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A discrete variational principle
for rate-independent evolution
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Abstract. We develop a global-in-time variational approach to the time-discretization of rate-
independent processes. In particular, we investigate a discrete version of the variational prin-
ciple based on the weighted energy-dissipation functional introduced in [13]. We prove the
conditional convergence of time-discrete approximate minimizers to energetic solutions of the
time-continuous problem. Moreover, the convergence result is combined with approximation
and relaxation. For a fixed partition the functional is shown to have an asymptotic development
by I'-convergence (cf. [1]) in the limit of vanishing viscosity.
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1 Introduction

Heat conduction, quasi-static viscoelasticity under linearized kinematics, and solid-
liquid phase change are examples of the many dissipative systems which can be de-
scribed by means of the model problem

oV(u(t)) + DE(,u(t)) 20, u(0) = up. (1.1)

Here, t € [0, T] — u(t) € U represents the state-trajectory of the dissipative system
and U is a Banach space. The functional ¥ : U — [0, o0] is a convex dissipation
potential and € : [0, T]xU — (—o00, o0] is the energy of the system (time-dependence
models external actions). A solution of (1.1) is a trajectory starting from the initial state
uo and realizing the balance (1.1) between the dissipative forces, here represented by
the subdifferential d\W(it), and the conservative forces given by the Fréchet derivative
D& (¢, u(t)) of the energy with respect to the state u.

This note is specifically concerned with the case of rate-independent evolution.
Namely, we shall assume from the very beginning that

W is positively 1-homogeneous. (1.2)
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As a consequence, solutions u of (1.1) present no intrinsic time-scale. Namely, by
re-parametrizing time via a strictly increasing diffeomorphism ¢ +— «(¢), the trajec-
tory ¢ > u(a(t)) solves the re-parametrized version of (1.1) where & (¢, -) is changed
into &(x (), ). This feature appears as the distinctive character of hysteresis [27] and
has been addressed in the frame of (1.1) in connection with elasto-plasticity [8, 26,
7, 10, 4], damage [15], brittle fractures [5], delamination [9], ferro-electricity [19],
shape-memory alloys [17, 20, 14, 21, 2], and vortex pinning in superconductors [22].
The reader is referred to Mielke [12] for a comprehensive survey of the mathematical
theory.

Problem (1.1) is classically tackled by time discretization. Namely, by fixing a
uniform partition with diameter t = T/N, N € N of the interval [0, T'], and setting

u® = u, one is lead to consider the family of minimum problems

u' € argmin {IIJ (”—’f—l) L Elit,u)— 8((i_1)f’ui—1)}

uelU T

(1.3)
fori=1,...,N.

Usually the latter problems are solved sequentially. Following the ideas in [13], we
wish instead to collect all of them in a single minimization problem for the entire

discrete trajectory with nodal values u = (1%, u',...,u™v) by considering the global
functional
d ; ul—yi! Elit.u')—&((i—Dr,u'™")
Jor(u) = X; Al (W . + . (1.4)
1=
depending on an extra parameter & > 0. Here the Pareto weights Az = (AL, ..., AN

are chosen is such a way to approximate causality. In particular, we will enforce
Al > 220 > - > AN 5o that a much larger priority is accorded to the first
minimum problem in (1.3) with respect to the second, to the second with respect to the
third, and so on. More specifically, we shall ask for

i
Aiz=( 2 ) for i =1,...,N, (1.5)
T &

and remark that, along with this choice, the functional J,; may be regarded as a
quadrature of the functional defined on time-continuous trajectories u : [0, 7] — U as

T
J (1) =/0 e7t/e (xp(u) + %S(I,u)) dr.

The latter functional is called weighted dissipation-energy (WED) functional and
has been introduced by Mielke & Ortiz [13] in order to characterize variationally
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the trajectories of the dissipative system (1.1). To gain some insight into this varia-
tional perspective, one may compute the Euler—Lagrange equations for 4, (some extra
smoothness for W has to be assumed) which turn out to be

—eD>W(1)ii + DW(i1) + DE(t,u) = 0,
u(0) = uo,
DY (i(T)) + DE(T, u(T)) = 0.

Namely, minimizing . appears to be closely related to performing and elliptic-in-time
regularization of the original problem (1.1).

We shall stress that, at all levels ¢ > 0, causality is lost. Hence, it turns out to be
crucial to consider the causal limit ¢ — 0 within a possible sequence u, of minimizers
of d.. This has been accomplished in [13] in the rate-independent case (1.2). In
particular, a subsequence of u, is proved to converge to an energetic solution of (1.1)
(see below). Moreover, the causal limit ¢ — 0 is combined in [13] with relaxation,
paving the way to the application of the tools of the Calculus of Variations to the
evolution problem (1.1).

The purpose of this note is to reconsider this variational perspective by arguing
directly at the level of the time-discrete functionals d¢;. The interest in the resulting
discrete variational principle is threefold.

First, we provide a conditional convergence result for time-discrete trajectories as t
and ¢ converge to 0. This serves also as a justification of the original formal approach
in [13] (Section 2). Moreover, the present time-discrete approach appears to be more
flexible than the time-continuous one, since convergence for qualified minimizing se-
quences instead of exact minimizers can be obtained (Section 3).

Secondly, by facing the problem directly at the discretization level, we are allowed a
much greater generality which in turn broadens the spectrum of possible applications
(Section 4). The convergence analysis may be combined with relaxation and space
discretization giving rise to a complete approximation theory (Section 5).

Finally, the limit & — 0O for d is studied using the method of asymptotic develop-
ment by I'-convergence following [1]. It turns out that the corresponding minimizers
are exactly the solutions of the (causal) incremental problem (1.3), see Theorem 6.1.

Let us however make clear that our interest in this discrete variational principle is
purely theoretical. Indeed, from a computational viewpoint, we do not expect that
minimizing J.; for some small & could be preferable to solve sequentially the min-
imization problems in (1.3). However, the analysis here intends to contribute to the
notoriously difficult question of relaxation of evolutionary problems, in particular in
the rate-independent case. A joint relaxation of a finite sequence of time-incremental
problems is certainly a good move toward a general theory and improves upon the
separate relaxation proposed in [20, 11] and analyzed in more detail in [16].

Before closing this introduction, let us mention that an alternative variational ap-
proach to doubly nonlinear equations as (1.1) has been developed in [23], specifi-
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cally applied to hardening elasto-plasticity in [24], and tailored to discontinuous rate-
independent evolution in [25]. This second approach is informed by a completely
different philosophy and shows quite distinct features with respect to the present anal-
ysis. We shall compare these two variational techniques elsewhere.

