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We propose a model for phase transformations that are driven by changes in the temperature. We consider
the temperature as a prescribed quantity like an applied load. The model is based on the energetic formu-
lation for rate-independent systems and thus allows for finite-strain elasticity. Time-dependent Dirichlet
boundary conditions can be treated by decomposing the deformation as a composition of a given defor-
mation satisfying the time-dependent boundary conditions and a part coinciding with the identity on the
Dirichlet boundary.
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1. Introduction

The mathematical modelling of shape memory materials has attracted a lot of attention within the last
25 years by quite different series of work. One area was based on more phenomenological models in
one or more spatial dimensions but included a thermodynamically consistent coupling to the energy
equation (seeFalk, 1980; Colli et al., 1990; Huo & Müller, 1993; Sprekels & Zheng, 1993; Abeyaratne
et al., 1996; Frémond & Miyazaki, 1996; Brokate & Sprekels, 1996; Kuczmaet al., 1999; Rajagopal &
Srinivasa, 1999; Auricchio & Petrini, 2004). The other area is treating a question of possible microstruc-
tures of equilibria by a careful analysis of the underlying microscopic crystallographic information about
the different phases (seeBall & James, 1987; Bhattacharya, 1993, 2003; Müller, 1999).

Only recently, the latter theory was generalized to describe also the evolution of such microstructure,
yet it remained restricted to the rate-independent and isothermal case (seeMielke & Theil, 1999; Mielke
et al., 2002; Mielke & Roub́ıček, 2003; Mielke, 2004a; Kruž́ık et al., 2005). However, there is also some
work on rate-dependent systems respecting the correct microscopical data, seeArndt et al. (2003) and
Kruž́ık & Otto (2004) and the survey inRoub́ıček(2004).

However, a systematic mathematical study of temperature-driven phase transformation does not
exist yet. Here, we want to provide some first results in this direction as there are many engineering
applications using the temperature as the main control mechanism for the shape memory effect (see,
e.g.Huo & Müller, 1993; Kuczmaet al., 1999; Auricchio & Petrini, 2004; Stein & Zwickert, 2007;
Brokate & Sprekels, 1996, Chapter 5).
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In order to be able to treat the case of finite-strain elasticity, which is modelled by polyconvex stored
energy density, we stay in the rate-independent setting, which allows us to use minimization techniques
(direct method in the calculus of variations). However, this approach implies that we have to restrict the
temperature fields to stationary states at each time instantt ∈ [0, T ], wheret is a slow process time
that moves much slower than all relaxation processes in the body. In particular, we make the modelling
assumption that the temperatureθ is givena priori as an ‘applied load’ and we writeθ = θappl(t, x).
Such an assumption is often used in engineering, as it is sometimes acceptable, especially if the body is
small in at least one direction like wires or plates. Then, produced or absorbed heat can well be assumed
to be compensated for fast through the environment. Nevertheless,θappl(t, ∙) may be a non-constant
equilibrium of the heat equation, if the temperature is fixed by heating or cooling at parts of the boundary.

Our model consists of a material that can be described by a stored energy densityW(x,∇ϕ, z, θ),
wherex ∈ Ω denotes the material point,F = ∇ϕ is the gradient of the deformationϕ: Ω → Rd and
z: Ω → ZM =

{
(z1, . . . , zM ) ∈ [0, 1]M

∣
∣∑M

1 zj = 1
}

is the phase indicator, wherezj ∈ [0, 1] gives
the volume fraction of thej th phase. The energy potential then takes the form

E(t, ϕ, z) =
∫

Ω
W(x,∇ϕ, z, θappl(t, x))dx + G(z)− 〈`(t), ϕ〉, (1.1)

where` ∈ C1([0, T ],W1,p(Ω)∗) denotes an applied loading, see (2.2), andG is a regularizing term
such thatG(z) ∼ ‖z‖p

Wα,p(Ω) for someα ∈ (0, 1/p).

In addition, we specify a dissipation distanceD onZ = L1(Ω; ZM ) in the form

D(zold, znew) =
∫

Ω
δ(x, zold(x), znew(x))dx, (1.2)

whereδ(x, ∙, ∙) is a (possibly unsymmetric) metric onZM , see (2.3). Specifying the setF as those
functionϕ ∈ W1,p(Ω;Rd) satisfying the Dirichlet boundary dataϕDir at ΓDir ⊂ ∂Ω, we are able to
pose our problem as the energetic formulation for rate-independent systems as inMielke et al. (2002),
Mainik & Mielke (2005) andMielke (2005). For a given initial value(ϕ0, z0) ∈ F × Z, we have to
find a pair(ϕ, z): [0, T ] → F × Z with (ϕ(0), z(0)) = (ϕ0, z0) such that for allt ∈ [0, T ] the ‘global
stability’ (S) and the ‘energy balance’ (E) hold:

(S) E(t, ϕ(t), z(t)) 6 E(t, ϕ̂, ẑ)+D(z(t), ẑ), for all (ϕ̂, ẑ) ∈ F × Z,

(E) E(t, ϕ(t), z(t))+ DissD(z, [0, t ]) = E(0, ϕ(0), z(0))+
∫ t

0
∂sE(s, ϕ(s), z(s))ds,

where DissD(z, [s, t ]) is defined as the supremum of
∑n

j =1D(z(t j −1), z(t j )) over all finite partitions
s 6 t0 < t1 < ∙ ∙ ∙ < tn 6 t . For short, we call any such(ϕ, z): [0, T ] → F × Z an ‘energetic solution
associated withE andD’. Note that for the solvability of the Cauchy problem with the initial condition
(ϕ(0), z(0)) = (ϕ0, z0), it is necessary that(ϕ0, z0) satisfies the stability condition (S) for timet = 0.

