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SUMMARY

Griffith’s fracture criterion describes in a quasistatic setting whether or not a pre-existing crack in an
elastic body is stationary for given external forces. In terms of the energy release rate (ERR), which is the
derivative of the deformation energy of the body with respect to a virtual crack extension, this criterion
reads: if the ERR is less than a specific constant, then the crack is stationary, otherwise it will grow.

In this paper, we consider geometrically nonlinear elastic models with polyconvex energy densities
and prove that the ERR is well defined. Moreover, without making any assumption on the smoothness
of minimizers, we rigorously derive the well-known Griffith formula and the J-integral, from which the
ERR can be calculated. The proofs are based on a weak convergence result for Eshelby tensors. Copyright
© 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper, we consider an elastic body € with a pre-existing crack which is subjected to
quasistatic external loadings. In the literature, several fracture criteria are provided on the basis of
which one can decide, whether or not the crack will propagate for the given forces. We consider
here the Griffith criterion, which is an energetic criterion, and reads as follows [1-3]:

The crack is stationary for the given forces, if the total potential energy
of the actual configuration is minimal compared to the (1)
total potential energy of all admissible neighbouring configurations.
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502 D. KNEES AND A. MIELKE

The total energy is the sum of the deformation energy and a dissipative energy, which describes
the energy which is needed to create the new crack surface. We treat here the simplest model
for the dissipative energy and assume that this energy is proportional to the area or length of the
crack surface. The deformation energy consists of the stored energy and the work of the external
forces. In this paper, we discuss models from finite-strain elasticity and assume that the stored
energy density W is a polyconvex function with W(A) = oo for every matrix A with det A<O0.

In general, it is not known in advance, which path the tip or front of a crack Cg in a domain
Qo will follow during the propagation. In the most general case, a domain Q, with crack C, is
an admissible neighbouring configuration with respect to Qg and Cy if Q, =Qq, C, D Cp and the
area of C,\Cy is small. This general point of view includes the kinking and branching of cracks.
Dal Maso et al. investigated an evolution problem for the development of cracks in nonlinear
elastic materials with quasiconvex energy density based on this general point of view, [4]. In this
paper, we have a different point of view: we assume that the crack path is known a priori and
we are interested in a criterion on the basis of which one may decide whether or not the crack
will propagate for given external loadings. We consider the simplest geometric situation, namely
a straight crack in a two-dimensional domain and we assume that the crack can grow straight on,
only. However, the techniques developed in this paper can be extended to %'-smooth interface
cracks, which will be investigated in a forthcoming paper.

Under these simplifying assumptions on the geometry of the crack and the possible crack path,
Griffith’s criterion can be reformulated in terms of the energy release rate (ERR): Let Qg C R?
describe the actual configuration with a crack which is part of a straight line. We assume that
the crack can propagate straight on, only. Let furthermore W : R?*2 — Ry, denote the polyconvex
stored energy density and let f:Qg— R? be a given volume force density. The energy release
rate ERR(Qp) is defined as the negative of the right derivative of the potential deformation energy
with respect to the crack length, see e.g. [5, 6]:

d
=——1(Qs, us) (2)

d
ERR(Q) i=—— WV dx —
(Qo) 5 ( o, (Vus) dx i R o

f-ugdx)

Qs

Here, Q5 C Qp is a domain with an extended crack and the deformations us are minimizers of the
functional

I(Q5,v)= W(Vv)dx —/ f-vdx
Qs Qs

on the domain Qg. The fracture criterion now reads
If ERR(Qg) < 2y, then the crack is stationary. Otherwise it will grow. 3)

The constant >0 is the fracture toughness and depends on the material. Simple formulas are
needed in order to calculate the ERR.

Let us give a short and not at all complete summary of known results from the literature.
There is a huge number of papers dealing with linear elastic models. There, the ERR is expressed
by the Griffith formula, the J-integral or the Cherepanov-Rice integral, see e.g. [5,7-10], or by
stress intensity factors, see e.g. [11]. Regularity results play an essential role in the derivation
of the J-integral and the formulas involving the stress intensity factors. For nonlinear models
similar formulas are given in the literature, as well. These formulas are derived assuming that the
minimizers have a certain regularity or that the corresponding strain and stress fields have a special
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singular structure in a neighbourhood of the crack tip. In general, however, such regularity results
are not proved yet and, to our knowledge, a rigorous derivation of these formulas from definition
(2) taking into account the known regularity and integrability properties of minimizers is, except
for a class of power-law models [12], not done yet for nonlinear elastic models. In particular, no
results exist for nonconvex situations.

The goal of this paper is to describe sufficient conditions on the polyconvex energy density W
which enable us to prove that the ERR (2) is well defined also in the nonlinear and nonconvex
case and to derive the well-known formulas for the ERR rigorously. In particular, we prove the
following formula for the ERR for energies with polyconvex density W and assuming that the
crack is part of the x-axis (Theorem 3.3):

ERR(Qp) = max{G(ug, 0); up minimizes I (g, -)} @)
with
0
G(ug, 0) = / (Vug DW(Vug) — W(Vuo)l):V< )dx —/ 0f - 01uodx 5
Q() 0 QO

Formula (5) is the well-known Griffith formula. Here, 6 € %SO(RZ) is a function which equals to 1
near the crack tip and 1 denotes the identity matrix in R2*2. The term Vu(—)r DW(Vug) — W(Vup)l
is the Eshelby or Hamilton tensor [7, 13]. We prove furthermore that the maximum in (4) is
attained and that G(ug, 0) = G(ugp) is independent of the function 0. Finally, we show that the
ERR can also be expressed through a path-independent integral, the J-integral, in the following
form (Theorem 3.5):

1
G(ug) = / ((Vu(—l)—DW(Vuo) — W™up))n) - (0> 4+ (ug - f)ny ds
I'r

for almost every R>0, where ' ={x € R%; |x| =R} and n=(n1, np) " is the interior unit normal
vector on the path I'g. Let us note that it remains an open problem whether G (ug) = G(u1) for
two different minimizers ug and u; of I(€),-). We give an interpretation of (4) at the end of
Section 3.

Like in the proofs for the linear case we derive relation (4) by transforming the domains Qs with
extended cracks back to the reference configuration Qg through a diffeomorphism Ty : Qs — Qg
which is defined with the help of the function 0 through Tj5(x) =x —3(0(x), 0) . Let {ug, ugs, 6>0}
be minimizers of 1(Qg, -) and I (Qsg, -), respectively. For every 6>0, we have

5~ (1 (Qo, uo) — 1(Qs,us)) =6~ (1(Q, uo) — 1(Qs, ug o T3)) 6)
S (Qo, uo) — 1(Qs,us)) < I (Qo,us 0 Ty 1) — 1(Qs, us)) (7
In order to prove (4), we calculate the limit inferior for § \{ O on the right-hand side in (6) and the

limit superior on the right-hand side in (7) and show that the limits exist and are equal. The main
assumptions, which we need here in addition to polyconvexity, are the following estimates for the
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504 D. KNEES AND A. MIELKE

derivatives of W: there exist constants k1, xp>0 such that for every A, B € M?*2 with det A>0

IATDW(A)| <k (W(A) + 1) (8)
|AT(D*W (A)[AB])| < k2(W(A) + 1)| B| )

Here, D>W (A)[B] € M?*? with DZW(A)[B],-J- = ZI%,I:I (62W(A)/6Ak10Aij)Bk1. Condition (8)
was first introduced in [14, 15], and guarantees that G (ug) from (5) is finite for minimizers ug of
1(Qy, -). The main tool for calculating the limit inferior on the right-hand side in (6) is Lebesgue’s
convergence theorem, where assumption (8) leads to integrable majorants. In this part, we follow
the considerations in [14], where inner variations of the energy (€, -) with respect to vector
fields 0 € €3°(Q) are investigated. In the notion of [13], G (uo, 0) is the strong inner variation of
the energy functional I (€, -) in ug with respect to the vector field (0, o',

In deriving the limit superior in (7) the main difficulty is that subsequences of minimizers
{us o Té_l; 5 > 0} converge weakly in W17 (Qp) to some minimizer ug of I(Q, -), only. Thus,
the usual theorems on interchanging the limit with integrals cannot be applied here. Based on
assumptions (8) and (9), we deduce in Section 2 a theorem which states that weak convergence
of the deformation fields together with convergence of the corresponding energies implies weak
convergence of the Eshelby tensor in L. The proof of this theorem relies on a proposition recently
derived in [16], see also [4], where the convergence of derivatives of parameter depending integrals
is investigated. The limit superior in (7) is calculated on the basis of these weak convergence results.