2 Main results

2.1 Assumptions

Let us start by enlisting our assumptions. First of all, the problem is framed in a
Banach space setting, see Section 4 for a more general metric approach. In particular,
we ask that

V and U are Banach spaces, V is reflexive, and V' C U compactly. 2.1

We denote the corresponding norms by | - ||y and || - ||y. Moreover, we indicate with
BV([0, T]; U) the space of (everywhere defined) functions u : [0, 7] — U such that
the corresponding fotal variation in U is finite, namely

N
Var(u) = sup {Z lu@H)—u@ |y : 0=1"<t' <o <V = T} < 0.

i=1

As for the dissipation potential W we assume:

W : U — [0,00] is convex, 1-homogeneous, 2.2)
dey >0 @ Y(v) > cy|v|ly YveU, 2.3)
U is lower semi-continuous. 2.4)

Note that (2.2) implies the triangle inequality
Y(vi+vy) < W(vy) + W(v2) Yo, v el. (2.5)

We don’t make any assumption concerning symmetry, i.e. ¥(—v) # W (v) is allowed.
This is important to be able to treat applications like elastoplasticity or damage. As
regards to the energy & : [0, T] x U — (—o0, 00] we assume:

&(t,-) is L.s.c. with resp. to the strong topology in U, V¢t € [0, T'] (2.6)

Jo, cg, Ce >0 : E(t,u) > cglulfyy —Ce V(t.u) €[0,T]x U

Q2.7)
(namely & (f,u) = ccifu e U\ V),
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t — &(t,u) is differentiable for all u € V' and

2.8)
Ieo, €1 > 0 ¢ |0,E(t,u)| < cl<8(t,u)+co) V(t,u) € (0,T) X V,

VE >0, Ve>0, 36 > 0:

2.9
Et,y)<FE and |t —s| <6 = |0:86(t,y)—0:E(s,y)| <e. 9

Note that assumption (2.8) implies that the energy is bounded from below by the con-
stant —cp. Moreover, the following Gronwall-like estimate holds:

E(t,u) + co < (8(s,u) + co)e=s1 vs, 1 €0, T]. (2.10)

Since, regardless of the smoothness of &, an absolutely continuous solution of (1.1)
may fail to exist (even locally), we are forced to deal with discontinuous solutions in-
stead. For all f € C([0, T]; R) with f > 0 and f non-increasing, u € BV([0,T]; U),
and an interval J C [0, T'], we use the notation

| rorwn
N
= sup { Zf(li)\ll(u(ti)—u(ti_l)) 0N ey, "<t << zN}.
i=l1

For € > 0, the weighted dissipation-energy (WED) functionals read
—t/e d
de(u) = e Y(du) + —&(t,u)
[0.7] dt

= / e7t/e (\Il(du) + 18(:, u)) + e T1ee(T, u(T)) — €(0, u(0)).
[0,71] €
(2.11)

A trajectory u : [0, T] — U is called an energetic solution of (1.1) if u(0) = ug and
the following global stability condition (2.12) and energy conservation (2.13) hold for
allt € [0, T1:

E(t.u(t)) < &(t,v) + Y(v—u(t)) VYveV, (2.12)

S(Z,u(t))-i-/ U(du) = 8(O,u0)+/t 3:6(s,u(s))ds. 2.13)
0

[0,7]

For the sake of later reference, we shall define the set of stable states attime t € [0, T']
as

Sit)={uelU : &(t,u) <oo and &(t,u) <&(t,v) + V(v —u) Yve U}. (2.14)
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Moreover, we will make use of the following notion of approximately stable states
which depends on the small parameter & > 0, namely

S%(1) = {u €U : &(t,u) < oo and

E(t,u) < (1+a)(8(z, v) + \I/(v—u)) faVue U}. 2.15)
As for the initial datum uy we assume:
up € S(0), (2.16)

although some of our results still hold under the weaker assumption & (0, uo) < oo.

2.2 Time-discretization

Assume now to be given a partition of [0, 7] which we identify with the corresponding
vector T = (z!,...,7N7) of strictly positive timesteps. Note that we indicate with
superscripts the elements of a generic vector. In particular 7/ represents the j-th
component of the vector t (and not the j-th power of the scalar 7).

We let Y = 0 and

. - . . o .
ty—ty =1, I.=[t.""1;) fori=1,...,Ng,

and we will use the symbols
i : i

T= max T, T= min T
i=l,...,N¢ i=1,...,N¢

for the maximum timestep (fineness of the partition) and the minimum timestep, re-

spectively. Moreover, we will make use of the notation u, = (ug, ey ujtv ) for
generic vectors in UNt+! and let u; : [0, 7] — U be its piecewise constant inter-
polant on the intervals /., namely u,(t) = u’ forallt € I.,i = 1,..., Ny and

u(T) = ujrv T 4
Letting EL(-) = &(tL,-) for brevity, we define the discrete counterparts of WED
functionals (2.11) as dz7 : UN*T! — (—00, o0]

N+ i i—1 i i—1¢,i—1
- u' —u Elw) -8 u
= 32 (w7 ) S

i=1

- :Véxg, (v (w'—u=") + &L — €57 @)

where the Pareto weights A ., are given by (see (1.5))
d €
i _ P
AST_HTJ.H for i = 1,..., Ny. (2.17)
j=1
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In particular, A.; is nothing but the solution of the variable timestep implicit Euler
discretization of the problem A’ 4+ A /& = 0 with initial condition A(0) = 1. Hence, by
defining the piecewise constant interpolant ¢ — Ag¢(?), we have that

t/e

Aer(t) — ¢ /¢ uniformly as T — 0.

Moreover, one can equivalently express Jq¢ () as (see (2.11))

N Nz—1
Jor(u) =D A, W@ —u' ™) + Y (AL —ALFHEL (')

i=1 i=1

+ANegNe Nty — Al 2w

N+
= (A;,mp(u’—u’—l) + a;,e:;(u’)) —Alelw® (218

i=1

where the positive weights o ., are given by

) ) - oLt
i qi i i
Oz = Aar _Asr - /\ar i+l 4 g (2.19)
for i =1,...,N;—1, and 081\,” =)Lé\;’.

The specific choice in (2.17) will be directly exploited in the computations. Let us
however stress that (2.17) is not the only possible choice of weights which can be
considered and that we restrict to it for the sake of simplicity only.

Proposition 2.1 (Existence of minimizers). Assume (2.2), (2.4), (2.6)—(2.7), and (2.16).
Then, the functional Jgy is lower semicontinuous and coercive with respect to the
strong topology on {vy € UN«+1 . vg = ug}. Hence, minimizers exist.

Proof. Owing to the choice (2.17), for all u € {u € UNT! : 4% = y} relation
(2.18) gives

N+ ) . . Nyz—1 ) Ti+1 . )
() = Y A Wl —u ™y + 3 AL <—8) &l (u'

Ti+l
i=1 i=1 +

&
+ /\grr Sf_vr (uNr) _ (11 n 8) 83(u0)

and the assertion follows, since Jo7(-) is a sum of lower semicontinuous functionals.
O
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For the sake of later reference, let us recall that the incremental problems (1.3) read
in the current variable timestep setting as follows.

u e argmin {W (u—u'"") + L)~ 67 (W)L i =1 N 220)
uelU

In particular, the length 7/ of the timestep does not occur explicitly, but the energy is
evaluated at times 7.1 and ¢L.
Our first result concerns an upper bound on the energy of a minimizer of ..