This energetic formulation is a certain weak form for the more familiar differential inclusions for
rate-independent systems (cf.Mielke & Theil, 2004; Mielke, 2005). Its advantage arises from the fact
that it is derivative free and thus allows for a wide range of applications. Note that the formulation does
not need any time derivatives of the solution(ϕ, z) and the needed spatial derivatives are only those that
are needed to define the energy functionalE . Moreover, no derivatives of the constitutive functionsW
andδ occur such that lower semi-continuity will be enough.

In Section2, we provide more details on the model and in Section3, we specify the exact assump-
tions on the constitutive functionsW andδ. The main point is that the partial derivative∂tE(t, ϕ, z) has
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to be defined wheneverE(t, ϕ, z) < ∞. In finite-strain elasticity, we have to allow forE(t, ϕ, z) = +∞,
namely, if det∇ϕ(x) 6 0 on a set of positive measure. Thus, we haveE(t, ϕ, z) = +∞ on a dense set
in [0, T ] × F × Z.

In Proposition4.1, we will derive an estimate of the form

|∂tE(t, ϕ, z)| 6 cE
1 (E(t, ϕ, z)+ cE

0 ) (1.3)

under the assumption thatW satisfies|∂θW(x, F, z, θ)| 6 cW
1 (W(x, F, z, θ) + cW

0 ) and that∂tθappl ∈
L∞([0, T ] × Ω). Using the standard coercivity and polyconvexity assumptions, we then show in
Theorem4.2 that for all stable initial data(ϕ0, z0), some energetic solution exists. Here, we draw from
the abstract theory developed inMainik & Mielke (2005), Mielke (2005) andFrancfort & Mielke(2006).

Finally, Section5 treats the case of time-dependent Dirichlet boundary conditions. For this, we
assume that eachϕDir(t, ∙) can be extended to a diffeomorphism fromRd to Rd such thatϕDir ∈
C2([0, T ] × Rd;R) and∇ϕDir, (∇ϕDir)

−1 ∈ BC1([0, T ] × Rd;Rd×d) (here, ‘BC1’ denotes the fun-
ctions inC1 that are bounded and have a bounded first derivative). Then, we seekϕ(t, ∙) in the form
ϕ(t, x) = ϕDir(t, ψ(t, x)) with ψ(t, ∙) ∈ F̃ , where

F̃ =
{
ψ ∈ W1,p(Ω;Rd)

∣
∣ ψ |ΓDir = id

}
and Ẽ(t, ψ, z) = E(t, ϕDir(t) ◦ ψ, z).

The crucial observation inFrancfort & Mielke(2006) was that∂t Ẽ(t, ψ, z) again satisfies an estimate
of the form (1.3), if W satisfies an estimate of the form

|∂F W(x, F, z, θ)F>| 6 cK
1 (W(x, F, z, θ)+ cK

0 ). (1.4)

The tensor on the left-hand side is called the Kirchhoff stress tensor. ConsideringF as an element of
the Lie group GL+(Rd), we have to interpret∂F W as an element ofT∗

FGL+(Rd) and∂F W F> lies in
T∗

I GL+(Rd) = gl(Rd)∗. We address some of these Lie group issues, which were initiated inMielke
(2002, 2003), in the context of finite-strain elastoplasticity.

Using (1.4) and a similar estimate for the second derivative, we are then able to transfer the isother-
mal existence result ofFrancfort & Mielke(2006) into our temperature-driven model, see Theorem5.1.

2. The mechanical model

We consider a body with reference configurationΩ ⊂ Rd. The body may undergo deformations
ϕ:Ω → Rd and phase transformations. The latter will be characterized by the internal variablez:Ω →
ZM , whereZM is the Gibbs simplex

ZM =

{

Z = (z1, . . . , zM ) ∈ RM

∣
∣
∣
∣
∣

zj > 0,
M∑

m=1

zm = 1

}

. (2.1)

As explained above, the material behaviour also depends on the temperatureθ , which will be considered
as a time dependent and possibly space dependent given parameterθappl: [0, T ] ×Ω → R for the given
temperature profile. This approximation is often used in engineering models and can be justified in
situations where the changes of the loading are relatively slow compared to typical heat-diffusion times
in the given body. In particular, these times are short for bodies that are small in at least one direction.
Our model considers phase transformations that are induced by suitable strains and may produce or
absorb latent heat. However, under the above assumptions, this heat can be compensated by the heat
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bath provided by the environment or the boundary conditions. In particular, heating at parts of the body
(e.g. one end of a long wire) may give rise to a temperature profile that depends on the material points.
In fact, the same arguments are used for the justification of isothermal models; hence, the present work
is a further small step into the direction of models taking into account a full thermomechanical coupling.

