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The paper is devoted to a rigorous construction of a parabolic system of
partial differential equations which displays space-time chaotic behavior in
its global attractor. The construction starts from a periodic array of iden-
tical copies of a temporally chaotic reaction-diffusion system (RDS) on a
bounded domain with Dirichlet boundary conditions. We start with the case
without coupling where space-time chaos, defined via embedding of multi-
dimensional Bernoulli schemes, is easily obtained. We introduce small cou-
pling by replacing the Dirichlet boundary conditions by strong absorption
between the active islands. Using hyperbolicity and delicate PDE estimates
we prove persistence of the embedded Bernoulli scheme. Furthermore we
smoothen the nonlinearity and obtain a RDS which has polynomial interac-
tion terms with space and time-periodic coefficients and which has a hyper-
bolic invariant set on which the dynamics displays spatio-temporal chaos.
Finally we show that such a system can be embedded in a bigger system
which is autonomous and homogeneous and still contains space-time chaos.
Obviously, hyperbolicity is lost in this step.
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0. INTRODUCTION

Even relatively simple dynamical systems generated by ordinary differ-
ential equations (ODEs) can generate rather complicated chaotic dynam-
ics, see e.g. [20] and references therein. This dynamics becomes much
more complicated in the case of dynamical systems extended in space, e.g.,
generated by dissipative partial differential equations (PDEs) in large and
unbounded domains, due to the formation of spatially chaotic patterns.
More generally, such systems may display interactions between spatially
and temporally chaotic modes which leads to the so-called spatio-temporal
chaos. One of the most challenging problems in this field is the one of
turbulence which displays statistical behavior in temporal and spatial
directions, whose correlations decay with distance in space and time, see
e.g. [11,19,25,26,40].

However, despite the fact, that there are many statistical approaches
to turbulence and spatio-temporal chaos, there seem to be very few math-
ematically rigorous results concerning the nature of spatio-temporal chaos
in deterministic systems. Indeed, one of the few known mathematical
descriptions of that phenomenon was suggested in [12], see also [3,35]
and references therein. There, a spatially discrete system is constructed
such that it admits an infinite-dimensional hyperbolic, invariant subset
[ of its phase space. This set is homeomorphic to the multidimensional
Bernoulli scheme {0, l}Z"+l and the Bernoulli shifts are conjugated to the
spatio-temporal shifts on the hyperbolic set I'. Unfortunately, the existence
of such a hyperbolic set was rigorously verified only for some very spe-
cial classes of lattice dynamical systems and its existence for the dynamical
systems in continuous media was a long-standing open question.

In the present paper, we give a positive answer on this question.
To be more precise, we restrict ourselves to consider extended dynamical
systems generated by the systems of reaction-diffusion equations, or
shortly reaction-diffusion systems (RDSs) in the full unbounded, physical
space Q2=R":

du=yAyu— f(u) inR", and u|t:0=u0. (0.1)

Here u(t,x) = (u'(z, x), ... ,uk(t, x)) is an unknown vector-valued function,
y >0 is a fixed diffusion coefficient, A, is a Laplacian with respect to x =
(X1, ..., x,) €Qand f:R¥ — R¥ is a given smooth, nonlinear interaction func-
tion.

It is well-known that, under natural assumptions on the nonlinearity
f Eq. (0.1) has a unique global solution in an appropriate phase space ®
(usually, ® =L*°(R") or the so-called uniformly local spaces @:L%(]R”),



Infinite-Dimensional Hyperbolic Sets 335

see Section 1 for the definitions) and, consequently, it generates a (dissipa-
tive) semigroup {S;: >0} in ® via

Siuo=u(t), u solves (0.1) with u(0)=uo. 0.2)

It is also well-known that, in many cases, the asymptotic behavior of the
trajectories of that semigroup as ¢t — oo can be described in terms of the
so-called global attractor A C ® which is, by definition, a compact (in
the appropriate local topology) invariant set which attracts as t — oo the
images of all bounded subsets of ®. Thus, on the one hand the attractor
A (if it exists) captures all of the nontrivial dynamics of the system con-
sidered and, on the other hand, it is usually essentially smaller than the
initial phase space ® (see [7,8,16,32,40,47,48], and the references therein).

In particular, in the case of bounded domains 2, the above attractor
A is usually finite-dimensional (in the sense of Hausdorff and fractal
dimension). Therefore, in spite of the infinite-dimensionality of the initial
phase space, the reduced limit dynamics on the attractor is finite-dimensional
and can be effectively studied using the methods of the classical theory
of dynamical systems. Thus, the infinite-dimensionality of the initial phase
space plays here the role of (maybe essential) technical difficulty which,
however cannot produce new types of dynamical complexity which are not
observed in the finite-dimensional theory.

The situation changes drastically when the domain € becomes
unbounded (e.g. © = R”"). In this case, the attractor is usually
infinite-dimensional, see [8,9,16,14,33]. Thus, we do not have any finite-
dimensional reduction and truely infinite-dimensional dynamics of a much
“higher level of complexity” can appear. Another principal difference to
the case of bounded domains is that system (0.1) has now not only the
temporal “unbounded direction”, but also the spatial one which may lead
to complicated spatial structures, namely to so-called spatial chaos, see [2,
6,22,27,28,34,38]. However, only nontrivial interaction of temporal chaos
and spatial chaos will be called spatio-temporal chaos, and this is the topic
of the present work.

To make this phenomenon more precise, we introduce the group of
spatial shifts {7},: h € R"} acting on the phase space ® via (Thugp)(x):=
uo(x + h). Then, since the model equation (0.1) is spatially homogeneous
this group acts on the attractor A as well and its action obviously com-
mutes with the semigroup S, associated with temporal evolution. There-
fore, an extended (n + 1)-parametrical semigroup {S¢ p: t € R4, h e R"}
acts on the attractor A:

S(,’h) A— A, S(t,h) =8,0Ty. (0.3)
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Thus, following [45,48], the extended spatio-temporal semigroup (0.3) can
be considered as a dynamical system with multidimensional “time” (¢, k)
on the attractor which is responsible for all spatio-temporal dynami-
cal effects arising in system (0.1). Consequently, the study of the
spatio-temporal chaos in (0.1) is equivalent to the study of the dynamical
properties of that semigroup restricted to A.

However we note that the study of the dynamics of (0.3) is a highly
nontrivial problem; and at present its complete description is not available
even for the simplest examples of (0.1) (such as e.g. Chafee-Infante equa-
tion in R': u, =u,, +u —u3). Nevertheless, a number of rather essential
results concerning the general properties of that system has been recently
obtained. In particular, a natural generalization of the finite-dimensionality
of global attractors to the case of unbounded domains were formulated in
terms of Kolmogorov’s e-entropy which allows us to measure the “size”
of infinite-dimensional sets in functional spaces, see [13,14,42,43,46] and
Appendix B below. The obtained estimates of the s-entropy of the global
attractor A allowed, for instance, to verify (see [48]) that the topological
entropy of the action of S ;) on the attractor A is finite:

htop(S(t,h)a A) <00, (0‘4)

see Appendix B. On the other hand, for the particular case of gradi-
ent nonlinearity f, i.e., f =D,F(u) for some F:RF — R, this topolog-
ical entropy is known to equal 0, see [48]. We recall that, in contrast
to the case of bounded domains, the gradient structure does not give a
global Lyapunov function for equation (0.1), so hwp(S¢ 1), A) =0 is not
immediate.

It is also worth to note that the extended dynamical system (0.3) pos-
sesses a natural family of subsemigroups SX’{ n generated by restrictions of
the argument (7, h) of (0.3) to various k-dimensional hyperplanes V; of the
space—time R”"*! whose dynamical investigation can be essentially simpler
than for the initial “whole” semigroup (0.3). The most studied is the case
V, :=R? associated with the spatial dynamical system {7,: h € R"} and
spatial chaos, see [1,2,6,9,15,21,22,28,34,38,47] and references therein. This
means that even the restriction of spatial dynamical system to the set £ of
all (bounded) equilibria of problem (0.1) which obviously solve the elliptic
equation in R”

Y Axug— f(ug)=0 0.5)

possesses a very reach and nontrivial chaotic dynamics. So, a family of
multibump solutions of has been constructed in [38] by variational meth-
ods starting from a single hyperbolic bump solution of (0.5) and using
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small space-periodic perturbation in order to kill the neutral foliation. In a
fact this family gives a homeomorphic embedding of the multidimensional
Bernoulli scheme M":={0, 1}Z" to the (discrete) spatial dynamical system
of the perturbed spatially periodic equation. Analogous embeddings for
the attractor of spatially periodic RDSs were obtained in [9] under weaker
assumptions on the nonlinearity.

We now recall that, in contrast to the classical dynamical systems
generated by ODEs, the action of the spatial dynamical system {7j: h €
R"} on the attractor A usually has infinite topological entropy (this fact
has been established in [47] under very weak assumption that (0.1) pos-
sesses at least one spatially homogeneous exponentially unstable equilib-
rium) although the topological entropy of Bernoulli scheme M”" is finite.
So, Bernoulli schemes with finite number of symbols are not sufficient for
modeling of spatial chaos. Therefore, a Bernoulli scheme M7 :=][0, 11~
with infinite number of symbols (here [0,1] is a segment of R! in con-
trast to the two-point set {0, 1} involved into the definition of the standard
Bernoulli scheme M") were used in [47] in order to clarify the nature of
chaos in spatial dynamical systems. Moreover, it is shown there that there
exists a topological invariant (the so-called mean topological dimension)
which is always finite for spatial dynamics and strictly positive for the
Bernoulli scheme M . This description has been extended in [48] from
spatial dynamical system {7} : h € R"} to all n-parametrical semigroups
SX" i generated by n-dimensional hyperplanes V,, of the space-time. This
result shows, in particular, that the topological entropy of purely temporal
evolution semigroup {S;: € Ry} is also usually infinite

hiop(Sts A) =oc0.