Lemma 2.2 (Upper energy estimate). Assume (2.1)—(2.2), (2.8), (2.16), (2.17), and let
gy minimize Jgp on {vy € UNTH1 0 00 = g, Then

. o g ,
EL(uby) + Wb, —utyh) < €57 iy +f 08 (t ) dr
1y

i 2.21)
Vi=1,...,Ne.
Proof. Leti = 1,..., Ny be fixed and define
vl =ull! and vly = ul, forj #i.
Foralli # N¢, as dg¢ (er) < Jer (ver ), We have that
Moo (Wil i) + L il — 657 i)
A (W k) + 6 i) - €L udy))
<2 (WO =) + €L i — €7 wizh))
AL (Wt -l + & ) - el ).
By exploiting the triangle inequality we conclude that
Ao =) (Wil ") + €4 uly) — EE)) <0 o)

fori =1,...,N;y — 1.

In case i = N, we have that
A (el —uly ™) + € lp) — )l )
< A0 (wady Tl el — e Tl ),
which amounts to say that

AN (Wl —ulie™) + €Nl - 8Nl ) =0
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Finally, by collecting the latter and (2.22) and using the strict positivity and the mono-
tonicity of the Pareto weights one has that

Wl —uly") + €L (ul,) — €L (i) <0
for i =1,..., Ny,

and the assertion follows. O

The upper energy estimate (2.21) is at the basis of an a priori control on the trajec-
tory. In particular, we have the following.

Corollary 2.3 (A priori estimates). Assume (2.1)—(2.2), (2.8), (2.16), (2.17), and let
U minimize gz on {vy € UNtH1 vg = uq}. Then,

N+
max €1 (ul,) + > Wl —ul;") < 2(6(0.u0) + co)e'T =t cqan.  (223)
l

i=1

The latter is proved in [12, Thm. 3.2]. We shall present some slightly refined version
of the same argument (providing a proof of Corollary 2.3 as well) in Section 3 below.

Let us explicitly remark that, by requiring (2.3) and (2.7), under the assumption of
Corollary 2.3 the a priori estimate (2.23) entails that

uez l|Lo=(o,7;v) and Var(uer) are bounded independently of ¢ and 7,  (2.24)

the latter bound depending indeed on cy, cg, Cg, &(0, up), co, ¢, and T.

The global stability property (2.12) of time-continuous energetic solutions is inher-
ited by the discrete trajectories which are obtained by sequentially solving the mini-
mum problems (2.20), see [17, 18]. This is however not the case for minimizers of d¢,
which, due to the causality lack, turn out to be only approximately stable in the sense
of (2.15).

Lemma 2.4 (Approximate stability). Assume that (2.1)—(2.2), (2.8), (2.16), (2.17) and
e/t < 1 hold, and let ugy minimize J gy on the set {vy € UN:+1 . vg = ug}. Then,
ulNr e S(T) and

ul, € SOy VeV, i=1,...,Ny —1, (2.25)

where the function r — a(r) > 0 depends on co, ¢y, T, and &(0, ug), and is such that
a(r) - 0asr — 0+.

Proof. Leti =1,..., Ny and v € V be fixed and define

vly =uly forj <i—1 and vy =v forj >i.
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Incasei = Ny, as dgr (o) < Jer(ver), we have that
A (Wl —ule ™) + 6 l) - e~ iy )
)LN’ (\D(v U, _1)+8N’(v) 85’_1(14?4’_1)),
and, by the triangle inequality
Af;’;( W(v—ur) 4+ Ve (uNe) — g (v)) <0

Hence, the stability v g7 Nees (T) follows from AN e > 0.
Let us now consider the case i # N instead. Again from Jg¢ (#er) < der (Ver),
we have that

Moo (WOulp i) + €L (uly) — 617 i)
NT . . . . . . .
> Mo (Waide—ulsh) + & ko) — €17 )
j=i+1

N+ ) ) )
< M (Vo) + E ) - €7 WD) + Y A (8l -6 W)

j=i+1
By exploiting the triangle inequality
Wo—ulll) < W—ul,) + Wi, —ullh),

canceling on both sides the terms AL, (\I’(uét—ué;l) — i ! ), dividing by

Afn > 0, and using the non-negativity of ¥, we have that

S Ny :
€7 (Ugy) — € (V) — W(v—ity,) < _j:lZ-H AL (81( sr) - SJ (uer ))
r A,j |
+ Y (o -ETw). @2
Jj=i+l1 Aer

We aim now at controlling the two sums in the right-hand side above. Owing to
(2.8) and (2.23) we have that

T NT

; J
— Y T (sl — 67 ) = ot ean) YD 0T

j=i+1 " j=it1 et
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and we easily handle this last sum as

N+

M,_ ' 2:( )
Jj=i+l1 Az j=itik=it1 " j=i+1
N-r_l k Ne—i
1— T
_ Z (3) _ £ (e/7) - e/T . (2.27)
i \z T l—¢e/z l—¢/z

Consider now the second sum in the right-hand side of (2.26). Owing to (2.10) we
have . . y
&4 (v) +co < (6L (v)—H:o)e‘”(’r —t),

Then, by using the monotonicity of the Pareto weights, we have that

N+ Ag‘r J—1 1+1 Nz - (tj_tj_])
(8 ( )_8 (U)) - Z (81 (U)-I—Co) (ecl I —t] B 1)
= Asr 8'[ A
J=i+l1 Pt
: 3 . J_ti j—1
= ; Z (g'lt (U)—I-Co) (ecl(t'I —tz) _ a1tz _tz))
—Jj=i+1

= %(si (v)+co) (1T -1) = = (61 W)+eo) (4T -1).

)
z

Finally, by defining for instance

(2.28)

mwzmwm(uﬂw@m;g+@iﬁg,

1—r
the assertion follows. O

Remark 2.5. In case W is even, namely W(—v) = W(v), the proof of (2.25) greatly
simplifies. In particular, the situation i # N, may be treated by letting (v € V fixed)

vi = v and vg, =u£, for j #1,
and exploiting d¢7 (#g7) < d¢¢ (v¢) in order to get
Moo (Wil i) + 6L il — 57 i)
L (Wl —ulo) + 6 Wl - €Ll
<2 (-l + €L () — €7 iz

+Af‘;1(xp(u’+1 —v) + G - sg(v)).
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Again by the triangle inequality we deduce
(L= (6L (udy) = E20)) = (AL 425 )W (o-uly),
and, by exploiting the choice of Pareto weights (2.17),
€1 = €40+ (14 757 ) 0o =y
and the function « can be simply taken to be a(r) = 2r.
We shall now turn to our main result.
Theorem 2.6 (Conditional convergence). Assume (2.1)—(2.9), (2.16), and let
WU be continuous with respect to the strong topology in U . (2.29)

Moreover, let a sequence of partitions T, and parameters &, with (¢,,T,) — (0,0)
and ey /T, — 0 be given, and Ag, ¢, fulfill (2.17). Finally, let ug,, be a minimizer
of de,z, on {vy, € UNentl vgn = ug}. Then, there exists a (not relabeled)
subsequence (&, Ty) and u : [0, T] U energetic solution of (1.1) such that, for all
t € [0, T), the following convergences hold:

Ug,z, () = u(t) weaklyinV (and strongly in U), (2.30)

/ U (dug,,) > W(du), (2.31)
[0,2] [0,¢]

E(t,ug,z, (1)) = E(t,u(1)), (2.32)

3:8( gz, () = 0:E(,u(-) in L0, T). (2.33)

Proof. The statement follows along the lines of the convergence proof of solutions
of the incremental problem to energetic solutions [12, Thm. 5.2], the only difference
being that the converging sequences are not stable but rather approximately stable in
the sense of Lemma 2.4.