The stored energy densityW:Ω×Rd×d × ZM × (0,∞) → R∞ := R∪{∞} describes the material
behaviour and we obtain the ‘stored energy functional’E defined in (1.1), wherè (t) denotes the applied
mechanical loading in the form

〈`(t), ϕ〉 =
∫

Ω
fappl(t, x) ∙ ϕ(x)dx +

∫

∂Ω
gappl(t, x) ∙ ϕ(x)da. (2.2)

The termG(z) denotes some regularizing contribution which introduces a length scale and thus sup-
presses very small oscillations of the volume fractionsz. As for microstructures in shape memory alloys,
we expect jumps inz (e.g. at habit planes where twins of martensites meet the austenite) and we choose
either

G(z) =
∫

Ω
κ|||Dz||| = sup

{∫

Ω
κz ∙ divψ dx

∣
∣
∣
∣
∣
ψ ∈ C1

c(Ω;RM×d), |||ψ(x)|||∗ 6 1 for all x ∈ Ω

}

,

(where|||∙|||∗ denotes an arbitrary norm onRM×d) or

G(z) = κ

∫

Ω×Ω

|z(x)− z(y)|p

|x − y|d+pα
dx dy

for somep ∈ (1,∞) andα ∈ (0, 1/p). These terms are such that functionsz ∈ Z = L1(Ω; ZM )
with G(z) < ∞ lie in BV(Ω;RM ) or Wα,p(Ω;RM ), respectively. These spaces embed compactly
into L1(Ω;RM ) but still allow for solutions with jumps along sufficiently regular hypersurfaces inΩ.
For simplicity, we restrict to the caseWα,p(Ω;RM ) and refer toMainik (2006) for the case using
BV(Ω;RM ).

For describing the hysteretic behaviour of the phase transformations, we use a ‘dissipation distance’
D defined onZ. For this, we introduce a constitutive functionδ: Ω × ZM × ZM → [0,∞), which
satisfies for allx ∈ Ω, z1, z2, z3 ∈ ZM , the estimates

1
C |z1 − z2| 6 δ(x, z1, z2) 6 C|z1 − z2|,

δ(x, z1, z3) 6 δ(x, z1, z2)+ δ(x, z2, z3).
(2.3)

With this, we define the dissipation distanceD: Z × Z → [0,∞) as in (1.2), which then satisfies

1

C
‖zold − znew‖L1(Ω) 6 D(zold, znew) 6 C‖zold − znew‖L1(Ω)

and the triangle inequality. Note that we allow for unsymmetry, i.e.D(zold, znew) 6= D(znew, zold) may
occur.

We specify the set of admissible deformationsF by choosing a suitable Sobolev spaceW1,p(Ω;Rd)
and describing the Dirichlet data at the partΓDir of ∂Ω:

F =
{
ϕ ∈ W1,p(Ω;Rd)

∣
∣ (ϕ − ϕDir)|ΓDir = 0

}
,
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whereϕDir ∈ W1,p(Ω;Rd) is given. Throughout, we assume thatp ∈ (1,∞),Ω andΓDir are such that
there exists aCΩ,Dir > 0 so that

∀ϕ ∈ W1,p(Ω;Rd) with ϕ|ΓDir = 0: ‖∇ϕ‖L p > CΩ,Dir‖ϕ‖W1,p . (2.4)

Finally, the process is assumed to be governed by the energetic formulation of rate-independent pro-
cesses as introduced inMielke & Theil (1999) andMielke et al. (2002), see also the survey inMielke
(2005). A function (ϕ, z): [0, T ] → F × Z is called an ‘energetic solution’ of the rate-independent
system associated withE andD if ∂tE(∙, ϕ(∙), z(∙)) ∈ L1([0, T ]) and if for all t ∈ [0, T ] we have the
global stability (S) and the energy balance (E):

(S)∀ (ϕ̃, z̃) ∈ F × Z: E(t, ϕ(t), z(t)) 6 E(t, ϕ̃, z̃)+D(z(t), z̃),

(E) E(t, ϕ(t), z(t))+ DissD(z, [0, t ]) = E(0, ϕ(0), z(0))+
∫ t

0
∂sE(s, ϕ(s), z(s))ds,

where the dissipation DissD is defined via

DissD(z, [r, s]) = sup






N∑

j =1

D(z(t j −1), z(t j ))

∣
∣
∣
∣
∣

N ∈ N, r 6 t0 < t1 < ∙ ∙ ∙ < tN 6 s





.

We note that this energetic formulation reduces to the classical theory of ‘generalized standard ma-
terials’ (seeMielke, 2006), if we assume that the solutions are sufficiently smooth andδ has the form
δ(x, z1, z2) = Δ(x, z2 − z1). Then, (S) and (E) are equivalent to

−div ∂F W(x,∇ϕ, z, θappl) = fappl in Ω,

∂żΔ(x, ż)+ ∂zW(x,∇ϕ, z, θappl)+ DG(z) 3 0 in Ω,

ϕ = ϕDir on ΓDir,

∂F W(x,∇ϕ, z, θappl)n = gappl on ∂Ω\ΓDir ,

where ż = ∂
∂t z. Of course, the theory of generalized standard materials is much more general as it

may include rate-dependent material laws as well as kinetic terms. Our analysis is restricted to the case
of strict rate independence without kinetic terms. As a compensation, the energetic formulation allows
for the treatment of highly non-linear problems, for instance polyconvex material laws including the
determinant constraint det∇ϕ > 0, see Section5.