The paper is organized as follows. In Section 2, we prove the convergence results for the Eshelby
tensor, Proposition 2.2 and Theorem 2.6, in a slightly more general setting where we make no
restriction on the dimension of the domain. In Section 3, we formulate the main results for the
ERR on a two-dimensional domain with a straight crack. Furthermore, we introduce a perturbed
problem from which we deduce that G (ug) in (5) does not depend on the function 0. The proofs
of the main results are given in Section 4. In Section 5, we indicate how these results can be
carried over to functionals with quasi-convex energy densities. Moreover, we discuss shortly the
case when non-interpenetration conditions are prescribed on the crack faces.

2. WEAK CONVERGENCE OF THE ESHELBY TENSOR

The goal of this section is to provide some basic estimates which follow from assumptions (8) and
(9) and to prove a convergence result for Eshelby tensors (Theorem 2.6). The following notation
is used: M™*¢ denotes the set of the real m x d-matrices and MiXd are those with positive deter-
minant. For elements A, B € M"*? the inner product is denoted by A : B = Yo Zf:l Ay Bs.
For a function W : M"*¢ — R, DW(A) € M"™*¢ is the derivative of W with respectto A € Mmxd
i.e. DW(A)rs = OW (A) /A for 1<k<m, 1<s<d, and D*W (A) € M"*D*mxd) jq the Hessian
of W with (D*W (A))ksjr = 82W(A)/6AksaAj,, 1<k, j<m, 1<s, r<d. Furthermore, D>*W (A)[B]
e M with D2W (A)[Blks = Y1) >i_; D*W (A)iyjr Bjr.

We assume polyconvexity for the energy density W and adopt the notation from Dacorogna’s
book, [17]: For A M2*4  the vector T (A)=(A,adj,(A),...,adj,;(A)) e R*@ denotes the vector
of the minors of A, t(d) is the number of minors and adj, (A) is the adjugate matrix of A of order s.
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Assumption Al
W M9*4 5 [0, co] is polyconvex, i.e. there exists a function g : R*@ — [0, co] which is continu-
ous and convex and W(A) =g(7 (A)) for every A € M4 Moreover, W(A) =00 if det A<O.

The following growth conditions are imposed on the derivatives of W.

Assumption A2
W Maxd [0, oo] is differentiable on MiXd and there exists a constant x>0 such that for every

AeMPd
|IATDW(A)|<k1(W(A) + 1) (10)

Assumption A3
W : M94%4 — [0, oo] is twice differentiable on MiXd and there exists a constant x>>0 such that

for every A € M‘fd and every B € M4*¢
|AT(D*W (A)[AB))|<r2(W (A) + )| B (11)

At the end of this section, we give an example for a polyconvex energy density satisfying A1-A3.
Assumptions A2 and A3 imply the following estimates.

Lemma 2.1 (Bauman et al. [14] and Ball [15])
Let W: M4 [0, oo] satisfy A2. There exist constants y;, ¢; >0 such that forevery A, C € MiXd
with |C — 1|<y; it holds

WAC)+1<a(W@) +1) (12)
|ATDW(AC)| < ci(W(A) + 1) (13)
IW(AC) — W(A)| <c1(W(A) + DIC — 1] (14)

Let in addition assumption A3 be valid. Then there exist constants y,, ¢ >0, y,<7y;, such that for
every A, C € MiXd with |C — 1|<y, and for every B € M?*4 we have

|AT(D>*W (AC)[AB])|<c2(W (A) + 1)|B| (15)

Finally, there exists a constant c¢3>0 such that for every A€ Mix‘i, BeM?4 and every
s, t €[—to, to] with fo =7y, /2|B| we have

|((DW(A(1 +tB)) — DW(A(1 + sB))) : (AB)|<c3t — s||BI*(W(A) + 1) (16)

Proof
Assertions (12)—(14) are derived in [14,15] and we prove here (15) and (16) only. Let
7, = min{3, y,}. For every C € ML with |C — 1|<p,, every A € M9*? and B € M?*? it holds
|ATD>W(AC)[AB]| = |C~T(AC)" D*W(AC)[ACC™'B]]
ab T 1
< K(W@AC) + DIC™  ||IC™ B
(12)
< 4o (W(A) + DIB| (17)
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506 D. KNEES AND A. MIELKE

This proves (15). Let B € M9*4 and A € Mix‘l be arbitrary, fo = y,/2|B|. For every t € [—19, to],
it follows that 1 + ¢ B is invertible (Neumann series) and has a positive determinant. Thus, for
every s, t € [—1ty, tp] we obtain

(DW(A(1 +tB)) — DW(A(1 + sB))) : AB

1
=/ i(DW(A(I + (s + a(t —s))B))) : ABdu«
o do

1
=({—y) / (ATD*W(AC,)[AB]) : B do (18)
0

where C;, =1+ (s +a(f —s))B. Since |1 — C,|<y, and det C,>0, we may apply (15) to estimate
the right-hand side in (18) and obtain finally (16). Ul

The main result of this section is the following proposition.

Proposition 2.2
Let Q C R? be open and bounded and assume that W : Q — [0, oo] fulfills A1-A3. Furthermore,
let {F,; n € No} € L'(Q, M?*9) be a sequence with

T (F,) — T (Fy) weakly in L' (Q) for n — oo (19)

J(Fp) :=/ W(Fy)dx<oo and J(F,)— J(Fy) forn— o0 (20)
Q

Then F,| DW(F,) — F, DW(Fy) weakly in L'(Q).

The proof of Proposition 2.2 relies on a convergence lemma for parameter depending energies
E : [—t9, 9] X % — Rso. This lemma was recently derived in [16] and a variant fitting to our
special situation reads as follows.

Lemma 2.3 (Francfort and Mielke [16])
Let E : [—19, 1p] x L1 (Q, M?¥*?) — [0, oo] satisfy

1. For every |f|<fy and {F,:n € No} C L'(Q, M?*¢) with 7 (F,) — 7 (Fy) weakly in L'(Q)
it holds liminf,_. o E(t, F,)=E(t, Fp).

2. If E(0, F)<oo for a fixed F € L' (Q, M4*?), then E(-, F)<oo on the whole interval [—to, 7o)
and t — E(t, F) is differentiable on [—#y, fp].

3. For every R>0 there exists a modulus of continuity wg : [0, 2f9] — [0, co) such that for every
F € L'(Q) we have

EQ©, F)SR=>Vs,t€[—t9,t0]: |0, E(s, F) — 0, E(t, F)|<wg(|s — t]) 21

Then for every t € (—to, ty) the following implication holds:
T (Fy) — 7 (Fy) weakly in L'(Q)
E(t, F,) — E(t, Fy)<oo

= 0;E(t, F,) — 0;E(t, Fp) (22)
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By modulus of continuity, we mean a nondecreasing function wg : [0, 2fp] — [0, o0) with
wpr(s) — 0 for s \(0. For the proof of Proposition 2.2, we consider the following parameter
depending energy E(f, F): let BeL®(Q, M?*?) and t)=7,/Q2|Bll.~@) with 7, from
Lemma 2.1. For F € L' (Q) and |¢|<to, we define

E(t,F)= / W(F(x)(1+tB(x))dx (23)
Q

The properties of the energy E (-, -) are summarized in the next lemma.

Lemma 2.4

Let QC RY be open and bounded and let assumptions A1-A3 be satisfied. For every R>0 the
above-defined energy E (-, -) is uniformly bounded on [—#y, fo] X .# r, where M r ={F € LY(Q);
E(0, F)<R}. Moreover, the function ¢t — E(¢, F) is differentiable on [—#, tp] for every fixed
F e /g and

O E(t, F)= /(FTDW(F(I +¢B))): Bdx 24)
Q

Furthermore, there exists a constant ¢(R, B)>0 such that for every F € .# r and |t|<ty
|0:E(t, F)I<c(R, B) (25)
There exists a constant L = L(R, B)>0 such that for every s, t € [—19, f9] and every F € .4 g
|O:E(t, F) — 0:E(s, F)|[<L (R, B)|t — 5] (26)

For fixed r € [—tg, tp] and every sequence {F},; n € Ng} C L' (Q) with 7 (F,) — 7 (Fp) in L'(Q),
the functional E (¢, -) satisfies liminf,, .o, E(t, F,)>E(t, Fp).

