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We propose a model for phase transformations that are driven by changes in the temperature. We consider
the temperature as a prescribed quantity like an applied load. The model is based on the energetic formu-
lation for rate-independent systems and thus allows for finite-strain elasticity. Time-dependent Dirichlet
boundary conditions can be treated by decomposing the deformation as a composition of a given defor-
mation satisfying the time-dependent boundary conditions and a part coinciding with the identity on the
Dirichlet boundary.
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1. Introduction

The mathematical modelling of shape memory materials has attracted a lot of attention within the last
25 years by quite different series of work. One area was based on more phenomenological models in
one or more spatial dimensions but included a thermodynamically consistent coupling to the energy
equation (se€alk, 198Q Colli et al,, 1990 Huo & Miller, 1993 Sprekels & Zhengl993 Abeyaratne

et al, 1996 Frémond & Miyazakj 1996 Brokate & Sprekels1996 Kuczmaet al,, 1999 Rajagopal &
Srinivasa1999 Auricchio & Petrini 2004). The other area is treating a question of possible microstruc-
tures of equilibria by a careful analysis of the underlying microscopic crystallographic information about
the different phases (s@&all & James 1987 Bhattacharyal993 2003 Miller, 1999.

Only recently, the latter theory was generalized to describe also the evolution of such microstructure,
yet it remained restricted to the rate-independent and isothermal cadéi¢dex=& Theil, 1999 Mielke
etal, 2002 Mielke & Roulicek 2003 Mielke, 2004a Kruzik et al,, 2005. However, there is also some
work on rate-dependent systems respecting the correct microscopical dadandeet al. (2003 and
KruZik & Otto (2004 and the survey iRRoulicek (2004).

However, a systematic mathematical study of temperature-driven phase transformation does not
exist yet. Here, we want to provide some first results in this direction as there are many engineering
applications using the temperature as the main control mechanism for the shape memory effect (see,
e.g.Huo & Miller, 1993 Kuczmaet al, 1999 Auricchio & Petrini 2004 Stein & Zwickert 2007,

Brokate & Sprekels1996 Chapter 5).
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In order to be able to treat the case of finite-strain elasticity, which is modelled by polyconvex stored
energy density, we stay in the rate-independent setting, which allows us to use minimization techniques
(direct method in the calculus of variations). However, this approach implies that we have to restrict the
temperature fields to stationary states at each time instanf0, T], wheret is a slow process time
that moves much slower than all relaxation processes in the body. In particular, we make the modelling
assumption that the temperatutés givena priori as an ‘applied load” and we writ& = Gapp((t, X).

Such an assumption is often used in engineering, as it is sometimes acceptable, especially if the body is
small in at least one direction like wires or plates. Then, produced or absorbed heat can well be assumed
to be compensated for fast through the environment. Neverthélggg!, ) may be a non-constant
equilibrium of the heat equation, if the temperature is fixed by heating or cooling at parts of the boundary.

Our model consists of a material that can be described by a stored energy 8&0sjty ¢, z, 9),
wherex € Q denotes the material poinf, = Vg is the gradient of the deformatign © — RY and
zQ = Zw = {(z1,...,2zw) € [0, 1]M|>} z; = 1} is the phase indicator, whemg € [0, 1] gives
the volume fraction of thgth phase. The energy potential then takes the form

Et,p,2) = /Q W(X, Vo, 2, Oappilt, X)X + G(2) — (£(1), 9. (1.1)

where¢ e CL([0, T], WLP(Q)*) denotes an applied loading, s&2, andg is a regularizing term
such thag(z) ~ ||z||\‘,)va,p(g) for somea € (0, 1/p).

In addition, we specify a dissipation distarPeon Z = L1(Q2; Zy) in the form

D (2o, Znew) = /Q 5(X, Zold(X), Znew(X))dx, (1.2)

whered(x, -, -) is a (possibly unsymmetric) metric afi, see R.3). Specifying the sefF as those
functionp € WHP(Q; RY) satisfying the Dirichlet boundary datai, at Ipiy C 0Q, we are able to
pose our problem as the energetic formulation for rate-independent systemidliatkmet al. (2002,
Mainik & Mielke (2009 andMielke (2005. For a given initial valugp®, z2°) € F x Z, we have to
find a pair(p, 2): [0, T] —» F x Z with (p(0), z(0)) = (¢°, 2°) such that for alt € [0, T] the ‘global
stability’ (S) and the ‘energy balance’ (E) hold:

(S) Et,pt),z(t) <&, 9,2 +D(z(t),2), foral(@,2)eF x Z,
t
(E) &, @), z(t)) + Dissp(z, [0,t]) = £(0, ¢(0), z(0)) +/0 0sE(s, (), 2(9))ds,

where Dis$ (z, [s, t]) is defined as the supremum E’j‘zl D(z(tj-1), z(tj)) over all finite partitions
S<tp <t <--- <ty <t. Forshort, we call any sualp, 2): [0, T] —» F x Z an ‘energetic solution
associated witl andD’. Note that for the solvability of the Cauchy problem with the initial condition
(9(0), 2(0)) = (p°, 2Y), it is necessary thaip?, 2°) satisfies the stability condition (S) for tinte= 0.

This energetic formulation is a certain weak form for the more familiar differential inclusions for
rate-independent systems (bfielke & Theil, 2004 Mielke, 2005. Its advantage arises from the fact
that it is derivative free and thus allows for a wide range of applications. Note that the formulation does
not need any time derivatives of the solutign z) and the needed spatial derivatives are only those that
are needed to define the energy functiafiaMoreover, no derivatives of the constitutive functions
ando occur such that lower semi-continuity will be enough.

In Section2, we provide more details on the model and in Sec8pwe specify the exact assump-
tions on the constitutive function® andd. The main point is that the partial derivati9eE (t, ¢, z) has
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to be defined whenevéit, ¢, z2) < co. In finite-strain elasticity, we have to allow féi(t, ¢, z2) = +o0,
namely, if detVg(x) < 0 on a set of positive measure. Thus, we h8{e ¢, Z) = 400 on a dense set
in[0, T] x F x Z.

In Propositiord. 1, we will derive an estimate of the form

12 (t, 9, 2)| < CE(E(t, 9, 2) +CF) (1.3)

under the assumption thel satisfiegoyW(x, F, z, )| < C¥V(W(x, F,z0)+ cgv) and thatoyfappl €
L°°([0, T] x Q). Using the standard coercivity and polyconvexity assumptions, we then show in
Theoremd.2that for all stable initial datgp?, 2°), some energetic solution exists. Here, we draw from
the abstract theory developeditainik & Mielke (2005, Mielke (2005 andFrancfort & Mielke(20086.
Finally, Section5 treats the case of time-dependent Dirichlet boundary conditions. For this, we
assume that eacppy (t, ) can be extended to a diffeomorphism fradd to RY such thatppir €
C2([0, T] x RY; R) and Vgpir, (Vopir) ™t € BCL([0, T] x RY; R4xd) (here, ‘BG" denotes the fun-
ctions inC! that are bounded and have a bounded first derivative). Then, wepggekin the form
o, X) = opir(t, w(t, X)) with y (t, -) € F, where

ff={wewl’p(9;Rd>| WlFDir=id} and E(t, v, 2) = E(t, gpir(t) o v, 2).

The crucial observation iRrancfort & Mielke (200§ was thata.£(t, v, z) again satisfies an estimate
of the form (L.3), if W satisfies an estimate of the form

I6BEW(X, F,z,0)FT| < cK(W(x, F, z,6) +c5). (1.4)

The tensor on the left-hand side is called the Kirchhoff stress tensor. Considfeasgn element of
the Lie group GL.(RY), we have to interpretg W as an element 0T,’§GL+(Rd) andopWFT lies in
T,*GL+(IR<d) = gl(RY)*. We address some of these Lie group issues, which were initiatilieike
(2002 2003, in the context of finite-strain elastoplasticity.

Using (L.4) and a similar estimate for the second derivative, we are then able to transfer the isother-
mal existence result dfrancfort & Mielke(2006 into our temperature-driven model, see Theotefn

2. The mechanical model

We consider a body with reference configuration c RY. The body may undergo deformations
¢: Q — RY and phase transformations. The latter will be characterized by the internal varigbles
Zwm, WhereZy, is the Gibbs simplex

Zm =IZ=(21,...,ZM)GRM

M
Z >0,sz=1}. (2.1)
m=1

As explained above, the material behaviour also depends on the températhieh will be considered

as a time dependent and possibly space dependent given paréspgtéd, T] x 2 — R for the given
temperature profile. This approximation is often used in engineering models and can be justified in
situations where the changes of the loading are relatively slow compared to typical heat-diffusion times

in the given body. In particular, these times are short for bodies that are small in at least one direction.
Our model considers phase transformations that are induced by suitable strains and may produce or
absorb latent heat. However, under the above assumptions, this heat can be compensated by the heat
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bath provided by the environment or the boundary conditions. In particular, heating at parts of the body
(e.g. one end of a long wire) may give rise to a temperature profile that depends on the material points.
In fact, the same arguments are used for the justification of isothermal models; hence, the present work
is a further small step into the direction of models taking into account a full thermomechanical coupling.