3. The mathematical assumptions

We make the assumptions more precise now. For the stored energy densityW, we letD = Ω ×Rd×d ×
ZM × [θmin, θmax] and assume that

W: D → R∞ is a normal integrand, (3.1)

i.e. for a.a.x ∈ Ω, the functionW(x, ∙, ∙, ∙) is lower semi-continuous and for all(F, z, θ), the function
W(∙, F, z, θ) is measurable. We assume coercivity as follows:

∃ p > d, ∃ C > 0, ∀ (x, F, z, θ) ∈ D: W(x, F, z, θ) >
1

C
|F |p − C. (3.2)
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Our conditions will be compatible with the conditionW(x, F, z, θ) = +∞ for detF 6 0 and
W(x, Fk, z, θ) → +∞ if 0 < detFk → 0. Moreover, they are compatible with frame indifference,
namely,W(x, RF, z, θ) = W(x, F, z, θ) for all R ∈ SO(Rd). Of course, we do not need to impose
these conditions as they are not needed to prove the existence result below. However, they are physically
desirable and make the mathematics much more difficult. The notion of polyconvexity was developed
to handle exactly this case (see, e.g.Müller, 1999; Ball, 2002).

The stored energy densityW is called polyconvex inF ∈ Rd×d, if W(x, ∙, z, θ) can be written as a
convex function ofM(F) ∈ Rτ(d), the vector of all minors (subdeterminants) ofF ∈ Rd×d. Ford = 2,
we haveM(F) = (F, detF) with τ(2) = 5 and ford = 3 we haveM(F) = (F, cof F, detF) with
τ(3) = 19. More precisely, we assume

∃ a normal integrandG: Ω × Rτ(d) × ZM × [θmin, θmax] → R∞ :

(i) ∀ (x, z, θ) : G(x, ∙, z, θ): Rτ(d) → R∞ is convex,

(ii) ∀ (x, F, z, θ) ∈ D : W(x, F, z, θ) = G(x,M(F), z, θ).

(3.3)

The final conditions concern the temperature dependence ofW. The applied temperature will insert
or extract energy according to∂θW(x,∇ϕ, z, θappl)θ̇appl. To control this term, we assume thatθappl is

smooth enough, the derivatives∂ j
θ W exist for j = 1 and 2 everywhere, whereW is finite, and these

derivatives are dominated byW itself:

∃ cW
0 , c

W
1 > 0, ∀ (x, F, z, θ) ∈ D, ∀ j ∈ {1, 2} :

|∂ j
θ W(x, F, z, θ)| 6 cW

1 (W(x, F, z, θ)+ cW
0 ).

(3.4)

LEMMA 3.1 If assumption (3.4) holds, then for all(x, F, z, θ) ∈ D and allθ1 ∈ [θmin, θmax], we have

W(x, F, z, θ1)+ cW
0 6 ecW

1 |θ1−θ |(W(x, F, z, θ)+ cW
0 ).

Proof. We consider(x, F, z) to be fixed and definew(θ) = W(x, F, z, θ)+ cW
0 . Assumption (3.4) sim-

ply means|w′(θ)| 6 cW
1 w(θ). Thus, Gronwall’s lemma yields the desired resultw(θ1) 6 ecW

1 |θ1−θ |w(θ)
for all θ, θ1 ∈ [θmin, θmax]. In particular, it is sufficient to havew(θ) < ∞ at one point to conclude that
w is finite on the whole interval. �

Before using this condition for the estimate of the time derivative of the stored energy function, we
discuss possible constitutive relations that satisfy all our assumptions. For simplicity, we neglect any
dependence on the material pointx ∈ Ω. In shape memory models, it is usual to start from the stored
energy densities of the pure phases, i.e. withz = ej ∈ RM for the j th phase or variant of a phase. We
assume that each of these phases is described by a polyconvex stored energy density

Wj :

{
Rd×d × [θmin, θmax] → R∞,

(F, θ) 7→ gj (M(F), θ),

where gj (∙, θ) is assumed to be continuous and convex whileg(M(F), ∙) ∈ C2([θmin, θmax]) or
g(M(F), ∙) ≡ +∞. Typical examples are of the typeWj (F, θ) = +∞ for detF 6 0 and

Wj (F, θ) = aj (θ)|F |p +
bj (θ)

(detF)r
+ W̃j (F, θ), for detF > 0, (3.5)
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whereaj , bj ∈ C2([θmin, θmax]; (0,∞)) and the exponents satisfyr > 0 and p > d. The function
W̃j : Rd×d × [θmin, θmax] → R is assumed to be polyconvex inF , twice differentiable inθ and of lower
order, i.e.

∀ i ∈ {0, 1, 2}, ∀ F ∈ Rd×d, ∀ θ ∈ [θmin, θmax]: |∂ i
θ W̃j (F, θ)| 6 C(1 + |F |) p̃

for someC > 0 andp̃ < p. In particular, the functions̃Wj are supposed to contain the information about
the anisotropies of the different phases, seeSchr̈oder & Neff (2003) for suitable anisotropic polyconvex
functions.