Proof
Let B € L*°(Q, Md”’). The uniform boundedness of E(-,-) on [—fg, o] X .4 g is an immediate
consequence of estimate (12). Let ¢t € [—1g, t9l, F € .4 r and h € R\{0} such that |t + h|<ty. Then

1
%(E(t—i—h, F) — E(t, F)):// DW(F( + (t + ah)B)) : (FB) dodx Q7)
QJO

Since W is twice differentiable on Mi”l, DW is in particular continuous on Mix’j and thus
DW(F (x)(1+ (t + ah)B(x))) = DW(F (x)(1+1tB(x))) almost everywhere in Q for # — 0. More-
over, for every F €. .4 g, |t|<ty, 2 €[0, 1], h € R\{0} with |t + h|<fy and almost every x € Q
assumption (13) implies that

|F(x) TDW(F (x)(1 + (1 + 2h) B(x))|<c1(W(F (x)) + 1) (28)

Together with (27), the dominated convergence theorem now leads to (24). Estimate (25) follows
from (28), and (26) is an immediate consequence of (16).

For the proof of the last assertion in Lemma 2.4, let {F,;; n € No} C L'(Q) be a sequence with
I (F,) —~ 7 (Fp) weakly in L'(Q). Taking into account the multiplicativity of adjugate matri-
ces, adj, (AB) =adj,(B)adj,(A) for A, Be M?*? and 1<s<d, [18, Chapter 7], it follows that
T (F,(1+1tB))—~ 7 (Fp(1+¢tB)) weakly in LY(Q) for n — oo as well. Since the energy density
W is polyconvex, we obtain finally that liminf,,_,  E(¢, F;,) 2 E(¢, Fp). O
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Proposition 2.2 is now a combination of Lemmata 2.3 and 2.4.

Proof of Proposition 2.2

Let B e L®(Q, R¥*), tg=7,/2||Bll1~() and define E(t, F)= [o W(F(1+ tB))dx for F €
L'(Q). Let furthermore {F,; n € No} C L' (Q) be a sequence satisfying (19) and (20). Lemma 2.4
shows that E(-, -) satisfies the assumptions of convergence Lemma 2.3 and thus (22) implies for
t =0 that

/(FJDW(F,,)):de—> /(FOTDW(FO)):de
Q Q

Since B € L*°(Q, Rd"d) is arbitrary, the proof of Proposition 2.2 is finished. O

Condition (11) on the second derivatives of the energy density W is a sufficient condition for
obtaining (21) in Lemma 2.3 via estimate (16). One could relax (11) by replacing it with a weaker as-
sumption of the following type: for every r>0 exists a modulus of continuity w, : [0, 2¢,] — [0, c0)
with #, =7, /(2r) such that

(ATDW(A( +tB)) — ATDW(A(1 + sB))) : B|<w, (|t — s|)(W(A) + 1)

for every s, t €[—t,, 1], A€ MiXd and B € M4*? with |B|<r.
In addition to Proposition 2.2, we have the following general lemma on the weak convergence
of energy densities.

Lemma 2.5
Let Q be a bounded open subset of RY and let 7 : Q x R™ — [0, oo] satisfy

1. h(x,-):R™— [0, oo] is convex and continuous for almost every x € Q;
2. h(-, &) : Q— [0, oo] is measurable for every ¢ € R™.

Let furthermore {v,; n € Nog} € L'(Q, R™) be a sequence with
v — vg weakly in L'(Q) (29)

J(vg) = / h(x,vp(x))dx<oo and J(v,)— J(vg) 30)
Q

Then h(-, v,(-)) = h(-, vo(-)) weakly in L'(Q).

Proo

Let q{:e L*>(Q) be arbitrary and = ||@|| L~ (q). The energy density hix,v):= (@(x)+ Ph(x, v) is
nonnegative and satisfies 1. and 2. of Lemma 2.5. Thus, the functional v+ J; (v) = fQ h(x, v(x))dx
is weakly lower semi-continuous on LI(Q), see e.g. [19, Theorem 7.3-1], and for the sequence
{vy; n € No} from Lemma 2.5, we obtain

lim inf/ @(x)h(x, v, (x))dx = liminf (J1(v,) — ﬁJ(vn))>/ @(x)h(x, vo(x)) dx
n—>oo Jo n—00 Q
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Moreover, the functional J,(v) = fg(ﬁ — @(x))h(x, v(x))dx is weakly lower semi-continuous as
well and thus

limsup/ () (x, vp(x)) dx = — liminf (J2(vy) —ﬁJ(v”))gf () (x, vo(x)) dx
n—o00 Q n—oo Q

The assertion of Lemma 2.5 follows since ¢ € L>°(Q) is arbitrary. O
Combining Proposition 2.2 and Lemma 2.5, we obtain a convergence result for Eshelby tensors.

Theorem 2.6
Let Q C R? be a bounded domain which has the interior cone property. Let further W : Méxd
[0, oo] satisfy A1-A3, p>d and let {u,;n € Npo} C WhP(Q) be a sequence with

u, — ug weakly in whP(Q) (31)

J(uy) — J(ug) = / W (Vug) dx<oo for n — oo 32)
Q

Then Vu,) DW(Vu,) — W (Vu,)1 = Vug DW(Vug) — W(Vug)1l weakly in L'(Q).

Proof

For p>d and Lipschitz domains condition (31) implies that adj,(Vu,) — adj,(Vuo) weakly in
LP/35(Q) for 1<s<d and thus the minors 7 (Vu,,) converge to .7 (Vug) weakly in L' (Q), [20, 21].
Since bounded domains with interior cone property are a union of a finite number of Lipschitz
domains, see e.g. [22], the convergence result for minors from [20, 21] on Lipschitz domains can
be immediately carried over to domains with cone property. Lemma 2.5 and Proposition 2.2 now
imply Theorem 2.6. ]

Bounded domains with Lipschitz boundaries as well as the domains with cracks, which we
introduce in Section 3, satisfy the interior cone property.

Example 2.7
Let d>2. The following energy density is polyconvex and satisfies A2 and A3:

Wi(A) + T'(detA) for A e ML

W)= else

where W, : M?*¢ — [0, 00) is a convex and twice differentiable function of p-growth for some

p>1. This means that there exist constants ¢; >0 such that c||A|? — co<W(A)<c3(1 + |A|P),
IDW1(A)|<c(1 + |A[P~) and |D?W;(A)|<c(1 + |A|P~2). Furthermore, I : (0, 0o0) — [0, 00) is
convex, twice differentiable, I'(s) — oo for s — 0 and satisfies |sT”(s)| + |s2T"(s)|<c(T(s) + 1)
for every s>0 and some constant ¢>0. For example, I'(s) =s" 4+ s~ for some r>1. The proofs
of A2 and A3 are based on the following relations for A € MliXd, B e M?xd;
Da(detA) =cof A, ATcof A= (detA)l
(D4(I" (det A) cof A))[AB] =T"(det A)(cof A : (AB)) cof A + I"'(det A)(D 4 cof A)[AB]

(D4 cof A)[AB] = D4(cof A: (AB)) — (cof A)BT = (cof A)((tr B)1 — B")
Here, cof A € M4*4 denotes the cofactor matrix of A.
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3. ENERGY RELEASE RATE, GRIFFITH FORMULA AND J-INTEGRAL

As already discussed in the Introduction, we consider the simplest geometrical situation, namely
a straight crack in a two-dimensional body. Let Ss={x € [Rz; x3 =0, x1<6} for 6 e R.

Assumption A4 }

Q c R? is a bounded domain with Lipschitz boundary, 0 € Q and there exists a constant do>0 such
that 0Q N S5 is a single point for every [9|<do. Let Q5 = Q\Ss and C5= an S5 for |0|<dg. The
boundary of Qs is split as follows: 0Q5=CsUI'p UI'N, where Cs, I'p, I'n are pairwise disjoint,
I'p and I'y are open and independent of ¢ and I'p # @, see Figure 1.

The domains Qg satisfy the interior cone condition. We call Qg reference configuration with
initial crack Cp. I'p and I'y denote the Dirichlet and Neumann boundary, respectively. For >0,
the pairs (s, Cs) describe admissible neighbouring configurations. The following conditions are
imposed on the volume force density and the Dirichlet and Neumann data, where we adopt the
usual notation for Sobolev—Slobodeckij spaces [23, 24]:

Assumption A5 ;
p=2, 1/p + 1/g=1, gpe WI=V/PP(I'p,R?), he (W!"V/PP(I'y, R?)) and feL4(Q RY).
Furthermore, 0 € ¢3°(Q) is a function with 0 =1 in a neighbourhood of the origin.

