes under mechanical load. Rou-
tine computational simulations based on various models are
widely performed in engineering, although mostly without being
supported by rigorous mathematical and numerical analysis.

We will consider damage as a rate-independent process. This is
often, although not always, an appropriate concept and has appli-
cations in a variety of industrially important materials, especially
to concrete [18,21,42], filled polymers [15], or filled rubbers
[24,32,33]. Being rate-independent, it is necessarily an activated
process, i.e. to trigger a damage the mechanical stress must achieve
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a certain activation threshold. The mathematical difficulty is re-
flected in the fact that only local-in-time existence for a simplified
scalar model or for a rate-dependent 0- or 1-dimensional model
has been obtained, see [3,14,19,20]. The 3-dimensional situation
was investigated in [17,36,37] with the focus to incomplete dam-
age. The main focus of this paper is on complete damage, i.e. the
material can completely disintegrate and its displacement com-
pletely loses any sense on such regions. We show how mathemat-
ical modeling can be used to derive well-posed models by
suppressing the use of the displacement u and formulating every-
thing in terms of stresses and energies. In Sections 2 and 3 we will
neglect all rate-dependent processes like viscosity and inertia so
that the damage process is quasistatic and fully rate-independent.
Eventually, in Section 4, we will combine a rate-independent dam-
age process with viscosity and inertia which are, of course, rate-
dependent.

We consider an anisotropic material but confine ourselves to a
materials with linear elastic response and an isotropic damage using
only one scalar damage parameter under small strains (as in
[1,3,18,22]). Moreover, we use gradient of damage theory [13,18,
21,22,29,31,44,50] expressing a certain nonlocality in the sense
that damage of a particular spot is to some extent influenced by
its surrounding, leading to possible hardening or softening-like
effects, and introducing a certain internal length scale eventually
preventing damage microstructure development. From the mathe-
matical viewpoint, the damage gradient has a compactifying char-
acter and opens possibilities for the successful analysis of the
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model. Anyhow, some investigations are still possible without gra-
dient of damage, as shown in [17] for incomplete damage, leading
to a possible microstructure in the damage profile.

The goal of this article is to survey and further develop basic
mathematical tools focused on complete damage.

2. Complete quasistatic damage at small strains

We will consider specific stored energy ¢ quadratic in terms of
small-strain tensor e, linear in terms of scalar damage parameter z,
and convex in terms of a gradient of the damage g:

1 K ;
(p(evzvg) =5zCe:e +E ‘g|p + O[O.Jroc) (z)v (1)

2
where C e R™4*dd j5 3 positive-definite elasticity tensor satisfying
Ciji = Cjit = Cuij,d € N denotes the considered spatial dimension,
Kk >0 is a so-called factor of influence, and )., is the indicator
function of the interval [0, +c0), i.e. 1) (z) =0 for z > 0 while
J0.+00)(2) = +oo otherwise. In this section, we consider the first-or-
der gradient of the damage profile {, hence we put {(t,x) in place
of the variable z € R and V{(t,x) in place of the variable g € RY,
respectively. Another ingredient of the damage evolution model is
a specific dissipated energy

. —-az ifz<0,
o) - {
elsewhere.

400 @)

where a > 0 determines the phenomenology how much energy (per
d-dimensional “volume”) is dissipated by accomplishing the dam-
age process, i.e. by decreasing z from 1 to 0. The value +co reflects
that we consider damage as a unidirectional process, i.e. damage can
only develop, but the material can never heal. Note that g is degree-
1 homogeneous, which is related with the intended rate-indepen-
dent evolution of the damage process. Simultaneously, a is also acti-
vation threshold determining the level of the “inelastic” driving force

0 = @y(e,z,8) — divey(e,z,g), ie.

. 1
i = @;(e(u),¢, V) — divepg(e(u). £, Vi) = 5 Ce(u)

re(u) — div(k| V(P2 V0), 3)
with the physical dimension of stress, that triggers the damage
process.

As we want to focus on complete damage where the material
can completely disintegrate, in the quasistatic case we cannot have
loading by dead load as e.g. gravity load. Thus we will consider a
“hard-device” loading by time-varying Dirichlet boundary condi-
tions but zero bulk forces.

Altogether formally we consider the problem

.
div(ge) =0, 0. = @,(e(u),{, V() =(Ce(u), e(u)= M
(4a)

o %
% <§> +0i+ 0,50, 0r€Npw)(0). (4b)

In particular, Eq. (4a) represents an elastic equilibrium condition,
written in the terms of the “elastic” stress tensor g, := ¢, (e,z,g).
Inclusion (4b) corresponds to a (possibly non-smooth) evolution
of internal variables, driven by the interplay among dissipated en-
ergy o, “inelastic” driving force ¢; introduced in (3) and a “reaction
force” o, to the constraint 0 < {. Note that d¢ denotes the subdiffer-
ential of the convex function ¢ and Njg ) = 9+, denotes the
normal cone. In fact, as the evolution of ( is unidirectional (here
non-increasing in time) and ¢ will be prescribed at the beginning,

)
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see (10) below, it always holds 0 < {(t,x) < {o(x). Usually {, =1 is
considered so even { € [0,1] a.e.on Q := (0,T) x Q.

This is indeed to be understood only formally because in the
completely damaged part { =0 and displacements u as well as
strain e(u) lose any sense.

Therefore, we will also consider the regularized stored energy

K
©,(e,2,8) =5 (z+¢)Ce:e+ 7 lgl” + 810.+00) (2),

N =

and then the regularized problem

div(a,) =0, 6, = ({ +&)Ce(u), (6a)
90 (%) +0i4+06,30, 0;€Ng.u(0),
0~ L cetu) efw - diviilve o). (6b)

As we have the displacement well defined if ¢ > 0, we can easily
consider the Dirichlet boundary conditions

ulp(t,x) = w(t, x).