The final stored energy density is now obtained by interpolating between the extremal pure phases.
We may use either a linear or an exponential interpolation and in addition, we may add a mixture term
for penalizing phase mixtures:

W(F, z, θ) =
M∑

j =1

zj Wj (F, θ)+ wmix(z, θ) (3.6)

or

W(F, z, θ) =
1

β
log




M∑

j =1

zj eβWj (F,θ)



+ wmix(z, θ), (3.7)

where, for instance,wmix(z, θ) =
∑M

j =1 γ j z
r j
j (1 − zj )

r j for γ j = γ j (θ) > 0 andr j = r j (θ) > 0. In
both cases, the functionW(∙, z, θ) inherits polyconvexity. For (3.7), we may even allow forβ = β(θ) if
the leading coefficientsaj andbj for Wj in (3.5) are independent ofj . Then,W in (3.7) takes the form

W(F, z, θ) = a(θ)|F |p +
b(θ)

(detF)r
+

1

β(θ)
log




M∑

j =1

zj eβ(θ)W̃j (F,θ)



+ wmix(z, θ).

In conclusion, this shows that based on standard polyconvex materials, it is easily possible to construct
stored energy densities satisfying the above assumptions.

4. The main existence result

For a given temperature profileθappl and a given external loading̀with

θappl ∈ C1([0, T ]; L∞(Ω; [θmin, θmax])) and

` ∈ C1([0, T ]; W1,p(Ω;Rd)∗),
(4.1)

we now study the stored energy functionalE as defined in (1.1).

PROPOSITION4.1 Under the above assumptions, the following holds:

(a) If for some(t∗, ϕ, z) ∈ [0, T ] × F × Z, we haveE(t∗, ϕ, z) < ∞, thenE(∙, ϕ, z) ∈ C1([0, T ])
and∂tE(t, ϕ, z) =

∫
Ω ∂θW(∇ϕ, z, θappl(t))θ̇appl(t)dx − 〈 ˙̀(t), ϕ〉.

(b) There exist constantscE
0 , c

E
1 > 0 such thatE(t, ϕ, z) < ∞ implies |∂tE(t, ϕ, z)| 6 cE

1 (E(t,
ϕ, z)+ cE

0 ).
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(c) For eachE∗ ∈ R andε > 0, there exists aδ > 0 such thatE(t1, ϕ, z) 6 E∗ and|t1 − t2| < δ
imply |∂tE(t1, ϕ, z)− ∂tE(t2, ϕ, z)| < ε.

Proof. We first use the coercivity (3.2) to find

E(t∗, ϕ, z) >
1

C
‖∇ϕ‖p

L p − C|Ω| − ‖`(t∗)‖‖ϕ‖W1,p .

Using (2.4), we obtainc0,C0 > 0 such that

E(t∗, ϕ, z) > c0‖ϕ‖p
W1,p − C0. (4.2)

To show differentiability with respect tot , we useθappl ∈ C1([0, T ]; L∞(Ω; [θmin, θmax])) and
Condition (3.4). For h 6= 0 andt∗ + h ∈ [0, T ], the mean value theorem provides somes ∈ (0, 1)
such that

1

h
(E(t∗+h, ϕ, z)− E(t∗, ϕ, z)) =

∫

Ω
∂θW(x,∇ϕ, z, θappl(t∗+sh, x))∂tθappl(t∗+sh, x)dx

−
〈

1

h
(`(t∗+h)− `(t∗)), ϕ

〉
.

UsingE(t∗, ϕ, z) < ∞ and Lemma3.1, we know that|∂θW(x,∇ϕ(x), z(x), θ̃ (x))| 6 g̃(x), a.e. onΩ
for somẽg ∈ L1(Ω), wherẽθ ∈ L∞(Ω; [θmin, θmax]) is arbitrary. Since∂tθ ∈ C0([0, T ]; L∞(Ω)), we
may pass to the limith → 0 by the Lebesgue theorem and part (a) is proved.

For part (b), we use the representation of part (a) and estimate as follows:

|∂tE(t, ϕ, z)| 6
∫

Ω
|∂θW(x,∇ϕ, z, θappl)|dx‖∂tθappl‖∞ + ‖ ˙̀(t)‖∗‖ϕ‖W1,p .

Using (3.4) for j = 1 and (4.2), the desired result follows immediately.
For part (c), we use (3.4) for j = 2 and (4.1), which implies

‖ ˙̀(t1)− ˙̀(t2)‖∗ + ‖∂tθappl(t1, ∙)− ∂tθappl(t2, ∙)‖L∞(Ω) 6 ω(|t1 − t2|), (4.3)

whereω: [0,∞) → [0,∞) is a continuous modulus of continuity withω(0) = 0. We obtain

|∂tE(t1, ϕ, z)− ∂tE(t2, ϕ, z)|

6
∫

Ω
|∂θW(x,∇ϕ, z, θappl(t1))− ∂θW(x,∇ϕ, z, θappl(t2))| ‖∂tθappl(t1)‖∞ dx

+
∫

Ω
|∂θW(x,∇ϕ, z, θappl(t2))| ‖∂tθappl(t1)−∂tθappl(t2)‖∞ dx + ‖ ˙̀(t1)− ˙̀(t2)‖∗ ‖ϕ‖W1,p