Step 1: A priori estimates and selection of subsequences. Letu, = ug, 7, and p,(t) =
0:8(t,u, (1)) for simplicity. Owing to (2.1), the a priori estimate (2.24), and Helly’s
principle [12, Thm. 5.1], upon extracting not relabeled subsequences, we have that, for
allt € [0, T1,

Uy (t) = u(t) weakly in V and strongly in U, (2.34)

Sn(t) = / W(du,) — 8(1), (2.35)
N

pn — p weakly starin L*°(0,T), (2.36)

for some non-decreasing function § : [0, ] — [0, 00).
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Step 2: Stability of the limit process. We may assume with no loss of generality that
en/T, < 1. Letus fix t € [0,T) and denote by #, = max{tin : tin < t}. Hence,
owing to the convergence (2.34) and Lemma 2.4, we have that u,(t,) € S% (t,) for
some o, — 0 and, for all v € V with &(t, v) < oo,

(2.6)
E(t,u(t)) < 1irr_1)inf8(t,un(t))
n o

= lim inf (8([,,, uy(t)) + /t 0:8 (s, un(t)) ds)
n—>odo tn

COLED) i inf € (1, un (tn))
n—>oo
2 iminf ((1+an)(8(t,,, V) + W(v—un (1)) + a,,)
n—>oo
(2.29)

&E(t,v) + W(v—ul(t)).

Namely, u(z) € S(¢) forall ¢ € [0, T] (the case t = T is classical [12, Thm. 5.2]).
Step 3: Upper energy estimate. From (2.21) we deduce that, for all [s, ¢] C [0, T],

E(t,un(t)) + /

[0,7]

t
W(duy) < &(0,up) +/ 0;8(r,un(r))dr + cT,,
0

where the constant ¢ bounds d;& (-, u,(-)) uniformly in time and n. Hence, passing to
the lim inf and using (2.6) and the convergences (2.34)—(2.36), we have

&(t.u(t) +/

[0,7]

t
W(du) < liminf & (¢, u,(t)) + 8(¢) < &(0, up) +/ p(s)ds.
n—oo 0
(2.37)

In fact & (¢, u, (¢)) — &(¢,u(t)) since, forall ¢ € [0, T7],

t
ecu@) V=T el + [ 3:E6u())ds
tn
2.8)+(2.23)4+(2.29 .
CITCZTC tim ((1an) (€, u(1) + W) —n (1)) + )
n—>0o0
(2.25)
> limsup & (¢, un (t)) > liminf & (t,, u, (¢))
n—>00 n—00
(2.8)+(2.23)+(2.6)
> E(t.u(t))

and (2.32) follows. Moreover, owing to (2.4) and (2.7)-(2.9), we may apply [12, Prop.
5.6] and deduce that p(¢) = 9;& (¢, u(t)) and (2.33) holds.
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Step 4: Lower energy estimate. This follows at once from (2.2)—(2.3), and (2.8)—(2.9),
since u(t) € S(¢) forallt € [0,T] and ¢t +— 9;&(¢,u(t)) € L°°(0, T). Applying [12,
Prop. 5.7] we have that

E(t,u(t)) —l—/ W(du) > &(0,up) + /t 0:&(s,u(s))ds. (2.38)

[0,¢] 0

In particular, (2.13) follows.
Step 5: Improved convergence. By collecting (2.37) and (2.38) we have that

&(0,up) + /Ot 0:E(s,u(s))ds (228) &(t,u(r)) —|—/ W(du)

[0.1]

(2.6)

< liminf&(t, un(t)) + 8(¢)
n—>o00

(2.37) t
<  &0,up) + / 0:8(s,u(s))ds.
0

Hence, all inequalities are actually equalities and (2.31) follows from (2.35). O

Remark 2.7. Owing to rate-independence, for any given non-uniform partition t, one
is always allowed to reduce to a uniform partition by time-rescaling. This strategy is
however little suited for studying convergence for a family of variable timestep parti-
tion with diameters tending to 0. Hence, it is not pursued here.

3 Minimizing sequences

An interesting issue that differentiates the present time-discrete approach from the
time-continuous one of [13] is that, in order for conditional convergence to hold, the
minimality of u.; is actually not required and one could ask u.; to be a -approximate
minimizer, namely

Jer(Uer) < der(v7) +6 Vv € UNT”H, Ugn = Uy, 3.1

where the tolerance 6 > 0 is given. This possibility is particularly interesting as one
may consider situations where the minimum of d. on {v,, € U Neptr vgn = up}
is not attained (see Section 5 below). In particular, given any 6 > 0, the existence of
6-approximate minimizers for 7 on {v; € UN=+! : v) = ug} is straightforward
whenever W and & are bounded from below (no coercivity and lower semicontinuity
are of course needed, see Proposition 2.1). Nevertheless, even in the case of (3.1),
an upper energy estimate, a global a priori estimate, the approximate stability, and a

conditional convergence result can be proved. Let us start from the estimates.
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Theorem 3.1 (Approximate minimality, a priori estimates). Assume (2.1)—(2.2), (2.8),
(2.16), (2.17), let ugy be a O-approximate minimizer of dgr on {v, € UNtH!1 0 =
up}, and p., be defined as

oty = 1/0l, (3.2)
see (2.19) for ol_. Finally, assume
£ Ne
— <1 and 0 p., <1 33
. an Z Per (3.3)

i=l1
Then, we have that

i

6L uke) + Wiy — i) = €7 i) + [ 06l + ol

" (3.4)
Vi - 1, . N-[,
. . NT . .
max 64 (uh,) + Y W(ub, —uly'
! i=1 (3.5)

=2(&0.u0) +cot 1) e’ + 1 = coap + 26c1T+1,

ul, e Sa(T’g’e)(ti) for i =1,...,Ny—1 where

co+Csab+2e1 T +1 (3.6)
((H—co) (eclT—l) + 2 St?b_g/t ) + 6p2r

a(t,e,0) =

[ ] o

Nt
ulle e §0er (1 Ney, (3.7)

Sketch of the proof. This result is simply obtained by reconsidering the arguments of
Section 2 by keeping track of the extra error term depending on 6. In particular,
relations (3.4) and (3.7) are immediate. As for the expression in the right-hand side
of (3.5), we shall reconsider here the argument of [12, Thm. 3.2] and, letting for
notational simplicity 6/ = &% (ul,) and ¥ = W(ul ;' —ul,), start from (3.4) and
exploit (2.8) in order to get that

E 4w <& 4 (6 o) T 1)+ 0pl, fori=1.....N;. (3.8

In the latter computation we have used (2.10) and
1 a8 [k -
/‘ 08 uldr = / (B ulz) + eo)de
i i

@10) [fr _ i _ i
= [ e e e = (€ e -,
t

i—1
T
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Hence, as pi > 0, we check by induction that fori = 1,..., N¢

i i
8 + ¢o < (6%4cp)ett + Pl Zpér < | &%co+b Zpé, it (3.9)
j=1 j=1

Moreover, taking the sum fori = 1,...,k in (3.8),

k 38)