(7)

where I' C 9Q is a part of the boundary of Q where the hard-device
loading is applied. For simplicity, the remaining boundary condi-
tions are considered as homogeneous Neumann one:

(8)

where v denotes the outer unit normal to the boundary 69 of Q.
Then we define the Gibbs’ stored energy

Ce(u)v =0 on (9Q\ I') and K|vg\"*2% =0 on 9Q,

J(C+e)Ce(u):e(u) + 5|V if ul. = w(t,-) and
if 0 < ¢ae onQ,
otherwise.

Ge(t,u,() =
+00

9)
We still prescribe an initial condition ¢, for the damage profile:

{(0) = . (10)
By the definition of the subdifferential d9g(z) ={c € R; VZeR:
0(2) + (z — 2)0 < 9(2)}, the inclusion (4b) can equivalently be writ-
ten as a variational inequality

vz o) < 0@+ (25 )@+ 0) (11)

for a.a. (t,x) € Q := (0,T) x Q, where Q c R? is a considered domain
occupied by the body and T > 0 a fixed time horizon. This could be
used for a definition of a weak solution.

Here, however, we can use homogeneity of ¢ to formulate a
more suitable concept of so-called energetic solution. By (2) and
(4b), we have
¢

g (12)

—(gi+0y) € 8@( > C 90(0) = [-a,+o0) a.e. on L.

By the definition of the subdifferential d0(0) and properties of g,
this means 0 = 9(0) < 9(z) + (0i + 0,)z for any z € R. Written for
Z —z instead of z, we have 0 < ¢9(z —z) + (0; + 0,)(Z — z). Further,
by convexity of ¢,(e,-,-), we have ¢,(e,z,8) < ¢.(e,z,8)—
&i(z2-2) - & (g —g) for any (&1,&) € Dy @.(e,2,8). In particular,
we will use it for ¢ =1Ce:e+ o, and & = (K|V¢P2V0). Alto-
gether, substituting e = e(u), g = V{(x) and z = {(x) we have
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| oudev). o, Ve dx
< /!2 we(e(u(t)),Z,VZ) *(UHrO'r)(ZfC(t)) dx

< [ 0. (et vE) +o(i-10) dr Vo<iew (@)
Q

(13)
If {(t) satisfies (13), we say that {(t ) is partially stable at t. Summing
(6b) tested by % with (6a) tested by 2%, using —(0; + 0,) % > 0(%)
for any —(o; +0'r) € 09(%), integrating it over the time interval
[0,T], and applying by-part integration in time, we obtain formally
the Gibbs-type energy balance

G.(T,u(T),{(T)) + Var,((;

< %0, //a( )dxdt (14)

where w means an extension of w from (7) onto the whole Q and
the variation Var, of { with respect to g (i.e. total dissipation of en-
ergy within the damage process) is, in view of (2), given by a simple
formula
Var, ({5 ty,tz)

a [, ¢(t1,x) — (t2,x) dx if ({(-,x)) is non-increasing

= on ([ty,t;]) for a.a. (x € Q),

+oo otherwise.
Let us denote by “B” and “BV” the Banach space of everywhere de-
fined bounded measurable and bounded-variation functions,
respectively. Moreover, let us abbreviate I:=(0,T),I:=[0,T],
Q:=1xQ and X :=[ x I'. It is important that, as ¢(e, -, ) is convex,
(14) together with the partial stability (13) allows us to derive back-

wards (11). This authorizes us to introduce a definition of a
solution:

Definition 2.1 (Weak/energetic solution). We call (ug,{;) with
u, € BGEWY(@RY) and ¢, € BIG; WP(Q;RY) NBV(I;LY(Q) a
weak/energetic solution to the original problem (6) with the initial
condition (10) and the boundary condition (7) and (8) if

(i) the partial stability (13) holds for all t € [0, T], i.e
[ oufetue). 40 92,0
< (e(ug(t)),l,VE {—¢.(t)) dx YOI eW(Q).
< [ 0.(eu(©).2.2) +e(i-0.0) &x vo<Lew (@)

(15)

(ii) the energy inequality (14) holds with (u,
(iii) (6a) is satisfied in the weak sense, i.e.

/(ég(t) + &)Ce(uy(t)) : e(v) dx dt =0
Q

vt €[0,T], v € WH(QR?), ]y =0,
(iv) (7) and (10) hold with (u,{,) in place of (u,().

{;) in place of (u, {),

As the force equilibrium (6a) is governed by minimization of the
convex functional %,(t, -, {,) which also governs the evolution of {,,
(6a) and the partial stability (13) is equivalent to the “full” stability

/ P, (e(1,(1)), (6), V2, () dx

< [ oule@LVE +of-c(0) dx
(i1,0) e W (@R x WH(Q), &l|, =w(t), {>0. (17)

The configuration (u,(t), {.(t)) is called stable at t if it satisfies (17).
In fact, under (17), the energy inequality (14) implies even energy
equality at any time ¢, i.e.

Go(t,up(t), ((t)) + Varg((:; 0,t)

— %,(0,11,(0),00) //0( )dxdt (18)

with 0. = ({; + ¢)Ce(u;). Note that (17) at t =0 in fact qualify
through (10) also ¢, to be stable. The conditions (17) and (18) leads
to a concept introduced in [39-41] (see also [34] for a survey)

Definition 2.2 (Energetic solution). We call (u. () with u; €
B, W'2(@;RY)) and ¢, € BT W' (Q;R%)) nBV(I;L' (Q)) an ener-
getic solution to the original problem (6) with the initial condition
(10) and the boundary condition (7), (8) if

(i) the stability (17) holds for all t € [0, T],
(ii) the energy balance (18) holds with (u.,{;) in place of (u,({)
for all t € [0,T], and
(iii) (7) and (10) hold with (u,, () in place of (u, ().