It is however worth to emphasize that the embeddings of the Bernoulli
schemes MY, mentioned above are based on the infinite-dimensional
unstable manifolds technique (in a fact, the image of M in the attractor
A belongs to the unstable manifold of a spatially homogeneous equi-
librium where the direction orthogonal to the hyperplane V, is inter-
preted as “time”). Thus, that approach gives an adequate model only for
“n-directional” space—time chaos (for all directions belonging to the fixed
hyperplane V,, in space-time) in n-parametrical subsemigroup Sz/t’fh) and
is not applicable for clarifying the nature of the “complete” (n + 1)-
directional space-time chaos arising in (0.3). Moreover, to the best of our
knowledge, there were no reasonable models for that (n + 1)-directional
space-time chaos for the case of dynamical systems in continuous media
generated by PDEs. In particular, it was not known whether or not the
topological entropy of the extended semigroup S(; i) can be strictly positive.
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In contrast to that, for the case of discrete media, more or less ade-
quate model for the “complete” space-time chaos has been suggested by
Sinai and Bunimovich. Roughly speaking, this model consists of infinitely
many chaotic oscillators situated at every node of a grid Z" coupled by
sufficiently weak interaction. If every chaotic oscillator contains a hyper-
bolic set Iy, then without interaction the whole system has a hyperbolic
set T := (I'p)%" and, according to the structure stability theorem, this
set preserves under sufficiently small coupling. In particular, if the ini-
tial hyperbolic set I'y is a one-dimensional Bernoulli scheme M!={0, 1}%,
then the obtained hyPerbolic set is (n + 1)-dimensional Bernoulli scheme
=M1 ={0,1}Z"" and Bernoulli shifts on it is naturally conjugated
with spatio-temporal dynamics. Thus, according to this model, the spatio-
temporal chaos is illustrated by Bernoulli shifts on the (n + 1)-dimensional
Bernoulli scheme with a finite number of symbols. Associated invariant
measures may also be introduced, see [3,12,36].

The main goal of the present paper is to extend the Sinai-Bunimovich
construction to the case of continuous media and obtain the analogous
description of the space-time chaos in the RDS (0.1) and associated
extended semigroup (0.3) acting on its attractor A. In order to do so, we
start from the special space—time periodic RDS:

atMZVAx”_fk(t»x»”) in ERI’!’ (06)

where the nonlinearity f; has the following structure: there exists a
smooth bounded domain ¢ € (0, 1)" such that, for every x € [0, 1]* we
have

f(@t,u) for x ey,

fltxwi=15, for x €[0, 11\ 2o,

0.7)
where f(f,u) is a given function (which is assumed 1-periodic with respect
to t) and A>>1 is a large parameter. Then we extend function (0.7) space-
periodically from [0, 1]* to all x € R". Thus, we have a periodic grid of
“islands” € :=1+ Qp, [ € Z" where our nonlinearity f; coincides with
f(t,u) and can generate nontrivial dynamics. These islands are separated
from each other by the “ocean” Q_ :=R”\(UleZn ;) where we have the
strong absorption provided by the nonlinearity f; (¢, x, u) =Au.

It is intuitively clear that, for sufficiently large absorption coefficient
A, the solutions u of equation (0.6) should be small in the absorption
domain Q_ and, consequently, the interaction between the islands is also
expected to be small and the dynamics inside of the islands will be
“almost-independent”. Thus, if the RDS in Qg

v=yAv— f(t,v) in Qy, v=0 on 3R, (0.8)
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which describes the limit dynamics inside of one “island” as A = oo, pos-
sesses a hyperbolic set 'y, then, according to the structural-stability prin-
ciple, the whole system (0.6) should have a hyperbolic set homeomorphic
to (Fg)Z" if the absorption parameter A is large enough. Moreover, if, in
addition, the initial hyperbolic set I'g is homeomorphic to the Bernoulli
scheme {0, 1}%, then system (0.6) will contain an (n + 1)-dimensional
Bernoulli scheme {0, 12" ~ ({0, 1)%)%" in complete analogy with the
Sinai-Bunimovich lattice model.

In turns, in order to construct an example of system (0.8) with the
required hyperbolic set, we transform it as follows:

v=y(Axv—A1v) —f(t, v),

where y > 1 is a large parameter, A; <0 is the first eigenvalue of the
Laplacian in €, with Dirichlet boundary conditions, and f is indepen-
dent of y. Then, for sufficiently large y, this system possesses a Lyapu-
nov—Schmidt reduction to the finite-dimensional subspace generated by the
first eigenvector of the Laplacian, see Appendix A. Thus, for sufficiently
large y the associated dynamics will be close to some reduced ODE in that
space. Moreover, we show that every ODE with polynomial nonlinearity
can be obtained in such way. Since the existence of a hyperbolic sets in
ODEs with polynomial nonlinearities is well-known, this gives the required
example, see Appendix A for details.

The following theorem, which gives a mathematical justification of the
above heuristic scheme, is the main result of the paper.

Theorem 0.1. Let the time-periodic function f(f(t+ 1,v)= f(t,v))
satisfy some regularity and dissipativity assumptions which guarantee the
existence of a global attractor Ay for equation (0.8). Assume also that there
exists a hyperbolic set Ty of (0.8) that is homeomorphic to the Bernoulli
scheme {0, 1}2. Then, there exists a o> 1 such that, for every > Ao, there
exists a homeomorphic embedding «; of the (n+ 1)-dimensional Bernoulli
scheme M1 =(0, I}ZM1 to the attractor Aper of problem (0.6) such that

S(lo,l/)oK)» =K)LO'T(10,1/), lpeN, l/GZn, (09)

where T, 1y is the (n+ 1)-parametrical group of Bernoulli shifts on Mt
and {Sq, 1y : loeN, " e Z"} is a discrete analog of the extended spatio-
temporal DS (0.3) acting on the attractor Ape,r. In particular, the topological
entropy of that system is strictly positive, viz.,

hiop(Sqg, 11y, A) = ho > 0. (0.10)
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It is worth to emphasize that, although the nonlinearity fj in the
initial equation (0.6) is discontinuous with respect to x, approximating
this nonlinearity by trigonometrical polynomials with respect to (¢, x) and
using again the structural-stability principle, we obtain the analog of The-
orem 0.1 with the nonlinearity f analytic with respect to all variables, see
Proposition 5.4. Moreover, embedding the attractor A, of the space—
time periodic RDS to the attractor A of a larger RDS of the form (0.1),
we construct the embedding of the Bernoulli scheme {0, 1}2”+1 to the
spatio-temporal DS acting on the attractor of autonomous and spatially
homogeneous RDS of the form (0.1).

Corollary 0.2. There exists a RDS of the form (0.1) with polynomial
nonlinearity f such that its attractor possesses a homeomorphic embedding
- n+1
i of the Bernoulli scheme {0, 1}~ " satisfying the conjugacy relations (0.9).

To conclude we note that, passing from a periodic to an autono-
mous system, we lose the hyperbolicity (in contrast to Theorem 0.1, now
the image i ({0, I}Z"H) is no longer a hyperbolic subset of the attractor
A). Nevertheless, Corollary 0.2 shows that (n + 1)-dimensional Bernoulli
schemes with a finite number of symbols can be used in order to clar-
ify the nature of “true spatio-temporal chaos” arising in spatially homoge-
neous media as well. In particular, Corollary 0.2 provides an example of
a RDS of the form (0.1) with strictly positive spatio-temporal topological
entropy.

The structure of the paper is as follows. In Section 1 we introduce
some classes of weighted functional spaces and formulate several regularity
results for the boundary value problems for the heat equations in those
spaces which are needed for the subsequent structural-stability analysis.
In Section 2 we recall the definitions of hyperbolic sets adopted to the
infinite-dimensional case and obtain some preliminary results for the system
(0.6) with A =oco. In Section 3 we establish several auxiliary results which
allow us to verify that system (0.6) for A>>1 is indeed close in the appro-
priate functional space to the uncoupled Z"-array of Eq. (0.8). Based on
these results we establish, in Section 4, Theorem 0.1 using a suitable mod-
ification of the structural-stability theory for hyperbolic sets. The example
of an autonomous and spatially homogeneous RDS announced in Corollary
0.2 is constructed in Section 5. Finally, for the convenience of the reader,
we explain in Appendix A how to construct a RDS (0.8) in a bounded
domain ¢ with Dirichlet boundary conditions which contains a hyper-
bolic set homeomorphic to {0, 1}%. In Appendix B we recall the definitions
and main results concerning Kolmogorov’s e-entropy and the topological
entropy of attractors of dissipative systems in unbounded domains.
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After this work was finished another method for the construction of
space-time chaos has been developed. It relies on the construction of an
infinitedimensional center manifold that describes the weak interaction of
exponentially decaying pulses, see [49].

1. FUNCTIONAL SPACES AND LINEAR PARABOLIC
REGULARITY THEOREMS

In this section we introduce some classes of weighted Sobolev spaces
and formulate the corresponding parabolic regularity theorems which will
be used throughout the paper. Our final goal is to construct examples of
RDS in R” with spatio-temporal chaotic behavior but for this construction
we will essentially use the corresponding equations in unbounded domains
Q#R". That is why we start our consideration from the class of admissi-
ble (uniformly regular) unbounded domains in R”" (see, e.g., [10,16]).

Here and below BR denotes the open ball in R" with center x and
radius R.

Definition 1.1. A domain Q CR” is called CN-regular, if there exist
radii 0 < Ry < R; < R; and a constant K such that the following holds:
For each xp € Q there exists a domain Vy, C  with

BN cv,cBinQ) (1.1)
and a CV-diffeomorphism Oy Bg — B(f * such that xg + 6y, (Bé) =V, and
10y llcw + 165 lov < K. (1.2)

The constant K is called the CV-regularity constant of the domain .