For |0|<dg, p>1 and gp from A5 we define
VP (Qs) = {ue WP (Q5, R*); ulry, = gp)

The minimization problem for determining the deformation fields us corresponding to 5 now
reads for |§|<dp.
Ps: Find us € V?(Qs) such that for every v e V7 (Qjs)

1(Qs5,us) <1(Q5,v) 1= / W(Vv)dx — fvdx —(h, ving)ry (33)
Qs Qs

Here, (-, -)ry denotes the dual pairing in (Wi=1/p.P(T'y)) and W1=1/P-P(T'y). In order to obtain
existence of minimizers we need a coercivity assumption on the energy density W.

Assumption A6
p=>2 and there exist constants f€R, r>1, ¢;>0 and 0p>0 with ap>0 if p=2 such that
W(A)>0|A|P + 0| det A|” + B for every A € M?*2,

The energy densities from example 2.7 satisfy A1-A3 and A6. The following existence theorem
is due to Ball [25], see also [19].

Theorem 3.1
Let d=2, p>2 and assume that Al and A4-A6 are satisfied. Assume in addition that
inf,cyry)! (Qo, v)<oo. Then problem Ps has a solution us € V(€;) for every |6|<do.

Note that minimizers of 7(Qg, -) need not be unique.
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Figure 1. Domain Qs with crack Cs.

Definition 3.2
For |0|<dg let 1(Qs) = min{l (Qs, v); ve VP (Qs)}. The energy release rate ERR(Qp) for the
domain Qg with crack Cy and data f, gp, & is defined by

I1(Q0) — 1(L25)

5 (34)

ERR(Qg) = lim
0—0
0>0

The next assumption is a condition on sequences of minimizer ugs of I(Qg, -).

Assumption A7

uy € VP(Qp) is a minimizer of 7(€)y, -) and for every >0 exists a minimizer ugs of I(Q;s, -) such
that the whole sequence {ugs o Tgl; 0>0} converges weakly to u, in wlp (Qp) for 6 — 0 and, if
p =2, then det V(ugo Tgl) — det Vu, weakly in L"(Qp) with r>1 from A6. Here, T5: Qs — Qp
is the diffeomorphism introduced in Theorem 3.3.

We are now ready to formulate our main result.

Theorem 3.3

Let d =2, p>2 and A1-A6 be satisfied, inf,cyrq,) I (€0, v)<oo. Then the energy release rate
ERR(Qg) is well defined which means that the limit in (34) exists and is finite. Moreover, a
generalized Griffith formula is valid:

ERR(Q) = max{G (ug, 0); up minimizes I (Qyg, -) over V7 (Qq)} (35)
where
0 d
Guo, 0) = / (Vud DW(Vug) — W(Vup)): v [ )dx — | 6f —updx (36)
Q 0 [ 0x|

The function 0 is an arbitrary function from AS. Moreover, G (ug, 0) = G(ug) is independent of
the choice of 0 for every minimizer ug. Let finally Ts: Qs — Qp, Ts(x) =x — 9 <0(66)). Then, for
minimizers ug of 1(Qp, -) the following identity holds:

Guo) = lim 5711 (Qo, uo) = (5, u0 0 Ty)) (37)
—
For every minimizer u, of (€, -) with property A7 we have ERR(Qg) = G (u,).
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We postpone the proof of this theorem to Section 4.3. Let us emphasize that the maximum
in (35) is attained. It is an open question whether every minimizer of 7 (Qp, -) has property A7.
If this would be the case, then ERR(Qgy) = G (ug) for every minimizer ug of (€, -). Note that
ERR(Q0)=>0, since V7 (Qy) C VP (Qs) for >0 and therefore I (Q5)<I(Qp). In the case of unique
minimizers, (35) corresponds to formulas for the ERR in the literature on fracture mechanics, see
e.g. [5,6].

Furthermore, we have the following behaviour of the energy [7(Qs) with respect to the
parameter 9.

Theorem 3.4

Let assumptions A1-A6 be satisfied and 7 (Qp) <oco. There exists a constant dg>0 such that function
E :[—0d0, 00l > R, d+— I(Qs) is Lipschitz continuous, not increasing and for every |5|<dg the
left and right derivatives exist and equal to

}111{‘16 (=) Y E@ —h) — E() = max{—G (us); us minimizes I (Qs, -)}
}li{% h~Y(E(S + h) — E(5)) = min{—G(u;); us minimizes I (Qs, -)} = —ERR(Qy)

The next theorem relates Griffith formula (36) with the J-integral.

Theorem 3.5 _

Let assumptions A1-A6 be satisfied and let Ry>0 such that Bg,(0) € Q. Assume furthermore that
01f =0o0n Bg,(0). For Re (0, Rp) letI'p ={x € R |x| = R} be a circular path around the crack
tip O with interior unit normal vector n = (n1, n>) . For every minimizer ug of 1(Qy, -) and almost
every R € (0, Ryp) we have

1
G(up) = / ((Vug DW(Vug) — W (Vug)n) - <O) + (uo - finids (33)
I'r

The integrand in (38) is an element of LY (T'g) for almost every R.

The proof of this theorem is given in Section 4.4 and uses the fact that G (ug, 0) is independent
of the function 6 for minimizers ug.

We will now give a comment on formula (35) for the ERR. In the case of several minimizers,
it is an open question whether G (ug) = G(u1) for different minimizers ug, u; of 1(Qp, ). One
could interpret G (ug) as a local ERR, where local means that not only the geometry Qs has to be
close to Qg but also that deformations on ;s are considered which are in some sense ‘close’ to ug.
In contrast to that, Definition 3.2 describes the global energy release rate. Let u( be an arbitrary
minimizer of I (Qy, -) and assume that ERR(€()>2y. The Griffith criterion in the form (3) predicts
that the crack will grow even though G (u¢) might be less than 2y. This means that the criterion in
this formulation allows for a jump from minimizer ug to a minimizer u; with G(u#;) = ERR(Qp)
and the crack will develop starting from the configuration defined through u;. It is a modelling
assumption whether one formulates Griffith’s criterion in the global version (3) with ERR(Q)
from (35) and allows for jumps between minimizers, or whether one trusts in a local version of
the type

If G(up)<2y, then the crack is stationary. 39)
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In fact, (3) and (39) are based on different interpretations of the notion admissible neighbouring
configuration in (1).

This discussion might become clearer by considering a perturbed problem. Let |6|<Jdp, €20
and o € (1, p]. Let finally ug € V?(Qp) be a minimizer of (€, -). We define

P5: Find u§ € V7 (Qs) such that for every v € V7 (Qy):

1€ (o w5 < IS (g v) o= 1( Q. v) +a/ v — | dx (40)

Q;
. 0 _
Obviously, P(3 =P;.

Theorem 3.6
Let AI-A6 be satisfied, p=>2, a € (1, p], infyeyry) 1(Qp, v)<oco and up a minimizer of
1(Qo, -).

1. Problem Pg has a solution for every €0, |d|<dy. Moreover, u( is the unique minimizer of
P for every >0 and I§(uo; uo) = I (Qo, uo) = 1 (Qo).

2. Let I§(uo) = min{I§ (uo; v); v € VP(s)}. For every >0 the function 6 — I5(uo) is differ-
entiable in 6 =0 and

gi_r)% 51§ (o) — 1§ (u0)) = G (uo, 0) = G (o) (41)

with G (-, -) from (36). The function 6 is arbitrary as long as A5 holds.

This theorem will be proved in Section 4.2. Theorem 3.6 reveals that G (u¢) describes a local
ERR whereas ERR(Qg) from (35) is a global one. It follows from (41) that G (ug) is independent
of the choice of the function 6 since the left-hand side in (41) does not depend on 0.

4. PROOFS

Like in the case of linear elastic models, the proofs of our main results are based on the diffeomor-
phism T : Qs — €, which we already introduced in Theorem 3.3. We apply the mapping T in
order to transform the integral expressions in the difference quotient 6! (I (Qq, ug) — 1(Qs, ug))
to the fixed domain Q. The limit for 6 — 0 is then calculated in the domain €. This section is
organized as follows. In Section 4.1, we summarize the properties of the mapping T : Qs — Qo,
derive convergence results for sequences us o Té_] and prove two lemmata on the derivative of
1§ (uo; vs) with respect to special paths vs which are parameterized by T;. Here, the convergence
results from Section 2 are essential. In Sections 4.2 (for £>0) and 4.3 (for £ =0), we combine
these lemmata and prove Theorems 3.3, 3.4 and 3.6 on the ERR and its connection with the Griffith
formula. In Section 4.4, we prove Theorem 3.5 on the J-integral.