As already said, Definitions 2.1 and 2.2 are equivalent to each
other. Under the hard-device loading w e W"'(I; W"*?(I';R))
(and thus considering an extension from W''(I; W'?(@;R%)) for
(14) or (18)), assuming p > d and stability of {,, the existence of a
(weak) energetic solution (u,,(.) is guaranteed for any ¢ > 0O, cf.
[36]. The proof consists in the limit passage with T — 0 for an
approximate solution obtained by the implicit time-discretization
with a time step 7, which leads to a recursive minimization problem

Lok .

Jo S5 Ce(Vut,) - e(Vuk,) — alf, + 5|V dx
subject to 0 < ¢k, <&, uk, e W'2(Q;RY),
&, e W'(Q),

Minimize

uléelf = W(kf)7

(19)

for k=1,...,K:=T/t with (% :=¢,. Having (some) solutions
(u’;E & ) to ( ]9) we assemble the piecewise constant interpolation
(e, Lz) SO that Ur[ g4 = U, for k=1,...,T/7. Likewise, we de-
fine also {;,. Also, w; denotes the piecewise constant interpolation
of w. For the right—hand side of (20) below, we assume the prolon-
gation (. (t) =% = for t <0, and similarly w,(t) =w(0) and
Uq(£) = U8, for t <0, with u%, minimizing %.(0,-,{,). We have the
two- 51ded dlscrete energy estimate:
ow

ot
Vrs 2)C 1€ —Wq): dx do
/ /Q(g +&)Ce(Uy + W — W) : (89) X
< Ge(t,uee(t), (e (1)) + Vary({e; 0,8) — %:(0,u2:(0), o)

/ /gﬂJrgCe R+ w—wh) :e(%) dx do (20)

holds with t = kt for any k=1,...,T/t, where (-)* denotes func-
tions “retarded” by t, i.e. [uR](t) := u(t — 1), and where w has
the meaning of an extension of the boundary conditions into Q;
cf. [36, Lemma 3.3].

We are now going to formulate a suitable solution to the com-
plete damage problem. The essential peculiarity is that the dis-
placement u and the strain e(u) are no longer well defined on
areas that are completely damaged, i.e. where { =0

At each time t, we have, however, estimates on the stress

(L (1) + £)Ce(uy(t)) in L2 (Q IR‘M> uniform with respect to & > 0,

sym
where R‘S’yﬁﬂ is the set of symmetric d x d-matrices. Each weak clus-

ter point s is called a realizable stress. The set of all realizable stres-
ses is weakly compact in L? <Q jorfl), cf. [4, Proposition 2.8]. A
(t))dx is called

realizable stress s that minimizes s § [,s:e(w
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an effective stress at a given t. Let us remark that one can also define
an effective strain ¢ € leoc({x € Q; {(t,x) > 0}; Ram) by

sym

e(t,x)=C! (%) for all ¢t and a.a. x € Q such that {(t,x) > 0,
(21)
where C' means the inversion of the mapping C : R&d — R3S It is

important that ¢(t) is a corresponding limit of e(u,(t)) for ¢ — O, cf.
[4, Section 2.3] for details. Let us define, for a given damage profile ¢,
the effective stored energy as the so-called I'-limit [12] of the col-

lection {ga(tv u, z)}.':>0:

g(t,0) = lim inf min %, (t,u,). (22)

o0<tew!?(Q) uew'?(Q;r%)
e—0+, [—{ in W'P(Q)
The so-called recovery sequence of damage profiles that asymptot-
ically reaches the value g(t,¢) involves { = ({ —&)" when 6 — 0+
sufficiently slowly with respect to ¢ — 0+. An important result of
[4] is that for each t and { there is unique effective equilibrium
stress s(t, () (i.e. div s = 0). Hence, we can write

/ (wie) +

Also, we have an important formula for the power of external
loading:

o= [stn: e(%—”f) dx. (24)

Our definition for the complete damage is based on the energetic-
solution concept as in Definition 2.2.

SIVEP dx. (23)

Definition 2.3 (Energetic solution for complete damage). The pro-
cess {:[0,T] » W'P(Q) is called an energetic solution to the
problem given by the data ¢, g, w, and {y, if, beside (10), also

(i) £ € BV((0, ;L' (2)) N B([0, T|; W'(€2)),
(ii) is stable for all t € [0,T] in the sense that

g <geD+ [ of-cw) &x vo<iew @,  (@5)

(iii) and, for any 0 < t; < t; < T, the energy equality holds:
8(t2, {(t2)) + Var,({ ta, ta)

=g(t1,{(t1)) / /

in particular, the function t— f,
L'(0,T).

e(%—vtv> dx dt, (26)

s(t, (1)) : e(2¥(t)) dx belongs to

Existence of an energetic solution has been proved in [4] by
convergence of the above introduced regularization for ¢ — 0. See
also [35] for a more general approach allowing for more general
convex, but nonquadratic elastic energies.

Proposition 2.4 (Existence of energetic solutions, convergence of
(Ug, &) Let p>d and w e C1([0, T); W22 (I"; RY)), Then, there exist
a subsequence {&;},. converging to O and a process
¢ :[0,T] — W'"P(Q) being an energetic solution according to Definition
2.3 such that the following holds for all t € [0, T]:

(1) Ge, (£, s, (1), L, (1) — &(E, (1)),
(i) Varg(,,;0,t) — Var,((;0,t),
(iii) &, (t) — ¢(t) strongly in W'?(Q),
(V) (&, (6) + £)C(e(us, (1)) — (£, £(6)) weakly in 1* (@RS ).
Remark 2.5 (Quasi-stress). In fact, we

B(T;LZ(Q R‘M)) not only the stress ({,+¢&)Ce(u,) but even

have bounded in
sym

V. + € Ce(u,), which thus converges (as a subsequence) weakly

in L* (1; 12 (Q [R{’M)) to some . Let us call it quasi-stress. We have

sym

s =+/{y for the corresponding effective stress s and, by (21),
¥ = v/{Ce with the effective strain on the part with { > 0. Contrary
to the stress itself which converges even L?-strongly to zero on the
completely damaged part, cf. [4, Proposition 2.5], v/, + ¢ Ce(u;)
need not converge to zero on this part.