For all results formulated below C2-regularity will be sufficient, so,
for simplicity, we will write in the sequel “regular domain” instead of
C2-regular domain and “regularity constant” instead of C2-regularity
constant.

For bounded domains  the conditions (1.1) and (1.2) are equiva-
lent to the condition that the boundary 92 is a smooth manifold. But
for unbounded domains smoothness of the boundary is not sufficient to
obtain the regular structure of Q when |x| — oo since uniformity with
respect to xo € Q2 of the smoothness conditions is required.

Now we introduce the class of admissible weight functions.

Definition 1.2. A function ¢ € Cjoc(R") is called a weight function
with the (exponential) growth rate p >0, if there exists Cy >0 such that

P (x+y) <Cpe'®l(y), ¢(x)>0, for every z,yeR". (1.3)
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Remark 1.3. It is not difficult to deduce from (1.3) that

P+ =Cyle Mg (y) (1.4)

is also satisfied for every x, y e R". The estimates (1.1) and (1.3) imply par-
ticularly that

Cyle R () <supj, < p ¢ (2+1) < Cpe P (). (1.5)
The typical examples of that weight functions are the following:
Gexy(X) =TT e e R, 15 eR™. (1.6)

Evidently these weights have the growth rate |¢| and satisfy (1.3) uniformly
with respect to xop € R” (i.e., the constant Coe.ry in (1.3) is independent
of xg). We will mainly use below exponentially decaying weight functions
(1.6) with sufficiently small positive ¢ (or their smooth analogs (1.20)),
although the exponentially growing weights (with negative ¢) will be also
usefull, see e.g. Corollary 1.16.

Now we are in a position to introduce several classes of weighted
Sobolev spaces in unbounded domains .

Definition 1.4. Let Q CR”" be a regular (unbounded) domain in R”
and let ¢ be a weight function with the growth rate u. For p €[l, 0c0)
define the space

Lg(sz) ={uel] (Q): ||u||££(m = [q ¢ ()|u(x)|Pdz <o0}.

Analogously the weighted Sobolev space ng (), I eN, is defined as the
space of functions u € Lg(Q) whose distributional derivatives up to order
I inclusively belong to L7 (<).

We define also another class of weighted Sobolev spaces

Wb (@)1= {u e W) |ull”,, = sup ¢(xo)|ul

: <oo}.
1,
loc W@ e

p
WP (QNBL)

Here b stands for “bounded”, and for ¢ =1 we write W{)’p instead of Wi)’;

Let us recall shortly several important properties of the introduced
spaces, see, e.g., [16] or [47] for details.

Proposition 1.5. Let ¢ be a weight function with the growth rate
uw= 0.
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1. Then for every e > there exists a constant C (just depending on &, i
and Cy from (1.3)) such that for every domain Q@ CR" every q €[1, oo] and
every u GL(’; (R2) the following estimate is valid:

1/
(f9¢>(xo>q (fo et 0N u(x) [P de)” dwo) ' <C [0l de. (1.7)
2. On L;O(Q) the following analog of the estimate (1.7) is valid:

SUPyyeq {¢ (0) sup,cqle ™7™ u(@)}} < Csupcqle(Mlu@)l}. (1.8)
The proof of this proposition can be found in [16] or [46].

Proposition 1.6. Let Q2 be a regular domain, let ¢ be the weight func-
tion with exponential growth rate, and let R be a positive number. Then,
there exist constants 0 <cy <Cy (depending on the regularity constant K(2)
and ju and Cy from (1.3)) such that for all u eLg () the following estimates
are valid:

c1 Jqd()|u@)|Pdz < [g ¢(%)me§“ lu(@)|? dz dzg < Oy [q ¢ (2)|u(z)|P dz.
(1.9)
The proof of this Proposition is given in [16].

Corollary 1.7. Let the assumptions of Proposition 1.6 hold. Then, for
R >0 an equivalent norm in the weighted Sobolev space Wfb’p (2) is given by
the following expression.:

1/p
Iyt g = (Jo o) lu QN B dag ) (1.10)

Particularly, the norms (1.10) are equivalent for different R > 0.

In the sequel we need also weighted Sobolev spaces with fractional
derivatives s € R4 (not only s € Z,). Recall (see [41] for details) that the
norm in the space W*?(V), s=[s]+0o, 0<o <1, [s]€Z4 can be given by
the following expression

P _ p
letlos.p vy =Nty + D /

jarl=(s] <V

/ (D @) =D gy (111
yeV

pr—yreor

Moreover, the space W7 (V), 1 < p < oo, is usually defined as a dual
space for W‘S’q(V), where %+ 5 =1, i.e. the norm in this space is given
via

(u, )

lullw-s.pvy:= sup ————— where (u,w):zfu(x)w(x)dx. (1.12)
vecew) W lwspv) v
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It is not difficult to prove that for any regular V and for any seR, 1<
p <00,

ctllulifysr vy < Sypev 14l5snvnpr, 40 < Crllullyspy.  (113)
x0
This justifies the following definition.

Definition 1.8. For s € R define the space Wy;”(Q) by the norm
(1.10) where the integer [ is replaced by s.

It is not difficult to check that these norms are also equivalent for
different R >0 and consequently the definition makes sense.

The following proposition admits to estimate the W]i’p -norm via the
corresponding weighted Sobolev norms.

Proposition 1.9. Let seR, 1 < p<oo, and let ¢ be a weight function
with the growth rate 0 < u <e. Then, there exist constants 0 <c; < C; such
that

p —elz—xg]| p
cillulliys.r o < SUP {¢(XO)/ e lwllyys, 1 dﬂc}
Wb«b(g) X0€R2 xXeEQ w p(QmBZO)

p 5,p
< C1||u||W;:;(Q) for all u €Wy (S2). (1.14)
For the proof of this corollary see [40].
In order to handle elliptic and parabolic boundary problems with
nonhomogeneous boundary conditions we need also weighted Sobolev
spaces on the boundary 92 of regular unbounded domain Q.

Definition 1.10. Analogously to the Definition 1.4, we define weighted
Sobolev spaces of functions defined on the boundary 92. For instance the
weighted space Wy”(8Q), s €R, 1 < p <00, is defined by the following
norm:

ol 22/ W) lluoll s dy,
W' (09) 00 W9:P(9QNB)

where ¢(y) is a restriction of the weight function ¢(x), x € R" to the
boundary (y € 9L2), and the spaces WE’{;(BSZ) are defined analogously.

It is known (see, e.g., [45]) that the assertions of Propositions 1.5-1.9
remain valid for the spaces of distributions on the boundary 92 as well.
For parabolic systems we now introduce anisotropic Sobolev spaces
of functions defined on R x Q or R x 3. Denote by W24 ([T, T+1] x
V) the classical Sobolev—Slobodetskij space of functions which have the
t-derivatives up to the order /i and x-derivatives up to the order I
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belonging to L? (see, e.g., [24]). Recall that for the case of integer [; >0
the norm in this space is defined by

q — 1a',, 14 19
”””w<11-/z>.q([T,T+1]xv) =19l g7, r1v) TIPZUI Lo 7. 711101

q
HlellLo g7, 7417%v)

where Diz means a collection of all x-derivatives of the order I, and
for the case of noninteger /; can be defined by the interpolation anal-
ogously to (1.11) and (1.12) (see [24] or [41]). Of course, interpolation
shows that mixed derivatives exist in the corresponding Sobolev spaces,
ie, ue WR4(T, T +1]1x V) implies u e WI=Da ([T, T + 1], W02:4(V))
for all 9 €]0, 1].

Definition 1.11. Define the anisotropic spaces Wl()l"IZ)’q(R x Q) and

ng’IZ)”’(R x 9Q2) in analogy to Definition 1.4 (with ¢ =1). For instance,

(U
b

in the space W ’12)’(1(R x 9€2) the norm is defined by the following expres-

sion:

el 10200 = sup  ullyay g 1
w2 R%8Q) TeR. xoed R WM ([T, T+1]x (9QNBy )
Moreover, let ¢: R x R” — (0,00) be a weight function in the variables
(t,x) with the exponential growth rate u (see Definition 1.2). Then one
may define the spaces ng,lz),q (Rx$) and ng’h)’q(Rxaﬂ) in a standard
way. For instance,

q _ q
Hu”ng’lz)’q(RXBQ) '_f(t,y)e]RxBQ o(t, V)”u||W(11.12).q([;,;+1]><(6$203)l,))dV dt.

It is not difficult to show that the analogs of the assertions of Prop-
ositions 1.5, 1.6 and 1.9 remain valid for these anisotropic spaces as well.

Now we are in a position to recall the weighted L2-regularity the-
ory for the following parabolic equation in the regular unbounded domain
QCR™

u—yAyut+u=nh, (t,x)eRx Q. (1.15)

M|Rx8§2=u0’

The following result is formulated for general s € (1/2,2], but we will
mainly use below the case s =1 which corresponds to the classical “energy
formulation” of the boundary value problem for heat equations.

Proposition 1.12. Let Q be a regular unbounded domain and let %<
s<2 and s #3/2. Then, for each

he LR, W™22(Q)) and uge W62~ V4=12.2Rx5Q)  (1.16)
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problem (1.15) has a unique solution u, which satisfies the estimate

||8;u || LZ(R,W‘V_ZZ(Q)) + ”l/l ||W(S/2«-‘>v2(RxQ))
<C (||h||L2(R’WS72,2(Q)) + ||MO||W(S/271/4,571/2),2(RXBQ)) , (1.17)

where the constant C depends on the regularity constant K of the domain
Q.

The assertion of the proposition is more or less known, and can be
derived using the analogous result for bounded domains and the standard
localization technique (see, e.g., [5,16,24,41]). Therefore, we omit its rigor-
ous proof here.