4.1. Convergence results based on the inner variation Tg

The domains Qs are mapped to Qp in the following way: let 06(680@2) be a function

according to AS5. Choose 0<50:50(0)<%||V0||Z:0(Q) in such a way that =1 on the line
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{x € R%; x2 =0, |x1]| < do}. For |6|<dy we define
0(x)
T5:Q5—Qp, x> y=Ts5(x)=x—0 0 42)

and use the notation
qs(x):=detVyTs(x)=1— 90 1(x) (43)

where 0;(x)=(6/0x;)0(x) for ie{l,2}. The mapping Ts is an element of € (Qs)
and det V, (T5(x))>c>0 for every |0|<dp and x € Q. Moreover, Ts is a diffeomorphism and maps
the crack Cs to Cop, see e.g. [9, 13]. For functions vg: Qs — R?, we introduce the notation v‘s(y) =
v(;(T(;_l(y)) for y € Q. Furthermore,

Vi’ () :=ViO(T5 (0)), VT’ (0):=VaT5(O) 1y, 4700 = det VT 2(y)
Derivatives are transformed as follows for x € Qs and y € Qp:
Vius (T ' (1)) = V0’ VT2 (p), Vo (T5(x)) = Vovs () (Vi Ty (1) ™!

Elementary calculations show that T induces an isomorphism Ts between the spaces W7 (Qs)
and WP (Qp) for every p € (1, co) via

Ts: WhP( Qo) —> WhP(Qy) :ur> u o Ty

For fixed p € (1, o0), the operator norms of Ts and Tgl are bounded with respect to [9|<do.
The same holds for L”(Qs). Moreover, Tg is a bijection between V7 (Qs) and V7 () since
Ts| 6 = id and therefore, Ts keeps the boundary conditions unchanged. Let us finally remark that
the constants in the Poincaré /Friedrichs inequality as well as the constants in embedding theorems
for Sobolev spaces are uniformly bounded with respect to |3|<Jp.

The next technical lemma can be seen as an analog to convergence theorems for difference
quotients of W!-”-functions.

Lemma 4.1

Let Q C R? be open and bounded and 0 € ¢5°(Q, R). Let furthermore dp>0 be small enough such
that the family 75:Q — Q, x = x — (60(x), 0) " is a diffeomorphism for every |5|<dy. We define
@°(y)=(T; ' (y)) for y € Q. Then it holds:

1. Let p (1, 00) and ¢ € L?(Q). Then ¢° — ¢ strongly in L?(Q) for d — 0.

2. Assume in addition that 0Q is Lipschitz. For p € [1, co) we define L”(Q, 01) ={p € LP(Q, R);
01 € LP(Q)}. Then there exists a constant ¢ = ¢(0)>0 such that for every ¢ € L? (€, 01) and
[0]<d0

167" (@ = PllLr @ <cO)I19]Lr@) (44)

Moreover, 6~ (¢° — @) — 001 ¢ strongly in L7 (Q).

3. Assume that 0Q is Lipschitz, pe(1,00). Let {@, ¢%;[5,|<y, n € N}C LP(Q, d;)
be a sequence with 6, —0 for n— oo and % — @ weakly in LP(Q,0;). Then
5;1(40‘)" — 9% o Ts,) — 001¢ weakly in L?(Q).
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Proof

The first assertion of Lemma 4.1 can be proved completely analogously to the corresponding
assertion on the strong convergence of finite differences of L? functions, see e.g. [26]. We prove
the second and third assertion in detail.

Let QC R? be a bounded domain with Lipschitz boundary. The set L?(Q, d1) with the norm
lollLr.oy =lellr@+ 1010l Lr @) is a Banach space since it is a closed subspace of the Banach
space LP(Q, div) = {f € LP(Q, R?); divf € L?(Q)} via ¢ — (¢, 0) . The set #>°(Q, R?) is dense
in L?(Q, div), see e.g. [27], and therefore it follows that @*° (Q, R) is dense in LP(Q, 9;) as well.
We prove first that the second part of Lemma 4.1 is valid for ¢ € 4°°(Q). By density, this result
is then carried over to the whole space L7 (€, 0).

For |0|<dg and ¢ € LP(Q, 01), we define Ls(¢p) = (1/5)((/)0T5_1 —®), Lo(¢) =001 ¢. Obviously,
Ly : LP(Q, 01) — LP(Q) is a linear and bounded operator for every |0|<dg. We prove now that
the operator norms are uniformly bounded.

) 1L(,let |6|<dp and h € R small. Let further x = Té_l(y), Xp = Téjrlh(y) for every y € Q. Then it
olds

1 T D OO
lim 2 G =)= lim 2(Ty 0,00 = T30 = 5 (O> (45)

with g5 = det V. Ts from (43). Relation (45) can be derived as follows: by the definition of x and
xp, we have 0 =T5(x) — T51j(x,) which implies

0\ 1 o (06w =00\ 1
0 _E(xh_x)_ﬁ 0 _Z o5 (xs)(xn — x)

where x; =x + s(x, — x) for some s =s(x, h) €[0, 1]. By assumption, the matrix VTs(x;) is
invertible for every x; and |3|<J¢ and thus

L - 0= v ae 0] = Lo (1
pot T 0 ) a6 \o

Since x; — x and xg — x for |k| — 0, we obtain (45). Let now ¢ € %> (Q). For every y e Q it
follows with (45) that

L0 (1219 ()
q*°(y)
Holder’s inequality and a transformation of coordinates (y = Ts(x)) lead to
9(X)51(P(X)
q“)(x)

1 [td
Li(@) () =5 /0 aw(ng%y))ds: /0 ds (46)

1@< | 45 () dx ds<eO 9117, 5 (47)

Since €*°(Q) is dense in LP(Q, d;), we obtain (47) immediately for arbitrary functions from
LP(Q, d1) and thus sup|si<s, IILsll<c. Let again ¢ € %°°(Q). Relation (46) implies that

p

Qsé 0 )
D070 _ gyya,p00| dyds 48)

q*°(y)

1
ILsto) = Lo [ [
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Taking into account that OSé(y)élgo“s(y)/qs‘;(y) converges for fixed (s,y)€[0,1]xQ to
0(y)01¢(y), the dominated convergence theorem implies that the right-hand side in (48) con-
verges to 0. Since the operators Ls are uniformly bounded and since Ls(¢) — Lo(¢) in L?(Q)
on the dense subset ¥*°(Q), we obtain immediately that Ls(p) — Lo(¢) for every ¢ € LP(Q, 01).
This finishes the second part of the proof.

Let L} : LP(Q, 01) — LP(Q) be defined by L3(¢) = (1/0)(¢p—@oTs) for 6 # 0. A transformation
of coordinates leads to

1 1
Li(@), v) =—(Ls), @) — = — =1 Tsd 49
(L5(@), v) =—(Ls(v), @) 5 Q<detVT5 )@vo s dx (49)
for every @eLP(Q,01), ve%y () and 06#0. Here, (u,v):fguvdx. Note that

5! ((detVTH 1—1)= 0,51 / q‘S and therefore, together with the first and second part of this lemma,
we have

1 1

L(S(v)‘l-g(W—])UOT@ — 961U+U610 (50)
strongly in L7(Q) for every v e 43 (Q) and g €[1, 00). Let now {(p5"; neN}C LP(Q, 0;) be a
sequence which converges weakly to ¢ € L?(Q, 01) for some p € (1, 00). Relations (49) and (50)
show that

lim (L% (¢%), v) = —/ 01 (0v) dx = / v00, ¢ dx (51)
0p—>0 " Q Q

for every v € 43°(Q). In the last equality, we have used the Gauss theorem, which is applicable to
elements from LP (€, 01). Since L§(¢p) = Ls(¢ o Ts), estimate (44) and the weak convergence of
the sequence {<p5"; n € N} imply that there is a constant ¢>0 with IILEn (@5,) L@ <c for every

n € N. Combining this estimate with (51) and taking into account that 5°(Q) is dense in L Q)
finally proves the last assertion of Lemma 4.1. O

The next lemma states that the mapping 6 — I§(uo) is Lipschitz continuous. This result is
based on the mapping properties of T3, the coercivity of W and assumption A2. We recall
that 75 (uo) = min{I§(uo; v); v € VP(Qs)} for e>0 with I§(uo;-) from (40). For e=0, it is
19 (uo) = 1(Q5) = inf{I(Qs, v); v e VP (Qy)}.