Remark 2.6 (Large strains). Generalization for stored energies that
are nonquadratic in terms of strain seems difficult, cf. [35]. For
incomplete damage (or, in other words, ¢ > 0 fixed) we refer to
[36] where such a model was analyzed even at large strains and
a unilateral contact.

3. Numerical implementation, 2D computational simulations

In order to arrive at an implementable numerical algorithm, we
perform a spatial discretization of the time-incremental minimiza-
tion problem (19). To that end, we introduce finite-dimensional
spaces U, ¢ W'?(Q; R?) and Z, ¢ W'?(Q) and consider the follow-
ing minimization problem:

Minimize fs) rh}Hce(vurhr) (Vurhs) ac’r(hs K|vgrh9|p dx }

subject to O<£Th5\gm, T,u|r w(kT), T,ueUh, CmeZh

(27)

fork=1,....K:=T/t with (u%,,%,) == (uo, (o), i.e. the discretized
incremental problem leads to a non-convex, box-constrained opti-
mization program. Note that the convergence of the fully discrete
solution to the solution of the space-time continuous problem is
guaranteed thanks to abstract approximation results available in
[37].

In the actual numerical implementation, the spatial discretiza-
tion is performed using the linear conforming finite elements,
e.g. [2,8]. Moreover, for computational efficiency, we restrict our
attention to d = 2 and dare to choose p = 2 (which fits with the
theory presented in Section 2 only “up to epsilon” as we have re-
quired p > d).

For a given regularization parameter ¢ and the time level k, we
express the discrete fields in the form

urhé( ) Nu( )uﬁv ‘:’;hg(x) = N;(X)gﬁ, (28)

where u¥ and ¢k denote vectors of the nodal values of displacement
and damage parameter fields, respectively (indices t¢ are omitted in
the sequel for the sake of brevity) and N} and N; denote the oper-
ators of piecewise linear basis functions. The discrete problem (27)
can now be re-written in a fully algebraic format

Ul (ch) o + Jeiigh + A7
subject to 0 < ¢k < ¢k,

Minimize (29)
uk o = wp(kt)

with components of wp storing the nodal displacements on the
Dirichlet part I" of the boundary. The individual matrices are pro-
vided by:

Kk (Ch) =/p Bii" (%) ((& + N;,(x)¢4) C(x)) By (x)dx, (30)
Ki:[; Bj K(x)B; (x)dx, (31)
fi=— /Q AN (x)dx, (32)

where the B operators contain derivatives of the shape functions
and C is the Voigt representation of the material stiffness tensor
C; see e.g. [2].

The discrete formulation (29) leads to a (usually large-scale)
non-convex program. Nevertheless, recognizing that the objective
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function is quadratic separately in uf and ¢¥ and exploiting the for-
mal similarity between the ¢-regularized damage model and the
Francfort-Marigo variational approach to fracture [7], the problem
(29) can be efficiently solved employing a variant of the alternate
minimization algorithm proposed recently by Bourdin in [5,6]. In
the current context, the incremental version of algorithm is briefly
summarized in Table 1. In each internal iteration, the minimization
problem with respect to u (Step 4) reduces to the solution of a
sparse system of linear equations, while the subsequent sparse
box-constrained problem is solved using a reflective Newton
method introduced in [11].

The convergence of the alternate minimization was studied by
Bourdin in [5], where it was shown that the algorithm converges
to a critical point of the discretized problem in a finite number of
iterations. Of course, there is no guarantee that the critical point
is a global minimizer of the non-convex objective function, which
is a crucial assumption of the theoretical framework. This obstacle
can be, for example, resolved by resorting to the global stochastic
optimization approaches [26,27,30]. Such techniques, however, re-
quire very large number of iterations and as such are applicable
only to very inexpensive objective functions. Fortunately, it is pos-
sible to construct a feasible numerical approach exploiting the
two-sided energetic estimates (20).

To that end, consider the discretized version of (20)

- ow
_i’l-&-;/g / g,hy—&-s Ce(Lt’m—&-w—wT) w(%) dxdo

<9, (k‘c,um gT,w) To(Cons; 0, kT) — %, (0,1, &2)

ow
1 R\ . ow
-/01 Lh th Ce(u’m+w WT)'E<00> dxdo

(33)

SN+
=

where 7 is an energy tolerance parameter introduced for the
numerical implementation. The previous condition is used to detect
local minimizers: if the result of the alternate minimization algo-
rithm ¢* fails to verify the mequallty (33), the algorithm is restarted
from the previous time level with Ch used as an initial value for the
minimization algorithm instead of (j ¢k-1. This procedure is repeated
until an admissible solution is found, see Table 2 for additional de-
tails. It is worth noting that the resulting algorithm shares similar
features with the backtracking scheme introduced by Bourdin [5]
in the framework of variational fracture theories.

Performance of the proposed algorithm will be illustrated on
two benchmark problems inspired by [45]: an inhomogeneous
and a pre-notched specimen, see Fig. 1. The corresponding geomet-
ric and material data together with the algorithm parameters are
gathered in Fig. 1 and Table 3, respectively. Both structures are as-
sumed to be in the plane stress state and are subject to a propor-
tional-in-time axially symmetric hard-device loading. In both
cases, the spatial discretization was performed using the unstruc-
tured mesh generator T3D [48] and the problem size was reduced

Table 1
Conceptual implementation of the optimization algorithm for time level k and an
initial value of interval variable {®.

Setj=0
repeat
Setj=j+1
Solve ul) = arg min,, _y,, ks 3 uTK} (4”’”)

Solve ¢V = argming ;1 LT Ok (g)ul )+ 10TKEC + e
until (¢ — ¢V <6

Set uﬁ = u<j>,€‘f, =0

N aou»v AW N =

Table 2
Conceptual implementation of the time stepping procedure.