Ywlo< g 8’<+Z(8’ L) (et +eng,

i=1 i=l1 i=1

G 0 b j k
< [&%+co+0> oL, | — (€5 +c0)

i=1

N: k ] - k-
+ <8O+CO+QZP§;1) Z(emt%_emtr 1) n Gzpér

i=1 i=1 i=1

N, Ne
< (80+co+9 Zpg,) + (8°+c0+0 prg,) e T—1)

i=1 i=1
N+
+ 6 Zpér*
i=1

where we also exploited &, + ¢p > 0 and we have the a priori bound (3.5). Now it
suffices to reproduce the argument of Lemma 2.4 by keeping track of the extra error
term due to the tolerance 6. In particular, one proves that (see (2.26))

el(ul,) — &L (v) — W(v—ul,)

& M 1 & M 1 0
== Y ar(Eedy—ewlh) + 3 SE(s 0 -6 0) + 5
j=i+1 €T J=i+1 7T
< (CO+Cstab+2eclT+1) 8/;1 %(8 (v)+co) (eC‘T—l) + 9/0;];\;’
and (3.6) follows. O

Once the estimates (3.4)—(3.7) are established, it is a standard matter to follow the
very same argument for the proof of Theorem 2.6 above and deduce the following.

Theorem 3.2 (Approximate minimality, conditional convergence). Assume that (2.1)-
(2.9), (2.16), and (2.29) hold. Moreover, let a sequence of partitions T, and param-
eters ep, O with (€5, Ty, 6,) — (0.0,0) and €, /x,, — 0 be given, and A, ¢, fulfill
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(2.17). Moreover, let
Nz,

On > P4, —0 (3.10)
i=1
where p,, . is defined in (3.2). Finally, let ug,z, be a Oy-approximate minimizer of

de,z, on{ve, € UNentl . vgn = uq}. Then, the conclusions of Theorem 2.6 hold.

Let us mention that the latter convergence result is not ensuring that all minimizing
sequences such that d.; (#zr) — 0 admit a convergent subsequence as the qualification
(3.10) is crucially required. On the other hand, the latter condition, which indeed
relates the limiting behavior of ¢, T,, and 6,, is tailored to the concrete situation
where &, and T, (and hence p, ., ) may be considered to be fixed and then 6, can be
chosen very small in order (3.10) to hold.

4 A metric formulation

The results of Section 2 make no essential use of the linear structure of U and can
therefore be reformulated in a more abstract setting. To this aim, let

(U,d) be acomplete quasi-metric space. 4.1)

Here d : U x U — [0, 00] is called a quasi-metric, if d(u, v) = 0 implies ¥ = v and
if the triangle inequality holds. We explicitly allow here the situation d(u, v) = oo as
well as d(u,v) # d(v,u) as this is needed in applications. For every given trajectory
u : [0, T] — U we define the total dissipation on [s, ] C [0, T'] via

N
Diss (u, [s,t]) = sup {Zd(u(li_l),u(ti)) cs=1"<-. <V = t} .
i=1

As for the energy functional & : [0, T] x U — (—o0, 0o] we assume the former (2.8)—
(2.9) and reformulate the compactness assumption in (2.7) as

&(t,") : U — (—o0,00] has compact sublevels V¢ € [0, T']. 4.2)

Given these assumptions, an energetic solution of (1.1) is now a trajectory
u : [0, T] — U such that u(0) = uo and the following hold for all ¢ € [0, T']:

Et,u)) <&@,v)+du(),v) Yvel, 4.3)
&(t,u(r)) + Diss (u, [0,1]) = &(0,up) + /t 9,8 (s, u(s))ds. (4.4)
0

Of course the set S(¢) of stable states at time ¢ is now defined as

St)y={ueU : &(t,u) <&(,v)+du,v) Yve U}. 4.5)
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By reconsidering the proofs of Section 2, it is clear that we can reproduce the very
same results in this metric setting. In particular, the convergence result reads now as
follows:

Theorem 4.1 (Conditional convergence, metric setting). Assume (4.1), (4.2), (2.7),
(2.8), and (2.16). Moreover, let a sequence of partitions T, and parameters &, with
(en,Tn) = (0,0) and e, /x,, — 0 be given, and A, ¢, fulfill (2.17). Finally, let ug, <,
be a minimizer of d¢, ¢, on {v, € UNentl vgn = ug}. Then, there exists a (not
relabeled) subsequence (e, Ty) and u : [0, T] — U energetic solution of (1.1) such

that, for all t € [0, T, the following convergences hold

Ug,z,(t) = u(t) inU, (4.6)

Diss (u¢,z,, [0,¢]) — Diss (u, [0, 7]), “4.7)
E(t, us,z, (1)) = E@ u)), (4.8)
€ (1,7, () = € u() in LYO,T). (4.9)

In particular, even in the present metric setting, energetic solutions may be recov-
ered by passing to the joint (and conditional) limit in the time-discretization and in ¢.

5 Approximation and relaxation

The convergence results of Section 2 are quite flexible and may be adapted to the situ-
ation of a sequence of pairs (W, &) which are ["-converging to a limiting pair (W, &)
[3, 6]. In particular, we address the question under which conditions #-approximate
minimizers u#.,; of the approximating functionals d,,

NT
Jeek (eek) = 2 Ao (We (Uhpp —ulch ) + €L, 0ulpp) — €17 @)
i=1
are converging to an energetic solution for (¥, &), namely solving (2.12)—(2.13).

A closely related issue has already been considered by Mielke, Roubicek, & Ste-
fanelli [16] for the case of energetic solutions at level k converging to a limiting en-
ergetic solution as k — oo. The crucial point in [16] is the observation that the two
disjoint T'-convergences

VU =T-lim V¥, and & = T-lim &,
k—o00 k—o00
are not sufficient in order to ensure convergence of solutions and some extra condi-
tion has to be additionally required. A quite natural choice is that of asking for the
conditional upper semi-continuity of the approximately stable states:

(uk € S;:"(tk), Sngk(lk,uk) < 00, (tg,ax) — (£,0) and uy — u in U)
5.1

=uecS),
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where we have denoted by S ,‘: Kk the set of ay-approximately stable states (2.15) re-
ferred to the pair (W, &) and the parameter oy > 0. A full hierarchy of conditions
implying (5.1) is presented in [16]. Here, for the sake of simplicity, we just mention
the strongest, namely continuous convergence for Wi and I'-convergence for &

Uy > u = Y (ug) —» Y(u) and & = I'-lim &. 5.2)
k—o00

As we aim at relaxation, we shall consider the situation when Wj and/or &; are
not lower semi-continuous. In this case, minimizers of J,,; may fail to exist and
one is forced to focus on #-approximate minimizers from the very beginning. Our
convergence result reads as follows.