6
∫

Ω
cW

1 [W(x,∇ϕ, z, θappl(t1+s(t2−t1)))+ cW
0 ] ‖θappl(t1)− θappl(t2)‖∞ dx ‖∂tθ‖∞

+ C̃(E(t, ϕ, z)+E0)ω(|t1−t2|)

6 Ĉ(|t1−t2|)+ ω(|t1−t2|),

whereE0 = max{cE
0 ,C0} andC̃ andĈ are suitable constants. Thus, the proposition is established.�
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We now show that the energetic formulation (S) and (E) introduced in Section2 has at least one
solutionq = (ϕ, z): [0, T ] → Q = F × Z, for a given stable initial datumq0 ∈ Q. Here,q0 is
called ‘stable’ if it satisfies the (static) condition (S) at timet = 0. The existence theory relies on the
abstract framework developed inMainik & Mielke (2005) with the recent refinements derived inMielke
(2005) andFrancfort & Mielke(2006). These refinements are based on the selection technique and an
approximation result of Lebesgue integrals via Riemann sums developed inDal Masoet al. (2005).

Here, we do not go into the details of the proof of the abstract result. We just mention that the theory
is based on time-incremental minimization problems for sequences of partitions 0= tk

0 < tk
1 < ∙ ∙ ∙ <

tk
Nk−1 < tk

Nk
= T in the form

(IP)k

{
Givenq0 ∈ Q, find iterativelyqk

1, . . . , q
k
Nk

∈ Q such that

qk
j minimizes̃q 7→ E(tk

j , q̃)+D(qj −1, q̃).

Thus, for eachk, we may define the piecewise constantinterpolantqk: [0, T ] → Q with qk(t) = qk
j for

t ∈ [tk
j , t

k
j +1) for j = 0, . . . , Nk.

THEOREM 4.2 LetQ = F × Z be as specified above and letE andD satisfy the assumptions from
above. Then, for each stableq0 ∈ Q, there exists an energetic solutionq0: [0, T ] → Q with q(0) = q0.
This solutionq = (ϕ, z) satisfies

ϕ ∈ L∞([0, T ],W1,p(Ω;Rd)) and

z ∈ L∞([0, T ],Wα,2(Ω;RM )) ∩ BV([0, T ]; L1(Ω,Rm)),

and it can be obtained as the limit of a subsequence(qkl )l∈N of the above interpolants associated with
(IP)k as follows:

(i) ∀ t ∈ [0, T ] : zkl (t) ⇀ z(t) in Wα,2(Ω;RM ),

(ii ) ∀ t ∈ [0, T ] : E(t,qkl (t)) → E(t,q(t)),

(iii ) ∀ t ∈ [0, T ] : DissD(q
kl , [0, t ]) → DissD(q, [0, t ]),

(iv) ∀ t ∈ [0, T ] ∃ subsequence(kt
n)n∈N of (kl )l∈N : ϕkt

n(t) ⇀ ϕ(t) in W1,p(Ω;Rd).

The main point in passing to the limit is the use of the weak lower semi-continuity ofE(t, ∙) onQ
considered as a convex subset ofW1,p(Ω;Rd)× Wα,2(Ω;RM ). The dissipation behaves better as it is
strongly continuous inL1(Ω) and hence weakly continuous inZ = Wα,2(Ω; ZM ). Together with the
good dependence on the timet , which was derived in Proposition4.1, we have fulfilled all assumptions
of the abstract theory inFrancfort & Mielke(2006, Section3). This proves our Theorem4.2.

5. Time-dependent Dirichlet conditions, compositions and Lie groups

So far, we have studied the situation that the boundary conditionsϕDir onΓDir ⊂ ∂Ω are independent
of time. Hence, the spaceF of admissible deformations could be chosen independent of time as well.
Of course, typical practical situations lead to cases whereϕDir depends on time.

The usual treatments of time-dependent boundary data involve either the additive splitϕ(t) =
ϕDir(t) + u, whereu can then be chosen in a fixed space, or a replacement of the ‘hard constraint’
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ϕ − ϕDir(t)|ΓDir ≡ 0 by the penalization1δ
∫
ΓDir

|ϕ − ϕDir(t)|2 da, which is added to the energy func-
tional. The latter method would be applicable in our case of finite-strain elasticity. However, it has the
disadvantage that the treatment of the limitδ → 0 is not so easy and it is rather awkward to control the
work done by the changing boundary condition. The additive splitϕ = ϕDir + u does not work here, as
in finite-strain elasticity the additive split of the deformation gradientF = ∇ϕ = ∇ϕDir + ∇u is not
compatible with the blow-up of the stored energy densityW near detF = 0.

Instead, we follow the approach inFrancfort & Mielke(2006, Section5) and use the composition

ϕ(t, x) = ϕDir(t, ψ(t, x)) = (ϕDir(t, ∙) ◦ ψ(t))(x) (5.1)

that leads to a multiplicative split of the deformation gradient

F = ∇ϕ(t, x) = ∇ϕDir(t, ψ(t, x))∇ψ(t, x). (5.2)

To make the following analysis rigourous, we assume thatϕDir(t, ∙) can be smoothly extended onto all
of Rd such that it is in fact a diffeomorphism. More precisely, we assume

ϕDir ∈ C1([0, T ]×Rd;Rd), ∇ϕDir ∈ BC1([0, T ]×Rd;Rd×d),

∇ϕDir(t, x) ∈ GL+(Rd), for all (t, x), and (∇ϕDir)
−1 ∈ BC0([0, T ]×Rd;Rd×d).