1: Setk=1,51=0,0=0,¢(0 =

2: repeat

3: Determine (& usmg the alternate minimization algorithm for time
t; and initial value gh

4: Set i) = ¢k

5: if two-sided inequality (33) is satisfied

6: Setk=k+1

7: else

8: Setk=k—1

9: end

10:  until k <K

using symmetries of the specimens. The analyzed time interval
[0,1] was decomposed into 100 identical time steps (a physical
dimension of time is omitted in the sequel because of rate-inde-
pendence). Finally, for the inhomogeneous specimen, the damage
localization is triggered by pre-existing imperfections introduced
by a reduced activation threshold in the shaded area on the axis
of symmetry.

The resulting energetics for the inhomogeneous specimen is
displayed in Fig. 2 for a representative choice of the ¢ and h param-
eters. Clearly, in its basic version, the discrete solution obtained by
the alternate minimization algorithm fails to provide an appropri-
ate energetic solution to the problem. The two-sided inequality is
satisfied only in the initial stage, where the specimen stays mainly
elastic. At time t ~ 0.61, the damage propagates simultaneously
through the specimen, as manifested by the drop of the sum of
the globally dissipated and the Gibbs energy, see Fig. 2a. Even after
this instant, however, this quantity increases, which is the conse-
quence of the non-zero value of regularization parameter &. More-
over, the damage profile still evolves in the subsequent time levels,
leading to the increase in the dissipated energy balanced by the
contribution of the Gibbs energy.

With the backtracking option active, however, the algorithm
detects the local minimizer at t ~ 0.61 and, following the dotted
line in Fig. 2a, returns to the time level where the incremental
two-sided inequality is satisfied. After the backtracking stage is
completed, the alternate minimization algorithm is capable of find-
ing an approximate energetic solution, cf. Fig. 2b. As further illus-
trated by Fig. 3, evolution of the damage profile for the algorithm
with backtracking is more gradual when compared with the basic
variant.

Additional numerical tests summarized in Fig. 4 demonstrate
the “mesh-independent” behavior of the method, i.e. the fact that
the global energetic response is almost independent of the discret-
ization parameter h. The influence of the energy regularization
parameter ¢, however, is much stronger, cf. Fig. 4b. As ¢ — 0, the
algorithms tries to reproduce the one-dimensional complete dam-
age profile {(x,y) ~ |x|*, derived in [4]. To make the presentation
complete, the energetic plots are accompanied with the reaction
force diagrams, highlighting again the independence of the ob-
tained results of the spatial discretization parameter h and the
influence of the regularizing parameter ¢ on the “residual” reaction
of the damaged structure. Notice that the obtained displacement-
reaction relations can be, due to the displacement-driven loading
linearly increasing with respect to t, directly related to the rate
of the globally stored energy. Therefore, we restrict the attention
to the energy-based quantities in the following discussion.

The same set of numerical experiments was executed for the
pre-notched specimen leading to the results appearing in Figs. 5-
7. When compared to the inhomogeneous specimen, the global re-
sponse shows similar trends for algorithms with and without
backtracking.
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Fig. 1. Scheme of simulated experiments; (a) inhomogeneous specimen and (b) pre-notched specimen.

Table 3
Parameter of the damage model and incremental algorithm.

Young’s modulus, E 27 GPa
Possion’s ratio, v 0.2

Factor of influence, k 10 Jm 2

Activation threshold, a (see [22]) 500 Jm 3

Maximal prescribed displacement for the inhomogeneous 5%x104m
specimen

Maximal prescribed displacement for the pre-notched 225%x10*m
specimen

Time step, T 0.01

Damage profile tolerance, § 10°¢

Two-sided energy inequality tolerance, 1 103

It is further confirmed by Fig. 8 that the numerical results are
almost independent of the spatial discretization parameter h,
which is considered to be an essential requirement for any damage
model in the engineering literature. The extent of damage zone de-
pends on the value of the regularization parameter ¢ (related to a
“residual” energy after the complete damage). As ¢ — 0, however,
the width of the localized damage zone, displayed in Fig. 9, remains
still finite and insensitive to spatial discretization.

Remark 3.1 (Clapeyron principle). Similarly to [28], it can be
observed that the work of external load is approximately equally
distributed to the dissipated energy Var, and the stored energy %,
after the damage initiation; the effect known as the Clapeyron
principle for slowly loaded bodies with viscous damping, cf. [23].
The deviation from the ideal 1:1 ratio depends mainly on the
energy regularization parameters ¢, see Figs. 4 and 7, which makes
a certain portion of the stored energy “unavailable” to the damage
process. In addition, due to the localized character of damage, only
a part of the work of the external load can contribute to the
dissipative processes (analogously to the beginning of the loading
program where no damage occurs).

T T

(a) 4508 upper bound
400F 2
350f |
300F
250F
200F
150F
100F
50
0

Energy [Jm™1]

Varp

R 0608

4. Damage in viscoelastic media with inertia

Finally we include also some rate-dependent phenomena, in
particular viscosity and inertia. Combination with viscosity has
been addressed in the Maxwellian rheology (even with plasticity)
in [16] and in the Kelvin-Voigt rheology in [25,43,49,10].