The stored energy density: @ x R9%4 x Zy x (0, 00) = Ry := RU {00} describes the material
behaviour and we obtain the ‘stored energy functiofiaefined in (.1), wheref(t) denotes the applied
mechanical loading in the form

(1), p) = /Q fappi(t, X) - 9 (X)cx + / Gt ) 90 (2.2)

The termG(z) denotes some regularizing contribution which introduces a length scale and thus sup-
presses very small oscillations of the volume fractinns for microstructures in shape memory alloys,

we expect jumps iz (e.g. at habit planes where twins of martensites meet the austenite) and we choose
either

G(2 =/ x||IDz|| = sup[/ kz - divy dx
Q Q

(where||-||. denotes an arbitrary norm @M *d) or

~ 12(x) — (y)|P
2= K/QQ = yjrpa XY

for somep € (1,00) anda € (0,1/p). These terms are such that functiong 2 = L1(Q; Zy)
with G(z) < oo lie in BV(2; RM) or W»P(Q; RM), respectively. These spaces embed compactly
into L1(©; RM) but still allow for solutions with jumps along sufficiently regular hypersurface€ in
For simplicity, we restrict to the case&/*P(Q; RM) and refer toMainik (2006 for the case using
BV(Q;RM).

For describing the hysteretic behaviour of the phase transformations, we use a ‘dissipation distance
D defined onZ. For this, we introduce a constitutive functienQ x Zy x Zy — [0, co), which
satisfies for alk € Q, z1, 20, z3 € Z\, the estimates

v € CHQ: RM*9), Iy (Il < Lforallx e Q}

Elz1 — 22] < 9(X, 21, 22) < Clzg — 73,
(2.3)
(X, Z1, 23) < O(X, Z1, 22) + (X, Z2, Z3).

With this, we define the dissipation distarlPe Z x Z — [0, o) as in (L.2), which then satisfies

1

E | Zold — Znew|||_1(g) < D(Zolds Znew) < CllZoid — Znew|||_1(g)
and the triangle inequality. Note that we allow for unsymmetry, &4, Znew) 7 D(Znew> Zold) May
occur.

We specify the set of admissible deformatidfisy choosing a suitable Sobolev spaéP(Q; RY)
and describing the Dirichlet data at the pag;, of 0Q:

F= {¢ e WEP(2; RY) | (9 — ppin) |y = 0} ,
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wheregpir € W-P(Q; RY) is given. Throughout, we assume that (1, 00), 2 and /b are such that
there exists & pir > 0 so that

Vo e WEP(Q; RY) with ¢l =0: [[VollLe = Co pirllellwep- (2.4)

Finally, the process is assumed to be governed by the energetic formulation of rate-independent pro-
cesses as introduced Mielke & Theil (1999 andMielke et al. (2002, see also the survey Mielke

(2005. A function (¢, 2): [0, T] — F x Z is called an ‘energetic solution’ of the rate-independent
system associated withandD if &£(-, ¢(-), z(-)) € L1([0, T]) and if for allt [0, T] we have the

global stability (S) and the energy balance (E):

SVEDeFx 2 o) zt) <ELF.D+D), D,
t
(E)E(t, (1), 2(t)) + Dissp(z [0, t]) = £(0, p(0), 2(0)) + /0 2E (S, p(S), 2(9))ds,

where the dissipation Digsis defined via

N

Dissp(z [r. s]) = supi D D(z(tj-1), z(t;))
=1

NeN, r<tg<ti<--- <ty <s

We note that this energetic formulation reduces to the classical theory of ‘generalized standard ma-
terials’ (seeMielke, 2006, if we assume that the solutions are sufficiently smoothdahds the form
(X, 21, 22) = A(X, 2 — 7). Then, (S) and (E) are equivalent to

07 4(X, 2) + 0;W(X, Vo, Z, 0app) + DG(2) 2 0 in Q,
¢ = ¢pir  ON Ipj,
6FW(X, V(ﬂ, Za eappl)n = gappl on a‘Q\FDirs
wherez = %z. Of course, the theory of generalized standard materials is much more general as it
may include rate-dependent material laws as well as kinetic terms. Our analysis is restricted to the case
of strict rate independence without kinetic terms. As a compensation, the energetic formulation allows

for the treatment of highly non-linear problems, for instance polyconvex material laws including the
determinant constraint d&ip > 0, see Sectiob.