We also need the following variant of (1.17) in weighted Sobolev
spaces.

Corollary 1.13. Under the assumptions of Proposition 1.12 there exists
an exponent o= uo(K) >0 such that for every weight function ¢:R x R" —
R of growth rate u € (0, uy) and every

heW ™ 2®xQ) and uge Wy T2 Rxg0)  (1.18)

Eq. (1.15) has a unique solution u and the following analog of (1.17) holds:
||3zM||W;0,s—2>.2(RXQ)) + IIMIIWS/z,w.z(RXQ)

<C (IIhIIWg),xzyz(RXQ)) + ||u0||w$/21/4,x1/2),2(RX39)> ,  (1.19)

where the constant C depends on K () and on the constant Cy introduced
in (1.3) and is independent of the concrete choice of the weight ¢.
Our proofs will often use the space-time weight function ¢ y, defined
via
)= et HIt=toPHz—z0 )2 Gpere yo = (tg, z9) eR™ L.
(1.20)

(pé‘,y() (t7 X

It satisfies the evident estimate

191 @e.yo (1, X) |+ Vie @e.yo (1, X) | <(nF-1)e@e.y, (2, x) for all (t, xo), (1, x) R
(1.21)

Indeed, the proof of (1.19) is based on a standard trick of substitut-
ing u=1u/¢e y, into equation (1.15), multiplying by ¢ y, and solving the
equation for & by a perturbation argument for ¢ small. This trick together
with estimates (1.5) and (1.7) reduce the proof of estimate (1.19) to the
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case ¢ =1 obtained in the Proposition 1.12 (see, e.g., [16,29,30,45] for
details).

Corollary 1.14. Let the assumptions of Proposition 1.12 hold, then for
each

heW " ™DXRxQ) and uge WPTV/HTD2 Ry Q)

Eq. (1.15) has a unique solution satisfying

19rtullyy0.5-2.2 gy  tllyyor202 )

<C <||h||Wl(’o,x—2>,2(RXQ)) + ||uo||ng/2—1/4‘.s—1/2),2(RX39)) . (1.22)

Indeed, the function ¢ =g, y, of (1.20) satisfies condition (1.3). Con-
sequently estimates (1.19) with ¢ =g, y, are uniformly valid with respect to
yo € R x Q. Applying now the operator supy cgryq to both parts of them
and using Proposition 1.12 we derive estimate (1.22).

At the end of this section we consider a family of equations of type
(1.15) depending on a large parameter A>> 1:

du=yAqu—iu, ulgp .o=ug, (1,x)ERxXQ. (1.23)

We study the behavior of several norms of u with respect to the parame-
ter A.

Proposition 1.15. Let C, > 1 and the regularity constant K, >0 be
given and the associated growth rate s =o(Ky)>0. Then, there exist con-
stants Cy and Cy such that for every regular domain Q with K(Q) < K, and
every weight function ¢ with growth u< s and Cy < Cy, for all L>1 and
all solutions u of (1.23), which satisfy (1.18) with s =1 the following esti-
mates are valid:

C ( uoll? A2 w1 )
1 || O||W(;1/4,1/2),2(RX39)+ || OHL(%(RxaQ)

2 2
IVl 3 g+ M

2 1,2 2
<cz(||uo||W$/4.1/2),2(Rxm)+x 003 ) (124)

Proof. As in the case of Corollaries 1.13 and 1.14 it is sufficient to
prove (1.24) for ¢ =1 only. To this end we make a rescaling

=272 =T, X)) =u@, x),  Q=A12Q0  (1.25)
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Note that the new domain Q' is also regular in the sense of Definition
1.1 for every A > 1. Moreover, it is not difficult to show that the regular-
ity constant K can be chosen independently of A > 1. Thus, the rescaled
function ¥ satisfies the equation

Wi —yApli+u=0, iy, =0, (@' x)eRxQ. (1.26)

It follows now from Proposition 1.12 and from the standard trace theorem
that

~ 2 ~n2 ~ 2
Cl ”uO|IW(]/4.]/2),2(RXBQ/) < ”M ”LZ(R,WI‘Z(Q/D < C] ”uO||W(1/4.1/2),2(R><BQ/)'
(1.27)

Indeed, the right-hand side of that inequality is an immediate corollary of
(1.17). In order to verify the left inequality, we note that, due to trace the-
orems for anisotropic Sobolev spaces

”;;[0||W(1/4~1/2>’2(R><3§2’) < C||’IZ||W(1/2,1),2(RXQ/). (1.28)
On the other hand, it follows from Eq. (1.26) that

”8[ﬁ”L2(R,W’1’2(Q’)) < C||ﬁ||L2(R,W1’2(Q’))
and extending the standard interpolation inequality
||”/7||i2(52/) < C”ﬁ”WLZ(Q’) ”’IZ”W*I»Z(Q’)
to time-dependent functions, we have
”;Z”W(l/z-l)-z(]RXQ’) < C(||L7||W1,2(R,w71,2(ng)) + ||”/7||L2(R,W1,2(Q')))

Combining estimates (1.28) and (1.29), we deduce the desired left-hand
side of inequality (1.27). Moreover, since the regularity constant K for Q'
can be chosen independent of A, the constants ¢; and C; are also indepen-
dent of 1. Applying the inverse of the rescaling (1.25) to estimate (1.27) we
derive estimate (1.24) for ¢ =1. Thus, Proposition 1.15 is proved. O

Corollary 1.16. Define the Dirichlet—Neumann operator P, by
Poug:= 8””|1R><89’ where O,u(t,x)=Vyu(t,x) -n(x) (1.30)

and u:RxQ— R is the unique solution of Eq. (1.23). Then, for every weight
Sfunction ¢ on RxR" with a sufficiently small growth rate pu < uo(K) the
operator P, maps W;,l/“’l/z)’z(R x 0Q2) into Wfﬁ_l/“’_lﬂ)’z(RxaQ) and

I Patollyy1/4-12.2 g gy < Crlltollyy1412.2 gy (1.31)
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where the constant C) depends on K, A and Cy but is independent of the
concrete choice of ¢. Moreover, the following estimates hold:

2 1/2 2
Ci| ||u +A u .
l OHW&L{%I/Z)'Z(RWQ) l 0||L3)m0 (Rx0R)

<(Pouo. %,youo)LZ(RxaQ)

2
<Gy <||MO||W(1/4,1/2),2

1/2 2
+ 112 uoll7
Pe,y0 Ye,

(1.32)

(Rx L) Y (Rxm))’

where @¢ y, is defined in (1.20), & < g, yo€R x Q, and the constants Cy, C»
are independent of . >1 and yyeR x Q.

Proof. Let [1g be an extension operator from the boundary R x 9Q2
inside of the domain R x @ such that the function v =TIIgvy solves Eq.
(1.15) with A =0 and U|]R><Q =uwvg. Then, according to Corollary 1.13, for

every fixed yg= (to, xo) and every vg e W/41/D-2(R x Q) such that
supp o C [fo. fo+ 1] x (32N By, ) (1.33)
and sufficiently small 0 <& < ug(K), we have

< Cllvollyyarai.2

vl a/2.2
W o ®XD) Saana

b e Rx3RQ)

<G ||v0||w(l/4,1/2),2([,0),0“])((3903;0)), (1.34)

where the constants C and C; are independent of yo. Multiplying Eq.
(1.23) by v and integrating by (z,x) e R x Q and integrating by parts, we
have

¥ (Onu, v0>L2([,0,,0+1]x(3903}0)) = (0u, v)LZ(RXQ) + v {(Veu, Vi v>L2(R><Q)
+)\,(M, U)LZ(RXQ)' (135)

Using now the obvious facts that

1Beutll gy 1202 5 o S Cllullyanor g o

Pe.(ty.x() Pe, (19,x0)
and [Wfﬂfgg?;ﬁ (R x Q)J* :Wfa;(lté ?;(g)’z(R x §2), we derive from (1.35) that

[{0nu, vo)y 2 1y [ < Collully,arzn.2 lvllya2n.2
n L2 ([to.to+11x (@QNBy N1 Wq,g.(to‘XO)(]RxQ) W%,(to,x())(RXQ)

/!
< C)»||u0“W“/4‘1/2)'2(Rx352) lvollwa/a1/2.2 14y, 10-+11x (92N BL. ))» (1.36)
‘Ps.(to,xo) 0

where the constants C; and Cj depend on A, but are independent of yo
(here we have used Corollary 1.13 in order to estimate u in terms of ug
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and estimate (1.34) for estimating v in terms of vg). Thus we have estab-
lished that

2
”P)L"‘O”W<*1/4-*1/2)v2([t0,t0+1]><(E)QQB}O))
<C’/ ¢ (. 5)lluoll dr ds
X Gy e, (tg,x0) \L» 0 (1/4,1/2),2 1 .
(1.5 eRx02 w ([r.t+1]x (9QNBL))

Multiplying this estimate by ¢ (9, xo), integrating over (fy, xo) € R x 3Q and
using Proposition 1.5 we obtain the desired estimate (1.31).

Thus, it remains to derive estimate (1.32). To this end we multiply Eq.
(1.23) by ¢, y,u and integrate over (¢, x) €R x Q. After integration by parts
we will have

Y (Pruo, %,youO)]}(RxaQ) =y (IVx M|2, (Ps,y())LZ(RxQ) +M|u|27 fﬂs,yo)LZ(RXQ)
+y(Vx u, uVy (ps,y0>L2(R><Q)_ (|M|2, 3t¢s,y0>L2(RXQ)-

Applying estimate (1.24) to the right-side and using the estimate (1.21) for
@e,y, We arrive at (1.32) (recall that & < puo(K) is small). Thus, Corollary
1.16 is proved. O

2. HYPERBOLIC TRAJECTORIES AND SETS FOR RDSs

In this section we introduce a model RDS in a bounded domain
which possesses a hyperbolic set I'g. Using this model RDS we formally
construct a new RDS in an unbounded domain which possesses a hyper-
bolic set T':=(I'9)%". This formal construction will be justified in the next
sections.