We will consider linear viscosity in the Kelvin-Voigt rheology,
i.e. the total stress ¢ is composed from the elastic contribution
0. := (Ce(u) as before and now also the aviscous contribution
0, = (De(%) where C is a positive-definite elasticity tensor as be-
fore and D is a positive-definite viscosity tensor satisfying
Djin = Djiy = D Note that, like the elastic response, it is natural
to assume that also the viscous response depends on the damage
{ and vanishes in the completely damaged. This substantially dif-
fers from previous studies [16,25,43,49] which considered viscos-
ity unchanged even in damaged material. Like in [43,49], we also
consider inertia related to the mass density p. Note that, to sim-
plify the following treatment, the density p > 0 is assumed to be
independent of spatial coordinate x. Naturally, contrary to the vis-
coelastic response, the inertial effects are independent of damage
because the mass is not destroyed by damaging inter-atomic links.
Thus the rate-independent evolution of the damage is now coupled
with rate-dependent evolution of the displacement. Due to the
inertial effects, we can now impose dead loading by a bulk
force f. For simplicity, we then do not consider any hard-device
loading, i.e. we impose only the boundary conditions (8) with
I’ = (. Altogether, formally, we consider

ru . {du ;
pW —div(io,+0.)=f, 0,= gD€<E>, 0. =(Ce(u), (34a)
¢
09 (E) +0i+0,30, 0 €Np,iw)(0),
o= %Ce(u) ce(u) — div(K|V"z|p’2V§). (34b)

250 upper bound —.

200 "'/iower bound]
150
100
50
0 ‘ ‘ ‘ ‘

0.2 0.4 " 0.6 0.8

Fig. 2. Global energetics of the inhomogeneous specimen (¢ =5 x 1072 h = 0.03 m); (a) Without backtracking (energy balance fails) and (b) with backtracking (an

approximate energetic solution).
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Fig. 3. Time evolution of { field for the inhomogeneous specimen h = 0.03 m, £ = 5 x 102, displacements are scaled by a factor 100 and only a quarter of the specimen is

shown.

Of course, now we must prescribe also the initial condition on the
displacement and the velocity, so altogether we have
u(0,.) = up € WH(Q; R, %(o, Y =1 € (2 RY),
{0,) = e WP(Q). (35)

We assume naturally 0 < ¢, < 1.
Similarly as before, let us take ¢ > 0 and consider the regular-
ized problem:
ou

p— — div(({ +¢&)De (%) +({+ 8)Ce(u)) =f, (36a)

ot?

0 (%) + %Ce(u) ce(u) — div(k|VzP VL) + N~y () 3 0. (36b)

Its weak solution, let us denote it by (u,,(.), can be obtained by
rather standard methods. The force equilibrium (36a) in the weak
form looks as

T 2%u,
[ ((r5)

+/(C5+8) (De(%) +Ce(u8)> e(v)—f- z/dx) dt=0
Q

(37)
for all v e [*(I; W'?(2; RY)) with (-,-) standing for the duality be-

tween W'?(Q;RY)" and W'*(Q;R?). Like (15) and (14), we have
now the “partial stability”

/ WCe(ug(f)) e(uy(6) + - [V, (D) dx
o p

{+e K os .
< ), T2 Cew(t) ie(us(f))+E|VCIP+Q(C—Q(0) dx

V0 < (e W'P(Q) (38)
for any t € [0, T] with ¢ from (2), and an energy inequality

/E
Qz

ot

ou.\ (oug
+/Q(CS+8)D6(W> .e(ﬁ) dx dt

</ Q\uo|2+%<o,uo,co)+/f~% dx dr; (39)

2
(T)’ + G (T, uy(T), £,(T)) dx + Var,(¢,;0,T)

here we used {, =1 from (35) and, for coming from (14)-(33),
(34a), (34b), (35), (36a), (36b), (37)-(39), we relied on (37) for
all v:=% ¢ [*(I,W"?(Q;R). Note that e(u,(T)) is well defined
because 2%: e [*(I;W'*(Q;R%)) just due to the regularization by
£>0.

Now, as no minimization of stored energy applies, we unfortu-
nately do not have at our disposal the formula like ] [, g, : e(w) dx
for the stored energy, cf. (23). To avoid usage of e(u) on the fully
damaged parts, the stored energy [, 1({Ce(u) : e(u) dx can alterna-
tively be written as [, 1y, :C 'y, dx where we have denoted
%, := v/{Ce(u) and, as above, C~! means the inversion of the map-
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Fig. 4. Convergence of the approximate energetic solution for the inhomogeneous specimen; (a)h — 0m, ¢ = 5 x 107, (b) ¢ — 0, h = 0.02 m; mesh with h = 0.05 m contains
493 triangular elements, h = 0.03 m corresponds to 1193 elements and h = 0.02 m to 1549 elements.
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Fig. 5. Global energetics for the pre-notched specimen (¢ = 1072, h = 0.03 m); (a) Without backtracking (energy balance fails) and (b) with backtracking (an approximate
energetic solution).
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Fig. 6. Snapshots of the time evolution of the ¢ field for the pre-notched specimens; h = 0.03 m, ¢ = 1072, displacements are scaled by a factor 100 and only a half of the
specimen is displayed.
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Fig. 7. Convergence study for the pre-notched specimen; (a) h — 0m, ¢ = 1072, (b) &€ — 0, h = 0.02 m; mesh with h = 0.05 m contains 377 triangular elements, h = 0.03 m

corresponds to 1229 elements and h = 0.02 m to 1773 elements.
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Fig. 8. Examples of the { field distribution for t = 1 (¢ =5 x 1072, h — 0 m); displacements are scaled by a factor 100 and only a half of the specimen is displayed.
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Fig. 9. Examples of the { field distribution for t = 1 (h = 0.02 m, ¢ — 0); displacements are scaled by a factor 100 and only a half of the specimen is displayed.

ping C : R&4 — RE:4. As in Remark 2.5, let us call y, an elastic qua-
si-stress; its physical dimension is again Pa =]/m? as a standard
stress. Similarly, to avoid usage of e(%%), we introduce the viscous
quasi-stress y,, := +/{De(2).

Also, let us denote the corresponding quasi-stresses for (36),
i.e.

ou,

Lee =V +€Ce(uy) and y,. =/ +¢ IDe(—).