3. The mathematical assumptions

We make the assumptions more precise now. For the stored energy d&nsigyletD = Q x RI*d x
Zn X [Omin, Omax] @and assume that

W: D — Ry is a normal integrand (3.1

i.e. fora.ax € Q, the functionW(x, -, -, -) is lower semi-continuous and for &lF, z, ), the function
W(., F, z, 0) is measurable. We assume coercivity as follows:

1
dp>d,3C >0, V(X,F,z,0)eD: W(x,F,z0)> E|F|'°—C. (3.2)
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Our conditions will be compatible with the conditidN(x, F, z,0) = +oo for detF < 0 and
W, F,z,60) - 4+ if 0 < detFx — 0. Moreover, they are compatible with frame indifference,
namely,W(x, RF, z, ) = W(x, F, z,0) for all R € SORY). Of course, we do not need to impose
these conditions as they are not needed to prove the existence result below. However, they are physically
desirable and make the mathematics much more difficult. The notion of polyconvexity was developed
to handle exactly this case (see, étiller, 1999 Ball, 2002.

The stored energy densit is called polyconvex irF € R9%9, if W(x, -, z, #) can be written as a
convex function ofMI(F) € R*@, the vector of all minors (subdeterminants)foie R4%9, Ford = 2,
we haveM(F) = (F, detF) with z(2) = 5 and ford = 3 we haveM(F) = (F, cof F, detF) with
7(3) = 19. More precisely, we assume

Janormal integrané: Q x R @ x Zy x [Omin, Omax] = Reo:
() V(x,2,0): G(X,-,z0): R @ - R, is convex (3.3)
(i)V(X,F,z,0)eD: WX, F,z80) =G M(F),z8).

The final conditions concern the temperature dependen¢éé dhe applied temperature will insert
or extract energy according @W (X, Vg, Z, Oapp))bappl. TO control this term, we assume tttapp is

smooth enough, the derivativééw exist for j = 1 and 2 everywhere, wheM is finite, and these
derivatives are dominated W itself:

3,V >0, V(x,F,z0)eD, Vje{l2:

_ (3.4)
l0JW(X, F, z,0)| < cV(W(x, F,z0) + ).

LEmMMA 3.1 If assumption3.4) holds, then for al(x, F, z, §) € D and allf1 € [Omin, Omax], We have
W, F,z,01) + & < &0l ow(x, F, z,0) + o).

Proof. We considekX, F, z) to be fixed and define(#) = W(x, F, z,0) + cgv. Assumption 8.4) sim-
ply meangw’(0)| < c¥w(6). Thus, Gronwall's lemma yields the desired resu(f:) < 110011 (9)
for all 0, 61 € [Omin, Omax- In particular, it is sufficient to have (9) < oo at one point to conclude that
w is finite on the whole interval. O

Before using this condition for the estimate of the time derivative of the stored energy function, we
discuss possible constitutive relations that satisfy all our assumptions. For simplicity, we neglect any
dependence on the material point Q. In shape memory models, it is usual to start from the stored
energy densities of the pure phases, i.e. with gj RM for the jth phase or variant of a phase. We
assume that each of these phases is described by a polyconvex stored energy density

W RI*4 x [Omin, Omax] — Reo,
I (F,0) = gj (M(F), ),

where gj(-,0) is assumed to be continuous and convex wigi®I(F), ) € C2([6min, Omax]) OF
gM(F), -) = +o0. Typical examples are of the typj (F, §) = 4-oc for detF < 0 and

bj (0)
(detF)’

W, (F,0) = aj(6)|F|P + +W;(F,6), for detF >0, (3.5)
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wherea;j, bj € C2([Omin, Omax; (0, 00)) and the exponents satisfy> 0 andp > d. The function

Wi: RAxd » [6min, bmax] — R is assumed to be polyconvex i twice differentiable ir9 and of lower
order, i.e.