Lemma 4.2

Let p>2, €20, ae (1, p] and let Al, A2 and A4-A6 be satisfied. Assume further that
inf,cyry) I(Qo, v)<oo and that ug minimizes 7 (Qyo, -). Then there exists a constant o>0 such
that inf,cyr(qy) 1§ (1o; v)<oo for every [6|<do. Furthermore, the set

L:={u e VP(Q); 3|6|<do such that u o T minimizes I§(uo; -)} (52)

is bounded in W17 (Qq). If p =2, then the set {det Vu; u € L} is bounded in L" (Qq) with r from
A6. Moreover, the set

{/ W (Vugs) dx; us minimizes I§ (uo; -), |5|<50} (53)
Qs
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is bounded in R. Finally, there exists a constant ¢>0 such that
|15 () — 15, (uo)| < cld1 — b (54)
O<I§ (uo; us o Ty ") — I§ (uo) < cld)| (55)
for every 0, 01, 02 € [—d0, d9] and every minimizer us of Ig(uo; 9.

In particular, Lemma 4.2 implies that every sequence {ug o T(;l; |6|<dp}, where us minimizes
I§(uo; ), is a minimizing sequence for /§ (uo, -) for 6 — 0.

Proof

Let €20 be arbitrary and let T5:Qs— Qp be the mapping defined in (42). Choose

50<1/(2||V0||L00(Q)) small such that |VT5s,(x) — 1|<y; and |(VT2(30(x))*1 — 1|<y; with y;

from Lemma 2.1. Let v € V7 (€y) with 1(Qp, v)<oo. It follows from estimate (12) for the energy

density W that I§ (uo; v o Ts) <oo for every [5|<d¢. This proves the first assertion of Lemma 4.2.
For 61<d2, we have V?(Q;) C VP(Q;s,) and thus

12 (u0) <I§ () <I° 5, (up) <00 (56)
for every |0|<Jdg. Coercivity assumption A6 implies that the set
(e VP (Qp); I (uo: V)< 5, (o)) (57)

is bounded in V7 (€s,). Since the minimizers u; of [ (f (uo; -) are contained in this set, we get together
with the mapping properties of T} that the set L from (52) is bounded in V ?(€)g). Estimate (56) and
the boundedness of the set L finally imply that the set { an W(Vug) dx; us minimizes [/ ; (uo; +),
|6]<dp} is bounded as well.

We will now prove the Lipschitz continuity of the mapping 6 — 1§ (uo). Let [51], [02|<dp with
01<02. Then

O< I, (o) — 1§, (o) <I§, (uos sy o Tyt 5 ) =I5 (uo; us,) (58)
where u;, is an arbitrary minimizer of / §2 (uo; -). Note that Ts, s, : Qs, — Qj, is a diffeomorphism.
After a transformation of coordinates (y = Tj,_s, (x)) in the terms with the energy density W we

obtain

. -1 .
Igl (l/i(), I/l52 o T(SZ_(SI) - Igz(l'tOs uéz)

=/ W(Vyuéz(x))‘I<32—5l(x)dx_/ W (Vius, (x)) dx
952 952
— f-us oTTjdy-i—/ fus, dx
/Q(sl 2 9r—01 Qéz 2

+8/
Q

—L+-t g (59)

Iuo—ua‘ona‘z—all“dy—S/ o — ug, | dx

51 Qs,
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Here, g5,—5, (x) = det VTs,_5, (x). Our next task is to show that
[+ -+ + Is]|<c|o1 — 02 (60)

with a constant ¢ which is independent of u,. For the estimate of I5s + Is we apply the following
inequality, see e.g. [28]: for every >0 exists a constant ¢>0 such that for every A, B € R®:

1AlP —1BIFI<cAl +1B)DP11A - B| (61)

The previous inequality, Holder’s inequality and the triangle inequality show that

—1 ) .
It <e [ o= us, o Tyt = luo — s, | dy
Q

-1
< ce(lluo — us, o T52,51 ”L“(f)) + [luo — uéz”LO((Q))O{

-1
X ||M52 © T52_51 - u52||La(Q) (62)

The mapping properties of T and the boundedness of the set L imply that the first factor in (62)
is bounded independently of 1, do and ug,. Since a< p, Lemma 4.1 and the boundedness of the
set L lead to

1
lus, o Ty, "5, — syl 2@y < €(O)]02 = O11[|01u5, |l o5y <101 — 02

where c¢ is independent of d1, d2 and ugs,. Altogether we have |I5 + Ig|<ce|d; — 02|. The terms
I3 + 14 can be treated similarly: Holder’s inequality and Lemma 4.1 yield

m+m<ﬁU|
Q

-1
Uus, o T()‘z_(sl —Uus, dy<|51 - 52'||f||Lq(Q)”6lu52”Lq(é)

and thus |I3 + I4|<c|dy — d2] for a constant ¢ which is independent of 1, d> and ug,. Note that

LI+ 1 :/Q W(qugz(VxT(sz_(gl)il) — W(Vius,) dx
)
— (02 — 51)/Q 0.4W (Vyus, (Vi Ts,—5) ") dx
)

The assumption on d¢ entails that [(VTs,_s, )~ = 1|<y; and therefore, the inequalities from
Lemma 2.1 are applicable to /1 4+ I> and lead to

1 + L|<c |0 —52I/ (W(Vus,)) + 1) dx
Q,

Since the set in (53) is bounded, we arrive finally at |1} + I»|<c|d; — J2|. Altogether we have
shown that estimate (60) is valid, which yields (54). For |§|<dg, estimate (55) follows from

0 < 1§ (uo; us o Ty ') = 16 (uo)
NI (uos ug o Ty ') — IE (uos ug)| + |15 (uo; ug) — 1 (uo)|

and (58)—(60) with 6; =0 and J, = 9. O
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The next lemma provides a formula for the derivative of the energy [ ; (u; )=10Qs,-) +
€ fgé | - —u|* dx with respect to the path {u o Ty; |0|<dg} for general u € V7 (Qp).

Lemma 4.3

Let Al, A2 and A4-A6 be satisfied, >0 and o€ (1, p]. Furthermore, let u € V?(Qy) with
1(Q, u)<oo and let 0 be chosen according to A5, Ts(x) =x — d(0(x),0) . Then the function
0+ I5(u; u o Ty) is differentiable in 6 =0 and

(S oy
d5 S U;UOIL§
with G (-, -) from (36).

= lim 6~ (15 (us w) — I5(us u 0 Ts)) = G (u, 0) (63)

Note that the formula on the right-hand side of (63) is independent of £>0. In the notion of [13],
G (u, 0) is the (strong) inner variation of /§(u; -) at u in the direction of the vector field (0, 0.
The proof of Lemma 4.3 relies on assumption A2 and the dominated convergence theorem and
we follow the arguments in [14].

Proof
Assumption A2 implies that |/ ; (u; u o Ty)|<oo for |8|< g if d¢ is small enough. A transformation
of coordinates in I§(u; u o Tj) leads to

1 0°
Ig(u;u)—l(g(u;uoTa-):/ —6(W(Vyu)—W(qu))dy—(3/ ;;W(Vyu)dy
Q) 49 Qo 49
Lo 5 1 5
— .5/ W —uydy—¢ —5lu—u®"dy
Qq Q9
=h+--+1

where fo(y)=f o Té_l(y) and where we have used that fQOf cudx — stf cugdx =
Jo f - (u —ug)dx. Lemma 4.1 applied to /4 yields

|5 I4|<EC(0)HM —u ”L“(f))gdél C(9)||61M||Ly(f2)

and thus 6~'1; — 0 for 6 — 0 since o€ (1, p]. Again by Lemma 4.1 we obtain for /3:
ol —/ 0f - 0iudy
Q
Since 9?1 /q° converges uniformly to 0 ; on Qg for 6 — 0, we have

lim o 'h=— [ 0,W(Vyu)dy
0—0 Q)

For the convergence of 5_111 note that Viu(y) = Vyu(y)VxT(;(-)|T71(y) and
J

11 = Vi T5(OI<IONVON oo () <V1 (64)
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with y; from Lemma 2.1, if |J| is small enough. The term 6~'1 can be written as follows:

1 1
5 | SOV = W) ay
0 Jay q
—1 ‘1d W (Vv \Y% \Y dsd
_S/QO/(; q—()a (Vxu(y) + s(Vyu(y) — Viu(y))) dsdy
I
= / / —DW(Vyu(y) (V2T (y)
0 Jo g
1
+s(1= VT’ () <vyu<y)vx (9 (()y )>) ds dy (65)

The integrand of (65) converges pointwise to DW(Vyu(y)): (Vyu(y) (é) ® V0) for almost

every s and y as 0 — 0. Furthermore, estimate (13) is applicable to the integrand of (65) due
to inequality (64) and implies that the integrand in (65) is bounded by the integrable function
c(W(Vyu(y)) + 1)||V9||LOO(Q). The constant c¢ is independent of J, s and y. Thus the dominated
convergence theorem leads to

_1 1 T Ry Ce))
0 / —5(W(Vyu(y))—W(qu(y)))dy—>/ Vyu' (y)DW(Vyu(y)):V dy
Q 4 Q 0

for 6 — 0. This finishes the proof of Lemma 4.3. ]

In the proof of Lemma 4.3 it is important that the parameter ¢ occurs in the mapping T, only,
which enables us to derive pointwise convergence of the energy density and its derivatives and
to apply the dominated convergence theorem. In the next lemma we discuss the case, where a
sequence {u’;n € N} converges weakly to ug, only. Here, the convergence results for Eshelby
tensors, which we deduced in Section 2, play an important role.