5t (40)

Then, in terms of these quasi-stresses, (37) rewrites to

/oT <<p[§;s,v> +/ﬂ@(}(m ce(V) + Yoy e(y))

Moreover, (38) and (39) can be written as
1 -1 K 10+¢
SXee € +=|VEPdxdt< | 52—,
/sz»e,n Xe@ p| £| QZCS-I—SX'
-1 Ko (7
O s+ IVEP - 0(E - 1) dxde
Y0 <leW(Q) (42)
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to be satisfied for all t € I and

/,0
Ja2

+300,100) (C(T)) dx +Vary (,;0,T) +/ Ape: Dy, dxdt
Q

ou,

e )] 42 T2,

K
ivemp
+p| C(T)l

Do+ 15 Cotun)celup)+ K19 - [ 2%
</§22|u0\ + Ce(uo).e(uo)+p\V40| dx+ Qf 5t dxdt.
(43)

We derive a-priori estimates that are independent of ¢ > 0 by test-
ing (36a) by 2. It is essential to use ‘f,}—; < 0 and symmetry and po-
sitive deﬁnlteness of C to obtain

% %((gs +&)Ce(u,) : e(uy))
= (6o erce(u) o ) +3 G Cotw) et
< (¢, + &)Ce(uy) : e(%) (44)
Thus
d ou, e
dt / plou” &+ “ce(u,) - e(u) dx

ot 2

+ / (gg+a)ume(a”f) : (‘r’“F> dx < / foe ax (45)

Assuming f € L'(I; [*(2; RY)), by Gronwall’s inequality we obtain the
bounds

ou,
<C, (46a)
‘ ot L (L2 (2;R4))
<
H\/eg +¢& Ce(u (2 (ardit)) S Ce, (46b)

ou

H\/g€+8 [D)e( 5) < Gy, (46¢)
ot LZ(Q Rg;rg)

H‘»SHBV(M @)L= (WP (@) S & (46d)

with some constants C, C,, and C,. In other words, HX“H,}(Q agd) S

C,, and ||Xe.s\|Lx(,;Lz(Q;ngxnd1)) Ce. From this, for 0 <& < 1, we also
obtain

o*u,
g o W2 (@rd)*)+L! (L% (;R7))

= su | Jm(ym: ) + et € )) —f-vdxdt

< sup 2 | g, ce(V) 4 Y, e(v) —f-vdxdt
Ja

[7lly<1

<2(Co+ Cot Wl gz ). (47)

where ||ully = HuHLZu wi2(ggdy T U g2 0m)-

Unfortunately, it does not seem that any estimate for is
available, which brings troubles by defining values of y, , at partlc—
ular times in the limit. In the spirit of Definitions 2.1 and 2.3 but
balancing Helmholtz stored energy (since the by-part integration
in time of the outer loading is no longer necessary and advanta-
geous) and in view of the estimates (46d), we can exploit the above
relations (37), (40), (42), and (43) when putting ¢ = 0 for a defini-
tion of a weak/energetic solution to the complete damage problem
in the following way:

0/61

Definition 4.1 (Weak/energetic solution). We call (u, x,., ¥, ¢, €)
with

ue W (I, [*(Q; RY), (48a)
Lo e L (1 ( Rg;,g)) (48b)
1€ P (QRG), (48¢)
¢ e BV(I;L'(Q)) nBI; W' (Q)), (48d)
€ e BV(]) (48e)
such that

e<g t) € e ({(6,%) € Q; £(t.%) > O} R, (49a)
u e X(LW"(Q; R + L' (I; L2 (2; RY)) (49b)

ot 042
a weak/energetic solution to the problem (34) with the initial con-

ditions (35) and the homogeneous Neumann boundary condition,
i.e. (8) with I' = ¢, if

[0 oo

V) + %, : € ))f-vdx> dt=0

(30)
for all v € L*(I; W'?(Q; RY)), if the “partial stability”
/A %)( : lee+g\vz|P dx dt </A %%y
Cly, +%\vz|" +0(F—0) dxdt
V0 < e P(LW'P(Q) (51)
and
%o = V/C Ce(u) and 7, := /{ De <%> on any open A C Q
on which {(t,x) > 0, (52)
and if the energy inequality holds, i.e.
€(T) + [Z g %(T) 2 + 010400 ({(T)) dx + Vary(£;0,T)

+/}5D:D*1xv dx dt < €(0) +
Q

2 i o
/92|u0| dx+/qf Bt dx dt,
(33)
with €(0

/O &) dt

Remark 4.2. Let us comment this definition especially at the point
that we claim much less information on the completely damaged
part than we did in the quasistatic evolution in Section 2, which
is related with what we are able to prove. As a consequence, we
also cannot prove full energy balance as an equality. Anyhow, the
granted a-priori estimates (46d) and (47) give certain solid base
for engineering calculations and Definition 4.1 then indicates what
information we can surely read for the limit when ¢ approaches
zero. In fact, we have bounds also on some other derived quanti-
ties, e.g. ({,+¢&)Z(Ce(u,) : e(u;)) which equals to y,,: D"y,
which is bounded due to (46b) and (46c) in L*(I;L'(®)). From
(50), one can see that v/Z(x, + X.) is in the position of the stress
0y + [ cf. (34a), and from (52) one can further get the explicit
form

= [, 1Ce(uo) : e(uo) +

tq
>/ [ 35 € e+ Svep dxt (54)
o Ja p

K|V¢ol” dx and, for all t; €1,

_ J{De(3y) and 7{§Ce(u) onany A from (52),
“7lo ¢ 10 on the damaged part { =0.
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Proposition 4.3. Let p>d, feL'(I;I*(Q;R%),up € W?(2;RY),
ilp € *(2;RY), and (o € W'P(Q),0 <, < 1. Then there exists a
weak/energetic solution in accord to Definition 4.1.

Proof. By (46b) and (46c¢), we can choose a subsequence such that
Yop— Yo in L™ (I; L2< Rﬂ;ﬁ)) andy,, — x,inl’ (Q [Ri‘jyxrﬁ) Though
the obtained y, need not be well defined at particular time levels,
the stored energy €, :t— [, 1y.(t): C 'y (t) dx itself is well
defined and measurable because its sum with the kinetic energy
has a bounded-variation which is seen from (45) to (46c). By Hel-
ly’s principle, we choose a subsequence so that also €, (t) — €(t) for
all t € [0,T].