Vi e€{0,1,2}, VF € R V0 € [Omin, Omad: 185 W; (F,0)| < C(L+ [F|)P

forsomeC > 0 andp < p. In particular, the functionﬁ/j are supposed to contain the information about
the anisotropies of the different phases, Sebibder & Neff (2003 for suitable anisotropic polyconvex
functions.

The final stored energy density is now obtained by interpolating between the extremal pure phases.
We may use either a linear or an exponential interpolation and in addition, we may add a mixture term
for penalizing phase mixtures:

M
W(F,z0) = ZZJ-WJ-(F,Q) + wmix(z, 0) (3.6)
j=1

or
1 M
W(F.26) = 2 log >z @WNIED ) 4 wnin(2,0), (3.7)
j=1

where, for instancepmix(z, 0) = Z}V':lyjzrjj (1—zpifory; =yj@) > 0andrj =rj@) > 0.In
both cases, the functioW (-, z, 8) inherits polyconvexity. For3.7), we may even allow fop = g(9) if
the leading coefficients; andbj for Wj in (3.5) are independent gf. Then,W in (3.7) takes the form

b(®) 1 M -
_ p . - BOW(F,0) )
W(F.2.0) = a@)IFI° + (g + 50 '°9(§j:1) zj /O ) + wmix(2, 6).

In conclusion, this shows that based on standard polyconvex materials, it is easily possible to construct
stored energy densities satisfying the above assumptions.

4. The main existence result

For a given temperature profiflgpp and a given external loadingwith
Happl € Cl([O, T1; L°°(L2; [Omin, Omad)) and (4.1)
¢ e CH[0, T]; WEP(Q; RY)"), '

we now study the stored energy functiodaas defined in1.1).

PrRoOPOSITION4.1 Under the above assumptions, the following holds:

(a) If for some(t., ¢,2) € [0, T] x F x Z, we havef(t., ¢, 2) < oo, thené(., ¢, 2) € ci(o, T

(b) There exist constantss, cE > 0 such thatf(t, ¢, z) < co implies |&E(t, ¢,2)| < CE(E(E,
9,2) +cf).
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(c) For eachkE, € R ande > 0, there exists @ > 0 such that(t1, ¢,2) < E, and|ty —t] < &
imply [6tE(t1, ¢, 2) — i E(t2, 9, 2)| < €.

Proof. We first use the coercivity3(2) to find
Et, 0,2) 2 éllW’llEp = ClQ2| = lIL@) g lwp-
Using @.4), we obtaincg, Cp > 0 such that
Ete,9.2) = ollolf. — Co. (4.2)
To show differentiability with respect tb, we usefapp € CL([0, T1; L®®(LQ; [Omin, Omax])) and

Condition @.4). Forh £ 0 andt, + h € [0, T], the mean value theorem provides some (0, 1)
such that

1
ﬁ(g(t*—l_ha ?, Z) - g(t*9 @, Z)) = /Q agW(X, V(pa Za eappl(t*+5h, X))ateappl(t*+3ha X)dX
1
- <ﬁ(€(t*+h) — £(t)), <o>.

Using&(t,, ¢, Z) < oo and LemmaB.1, we know thatiagW(x, Vo (x), z(x), 8(x))| < §(x), a.e. onQ
for someg € L1(2), whered € L%®°(2; [Omin, Imax]) is arbitrary. Sinceéd € CO([0, T]; L>®(2)), we
may pass to the limih — 0 by the Lebesgue theorem and part (a) is proved.

For part (b), we use the representation of part (a) and estimate as follows:

1€, 9, 2| < /Q 100 W(X, V@, Z, Oappd |dX[|&tfapplloc + [1E) 1[I0 llwrp-

Using 3.4) for j = 1 and &.2), the desired result follows immediately.
For part (c), we use3(4) for j = 2 and @.1), which implies

||€(t1) - f(tz)ll* + ||5t9appl(t1, ) - atgappl(tZ, ')||L°°(Q) <oty — t2|): (4-3)
wherew: [0, 00) — [0, o0) is a continuous modulus of continuity with(0) = 0. We obtain
|6t8(t19 @, Z) - 6tg(t29 Q, Z)|

< /.Q [6oW (X, V@, Z, Oappi(t1)) — doW(X, V@, Z, Oappi(t2))] [|6t0appi(te) oo AX
+ /Q 106 W (X, Vo, Z, Oappi(t2))| [|0t0appi(t1) —tOappi(t2) oo OX + [[£(t1)—E(t2) 1 [l llwap