Lemma 4.4
Let A1-A6 be satisfied, p>2, a € (1, p] and £>0. Let further ug € V2 (Qq) with 1(Qo, ug)<oo
and let {u®;ne N} C VP(Qp) be a sequence with ¢, — 0 for n — oo and

u’n — weakly in W17 (Qp) for n — oo (66)
det Vu® — det Vug weakly in L (Qg) with r from A6 if p=2 (67)
1§ (uo; u®ry — I (uo; ug) = 1(Qo, up) for n — oo (63)

Then, for every 0 from A5,

16 (uo; u®r) = I (uo; u" o Ts,)
lim n = G(ug, 0) (69)

n—00 5n

with G(-, -) from (36).

Later we choose u% = us, o T(;l, where the us, are minimizers of (‘;? (ug; -).
n n
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Proof
We skip the index # in the proof. Let {u®; & # 0} and ug be given according to Lemma 4.4. After
a transformation of coordinates in / g (ug; u’ o Ts) we obtain

I§ (uo; u®) — IS (uo; u® o Tp)
1 s s 1 5
= —5(W(Vyu ) — W(Viu®)dy + 1-— — W (Vyu®) dy
Q) 9 Q q
—/ﬁf~<u5—u5>dy+efﬁ<|uo—u5|“— luo — us|*) dy
=h+---+1L (70)

Here, us=u® o Tj. Inequality (61), Holder’s inequality, the triangle inequality and Lemma 4.1
lead to

_ ce S _
B 114|<ﬁ/é(luo—uoHluo—ual)“ u® — ugldy

<ec(llug — u”ll gy + luo = sl La@) ™ 10151l ) (71)

It follows from the mapping properties of Ts, assumption (66) and o € (1, p] that the last factor in
(71) is uniformly bounded with respect to |6|<do. The triangle inequality and Lemma 4.1 imply

”MO - u()”La(Q) < ||MO - M6||La(§2) + ”u0 - M()”Laz(f))
< lluo = ull sy + 1611101151 g

Together with the weak convergence u® — ug in WP (Qp)EL*(Qp), we obtain that the first factor
in (71) tends to O for 6 — 0. Altogether, we have shown that
5_1 14 —0

for 6 — 0. Again by Lemma 4.1 we obtain
1 A
57113=——/~f-(ub—u(s)dy—>—/~9f081uody
0./ o)

and it remains to calculate the limits of 6~ '1; and 5~ ' I,. We have
0° -

o' = —/ —LW (Vyul) dy

Qo 49

Assumptions (66)—(68) together with Lemma 2.5 imply that W(Vyu‘;) converges weakly to
W(Vyup) in LY (Qp). Since 9?1 /q5 converges uniformly to 0 |, we arrive at

oL — X 0.1W (Vyuo) dy
0
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The term 0~ '/} can be written as follows:

L= | WEu) - WV, dy +/

<i§ - 1) (W(Vyu®) = W(Vyu®)) dy
Q Qp \4

=111+ 12
Note that qu‘s(y) = Vyu‘s(y) V, T? and therefore, by estimate (14),
167" 121<10]c(6) (1 + / W(vyu‘s)dy)
Q
Thus, |571112| — 0 for |§] = 0. We treat the remaining term /11 as follows:

5—1111=5—1/ W (Vyu) — W(V,u®V, T%) dy
Qq
1
d .
=5*1/ / — W(Vyul (Vo TO 4 s(1 — V,T°))) ds dy
Qy J0 ds
5T 5 1 b
:/ Vyu® DW(Vyu®): ® V. 0°dy
Q 0

P ‘ 1 ,
+/ / Vyu()T(DW(VyubC(y,s,é))—DW(Vyub)):(O>®Vx0‘>dsdy
Qy JO
=hn+ L (72)

Here, C(y, s, 0) = VxTé(y) +s1— VxTa(y)) =1-0(1 —s)V (9(:) For sufficiently small |0,
estimate (16) leads to

|1112|<C(9)|5|/g (1 4+ W(V,u)) dy
0

and thus 7112 — 0 for — 0. From Proposition 2.2, it follows that Va® | DW/(Vu?) — Vug DW (Vug)
weakly in L'(Qyp). Since V,0° converges uniformly to V0, we finally arrive at

1
I — / Vug DW(Vug) : ® VOdy
Q 0
This finishes the proof of Lemma 4.4. (]

4.2. Proof of Theorem 3.6 for ¢>0

We prove now Theorem 3.6 on the ERR for the functional / g(uo; -) for fixed £>0. Let the
assumptions of Theorem 3.6 be satisfied, £>0 and let ug € V?(Qp) be a minimizer of (€, -).
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We recall that ug is the unique minimizer of /§(uo; -). Our aim is to show that
lim 5" (1§ (uo) — I (u0)) = G (uo, 0) (73)
0—0

with G (-, -) from (36) and arbitrary 0 from AS. Let {0,,; n € N, §,>0} be a sequence with J, \ 0
for n — oo and let {us, ; n € N} be minimizers of Ign (ug; -). Then for every n e N

8, (1§ (uos uo) — I (uo3 ug o T5,)) < 8, ' (1§ (wo) — 1§ (u0))

<8, UG oy s, o Ty ) =I5 (wosus,)) — (74)

Here, T5(x) =x — 6(0(x), 0)" is the diffeomorphism introduced in Section 4.1. Lemma 4.3 guar-
antees for the left-hand side in (74) that

Jim, 8, 1 (I§ (uoi wo) — I (uos ug o Ts,)) = G (uo, 0) (75)

From Lemma 4.2, we know that the sequence {us, o T({l; n € N} is a minimizing sequence for
n
Ig (uo; -) and contains therefore a subsequence which converges weakly in WP (Qp) to the unique

minimizer uq of Ig (uo; ). By contradiction, we conclude that also the whole sequence converges
weakly to ug. Lemma 4.4 implies now for the right-hand side in (74) that

Jim, S UG (s us, o Ty ') — I (uo; us,)) = Guo, 0) (76)

Combining (75) and (76) implies (73) for the whole sequence 6 \ 0.

The case 0, /0 can be treated completely analogously to the case J, N\ 0, we only have to
replace < in (74) by >. Since the left-hand side in (73) is independent of the function 6, it follows
that G (ug, 0) is also independent of the choice of . This finishes the proof of Theorem 3.6.

4.3. Proof of Theorems 3.3 and 3.4

Let the assumptions of Theorem 3.3 be satisfied and ¢ =0. The goal is to show that

gi\r‘r(l) o1 (Q) — 1(Qs)) = max{G (ug, 0); uo minimizes I (€, -)} 77)

with G (ug, 0) from (36). The major difference to the case with e>0 (Theorem 3.6) is that I (€, -)
may have several minimizers. Moreover, we cannot prove that every minimizer ug of 7 (o, -) has
property A7, which means that it is not clear in general, whether for every minimizer u there exists
a sequence of minimizers us of (€, -) such that the whole sequence {us o Ta_l; 0>0} converges
weakly to ug for 0 N\ 0. If this would be the case, we could argue completely analogously to the
case £>0 and would obtain ERR(Qq) = G (uq, 0) for every minimizer ug of I(Qy, ).