Theorem 5.1 (Approximation and relaxation). Assume (2.1)—(2.3), (2.8)—(2.9) and let
Wy, &) fulfill (2.2)—(2.3) and (2.8) uniformly with respect to k and ulg fulfill (2.16)
for all k. Moreover, assume (5.1) and the following:

W < [-liminf ¥y,  &(t,-) < D-liminf & (,-) V¢ €[0,T]; (5.3)
k—o00 k—o00

o
U{u e U : & (t,u) < E} is relatively compact in U, (5.4)
k=1

YVt €[0,T], k eN, E >0,

(uk € Sp* (1), sup Ekc (1 ug) <00, (T, upe, ) = (I,M,O))

= 0: 8 (g, uy) — 0:6(t, u). (5.5)
uk >y and  &,(0,uk) — €(0, up). (5.6)

Finally, let a sequence of partitions T, parameters &, 0y, and ky, be given such that
(en,Tn.kn,0n) = (0.0,00,0), /7, = 0, and Ag, <, fulfill (2.17) and (3.10). Let

: ISP Nep+1 . 0 _
Ug, 1k, be On-approximate minimizers of Jg, ¢k, on vy, k, € U™ n S

ug”} and u™ : [0,T] — U the piecewise constant interpolant of Ug, 7.k, Then,
there exists a subsequence (u(”f ) jeN and an energetic solution u : [0,T] — U of
(1.1) such that, for all t € [0, T], the following convergences hold:

u("f)(t) — u(t) weakly inV and strongly in U , (5.7)

/ Wy (du)) - W(du), (5.8)
[0,¢] [0,7]

&k, (1.u" (1) — E(t.u(1)). (5.9)

1€k, (- u® () = 8,6, u(-)) in LY0,T). (5.10)
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Sketch of the proof. We shall assume from the very beginning that

Nz,

oo and9n2p21<1.
ln ‘ ntTn
=1

As W are uniformly coercive and (5.4) holds, the a priori estimate (3.5) entails the
possibility of extracting a (not relabeled) subsequence u, = u,, ¢k, such that the
following convergences hold (see [16, Thm. A.1]) forall t € [0, T']:

Uy (t) = u(t) weaklyin V (and strongly in U),

5a(0) = /[ W, ) = 800

s

Pn = 0:8x, (- un(-)) = p  weakly starin L°>°(0, 7).

We shall denote by p*(t) = limsup,,_, ., 9;8, (t,un(t)) and explicitly observe that
p < p*. Note in particular that there exists a constant ¢ bounding 9, &y, independently
of n.

As for the stability of the limit trajectory u we just fix ¢t € [0, T'] and exploit (5.1)
with the choice ug, = ug,(¢) by recalling that uy, (1) € S::" (t) forall t € (0,7
where

o, = a(Ty,en,0n)

2¢0T 41
— 8_” ((1+CO) (eclT_l) + (C0+Cstab+ € + )) + enpivnrn‘
T, l_en/ln

Note that og, — 0 as n — oo. In particular, by (5.5), p*(t) = 9,6 (t, u(t)).
The proof of the upper energy estimate follows exactly as in Step 3 of Theorem 2.6

as the extra error term 6, ), */' pénrn goes to 0 by assumption (3.10) and we have
convergence at time 0 (5.6).

Owing to (2.8)—(2.9) and the stability u(¢) € S(¢) for all ¢t € [0, T] we may apply
[16, Prop. 2.4] and deduce the lower energy estimate as well.

Finally, just as in the proof of Theorem 2.6, we have that

S(O,uo)—i—/op*(s)ds < 8(t,u(l))—|—/ W (du)

[0.2]

(53)
< liminf &, (t,un(t)) + 6(¢)
n—oo

t
< 80.u0) +/ p(s)ds
0

IA

t
8(0,u0)+/0 p*(s)ds
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and all inequalities are actually equalities. Hence

E(t,u(t)) + / W(du) = lilrgioréfé’k” (t,un(t)) +6(t)

[0,]
forall t € [0, T] and p = p*. Since by (5.3) one has that

E(t,u(0)) = liminf &, (1, un (1) and / W(du) < 8(r),

5

the convergences (5.8)—(5.9) follow. O

6 The causal limit ¢ — O for a fixed partition

Let 7 be fixed throughout this section. We shall comment on the limit ¢ — 0 within the
minimization of d,,. The natural guess is that a sequence of (approximate) minimizers
ug of J¢r admits a subsequence converging to a solution #, of the corresponding
relaxed incremental problems

u? = uy,
ul €argmin, gy (W (u —ug) + é\i (u) — €2 (uo)} , (6.1)
ul € argming, (W (u —u'"") +§i(u)—’8\it_l(u’_l)}, i=2,...,Ng,

where
&l (v) =inf{131rgic>%f8§(vn) © g — v strongly in U}, i=1,...,Ng.

This is indeed the case. Namely, by letting ¢ — 0 for a fixed partition, we restore
causality at the discrete level, since (6.1) is the classicg] incremental procedure (1.3),
however with & (¢, -) replaced by its I"-liminf, namely & (¢, -).

Theorem 6.1 (Causality at the discrete level). Assume (2.1)-(2.2), (2.7)—(2.8), (2.16),
(2.17), and (2.29). Moreover let T be given and ugy be a o(e™N*)-approximate mini-
mizer of dgv on {vy € UhN-+1 . vg = ug}, namely ugr = ug and

Jer(Uer) < dez(v7) + o(sN’) Yv; € UNet with vg = Uuo. (6.2)

Then, there exists a not relabeled subsequence ugy and uy € U N+l quch that ugy —
uy strongly in UN*t! as ¢ — 0 and u- fulfills (6.1).

Let us now comment on a possible strategy for a proof. First of all, a priori bounds
for approximate minimizers are available due to Theorem 3.1 (note that (3.3) follows
as 7 is fixed and u.; is a o(sN T)-approximate minimizer of ;). Hence, some (not
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relabeled) subsequence ug; strongly convergmg touz in U N+l a5 & — 0 exists and
clearly u? = ug. By defining the functionals ' and ¥ FionUNeH! g

Fiu) = W (ui—ui_l) &) — &Y fori=1..... Ny,
and
Fla) = (u'—u®) + L) — 20,
Fiu)y=w (u"—u"—l) + & )-8 Wiy for i =2..... Ny,
we have that (see (2.17))

N+ i

N+
. , £ .
Jer(er) = D A ¥ (wer) = 3| [T 5= | 7' (er)

i=1 i=1 \j=1

_ € ?;1 82 372
_(rl-i-s) (u”)+((r1+e)(rz+e)) (ez)

+ oo+ e TV (uer),  (63)
(t'+e)... (N +¢) tet): ’

and we can check that (see the proof of Theorem (6.4) below)

Tlim g = ng?l
e—>0 ¢ T

so that, in particular, u solves the first minimum problem in (6.1) by virtue of the

Fundamental Theorem of I"-convergence.

This argument can indeed be iterated for i = 2,..., Ny leading to the proof of
Theorem 6.1 by arguing on the the subsequent powers of ¢ in (6.3). In particular, we
investigate the asymptotic development by I'-convergence of the functional d¢. This
technique has been originally introduced by Anzellotti & Baldo in [1] and is aimed at
characterizing the I'-limit of a functional by means of a sort of asymptotic expansion.

Let us start by recalling some definition and the main result from [1]. Given a first-
countable topological space X and a sequence of functionals §; : X — (—o0, o0], the
notation

g=T-lm9g inMCX
e—0

defines I'-convergence of G to § on the subset M in the ambient space X via the
following two conditions:

G(x) < inf{limi(r)lfﬁg(xg) D Xe — x} Vx e M,
£—>

Vx e M, Ix, — x : §(x) = lim G (x;).
e—0
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Here it is important that the approximating sequences x, in both lines above may be
taken from the full ambient space X and are not restricted to the set M. Hence the
notion of I'-convergence on M C X intrinsically depend on M and on X.