< /Q C\lN[W(x, Vo, 2, Oappi(t1+S(t2—t1))) + CBN] 10appi(t1) — Bappi(t2) llco AX |24l 0o

+ C(E(t, 9, 2)+Eg)w(Jti—t2])
< C(lti—t2]) + o (jti—ta]),

whereEg = max{c(')f, Co) andC andC are suitable constants. Thus, the proposition is establishHed.
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We now show that the energetic formulation (S) and (E) introduced in Se2tias at least one
solutionq = (¢,2): [0,T] - Q = F x Z, for a given stable initial daturg® € Q. Here,q° is
called ‘stable’ if it satisfies the (static) condition (S) at titne- 0. The existence theory relies on the
abstract framework developedhfainik & Mielke (2005 with the recent refinements derivedhtielke
(20095 andFrancfort & Mielke (2006. These refinements are based on the selection technique and an
approximation result of Lebesgue integrals via Riemann sums developad Masoet al. (2005.

Here, we do not go into the details of the proof of the abstract result. We just mention that the theory
is based on time-incremental minimization problems for sequences of partitien%0< t'l‘ <-oe <
th._1 < t§, = T in the form

- Givenq® e Q, find iterativelygy, ..., qf, € Q such that
(IP) qi minimizesq — £(t¥, ) + D(qj-1, O

Thus, for eactk, we may define the piecewise constanterpolant: [0, T] — Q with g*(t) = g for
telth i, )forj=0,..., Nk
THEOREM4.2 LetQ = F x Z be as specified above and &tand D satisfy the assumptions from

above. Then, for each stalii e Q, there exists an energetic solutigh [0, T] — Q with q(0) = q°.
This solutionq = (¢, z) satisfies

p € L2([0, T, WhP(Q; RY)) and
z e L®([0, T], W*2(2; RM)) N BV([0, T]; LY(2,R™M)),

and it can be obtained as the limit of a subsequete, .y of the above interpolants associated with
(IP)i as follows:

(i) Vtel0,T]:ZN(t) — z(t) in W*2(Q; RM),

(i) Vt e [0, T]: £, TG (t)) = £, q(t)),

(iii) vt € [0, T]: Dissp(@¥, [0, t]) — Dissp(q, [0, t]),

(iv) Vt € [0, T] 3 subsequencék!)neny Of (K)jen: a"ﬁ (t) — (t) in WLP(Q; RY).

The main point in passing to the limit is the use of the weak lower semi-continugytof) on Q
considered as a convex subsevotP(Q; Rd) x W%2(Q; RM). The dissipation behaves better as it is
strongly continuous in.1(2) and hence weakly continuous i = W*2(Q; Zy). Together with the
good dependence on the timewvhich was derived in Propositioh1, we have fulfilled all assumptions
of the abstract theory iRrancfort & Mielke(2006 Section3). This proves our Theored 2

5. Time-dependent Dirichlet conditions, compositions and Lie groups

So far, we have studied the situation that the boundary condigigh®n oy C 6Q are independent
of time. Hence, the spacg of admissible deformations could be chosen independent of time as well.
Of course, typical practical situations lead to cases whgjedepends on time.

The usual treatments of time-dependent boundary data involve either the additive (spli:
opir(t) + u, whereu can then be chosen in a fixed space, or a replacement of the ‘hard constraint’
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¢ — epir(W)|m, = 0 by the penalizatior% fri lp — opir (t)|2 da, which is added to the energy func-
tional. The latter method would be applica%ie in our case of finite-strain elasticity. However, it has the
disadvantage that the treatment of the lithit> 0 is not so easy and it is rather awkward to control the
work done by the changing boundary condition. The additive gpt ¢pir + u does not work here, as
in finite-strain elasticity the additive split of the deformation gradiEnt V¢ = Vepir + VU is not
compatible with the blow-up of the stored energy dengityjear def = 0.