Let Q¢ be a regular bounded domain in R" (without loss of general-
ity we may assume that 0 € Qg and diam 2y < 1). Consider the following
RDS in Q:

oru=yAsu—u— f(t,u),

_ 0 _ (2.1)

”|z:0—” ’ ”|aszo—0'
Here u = (u',...,u*) is the unknown vector-valued function, A, is the
componentwise Laplacian with respect to the variable x := (x!,... x").

The nonlinearity f:R x R¥ — R¥ is assumed to be l-periodic with respect
to 1, i.e.,

fa+1,u)=f(t,u) for all (r,u)eR x R (2.2)
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to vanish for u =0, i.e., f(¢,0)=0, and to have bounded derivatives with
respect to u and ¢ such that

18 £l @ xiéy + IDE fllLo@xriy <C  for k=0,1,and 2.  (2.3)

It is well known (see, e.g., [7]) that under these assumptions Eq. (2.1)
possesses a unique solution u : [0, c0) — L2() for every u® e L?(Qq). It
satisfies the dissipative estimate

@) 2 < Cllull 2,y e+ Cp for t>0, (2.4)
where « >0 depends on € only. Hence, the nonlinear solution operator
SO L2(Q0) = L2(Q0); ul s u(r) =: 820, (2.5)

is well defined. It is also known that under the above assumptions the
Poincaré map S?:Lz(Qo) — L2(Q) associated with problem (2.1) possesses
a compact global attractor A° € L2(), which is generated by all complete
bounded solutions of (2.1), i.e.,

A'=110K°,  Tou:=u(0),

where the essential set K%:={u e Cp(R, L2(2)): u solves (2.1)} is not empty
since u=0 lies in K°. For more information see, e.g., [7,40].

Finally, the standard parabolic regularity theory (see [24]) shows that
there exists a constant Cx such that

lullc @y < Cx for all weK®. (2.6)

In order to introduce the notion of hyperbolicity for invariant sets,
we need the non-homogeneous analog of the first variation associated with

the trajectory u € K%
v=yAxv—v—D, f(t,u(t,x))v+h(, x) in R x Q, 0.

2.7)

U|R><3$20 =

Definition 2.1. A trajectory u € K° is called a hyperbolic trajectory
of system (2.1), if there exists a constant C, > 0 and if for every h €
L%(R, W~12(Q0)) problem (2.7) has a unique solution veL?(R, W(l)’z(SZo))
NWL2(R, W—12(Qg)) and this solution satisfies the estimate

vllwo.n2@®x0q) T 10 VIwo-D2®x0p) < Cullbllwo-n2@mxgy)- (2.8)

A subset F(t)r c kY is called a (uniformly) hyperbolic trajectory set for
system (2.1), if every trajectory u € F(t)r is hyperbolic and estimates (2.8)
hold uniformly with respect to u € I'l, ie., with C, < Cr, < oo. The set
o ::l'[ol“(t)r CL%(Q) is called then a hyperbolic set of problem (2.1).
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As above we need to reformulate estimate (2.8) in terms of weighted
Sobolev spaces.

Lemma 2.2. Let ueK® be a hyperbolic trajectory of system (2.1) with
Cy, as given in (2.8). Then there exists wo=uo(Cy) >0 such that for every
weight function ¢ of exponential growth rate u < g the following estimate
is valid for the solution of problem (2.7)
0l 02 g0+ ||3tv||W;0,—1>,2(RXQO) <C, Wl 002 e e, 2.9)
where the constant C|, depends only on C, and Cy and is independent of the
concrete choice of hyperbolic trajectory. In particular (2.9) implies that

"
HUHWE’O’I)’Z(RXQO) + Hatv”W{)O"l)’z(RxQo) <C, ||h||W£o,71>.2(RXQO)’ (2.10)

where C) also depends only on C,.

The proof of this lemma is also based on a standard trick with var-
iable changing v=¢; y,v in Eq. (2.7) analogously to Corollaries 1.13 and
1.14, so we leave the rigorous derivation of (2.9) and (2.10) to the reader.

Remark 2.3. It is not difficult to verify (using (2.9) with exponential
weights ¢ (1) :=e¢V"l, & is small positive) that the above definition of the
hyperbolic trajectory u(¢) is equivalent to the existence of an exponential
dichotomy for homogeneous equation of variations

v=yAyv—v—D, f(t,u(t, x))v in R x Q, =0, v(0)=vwy.

2.11)

U|R><3S20

Namely, there exists a splitting the phase space L%() into a direct sum
of two closed linear subspaces V, =V, (u) and V_ =V_(u) such that for
every vg € V. there exists a unique backward solution v(z) :=v4(¢) (defined
for all negative r) and for every v_ € V_ there exists a forward solution
v(t) :=v4(¢) (defined for all positive ¢) such that

v+ (:Ft)”L2(QO) < Ce™*t v ||L2(QO), t>0. (2.12)

Moreover, the positive constants C and ¢ depend only on the hyperbolicity
constant C, introduced on (2.8). Thus, the exponential dichotomy (2.12)
is uniform with respect to all trajectories u belonging to a hyperbolic set
I'(" and, consequently, our definition of a hyperbolic set is equivalent to
the standard definition via stable and unstable foliations (see, e.g., [20]).
We recall that our definition is adopted for the nonautonomous (e.g., time-
periodic) equations, so the neutral foliation is absent and we factually have
a discrete dynamical system generated by the Poincaré map S?.
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We also note that our definition is associated with the phase space
L%(£2), although the concrete choice of that space is not essential due to
the smoothing property for parabolic equations. In particular, the equiv-
alent hyperbolicity formulation associated with the phase space W!2(€q)
reads: for every h € L2(R x Qo) there exists a unique solution v €
WL22(R x ©0) of Eq. (2.7) and the following analog of (2.8) holds:

||U||w<l.2).2(R><QO) <Cu||h||L2(RXQO)- (2.13)

Although (2.13) looks simpler than (2.8) (in particular, it does not con-
tain Sobolev norms with fractional or negative exponents), we prefer to
use the L2-form formulated in Definition 2.1 since we will consider below
the dynamical systems which are close only in rather weak sense and the
W!-2.norms will be too strong for our purposes.

In order to formulate our additional assumptions to system (2.1) we
introduce the model dynamical system of Bernoulli shifts (see, e.g., [20] for
details).

Definition 2.4. For neN define M":={0, 1}*" = {b:Z" — {0, 1}} and
equip it with the standard Tychonov topology. Using the n-dimensional
“time” [ € Z" we define the model dynamical system {7;: [/ €Z"} on M"
via

(T;b)(m) :=b(l+m), meZ", where b=b(-)e M". (2.14)

We will denote by {’T,j; keZ}, i=1,...,n, the one-parameter subgroups
of (2.14) defined via 7} :=7i,,, where e; is a standard ith coordinate vec-
tor in R”.

Since we consider spatial-temporal systems we are lead to the set
(MHZ" | which we identify with M"t! via

bC ez € MYHE for be M (2.15)

We will then use I = (ly,!’) € Z"t! to indicate the time component Iy and
the spatial component [’ € Z".

Our basic assumption for the construction of spatio-temporal chaos
is now, that the dynamics of system (2.1) contains chaotic dynamics in the
following sense.

Assumption 2.4A. There is a hyperbolic set Iy for problem (2.1) in
the sense of Definition 2.1. Moreover, there exists a homeomorphism 7t :
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M! = T such that the dynamical systems (MI,TIO) and (I, S?) are con-
jugate, i.e.,

90T =5)oty, where (7,'b)(lo)=b(o+1) for lgeZ. (2.16)
(Recall that S? is the Poincaré map of (2.1) with S?u:u(~+l).)

Since every initial condition ug € I'g € L?>() is associated with a
unique trajectory u € K° we may also define the hyperbolic trajectory
set I\ and the homeomorphism 7{": M! — I'll; a > U € Cp(R, L?(Q)),
which satisfies

w(@)=UJ©0) and Uj(t+1)=UJ, (1) for t€R. (2.17)
1

To make rér continuous, it is important to introduce a suitable topology

on F(t)r c K°. This is the topology of uniform convergence in L?(€) on
compact subset of R. Since K° and hence F(t)r are contained in a bounded
set of Cp(R, L%(€2)) this topology is easily obtained the weighted norms,
e.g., L:o (R, L2()). We refer to [34] for the exact arguments.

—elt|

Remark 2.5. We recall that the existence of a hyperbolic sets I'g
described in Assumption 2.4A is closely related with the existence of trans-
versal homoclinic orbits for Eq. (2.1). Indeed, let ag € M! be a zero
element (i.e. ag(n) =0 for all n€Z). Then, according to (2.16), the corre-
sponding hyperbolic trajectory ug:= Ugo is a time-periodic trajectory of the
RDS (2.1). Without loss of generality, we may assume that

uo:=Ug =0 (2.18)

(if (2.18) is not satisfied, it is sufficient to change a dependent variable
u— u—ug(t, x)). Then, according to hyperbolicity assumption (2.8), ug=0
is a hyperbolic equilibrium of system (2.1) (in particular, (2.18) implies
that £(t,0)=0).