Definition 6.2 (Development by I'-convergence [1]). We say that the development in
I"-convergence

G160 e 1262 .. 4Nt gNT £ o(eNT) in X (6.4)

holds true if, letting M be the set of minimizers of §° on X, m® be the corresponding
minimum, and, foralli = 1,..., N¢,

m' = inflﬁi, Mi={ueM™ : g w)=m),
Mi—
€ —mO R
¢ =Tdm¥ nx, Gl=2"" g% ~"
e—0 & &

we have that, foralli = 1,..., N,
m ™! < oo, M # 0, and
g =T-lim g in M~'CX fori=1,...,Nyg. (6.5)

e—0

The main result on asymptotic developments in I'-convergence reads as follows.

Theorem 6.3 ([1, Thm. 1.2]). Let (6.4) hold, x be a o(¢™N*)-approximate minimizer
of §;, and x; — x in X. Then x minimizes &N« on MN—1 (that is, it minimizes §'
on M7 foralli =1,..., Ng).

In fact, the cited result is concerned with exact minimizers x, only. On the other
hand, the corresponding result for o (g7 )-approximate minimizers turns out to be an
immediate extension of the original proof.

Our aim now is to prove is that 4., admits a development in I"-convergence in terms
of the functionals ¥ as suggested by (6.3).

Theorem 6.4 (Development in I'-convergence of ). Assume (2.1)—-(2.2), (2.7)-
(2.8), (2.16), (2.17), and (2.29). Then the following development holds:

Jor 260 468" + 267 4o 4 NNt 4 o(eM)
(6.6)
in X = {v, e yhN=+1 . vg =uo}

where §° is the indicator function I of D = {uo}xD(gi) X +ee X D(givf ), the
functionals §' are given by

gl =a’+ﬂ5‘7’ +I§D for 1 =1,...,N-,;,
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and the constants a' depend on (t", ..., t' ™) and on the minimum values

,u"zm'in%i for i =1,..., Ny where M° =D
lel

and M'={uwe M~ . Flw)=u'} fori=1,...,Nyg. 6.7)

In particular, starting from a; = 0, the constants a* are recursively defined for i =
1,...,N¢as

) ' . ) 1 [\ ) i ) at
@ = elgr(l)aé’ @’ = & (%Ml ! .p%.r" —a s f) ' (65)
Before moving to the proof of Theorem 6.4, let us firstly check by induction that
the definition of the values 4’ in (6.7) makes sense. Indeed, taking into account (2.2),
(2.7)—(2.8), (2.16), and (2.29), one clearly has that min{\%1 () : u € M°) has at least
a solution (note that ’éi fulfills (2.7) as well). In particular, the set of minimizers M '
is non-empty and closed with respect to the strong topology of UN7+!. Moreover,
{u' : uwe M"Y} iscompactin U by (2.7). Then, we compute for u € M that

) 21\ L B202y _ Blgl
Feiw) = VWu—u)+&E&w)—-8&,(u)
EMI -~
= wtul) + 82w + W —up) — %up) — pt.

Hence, %2 is lower semicontinuous and coercive on M ! and min{S‘fQ w) cuweM'y
has a solution. Namely p? < oo, M? is non-empty and closed, and {(u',u?) : u €
M?} is compact in U?.

Assume now i > 3 and M'~! non-empty and closed with {(u',...,u'™") : u e
M=} compact in U'~!. Then, for all u € M'~' we have that

ph = W' —ug) + E1(u") — €7 (o).
w =W —u/ 7 + gi(uj) —gi_l(uj_l) for j =2,...,i — 1.
By adding up the above equalities we easily obtain that

Fla = e+ Ew) -7
. i ' ‘ . ' i—1 '
e + B ) — ) — Y

Jj=1 Jj=1

and F' is lower semicontinuous and coercive on M'~!. Hence, min{j? ‘(w) : ue
MP~"} has at least a solution and the set of minimizers M’ is non-empty and closed.
Moreover, {(u',...,u’) : u € M'} compactin U’.

Once the values /L], e, [LN T are given, a trivial but tedious computation based on
the explicit form of the Pareto weights A, leads to the check that the definition in
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(6.8) makes sense as well. Let us stress that (6.8) allows us to explicitly recover all
terms in the development (6.6). For instance, the first five terms in the development
(6.6) of J¢ read as follows

% = Ip,

1 ~
gIZ;?l+Ii),

L N
T Tt T D:
1 tl47? 1 -
3 _ 1 2 3
= (T1)3/”L (TITZ)ZI’L + 11121337 + 1o,
1 tl4r2)2 172 24723 473! ~
g4 — Ml ( ) MZ_ MS_,’_ 374+I$O
(z1)* (t172)3 (t17273)2 1727374

Proof. We shall proceed by induction and, for the sake of clarifying the argument,
we directly work out the first three terms in the development (6.6) before showing the
induction step.

The 0-order term. At first, let us check that I'-lim ;¢ Jgz = I in X.

Let u, — u in X and assume that liminfg—q d.¢ (#:) < oco. By recalling (2.18)
and possibly re-extracting, as the weights )Lf;, and O'é.t are non-negative we have that
ue € {up}xD(EL) x -+ x D(é’iv’). Hence, u belongs to the corresponding closure
(conditioned by sup, 8’, (u i) < 00) which is nothing but . Moreover, we surely have
that liminf,— Jgz (ue) > 0 as AL, = o(1) (see again (2.18)).

Fix now u € O and let u; — u be a recovery sequence in the following sense

ug =up and sup&L(uy) <oo fori=1,...,Ng,
&

(such a sequence surely exists). We compute from (2.18) that . (4g) — O.
The first-order term. We have checked that m® = 0 and M = D. Hence, recalling
(2.18), we have that

&

Ny i ) ) i ) ) 1
= Z (Aﬂ\ll(ul—u’_l) + %8’,(#)) — %82(110) (6.9)

i=1

Let u; — u in X and assume that lim inf,—.¢ ﬁgl (ug) < oco. By using (6.9) and the

non-negativity of AL and o/, we have that

AL o, AL
G; (ue) = =W uz—uo) + —FE; (up) = ~EEE7 (o),
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so that, passing to the lim inf,

7).

hmlnfﬁ (ug) > —

On the other hand, fix # € M° and let u ¢ — u be such that
., Nz.

and sup@i(ug) <oo fori=2,..
&

u =uo, € —ELw")| = o(1),

Then, we have that

A 1
9! (we) = ZEEWuluo) + L6 () — “EEED (o)

| .
ui™h) + ‘%’8;@’))

+Z< 8T\P(u
1

A PN Al
LY ul-ug) + “EE (') - €D (o) + o (1)

!, Namely, we have checked

so that passing to the limit one has ! (u;) — F'(u)/t
that T-limsup ,_,, g} < ¥'/t! and we conclude that
1 1 a1 0
g! =I-lim¥g = =% in M".
e—>0 T
In particular mingo §' = p'/t' and M' = {u € M° : §'(w) = pu'/t'} is non-

empty.
The second-order term. We shall refine these techniques in order to compute

[-lim ¢ §2 where
1

Glw)—p'/t' de(w)  p
2 _ _ der
Golw) == g T2 el
1 ’\}:r 1 Oslt ol A};“t 0 /’Ll
= W —u) + 81(” )— 81(”0) T
& I & & T

Tt 0%8£(ui)) : (6.10)
&

+Z( ST‘IJ(M

In particular, let u; — uin X, u € M, and assume that liminf, . §2(us) < 00

As we have that
oy ! A 1
liminf ~ (ﬂ\y(u;—uo) + 25 gl (ul) — e 60 (ug) — M—l) < o0,
e—>0 & \ ¢ & 3 T
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by possibly extracting not relabeled subsequences, we can compute

1,1 € Ag 1 Aix 20 !
limsup€2u)) < limsup —— (—ﬁ‘l’(%—uo) + 25260 (up) + —1)
€ € T

e—0 e—0 Ogg

2.29
2w —ug) + €2uo) + !