The limit passage in (41) uses (, — { in LI(Q) with any
1 < g < +o0, which follows by a generalized Aubin-Lions’ theorem
[46, Cor. 7.9] from the estimate ¢, in L (I; W'?(Q)) nBV(I; L' (Q)),
and also it uses y,,— x, in L™ (I ? (Q Rg;;)) and y,, — ¥, in
I (Q:Rre).

The limit passage in (40) uses also the bounds of e(u;) and e(‘gi;)
in I? (K Rg;rg) on any compact cylinder K of the form [0, t] x K on
which { > 0. Here we use a very special structure of the problem
that Ko c Q such that {(t) > 0 on K, implies that, for any 6 > 0,
there is gg such that for any 0 < & < g we have {,(t) + & > ¢ for all
x € Ko; here we used that W'P?(Q) is embedded into C(Q) because
p >d. Thus also {,+¢ = ¢ for all (t,x) € K=10,t] x Ko because
{¢(+,x) is non-increasing. Then we can pass to the limit in (40) and
cover A in (52) by cylinders of the form K above.

The limit passage in the “partial” stability condition (42) in the
term

1C+e
020 +¢€

:/ l(ZJr«S)Ce(ug) ce(u,) dx dt
Q2

Yoo : C ' Y, dx dt

is more difficult than in the usual “full” stability (17) in the rate-
independent case. We must do it simultaneously with the left-
hand-side term

/ 5 e)Ce(u,) : e(u,) dx.

Let us take 0<{<¢ and, following [4, Proposition 2.10], put
,:=({—0)". Then, for any fixed 6 >0, we have () < ¢ (t) if
&> 0 is small enough (depending on t, however); recall that p > d
so that W'(Q) c C(Q) compactly. Simultaneously ;(t) — {(t) in
W'?(Q). Indeed, let us consider an open e-neighbourhood ¢ (t) of
a compact set N(t) := {x € Q; {(t,x) = 0}. Then, for 6 > 0 small en-
ough, {; >0 on Q\ O(t). For a.a. x € O(t) \ N(t), we have either
Lx)=0 or (t,x)=((tx)—0 and also Vi(t,x)=0 or
Vi,(t,x) = {(t,x). Hence, for 6 > 0 small enough,

[ 19t

LOP dx = / |VEs(t) — VE(E)P dx
Ue(t)\N(t)

<[ vHOP (5)
J0e(t)\N(t)

Yet, the last expression can be pushed to zero with € — 0 because
[VE(t)]P e L' () is absolutely continuous for a.a. t € [0, T]. Then also
fy JoIVE(t) = VE(t)]P dx dt — 0 by the Lebesgue dominated-con-
vergence theorem; the common integrable majorant is
Bl VU Py g0

Then, by the “partlal“ stability for ¢, we have

/Q'Q(égf&s) dx dt > /Q <“2+8*‘32+8>@e(u6) : e(u)

K K ~
+= VP == V)P dx dt
p‘ Ll p| Gl

1
=/ =[1-
3
Now we use that ({; + &)/((. + &) = {5/ converges strongly in any
LY(K), q < 400, and weakly* in L>(K) on every compact cylinder K

of the form [0,t] x Ko where { > 0, as already used above. Then,
by the weak lower semicontinuity, we obtain

/Qé—Co ) dx dt > /1 1-2) 7 ey
K 2 e -

K ~
+*V P2 |VEIP dx dt. 57
p| { pl Gl (57)

Z’a+8
(e +¢

)Xe‘s : C_1X€.£ + g |VC€|IJ - g ‘V&i‘p dX dt (56)

Then we pass 6 — 0 and use {; — { weakly* in L*(Q) because we
proved already strong convergence in L*(I; W'?(Q)) and bounds in
L*(Q). When we cover A involved in (52) by cylinders of the form
K, we obtain just (52).

Limit passage in (43) is then by weak lower semicontinuity.
Here we use also that €.(t) — €(t) and the weak lower semicon-
tinuity, hence we also get (54). O

5. Conclusions

In the current paper, a mathematically supported model of a
non-local isotropic damage has been presented, covering the math-
ematical and numeric aspects in the rate-independent case as well
as possible extensions to incorporate rate-dependent phenomena.
The most important findings and conclusions can be summarized
as follows:

e As shown in Section 2, the rate-independent energetic frame-
work allows for a rigorous analysis of the damage evolution
even when the material completely looses its integrity, includ-
ing physically well-founded interpretation of fields on the com-
pletely damaged domain. It is worth noting that existence of the
e-regularized solution has recently been proven for { € W'?(Q)
with p > 1 in [51], which opens the way to the similar develop-
ment in the context of complete damage, see [35].

o The numerical scheme introduced in Section 3 efficiently exploits
the two-sided energetic bounds to incrementally construct a
proper energetic solution. Even though the algorithm was applied
to basic engineering benchmark problems only, its applicability
seems to be much wider and deserves further investigation.

e The strategy presented in Section 4 allows us to incorporate
rate-dependent viscous and inertia phenomena into the rate-
independent setting, resulting in substantially more realistic
physical framework. This was recently scrutinized in a broader
context of fairly general inelastic processes in [47], based on
the concept of energetic-type solutions rather than the weak/
energetic solutions in Section 4 but only viscosity independent
of the damage was considered for analysis in [47, Example 7.5].

e From the engineering point of view, both the model and frame-
work presented in the current paper provide a solid basis for
constructing more realistic constitutive models, well-supported
by analysis. Additional refinements may include, among other,
combining the bulk- and surface-related dissipation variables
in order to reproduce the localized strain profiles, see [9, and ref-
erences therein] for a recent engineering work. Moreover, a con-
cept of a state-dependent dissipation potential [38] can be
adopted to obtain a more accurate description of the post-peak
response.
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