Instead, we follow the approach krancfort & Mielke(2006 Section5) and use the composition

o (t, X) = gpir(t, w(t, X)) = (epir(t, ) o w (D) (X) (5.1
that leads to a multiplicative split of the deformation gradient
F=Vo(t,x) = Vopir(t, y (t, X)) Vi (t, X). (5.2)

To make the following analysis rigourous, we assume @a{t, -) can be smoothly extended onto all
of RY such that it is in fact a diffeomorphism. More precisely, we assume

goir € CH([0, TIxR% RY),  Vopir € BCH([O, T]xRY; RIxY),
Vopir(t, X) € GLL(RY), forall (t,x), and (Vepir)~! e BCO([0, T]xRY; RI*D).
Clearly, we havey (t, X) = ¢pjr (t, X) for x € I'pj, if and only if y (t, X) = x for x € I'pjr. Hence, we let

F= {l// e WEP(Q; RY) | (v — id)IFDi,=0]
With the notations from Sectior&sand3, we then defin® = F x Z and

Et, y,2) = E(t, ppir (t) 0 ¥, 2)

and keeD: Z x Z — [0, co) as above. _
The crucial condition that is needed for controlling the time derivatjfeinvolves the Kirchhoff
stress tensor

(5.3)

K(x, F,z0) =0rW(X, F, z, Q)FT c Rxd

In finite-strain elasticity, it is advantageous and illuminating to consiitler Vg as an element of the
Lie group
GL;(RY) = {G e R¥*Y | G L exists and deB > 0}.

Then, the Kirchhoff tensor turns out to be the left multiplicative derivative, viz.,
. d :
K, F,z 0)[H] = lim —W(x, ehE 2, 0) =g W(X, F,z, )[HF].
e—0 de

In particular, we see that (x, F, z, 0) is an element of gR%)*, where g{RY) = T;GL,(RY) is the
Lie algebra of GL,(RY).

Following Francfort & Mielke(2006 (see als®all, 2002, we assume that in all poin€g, F, z, 6) €
D with W(x, F, z,8) < oo, the functionW is twice differentiable inF such that

3cf,ck >0, V(x,F,20) eD, vH e RI*Y:
|[Kx, F,z 0)]. < cKW(x, F,z8)+c5), (5.4a)
lor K (x, F, 2, )[HF]]. < X (W(x, F,z 8)+c)|H], (5.4b)

where|-| is an arbitrary norm on gR%) and|-|. is the dual norm on gR%)*.
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To illuminate the (multiplicative) Lie group structure further, we omit temporarily the variables
z and@. The following Lemma5.1 states that Conditionb(4g is equivalent to the global Lipschitz
continuity of Iog(W+c§): GL4(RY) — [0, co) with respect to the right-invariant distance

1
deL (Fo, F1)=ian/0 [G)G®)Ydt | G e CL([0, 1]; GLL(RY)),

G(0) = Fy, G(1) = F1] . (5.5)
This definition easily gives the right invariande (FoF, F1F) = dgL(Fo, F1) for all Fo, F1, F €
GLy(RY).
LEMMA 5.1 ForW e C1(GL, (RY), R), the bound in%.49 is equivalent to
V Fo, F1 € GLL(RY):  [log(W(Fo) + c§) — log(W(F1) + ¢§)| < cf deL(Fo, F1).  (5.6)

Proof. Equation 6.6) follows from (5.49 by differentiatingw(t) = log(W(F(t)) + cg) with respect
to time, wherd — F(t) is the geodesic connectirtgy andF1. Then,

_EWFM)FO]  KEO:EOFH™

. Kl -1
o(t) = WED) +ck  WE) +c <clFOFO™

and integration yields5(6). For the opposite conclusion, we use that
1 = Ep-1
“dgL(F, F+&F) —» |FF7Y, fore — 0.
&

With F = HF and 6.6) for Fp = Fp andF1 = F + ¢F, we find, after division by and taking the
limit ¢ = 0O,
OFW(F)[HF
FW(F)[ K] < cK]H].

W(F) + ¢
As H e gl(RY) is arbitrary, this implies§.49. O

Conditions 6.4) are in fact satisfied by many polyconvex stored energy densities, for instance for
Ogden materials. Considgv: R9*4 — R, with

W(F) = a|F|P + with @, 8,1 > 0 andp > 2 for detF > 0

(detF)"
andW (F) = oo for detF < 0. Then, the Kirchhoff tensor takes the form

(dﬁ[rF)f I, wheneveW(F) < oo,

K(F) = ap|F|P2FF T —

and it is easy to establisb @) with ¢ = 0 andck = maxp,r}.
Unfortunately, there is nothing known about the interplay of Condit®®)(and polyconvexity.
In particular, for applications in finite-strain elastoplasticity (dielke, 2002 2003 2004h Mielke &
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Miller, 2006 Giirseset al., 2006), it would be interesting to know whether there existsa> 0 such
that the function