Let us now consider a basic homoclinic orbit a to ag in M!, deter-
mined by a(0)=1 and a(l) =0, [ #0. Then, the commutation relations
(2.16) and (2.22) together with the fact that 7y is a homeomorphism guar-
antee that the associated trajectory u := Uz? will be a homoclinic orbit
to ug=0. Moreover, the hyperbolicity assumption (2.8) implies that i is
a transversal homoclinic orbit to zero solution and, consequently, decays
exponentially as t — fo0:

iieCl, (R x Q) (2.19)
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for some positive ;. We now recall that every element a € M! can be pre-
sented as a sum of shifts of the basic homoclinic orbit a with coefficients
from 0 and 1, namely

a=Y alyT%a. (2.20)

IeZ

Of course, the homeomorphism 79: M! — I’y is not linear and we cannot
write the analog of equality (2.20) for the solution U, € F(’)r. Nevertheless,
this solution is usually occurs close to the sum ), ,a(Du(-—1), i.e.

1Ua =" aia(- =Dl gy < £0- (2.21)
leZ

where the small positive ¢ is independent of a € M! and the trajectory Ug
is determined in a unique way by this condition. Thus, a hyperbolic set I'{
is generated by shifts of the basic transversal homoclinic orbit # summed
with coefficients 0 and 1. Moreover, it is also well-known that the existence
of a single transversal homoclinic orbit & to some periodic solution ugy of
problem (2.1) is sufficient for the existence of a hyperbolic set T'{" satisfy-
ing Assumption 2.4A, see [20,39] for the details.

Remark 2.6. Assumption 2.4A which guarantees that the Dirichlet
problem (2.1) in a bounded domain 2 possesses a hyperbolic set homeo-
morphic to Bernoulli scheme M! is the basis of our construction. As
we explained in previous remark, existence of the hyperbolic sets of that
type is strongly related with homoclinic orbits and they usually appear
in concrete examples of ODEs or PDEs under the bifurcation of the
appropriate homoclinic orbit, see e.g. [20,39] and references therein. More-
over, a number of special constructions which allow to realize a given
finite-dimensional vector field as a restriction of a RDS to its appropriate
central manifold are also known, see [18,37].

Unfortunately, although the existence of RDSs satisfying Assumption
2.4A seems well-known, it is not easy to give a sharp reference for this
result. That is why, for the convenience of the reader, we briefly explain
in Appendix A how to construct a RDS satisfying Assumption 2.4A if a
system of ODEs is known which satisfies this assumption.

It is now easy to construct a RDS which has have the hyperbolic set
I:=(9)%". We do this by considering a period array of uncoupled sys-
tems as follows. Later we will show that coupling does not destroy the
hyperbolic set and such we are able to embed the problem into a RDS
which is spatially homogeneous.
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We use the spatial translation operator 7j:x+> x —h and define for [ €
7" the sets Q;:=T;Qy. Due to our assumptions diam €; < 1, the domains
Q; do not intersect for different values of / € Z". Define the domains Q.
and Q_ via

Qy i =Uiezn 2, Q- :=int(R”\Q+).

Evidently 4 and Q_ are uniformly regular in the sense of Definition 1.1
and Q4 is disconnected.
Consider now the RDS in Q4:

{BtuzyAxu—u—f(t,u) in R x Q4 222)

u=0 on R xaQ,,

which in fact decouples into a countable number of copies of the initial
RDS (2.1), since Q. is the disjoint union U;cz: 2. Indeed, any solution
of (2.22) can be represented as

u)=> e T (t) xo, where (Tv)(x) =v(x+h) (2.23)

and xg, is a characteristic function of the domain ;. Moreover, for each
1eZ" the function u;:[0, 00) — L2() is a solution of (2.1).

Using the decoupling (2.23) and the estimate (2.4) one easily verifies
that for every u® eLg(QJr) problem (2.22) has a unique solution u(z) which
satisfies the dissipative estimate

”M(I)HL%)(Q‘*') g C||M(O)||L%(Q+) e—at + Cf
Thus, the solution operator of (2.22) is well defined via
S; IL%(Q.;,.)—)L%(Q_Q, u(0) > S;u(0):=u(r).

The Poincaré map Sl:L%(Q+) — L%(QJr) associated with (2.22) pos-
sesses a global, locally compact attractor A C L%(QJ,—). The latter means
that the set A is bounded in L%(SLL) but is compact in the topology of
LIZOC(QJr) only (which is natural for the case of unbounded domains, see

[31,33,46]). Moreover, the decoupling (2.23) defines a homeomorphism
Zn
A~ (A)
and the local topology induced on A by the embedding A C LIZOC(QJr)

coincides with the Tychonov topology induced on the product (.AO)ZH.
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As in the case of A°, the attractor A C L%(QQ is generated by all
bounded complete solutions of problem (2.22), i.e.,

A=TK, K~ (/CO)W .

Let us study now the relations between the hyperbolic trajectories of
systems (2.1) and (2.22). To this end we introduce the nonhomogeneous
equation of variations for (2.22) for u e K:

v=yAyv—v—D, f(t,ut,x)v+h(t,x) in RxQ;, v=0on RxaQ,.
(2.24)

Lemma 2.7. Let Fg c K° be a nonempty hyperbolic trajectory set for
(2.1). Then, for any sequence (u;)jczr With u; € F(t)r the function u € KC defined
via (2.23) is a hyperbolic trajectory for Eq. (2.22). Moreover, there is an
exponent o = wo(Cr,) >0 such that for every weight function ¢ with the
exponential growth rate < o the following estimate is valid for the solu-
tion v of equation (2.24):

||v”W((bO’l)’2(R><Q+) + ”a’v”WéO‘_I)’Z(Rng <Cr ||h||w(<p0,—1),2(RXQ+)’ (2.25)
where the constant Cr depends only on Cr, and Cy and is independent of
the specific choice of hyperbolic trajectories (up)jezn. In particular, (2.25)
implies that

”U”W{)O'”'z(RxQJr) + ||3,v||Wl()o,71).2<RXQ+) < Cf ”h”Wf)O"”’Z(Rx.QJr), (2.26)

where C}. depends only on Cr,,.

Indeed, estimates (2.25) and (2.26) are immediate corollaries of (2.9),
(2.10), and the fact that the weight T;¢ satisfies (1.3) with the same con-
stant as ¢.

The assertion of Lemma 2.7 admits to find a “large” hyperbolic set "
for the RDS (2.22).

Corollary 2.8. Under the Assumption of Lemma 2.4A the representa-
tion (2.23) defines a hyperbolic trajectory set

e~ (rg)”

for problem (2.22) and consequently T :=TIoI'" c L2(Q21) is a hyperbolic set
b
for (2.22) which is homeomorphic to F%n.
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Again it is important to equip I''" C Cp(R, L%(Q+)) and T CL%(QJr)
with the correct topologies which describe convergence on bounded sub-
sets of R x 2, and ., respectively. As above the weighted topologies are
the desired ones.

By construction, system (2.22) is invariant under the group {7Ty: 1’ €
7"} of discrete spatial translations as well as under the temporal shifts
{Si,: lo € Z}. Note that these two actions commute, such that we have
a spatio-temporal action of Z"*!, which we denote by {S; = SiwoTy:l=
(o, I")€Z"1 Y and {Ty: 1=y, 1) e Z"T} for the action on initial data (i.e.,
on L%(§2+)) and on trajectories (i.e., on Cp(R, L%(Q+))), respectively. In
particular, the attractor A and the corresponding set of essential trajecto-
ries of (2.22) are also invariant with respect to these actions:

SSA=A and TK=K for I=(,1I')eZ"t.

Moreover the sets ' and T' are also invariant with respect to these trans-
lations:

T, =" and ST=r forleZ"! (2.27)

More than that, these actions on I' = ([p)Z" and ' = (F(t)r)Zn are
conjugated to the standard Bernoulli shift {7/ : [ € Z"t'} on Mt =
(MHZ" via the obvious homeomorphisms 7: M"*! - T and r'': M+ -
'Y defined via 7(b) =1t"(b)|;—¢ and

() =UL"(t.x) > Y Upp (t.x+) xy (x+)
ZIGZU

: 0
with Up.n

follows.

as defined right before (2.17). We summarize these result as

Corollary 2.9. Let the Assumption 2.4A4 hold. Then, the multi-dimen-
sional Bernoulli system (M {Ty: ke Z'T1}) is conjugated to (T, {Sy =
Sko 0 Tie: k= (ko, k) € Z"t1Y) associated with the RDS (2.22) via the homeo-
morphism t, ie.,

Spot=t0Tg0) forlo€Z and Tpot=toTygyy forl €Z".
(2.28)

Thus, we have constructed a RDS which possesses a hyperbolic
set ' = an which shows spatio-temporal chaos. But unfortunately the
unbounded domain € is disconnected and consequently is not a “domain”
in a usual sense which makes the obtained result artificial and uninterest-
ing in itself. In the subsequent sections we will use the structural stability
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of hyperbolic sets to show that a weakly coupled system still has the same
chaotic behavior.

3. THE LINEARIZATION OF THE WEAKLY COUPLED SYSTEM

Our next step is to construct an appropriate RDS in R"” which is in a
sense close to problem (2.22) in Q4 and then to construct the hyperbolic
set T' for this new system using the structural stability of hyperbolic sets.
We will search such a system in the following form:

Qu=yAyu—u— f(t,u) for xeQ.,
du=yAxu—Aiu for xeQ_, (3.1
M|R><6§2+:M|]R><8SL’ 3n”|Rxasz++3"“|Rxasz,:0’

where A > 1 is a large fixed parameter. Evidently, this problem can be
rewritten as a RDS in R":

u=yAyu—u— f,(t,u), @ x)eRxR", (3.2)
where by definition

f@,u) for xeQy,

Sl x W= 6 1 for xeq.