We will now prove (77). Let 0 be chosen according to A5. For every >0 and every minimizer
ug of 1(Qp, ), we have

511 (Qo) — 1(Q5)) 26" (I (Qo, uo) — 1(Qs, ug o T5)) (78)
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and, by Lemma 4.3, the right-hand side in (78) converges to G (ug, 0) for 4 \ 0. Since the minimizer
ug in (78) is arbitrary, we may then take the supremum over all minimizers. This leads to

1i[r{‘i(§1f5_1(1 (Qo) — 1(€5))= sup{G (ugp, 0); up minimizes 7 (Qo, -)} (79)
B

It follows from the boundedness of the set L from (52) and the set defined in (53) (see Lemma 4.2)
together with assumption A2 that the supremum in (79) is finite. Let {J,; n € N} be a sequence
with 6, \(0 for n — oo and let {us, ; n € N} be minimizers of I(Q;, ,-). By Lemma 4.2, there

exists a subsequence {J,,; k € N} and a minimizer ug of I (Qo, -) with us,, © T(;l — ugp weakly in
< )lk

WLP(Qp). With Lemma 4.4, it follows for this subsequence

limsup &, (1(Q0) — 1(Q5, ) < lim 8. (1(Qo,us, 0Ty ") —1(Qs, ,us, )
ng (3)1k\0 k ny ng ny ny

k
Sn NO

= G (ug, )< sup{G (v, 0); v minimizes I (Qg, -)}

Thus we have shown that every sequence 6, \ 0 contains a subsequence d,, \ 0 with

lim sup 5;; (I1(Qo) — I(ank))é sup{G (ug, 0); up minimizes 7 (Qo, -)} (80)
S O

The usual proof by contradiction shows that (80) holds also for the whole sequence J,. Combining
(79) and (80) leads to

éi\l% 5_1(1(Q0) — 1(Qy)) = sup{G (ug, 0); uo minimizes 1 (€, -)} (81)

It remains to show that the supremum in (81) is attained. Coercivity assumption A6 and the
weak lower semi-continuity of 7 (€, -) guarantee that the set of minimizers of I(Qy, -) is weakly
compact in VP(Qq). Let {u,;neN} be a sequence of minimizers of [1(Qp,-) with
G (uy, 0) — sup{G (v, 0); v minimizes I (€2, -)}. Then there exists a subsequence, which we also
denote by {u,,; n € N}, and a minimizer ug of 1(Qo, -) such that u, — ug weakly in V?(Qp) and,
if p=2, detVu, — det Vugy weakly in L"(Qp) with r>1 from A6. Since 1(Qq, u,) =1(Q, uop)
for every n, it follows in particular that fQO W (Vu,)dy — fQO W (Vug)dy for n— oo. Thus,
Proposition 2.2 and Lemma 2.5 imply that G (u,, 0) = G (ug, 0) and therefore ug is a maximizer
of G(-, 0) with respect to the set {v € VP (Ly); v minimizes I (€, -)}. This proves (35).

Let finally u, € V?(€Qq) be a minimizer of I (€, -) which satisfies property A7. This means that
for every 0>0 there exists a minimizer us of 1(Qg, -) such that the whole sequence {usoT (;1; 0>0}
converges weakly to u,. As before, Lemma 4.4 implies now that

limsup ™" (1 (Qo) — 1(Q))< limsup 3~ (1 (Qo., u°) — 1(Qs, us)) = G (uy, 0)
MNO N0

and together with (79), we obtain the last assertion of Theorem 3.3.
For the proof of Theorem 3.4, note that for <0 and minimizers ug of I(€,-) we have
S NI Qo) — I(Qa))gé_l (I (Qo, ug) — 1(Qs, ug o Ts)). We obtain therefore completely analogous
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to the previous considerations that

(%ilr%) (3_1(1(Q0) — 1(Qs)) = min{G (ug, 0); uo minimizes I(Qg, -)}
0<0

with G (-, -) from (36).

4.4. Proof of Theorem 3.5 on the J-integral

The proof of Theorem 3.5 on the J-integral is based on Fubini’s theorem. Let f € L9(Q) with
01 f =0 and let ug be an arbitrary minimizer of I(Qy, -). The functions ug and f are elements of
LP(Q, 81; R?) and L1(Q, 01; R?), respectively. Applying Green’s formula to the last term in the
Griffith formula (36) leads to

—ﬁ@f-&luody:ﬁ910u0~fdy
Q Q

Thus, the Griffith formula (36) can be rewritten as follows for arbitrary 0 € %”80 (Q) with 0 =1 near
the crack tip:

G(ug) = / F(x)-VO(x)dx (82)
Qo

where F € L'(Qg) and

1 1 1
F(x) = (Vug DW(Vug)) " (0) — W(Vuo) (0) + (uo - f) <O> (83)
Inserting two different 0; and 60, into (82) and taking the difference implies

0=/ F(x)-V0dx (84)
Q

for every 0e 6y (€) with 0 =0 near the crack tip 0. Let Rp> such that Bg,(0) € Q. In particular,

we may choose é(x) = @)(le) with 0 e %5 ((0, Rp)). With this choice, Equation (84) reads in polar
coordinates

Ry pm cos @ " Ro At
0= / / F(x(r, @)) - ( ) ) dor (r)dr = / g(r)rd (r)dr (85)
0 -n s @ 0

Since F € L' (Qy), Fubini’s theorem guarantees that g € L' (0, Ro) as well. Since relation (85) holds
true for every 6 € (580((0, Ryp)), the function r +— rg(r) has a vanishing distributional derivative.
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Therefore, there exists a constant k¥ with g(r)r =k for almost every r € (0, Rg). Together with
(82) we obtain finally that g(r)r =k = — G(ug) for almost every r, which finishes the proof of
Theorem 3.5.

5. CONCLUDING REMARKS

5.1. Non-interpenetration conditions

Up to now the two sides of the crack are allowed to penetrate into each other, which may lead to
unphysical solutions. To overcome this problem, one has to include non-interpenetration conditions
in the set V”(Qs) of admissible deformation fields. One possibility is to replace V7 (Qs) by

VP(Qs) = {u e WP (Qs); ulrp, = gp, (g —u-) - (?) >0 on C(s}

where uy is the trace of u on the crack face Cs with respect to the upper and lower half
plane, respectively. Since the mapping Tj:Qs5— Qp induces an isomorphism between V7 (Qs)
and V?(Qy), all results from Section 3 on the ERR remain valid.

A further possibility to exclude self-interpenetration is proposed by Ciarlet and Necas [29].
Here, the set of admissible deformation fields is defined by

Vé’N(Q(;) = {u € Wl’p(Q(s); ulr, =gp, det Vu>0 a.e. in Qs, ‘/Q detVu dxgvol(u(Q(s))} (86)
9

for p>d. Again, the mapping T : Q5 — € induces an isomorphism between the spaces Vé’N(Q(;)
and Vé’N (Qp). In [29], it is proved that for bounded Lipschitz domains Q and p>d the set Vé’N Q)
is closed in the weak topology of W17 (Q). Taking into account that bounded domains with cone
property are a union of a finite number of Lipschitz domains, this result can be carried over to
such domains and it is in particular valid for the domains with cracks, which we introduced in
Section 3. The results from Section 3 on the ERR can be proved without essential changes for
problems with a non-interpenetration condition of the form (86) and p>2.

5.2. Quasiconvex energy densities

The results from the previous sections remain true for continuous, quasiconvex energy densities
W M9xd [0, 00), d>2, satisfying the following additional assumptions.

Assumption AQ
W is twice differentiable and there exist constants ¢;>0 and p € (1, 0co) such that for every
A, BeMdxd

0<W(A) <ci(1 + A1) (87)

|ATD*W (A)[AB]| < c2(W(A) + 1)|B| (88)

Note that inequality (87) implies in particular that [DW(A)|<c(1+|A|? —1), see [17], and therefore,
estimate (10) is valid. Under assumption (87) with p € (1, 0o), Proposition 2.2 remains valid if one
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replaces (19) by {u,; n € No} C WLP(Q), u, — uo weakly in WLP(Q) and F, = Vu,. Lemma 2.5
can be modified in the following way:

Lemma 5.1
Let Q C R be open and bounded. Assume in addition that W : M?*?¢ — [0, oo) is quasiconvex
and that (87) holds for some p € [1, 00). Let {u,;n € Nog} c Wh?(Q) be a sequence with

un —ug weakly in WHP(Q) and / W(Vu,,)dx—)/W(Vuo)dx
Q Q

Then W (Vu,) = W (Vug) weakly in L1(Q).
This lemma is Theorem 1.1 in [30], but we give here a different short proof.

Proof

For every ¢ € L>(Q) with ¢>0, Theorem 1.1 in [31] guarantees that the functional J : W17 (Q) —
R, u+— fQ @(x)W(Vu(x))dx is weakly lower semicontinuous. The lemma can be proved in the
same way as Lemma 2.5. (]

Assuming AQ and A4-A6, the convergence results from Section 4.1 as well as the results on
the ERR in Section 3 can be derived in the same way as for the polyconvex case on the basis of
the modified Proposition 2.2 and Lemma 5.1.
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