F ecfdGL(l,F)

is polyconvex oriR9*4, when extended by-co outside of GL (RY). This question also involves the
choice of thmorm|~| on gl(RY) used in 6.5). The only positive result is based on themi-norm

I¢] = le+¢T e with 7] = 7:n,

seeMielke & Mller (20086. _ B _

It is easy to see that the definitions @f = F x 2, £: [0, T] x @ — Ry andD: Z x Z —
[0, 0c0) make&(t, .) andD lower semi-continuous with respect to the weak topologWdfP(2; RY) x
W®%2(Q; Zy). Moreover,D is even weakly continuous. Thus, the remaining properties to be established
involve the time derivative ofi&, i.e. the power of the external loading which now includes the forces
fapph Jappi, the temperatur@pp and the Dirichlet boundary daair . .

For the time derivative oW (X, (Vpir) Vi, Z, Oappi(t)), we obtain the old term involvingappi(t)
and a new term involving ¢pjr, namely,

OFW(X, Vopir Vi, Z, Oappi(t)):[ Vepir V]
= [0rW(X, Vpir Vi, Z, Bappi)) (Vooir Vi) 1L Vénir Vi (Vopir Vi) ]
= K (X, Vopir V¥, Z, Oappi():[Vé0ir (Vopir) "],

where we have used the identitB = (ACT):(BC~1). Hence, in analogy to Propositichl, we
obtain the following formula by the help of the assumptibrig:

aEt, v, 2) =/ K (X, Vopir V. Z, Oappi(t)):[ Vépir (Vopir) ~]dx
Q

+ /Q oW (Vir V 1, Z, Bappi())appit) X
— (£(t), pir) — (£(1), PDir),

wheregppir, Vpir andepir = di@pir are evaluated at, y (x)). Using 6.3), we find V¢Dir(V¢Dir)'1 €
CO([0, T] x @; RY9%xd) and obtain the desired estimate

16 (t, v, 2)| <TEE, v, 2) +T5).

Moreover, employingg.4b) as inFrancfort & Mielke (2006 Section5) and the results of Proposition
4.1, we find for eachE, € R and each: > 0, aé > 0 such tha€(ty, y,z) < E. and|tp —t2| < ¢
implies|oiE(t1, v, 2) — & E(t2, v, 2)| < &. Hence, the existence result of Sectboan be generalized
to the case of time-dependent boundary conditions as follows without any change in the proof.

THEOREM5.1 LetQ = F x Z, £ andD be as specified above. Let all the assumptions of Se8tion
hold and, additionally,§.3 and §.4). Then, for each stable initial~sta(ef°, 2% e Q, there exists an
energetic solutioy, z): [0, T] — Q associated with the functionafsandD satisfying(y (0), z(0)) =
(y°,29).

Moreover, this solution satisfies all the properties stated in Thedr2amnalogously.
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6. Discussion

We have shown that the previously developed isothermal models for the hysteretic behaviour for phase
transformations in shape memory alloys can be transferred to the case where the temperature is varying
but given in advance. The aim was to show that the model is still capable to handle finite-strain elasticity.

There are several reasons why a true thermodynamically consistent coupling to the energy equations
is still out of the reach of a rigourous mathematical treatment. One major reason is that almost all
theory of finite-strain elasticity is related to the direct method of calculus of variations. Thus, we do not
know whether the constructed global minimizers for polyconvex material laws satisfy the equilibrium
equations (cfBall, 2002 and whether they are unique. S&eops & Stuart({1984), Knopset al. (2003
andKnops(2006 for a series of uniqueness results in the static and dynamical case.

Using global minimization, we have to expect that the energetic solutions as discussed above have
jumps as functions of time. In a truly coupled thermomechanical model, this would provide an instant
release or absorption of energy which could not be controlled without knowing the ‘jump path’. If
suitable unigueness conditions, at least in certain relevant regimes, would be available, then it should
be possible to show that no jumps occur. In fact, it is the purpose of the mesoscopical models using
the phase fractiong(t, xX) € Zyu to devise smoother models. In the case of small strains (see, e.g.
Auricchio & Petrini 2004 Stein & Zwickert 2007 Auricchio et al,, 2006, there is much more hope to
treat suitable models with correct coupling between temperature changes and phase transformations.
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