(5.3)

Clearly, we haveϕ(t, x) = ϕDir(t, x) for x ∈ ΓDir if and only ifψ(t, x) = x for x ∈ ΓDir . Hence, we let

F̃ =
{
ψ ∈ W1,p(Ω;Rd)

∣
∣ (ψ − id)|ΓDir=0

}

With the notations from Sections2 and3, we then definẽQ = F̃ × Z and

Ẽ(t, ψ, z) = E(t, ϕDir(t) ◦ ψ, z)

and keepD: Z × Z → [0,∞) as above.
The crucial condition that is needed for controlling the time derivative∂t Ẽ involves the Kirchhoff

stress tensor

K (x, F, z, θ) = ∂F W(x, F, z, θ)F> ∈ Rd×d.

In finite-strain elasticity, it is advantageous and illuminating to considerF = ∇ϕ as an element of the
Lie group

GL+(R
d) = {G ∈ Rd×d | G−1 exists and detG > 0}.

Then, the Kirchhoff tensor turns out to be the left multiplicative derivative, viz.,

K (x, F, z, θ)[H ] = lim
ε→0

d

dε
W(x, eεH F, z, θ) = ∂F W(x, F, z, θ)[H F ].

In particular, we see thatK (x, F, z, θ) is an element of gl(Rd)∗, where gl(Rd) = TI GL+(Rd) is the
Lie algebra of GL+(Rd).

FollowingFrancfort & Mielke(2006) (see alsoBall, 2002), we assume that in all points(x, F, z, θ)∈
D with W(x, F, z, θ) < ∞, the functionW is twice differentiable inF such that

∃ cK
0 , c

K
1 > 0, ∀ (x, F, z, θ) ∈ D, ∀ H ∈ Rd×d:

K (x, F, z, θ) ∗ 6 cK
1 (W(x, F, z, θ)+cK

0 ), (5.4a)

∂F K (x, F, z, θ)[H F ] ∗ 6 cK
1 (W(x, F, z, θ)+cK

0 ) H , (5.4b)

where ∙ is an arbitrary norm on gl(Rd) and ∙ ∗ is the dual norm on gl(Rd)∗.



654 A. MIELKE

To illuminate the (multiplicative) Lie group structure further, we omit temporarily the variablesx,
z and θ . The following Lemma5.1 states that Condition (5.4a) is equivalent to the global Lipschitz
continuity of log(W+cK

0 ): GL+(Rd) → [0,∞) with respect to the right-invariant distance

dGL(F0, F1)= inf

{∫ 1

0
Ġ(t)G(t)−1 dt

∣
∣
∣
∣
∣

G ∈ C1([0, 1]; GL+(R
d)),

G(0) = F0, G(1) = F1

}

. (5.5)

This definition easily gives the right invariancedGL(F0F, F1F) = dGL(F0, F1) for all F0, F1, F ∈
GL+(Rd).

LEMMA 5.1 ForW ∈ C1(GL+(Rd),R), the bound in (5.4a) is equivalent to

∀ F0, F1 ∈ GL+(R
d) : | log(W(F0)+ cK

0 )− log(W(F1)+ cK
0 )| 6 cK

1 dGL(F0, F1). (5.6)

Proof. Equation (5.6) follows from (5.4a) by differentiatingw(t) = log(W(F(t)) + cK
0 ) with respect

to time, wheret 7→ F(t) is the geodesic connectingF0 andF1. Then,

ẇ(t) =
∂F W(F(t))[ Ḟ(t)]

W(F(t))+ cK
0

=
K (F(t)):(Ḟ(t)F(t)−1)

W(F)+ cK
0

6 cK
1 Ḟ(t)F(t)−1

and integration yields (5.6). For the opposite conclusion, we use that

1

ε
dGL(F, F+ε F̂) → F̂ F−1 , for ε → 0.

With F̂ = H F and (5.6) for F0 = F1 and F1 = F + ε F̂ , we find, after division byε and taking the
limit ε → 0,

∂F W(F)[H F ]

W(F)+ cK
0

6 cK
1 H .

As H ∈ gl(Rd) is arbitrary, this implies (5.4a). �
Conditions (5.4) are in fact satisfied by many polyconvex stored energy densities, for instance for

Ogden materials. ConsiderW: Rd×d → R∞ with

W(F) = α|F |p +
β

(detF)r
with α, β, r > 0 andp > 2 for detF > 0

andW(F) = ∞ for detF 6 0. Then, the Kirchhoff tensor takes the form

K (F) = αp|F |p−2F F> −
βr

(detF)r
I , wheneverW(F) < ∞,

and it is easy to establish (5.4) with cK
0 = 0 andcK

1 = max{p, r }.
Unfortunately, there is nothing known about the interplay of Condition (5.6) and polyconvexity.