(3.3)

The continuity of # and Viu on 0924y = 9Q_ is now included in the
smoothness assumptions for the solutions. The function f, is 1-periodic
with respect to ¢ and x:

L+ 1, x,u)=fit,x,u) and fo(t, Tjx,u)= fo(t, x,u) 3.4

for every [ € Z" and every (r,x,u) € R x R" x Rk,

We now want to show that (3.2) is a small perturbation of the uncou-
pled system (2.22) on Q.. The heuristic argument is clear, since the large
parameter A >>1 corresponds to strong absorption and hence makes the
solution very small in the domain Q_. Thus, we expect to approximate
zero Dirichlet data on 9Q2;. To make these arguments precise we recall,
from Corollary 1.16, the linear Dirichlet-Neumann operator

—-1/2),2

WP R ) g0 ) > Wi R x 3Q_),

where Q2 is replaced by Q_ and where we have used that the equation is
linear in Q_.
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By solving the second equation of (3.1) we rewrite this problem in the
following equivalent form which is more convenient for our purposes:

oru=yAyu— f(t,u) for (t,x) eRx Qy,
{ t Y RAx f + (3.5)

8"”|]Rx6§2+ +h <M|]R><6§2+) =0.

Indeed, system (3.5) is a coupled version of system (2.22) in which the
coupling is concentrated in the nonlocal linear boundary operator P, .
Note that the nonlocality is in space and time.

We will now use that this coupling is small for A > 1 such that we
are able to show that the linearization of (3.5) at the functions u €' is
still invertible. We will exploit this in the following section to construct a
hyperbolic set T, for Eq. (3.2) by structural-stability arguments.

Note that the functions u € ' are not solutions of (3.5), however
we may still study the inhomogeneous, variational equation around these
functions:

[ IV=yAT—0—D, f(t,u(t,x))v + h(t,x) on RxQ,,

~ _ A~ 3.6
v + P, <v|in)Q+) =80 on RxaQ;. (3.6)

We will show below that the solution operator M} giving v = M}(go, h)
is well-defined by comparing it with the solution operator M_° associ-
ated with the nonhomogeneous, variational Eq. (2.24), now including also
inhomogeneous Dirichlet boundary conditions:

(3.7)

v=yAyv—v—D,f(t,u(t,x)v+h(t,x) in RxQy,
V=1 on RxaQ,.

Hence, M° is defined via v=M:°(vg, h).
Our main result will be the comparison between 7= M&(O, h) and v=
MZ°(0, k) in the form

17— vl =1 Mg2(0, ) — M;: (0, )| < CA~Fr |

in suitable function spaces. This result is obtained by reducing the problem
to the boundary R x 92, via the operator Puf 100 > 3, M2°(6p, 0). Thus,
wo = (v —")|rxoq, Will satisfy

dv+ P wo+ P wo=0 on Rx0Q,.

Our a priori estimates for P, from Proposition 1.15 and Corollary
1.16 imply that the inner product (P*wyq, wo) is of order A'/2||wgl|? as A —
oo. This fact, together with the positivity of the principal part of Puf (see
Lemma 3.3) allow us to conclude that the operator PJ + P, is invertible
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(and, consequently, wg is uniquely determined by 9,v|rxaq,) if A is large
enough. Hence, going backwards, we are able to find v=M?(0, h).

We now make the above statements rigorous. The main result of this
section is the following theorem.

Theorem 3.1. Let T be the hyperbolic set constructed above. Then
there exist constants iy> 1 and ey, Cr >0 such that for all A > Ay, all ¢ €
[0, g0], all yoeR" 1, all solutions ueT", and all h eWéO’_l)’z(]R x Qy) Eq.
(3.6) with go=0 has a unique solution v and it satisfies

19: 9l g0~ DRy, )+”v||w‘°”2(RxQ y SCriihllyo.- D2@xay)” (3.8)

2n 2n+4
Moreover, for each pe(pmm, Pmax) With pyin=7 +1 4 and pmax = ”;r
there exists a constant c such that
lo=71l, » ¢t CraPrnl| 02 where §, = "WPmx—P)
LY e/ ®x0y) SEHCT w<° )2RxQ) = 4p ’
(3.9)

and v= MS°(0,h) is the solution of the linearized problem (2.24) (which
exists due to Lemma 2.7).

Before we start the proof of this theorem, we provide two lemmas. All the
constants will be independent of u €' and ypeR"*1.

Lemma 3.2. There exist gy, Cr >0 such that for all boundary data
) er()l/4’l/2)’2(R x 0R24) Eq. (3.7) with h=0 has a unique solution 6 and
the following estimate is valid:

||3z9||w;g,;(}>,2(RXQ )+”9”w<°”2(R o )\Cr||90llw<1/4 U2 804),
(3.10)

Thus, the linear operator
PLWIA 2R 90y - WIATVD2 R v a9y (3.11)

is well defined via Puf 6o :=8n9|RX 09, and bounded.

Proof. Indeed, estimate (3.10) is a standard corollary of estimates
(1.19) and (2.25). The boundedness of P/ follows from the trace theorem,
analogously to Corollary 1.16. |
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Lemma 3.3. We decompose the operator P,,f as P,,f :Pl+ + P,, where
the operator P1+ is the Dirichlet—Neumann operator P; of (1.30) with A=1
and Q=4 (ie, with f=0). Then there exist constants gy, C,Cy,Cy >0
such that for all € €[0, gy] and all 6 eW]gl/4’l/2)’2(R X 024) the following
estimates hold:

/
||Pu90||w&lg{;1(.)l/2> 2Emxany) S C||90||W<1/4 2R, a0, (3.12)
C1||90”W('/4'/2)2(R 094) ( 90 Qe, VOQO)Lz(RX3§2+)\C2”90” (1/41/2)2(]R 994)"
(3.13)

Proof. To estimate Pl+ let 6; be the solution of the problem 9,6 =
yAf —6) in R x Q; and 6; =6 in R x 3Q; such that P, 6 := an91|9+.
Multiplying the equation by ¢, ,,6;, integrating over R x . and arguing
as in the proof of (1.32), we derive estimate (3.13).

To estimate P, we introduce the function 6, :=6 —6; such that by
definition P,0)=9,62|rxs, and which satisfies the equation

8,92=yAx92—92—Duf(t,u(t,x))@ in R x Q+, 9220 on R x 8§2+,
(3.14)

where 0 = M°(6p, 0).
Because of Lemma 3.2 and the fact that D, f € L> we have the esti-
mate

1D fCoul BN, @xoy SC ||90||W(1/4 D2R a0, (3.15)

Applying estimate (1.19) with s =2 to Eq. (3.14) and using (3.15) we
obtain

IIQZIIW&?M(R o )\Cz||90llw<1/4 D2 R a0, )"
With the standard trace theorem we conclude
”8"02||W;,'€{;‘.6'/2>'2(Rxagz+> <G ”90||W;,‘S{;‘.6'/2>'2(Rxagz+>’ (3.16)

which is the desired estimate (3.12). a
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Proof of Theorem 3.1. Let v =M °(0,h) and w=v — v satisfies the
equation

w=yAyw—w—D,f(t,ut,x)w in RxQy,
! ' - (3.17)

dpw + P, <w‘Rx8§2+>+anv=0 on Rx Q.

Because of Lemma 2.7 and the trace theorem (analogously to Corollary
1.16) we have

C||h||w<o 1)2 (3.18)

19, UIIW< 1/4 122 Ryan,) S Rx9.)"

Using the operator Pf we reduce problem (3.17) to the equivalent pseudo-
differential equation on the boundary R x 92, namely Pf wo + P, wo +
d,v =0 with wy ._w|RX3§2 Using the decomposition Pf = P+ -I—P’ of
Lemma 3.3 we arrive at

P, wo+ P;"wo+ Pjwo+3,v=0, on RxaQ,. (3.19)

Taking a scalar product in L2(R x 9924) of Eq. (3.19) with the function
@e,yowo and using the Cauchy—Schwarz inequality and the estimates (1.32),
(3.12), and (3.13) we derive

1/2 2
||w0|| (1/4,1/2),2 +)\/ ||w0||L2

Wodyy  (Rx9Q4) 3o BX324)
<C3||w0||L2 B394 )+ G318, U||W<61}/04 D2 Rya0,)" (3.20)

Inserting estimate (3.18) into (3.20) we derive that for A > (C3+ 1)2=: 1
the following estimate is valid:

1/2
+il ||wo||L2  ®xo ) SCallhl 012

||w0|| 1/4,1/2),2
W(/ /2), o0

o, RxIQL) RxQ4)

for an appropriate constant C4 which is independent of A > Aq. Interpolat-
ing with « €[0, 1] we obtain
<C ), 012 (3.21)

w 4,0/2),2
[ 0||w$;_/yo‘*“

RxIQy) (RxQy)’

u eTY Using wy= w|RXm+, choosing « =1 in (3.21) and applying
estimate (3.10), we find

l3,w (3.22)

- w <Clh
W{(pg.’mn,z(RXQ”*l-ll ”WSS{;’)IH(R a,) S ClliAlyo- D2Rxq,)

which together with Y=v —w and (2.25) implies (3.8).
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To prove estimate (3.9) we use (3.21) with 0 <a <1 and (1.19) with
s=(ax+1)/2 to derive

Wl gy (et D12, <O a0 3.23
I ||W((p(m+01)/4,( DR, o) S Il (3.23)

®RxQp)’
The presence of the subordinated term D, f (¢, u(¢, x))w in (3.10) in com-
parison with (1.15) is not essential thanks to estimate (2.25). Applying
now an embedding theorem for anisotropic Sobolev spaces (cf. [24]) we
obtain

||w||Lgm o BXD) <Cp ||w||W((u+l)/4 @/D2R o (3.24)
where p, = nzﬁr”]—“L_Z()x € (Pmin> Pmax) and the constant C, is independent of

yo € R™t1. This estimate, together with inequality (3.23) proves estimate
(3.9). Having the a priori estimate (3.8) for the solutions of (3.6) one can
verify the existence of a solution ¥ in a standard way. Theorem 3.1 is
proved. O

Corollary 3.4. Under the assumptions of Theorem 3.1 the following
estimates hold:

180l 002y g ) TIPly002g o ) SCPIAOD2E, o ) (3:25)

and
10=Bllp@xn,) SCrA lhllyo-n2g g ) (3.26)
. . (2n+4 2n+4 n(Pmax — .
where p € (Pmin» Pmax) .= ( T ), Bp= — ) >0 and all constants

are independent of the concrete chozce of ue Ftr.