= W -F'w el

= &rh),
Namely, as clearly gi (u') < liminfy_s Si (u é), we have checked that

elwly - &Lah. 6.11)

Let us now compute

(2.19) Al Al Al 1
L) > ( W (uf o) + “EEE (u]) — =2 82%)——“1)
I £ T

AZ
”\If(u —u1)+ 82( 2)— —eE 61 (uy)
1 1 1 1
> ()‘“f (ug) — 2z )+ ()“”2“ —”—1)
& ET
2
+ = A” T (ug—uy) + 5 & 82(u2)— ZEL ey (u))

(6.11) /Ll 22 /\
> o—(T1)2+§\D<ui—ué)+ SrETp) — “8 2 () +o(1).

Hence, passing to the lim inf and using (6.11) we have that

!

.. 2
e

r~2( )

We now fix u € M ! and let u; — u be such that

ug = Uy,
elul) — L) = o(e). Wl —u') = o(e).
82u2) — €2 (u?)| = o(1),
sup&?i(ui) <oo fori=3,...,N;.
.
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Then, we have that

. Al )u Al 1
52we) = S Wulug) + SFE ) — szfss(u())—“—l
Agt )L
W) + S e )— 8(u8)+o(1)

Al A~ Al !
CE W' —uo) + ZEE (') — S o) — L5

A2 ~ ~
+ % (\Il(ug—u;) + &2 (u?) — 81,(141)) + o(1)

M (An' p! 1~
u€: ( £T = _}_m 2(”)+0(1)

g2 et!
and, passing to the lim sup, one obtains

w1
limsup 62 (ue) < — — t+ —372( ).
e—0 ( )
The i-th order term. Let us now come to the induction step. Assume that the
development (6.6) holds up to the (i —1)-th term. In particular, let

1

J—
m’ =a’ +
LA ¥

for j <i—1 (6.12)

with a/ defined as in (6.8). We start by noting that

. gi—l _ il
sl = O
_! (gg—z(u) —m _mi—l)
& &
i—1 P
_ Jeor () m/
=g g
j=1
N. ; ; i-1
T AL . . i . . /\1 J
= (%\P(u’—ul_]) n 0%8;(7/)) ~ Lt gl — ’l"—_] 6.13)
= & & & = &



A discrete variational principle for rate-independent evolution 427

In particular, owing to (2.19), we have that

. AL AL 2l 1
Gi) = W' —u) + ZEEL (') — ”80( o) = <

2 2

+ %W(MZ_M ) A‘ET 8 ( 2) 8‘!’ 8 ( l) _

AL 1 iy M i i M i i -
I ) 4 S ) - Mg 2 i)

i

A imty | Mer gi iy Mer ity ie
+%\If(u’—u’ )+%8;(u’)—%8’, (T

+ Z ( W/ /) 4 ”8/(14/))

Jj=i+1

Let now u; — u in X and assume that lim inf;_ ﬁsi (ug) < oo. Arguing as above,
and in particular along the same lines of the proof of (6.11), we can check that

&lwl)y —> €L’y for j<i—1, (6.14)

and, by using (6.13), we have
. Al AL Al m!
G, (ug) > ﬁq’(“;—uo) + iglr(u;) - #82 (uo) — pe)

AZ 2
81\11( 8_u8)+ 8‘[82( 2)_ 8(1)_m_

/\i—l . . Ai—l,\‘ . ll 1 i—l
+ :lr qj(ué—l_ué—Z)_,’_ 8'{.’ 82—_1(“2_]) ZT 8[ 2 )_

i

+ )’%\Ij(ul l 1) 4 Zer A’ET 81 ( ) 81’ 81 l(ul 1)
&

(el mlY L lﬁru L W e L
=\ ei—1 ol o2 ol e

i

Aer i i1 ’\f-:r’\i i Af—:'t”\i—l i—1
+8—I‘IJ(M£—M8 )+8—18,(u8)—8—181 (us ) (615)

By using (6.14) we directly check that

-F (u).
e—>0 i ( )

A . AL AL _
lim inf gLiT‘y(uls_ula_l)+gLitglr(”é)_gLfglr_l(“fg_l) >
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As for the remainder terms in the right-hand side of (6.15), by exploiting (6.12) and
the definition (6.8) we have that

AL ! 1 A2 2 2 Ai=l i1 i—1 )
() (55 e ()
& & & & & &

Hence, we have finally checked that

Tl (u).
F A 2 ()

nggfg; (ug) > a' +
Fix now u € M~! and choose u, — u such that
(i) ug =uo,
(ii) \Il(ug —u/y=o0(77) for j<i-—1,
(i) W’ —ug) =o(e /7Y for j <i-—1,
(V) |67 ) — €L ) = o(e'™/) for j <i,
v) supS{(ug) <oo for j=i+1,...,Ng.
€

To find u,, first take a recovery sequence satisfying (iv) and (v), then (2.29) can be
used to establish (ii) and (iii). Then, we compute that (see (6.13))

gsl(lla) = fq’(ul —up) + fg.lr(ul) _ %83(740) _ 81__1

A2 A2~ A2~ m?
+ LW —u') + =EE () — =R (') — ——
gl gl el gl 2

i—1 i—1

L Aot Aot mi—1
+ Z‘lt \I/(u’ l_ul 2)_|_ Z‘lt 8; l(ul 1)_ Z‘lt 8; 2(ul 2)_

&
Al o Ao A _
+ —;.’ Wul—u'"" + —81.’ &L (u') — —;.’ e 4+ 0(1).

By recalling that € M'~!, we have that

: At m! A2 om?
1 ET ET
Ge (ne) = ( gl 8i_1) ( gl si_z)

Ai—lﬂi—l mi—l
+ et F _
( el e

N LU L
+ f\ll(u;—ul_ ) + 8—1.’81,(ul) - %8’; ') +o(1),
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so that, by passing to the lim sup and using (6.16), we get that

) . 1 ~.
limsup 9 (up) <a' + ——F"(u),
e—0 ... 7!

and the assertion follows. O

Once the asymptotic development in I"'-convergence of d¢; of Theorem 6.4 is es-
tablished, the proof of Theorem 6.1 follows directly from Theorem 6.3.
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