In particular, for applications in finite-strain elastoplasticity (cf.Mielke, 2002, 2003, 2004b; Mielke &
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Müller, 2006; Gürseset al., 2006), it would be interesting to know whether there exists acK
1 > 0 such

that the function

F 7→ ecK
1 dGL(I ,F)

is polyconvex onRd×d, when extended by+∞ outside of GL+(Rd). This question also involves the
choice of thenorm ∙ on gl(Rd) used in (5.5). The only positive result is based on thesemi-norm

ξ = ξ+ξ>
F with η 2

F = η:η,

seeMielke & Müller (2006).
It is easy to see that the definitions of̃Q = F̃ × Z, Ẽ : [0, T ] × Q̃ → R∞ andD: Z × Z →

[0,∞)makeẼ(t, ∙) andD lower semi-continuous with respect to the weak topology ofW1,p(Ω;Rd)×
Wα,2(Ω; ZM ). Moreover,D is even weakly continuous. Thus, the remaining properties to be established
involve the time derivative of∂t Ẽ , i.e. the power of the external loading which now includes the forces
fappl, gappl, the temperatureθappl and the Dirichlet boundary dataϕDir .

For the time derivative ofW(x, (∇ϕDir)∇ψ, z, θappl(t)), we obtain the old term involvinġθappl(t)
and a new term involving∇ϕ̇Dir , namely,

∂F W(x,∇ϕDir∇ψ, z, θappl(t)):[∇ϕ̇Dir∇ψ ]

= [∂F W(x,∇ϕDir∇ψ, z, θappl(t))(∇ϕDir∇ψ)
>]:[∇ϕ̇Dir∇ψ (∇ϕDir∇ψ)

−1]

= K (x,∇ϕDir∇ψ, z, θappl(t)):[∇ϕ̇Dir(∇ϕDir)
−1],

where we have used the identityA:B = (AC>):(BC−1). Hence, in analogy to Proposition4.1, we
obtain the following formula by the help of the assumption (5.4a):

∂t Ẽ(t, ψ, z) =
∫

Ω
K (x,∇ϕDir∇ψ, z, θappl(t)):[∇ϕ̇Dir(∇ϕDir)

−1]dx

+
∫

Ω
∂θW(∇ϕDir∇ψ, z, θappl(t))θ̇appl(t)dx

− 〈 ˙̀(t), ϕDir〉 − 〈`(t), ϕ̇Dir〉,

whereϕDir,∇ϕDir andϕ̇Dir = ∂tϕDir are evaluated at(t, ψ(x)). Using (5.3), we find∇ϕ̇Dir(∇ϕDir)
−1 ∈

C0([0, T ] ×Ω;Rd×d) and obtain the desired estimate

|∂t Ẽ(t, ψ, z)| 6 c̃E
1 (Ẽ(t, ψ, z)+ c̃E

0 ).

Moreover, employing (5.4b) as inFrancfort & Mielke(2006, Section5) and the results of Proposition
4.1, we find for eachE∗ ∈ R and eachε > 0, aδ > 0 such that̃E(t1, ψ, z) 6 E∗ and|t1 − t2| < δ
implies |∂t Ẽ(t1, ψ, z) − ∂t Ẽ(t2, ψ, z)| < ε. Hence, the existence result of Section4 can be generalized
to the case of time-dependent boundary conditions as follows without any change in the proof.

THEOREM 5.1 LetQ̃ = F̃ × Z, Ẽ andD be as specified above. Let all the assumptions of Section3
hold and, additionally, (5.3) and (5.4). Then, for each stable initial state(ψ0, z0) ∈ Q̃, there exists an
energetic solution(ψ, z): [0, T ] → Q̃ associated with the functionals̃E andD satisfying(ψ(0), z(0)) =
(ψ0, z0).

Moreover, this solution satisfies all the properties stated in Theorem4.2analogously.
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6. Discussion

We have shown that the previously developed isothermal models for the hysteretic behaviour for phase
transformations in shape memory alloys can be transferred to the case where the temperature is varying
but given in advance. The aim was to show that the model is still capable to handle finite-strain elasticity.

There are several reasons why a true thermodynamically consistent coupling to the energy equations
is still out of the reach of a rigourous mathematical treatment. One major reason is that almost all
theory of finite-strain elasticity is related to the direct method of calculus of variations. Thus, we do not
know whether the constructed global minimizers for polyconvex material laws satisfy the equilibrium
equations (cf.Ball, 2002) and whether they are unique. SeeKnops & Stuart(1984), Knopset al. (2003)
andKnops(2006) for a series of uniqueness results in the static and dynamical case.

Using global minimization, we have to expect that the energetic solutions as discussed above have
jumps as functions of time. In a truly coupled thermomechanical model, this would provide an instant
release or absorption of energy which could not be controlled without knowing the ‘jump path’. If
suitable uniqueness conditions, at least in certain relevant regimes, would be available, then it should
be possible to show that no jumps occur. In fact, it is the purpose of the mesoscopical models using
the phase fractionsz(t, x) ∈ ZM to devise smoother models. In the case of small strains (see, e.g.
Auricchio & Petrini, 2004; Stein & Zwickert, 2007; Auricchioet al., 2006), there is much more hope to
treat suitable models with correct coupling between temperature changes and phase transformations.
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