Indeed, estimates (3.25) and (3.26) are immediate corollaries of
Theorem 3.1 and Proposition 1.9.

In conclusion of this section we consider problem (3.6) with nonho-
mogeneous boundary conditions, i.e., we estimate w:M,}(wo, 0).

Corollary 3.5. Let the assumptions of Theorem 3.1 hold. Then for

every A > Ay and for every wy eW( 1/4.~ 1/2)’2(R X 0Q24) the solution w =

M} (wo,0) of (3.6) exists uniquely and satisfies the estimate:

Bp
||3zw||Wl()o,—1>.2(RXQ+) + IIwIIWIgo,l),z(RXm) AWl ®xay)

(3.27)

<Cr ”wO||Wg*”4'*1/2>*2(RxaQ+)'
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Moreover, for € €|0, gg] the following weighted analog of (3.27) holds:

||3zw||W£,;(;>,2(RXQ )+||w||W<01>z(RXQ )T ”||w||Lg 2 ®X24)

<Crllwollyy-1/a-122 (3.28)
¥e,y0

Rx9Q4)’

"(1’% >0 as above.

where p € (Pmin, Pmax) and Bp=

Indeed, estimates (3.27) and (3.28) have been obtained in the proof of
Theorem 3.1 (compare equations (3.6) and (3.17)).

4. STRUCTURAL STABILITY

In this section we construct a hyperbolic trajectory set '} for the
coupled problem (3.5) which will be homeomorphic to the hyperbolic tra-
jectory set ' of the uncoupled problem (2.22).

The main result of the section is the following theorem.

Theorem 4.1. Let T'g be a nonempty hyperbolic set for problem (2.1).
Then there is a constant Ay >> 1 such that for every A > A there is a
hyperbolic trajectory set T'' for Eq. (3.5) which is homeomorphic to T =
(Fér)Z"'.

KT« T, 4.1)

This homeomorphism commutes with the discrete space—time translations
{Ty: 1=(o,I') € Z"*'} (defined via (T, ;yu)(t, x):=u(t +1lo, x +1)), ie.,

K oTy=Tyok"  for ez, 4.2)
Moreover, k" is bi-Lipschitz continuous in the weighted topology, i.e., there

exist constants C1,Cy>0, 41 >0, and gy >0 such that for all L > 1y, € €
(0, &0) and all uy,uy €TV the following estimate is valid:

C i1 —0ru - + lug—u
1 || U] t 2||W(£2:),01)’2(RXQ+) || 1 2”“’;2’,;)0’2(RXQ+)
< ||0;u1—0su - u u
< 011 —0; 2||W((pg:y0“'2(RxQ+) a1 2”Wé,2‘_§?0'2(R><52+)

<G <|I3zul—3zuzllw<o D2gu g,y TIHI— M2||W<01)2(]R o )>, (4.3)

where ; =k\" (1) and i=1,2.
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Proof. Indeed, let u ' be a hyperbolic trajectory of the uncoupled
system (2.22). We will search for the corresponding hyperbolic trajectory
ﬁ'::/cir (u) in the form w=u+ w. Then, the correction w has to satisfy the
equation

w=yAyw—w—[ftul,x)+w(, x)— f ut x)] in RxQ,y,
PT (wlaag, ) + O+ 8,u=0 on R x 3.
4.4

Define the function w; as MQ(—anu, 0), i.e., as solution of (3.6) with h=0.
Corollary 3.5 and estimate (2.6) give

1BallLr g,y < Cpr P 10nttllyy 114122 g ) S Cra e, (45)

where p € (Pmin, Pmax) 18 fixed and C;“, is independent of A and u eI,
Now the function 8 =w — w; has to satisfy the equation

{ 30 =yA0—0—D, f(t, ut,x)0—ht, x,0) inRxQ,,

. (4.6)
P (0laraq, ) + 00 =0 on R x 34,

where h(t, x,0):= f(t,u(t, x)+wy(t, x)+60)— [, u(t,x))—D, f(t,u(t, x))o.
Recalling the solution operator M} for system (3.6), Eq. (4.6) can be
rewritten in the form

0+ M0, [f (- u+ Wy +0)— f(,u) =D, £ (-, u)0]) =0.

We are going to solve this equation with the help of the implicit function
theorem. For fixed p € (Pmin, Pmax) We define the mapping

®: [1, 00]xLy (R x Q1) — L (R x 4),
(*,0) > 0+ My (0, [f (. u+,+6) — f(-.u) =Dy f (-, u)6]).

Recall that M ° is the solution operator of problem (2.24) and that
We = 0. It follows now from (2.3) (3.8), (3.9) and (4.5) that ® ¢
CO([1,00] x LY, LY), Dg® € CO([1, 00] x LY, Lin (LY, LY)), ®(c0,0) =0 and
Dg @ (00, 0) =1Id. Consequently, due to the implicit function theorem there
is A9 >> 1 such that for every A > A there is a unique 6, € L{; (R x 24) such
that

®(1,0,)=0 and ||9A||L€(RXQ+)<C/\*5P, 4.7)

where the constant C is independent of u e I''". Consequently, 8 =6, solves
(4.6). Moreover, 6, =—M (0, h) implies via (3.8) and (3.9) that

1903l o002 0,y T 10 lyo02g, o) < ciPr, (4.8)
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since h can be estimated as follows. From (2.3) and (4.5) we obtain
”h”L%(]RXQJr) = | fC,utwp+6,) — f(,u) =Dy f (-, u)91]||L§(RXQ+)
<C (HQAHLI%(RXQ) + ”w)u”L]z)(RXQ)) .

Together with (4.7) and (4.5) this implies estimate (4.8) for sufficiently
large A.

Now define K){r(u) ‘= U := u + w, +0;,, which, by construction, is a
solution of equation (3.5) and hence of the RDS (3.2). Moreover, due to
(4.5) and (4.8) we have the closeness condition

=Tl e sy <Ca P, (4.9)

Let us verify that @ is a hyperbolic trajectory for system (3.5). According
to Definition 2.1 we have to consider the linearized problem

JT=y AT —T—D, f(t, D)7 + h(t,x) on RxQy,
{ t X (] + (410)

P (Vs ) + 07 =0 on R x 3.

Indeed, it follows from (2.3) and (4.9) and from the embedding
theorem for the anysotropic Sobolev spaces that

1Dy f ¢ 1) = Dy f ¢ D 2@, ) < CAP I Lomax ®x2s)
< (19 lwo-n2@xen)

+ ||3||W<0,1),2(RXQ+)> (4.11)

for some positive > 0. Applying this to the right-hand side of (4.10) and
employing the hyperbolicity of u as given in estimate (3.8) with ¢ =1 (i.e.,
e=0), we casily obtain

~ ~ /
||3tU||W(0fl>.2(RXQ+) + ”U”W(()-I)-Z(RXQ+) < Cr ||h||w<0.fl)»2(]R><Q+),

where the constant Cy. is independent of A > g and of the concrete choice
of W=k}"(u) €T} Thus, i is a hyperbolic trajectory of (3.5).

Thus, we have shown that '] :=«["(I''") is a hyperbolic set for the
coupled problem (3.5). The commutation properties (4.2) are immediate
corollaries of our construction of «i" and of the uniqueness part of the
implicit function theorem. Thus, it remains only to verify the local Lips-
chitz continuity (4.3). For this, let u,u, e ' be two hyperbolic solutions
of (2.22) and let u; := K;r(ui), i =1,2, be the corresponding hyperbolic
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solutions of (3.5). Define also the functions ! as the solutions of prob-
lem (4.4) associated with u;, i =1, 2, respectively and the functions 6; :=
u; —u; —wj. Then, the function w, := wi - Ei satisfies the equation

: Wy =y AWy — Wy — Dy f(t,u)Wy+h,

Py (w)“’RxE)Q_,_) +anw}‘|Rx8§2+ + (8"“1 ‘RXBQ+_8"I'{2|RXBQ+) =0,
(4.12)

where h(t,x) :=[D, f(t,u1(t,x)) — D, f(t, uz(t, x))]w; (¢, x). We claim that
there are C, gy > 0 such that for every ¢ €0, g9] the following estimate
holds:

~ B ~ )\"Bp ~

119, w;. ||W£.vy01>,2(RXQ+) + ||wx|lwé<‘g_ly>dz(RXQ+) + 277w, ||Lgpg/2\v0 (Rx Q)
<C | ||0;u;—0:u _ ui—u , 4.13
X (” tU] t 2||W5%_YOI)'2(R><Q+) + ” 1 2||W(<p21y)02(R><Q+)> ( )

where p € (Pmin, Pmax) 1S fixed and C and gy are independent of u; e T\,
A>xo and of ypeR"!

In order to derive (4.13) we need the following standard smoothing
property for the solutions of (2.22). |

Lemma 4.2. Let u; €K, i =1, 2, be two essential solutions of problem
(2.22). Then there is ey >0 such that for every € €0, 9] the following esti-
mates hold:

C1||141_142||C(}]£/2'y0 Rx24) S ||8t“1_af”2||w;&;(;>'2(Rxsz+)
uir—u
w1 ZIIW;%%Z(RXQQ

< Collur—uzlicy 1y (RX24), (4.14)
£/2,y0

where the constants gy and C; are independent of u; € K and of yoe R

Proof. Indeed, the function v:=u| —u; satisfies the linear equation
v=yAyv—v—A(t,x)vin RxQy, v=0on RxdQ; (4.15)

with A(f,x) := fol D, f (¢, sui (¢, x) + (1—s)us(t, x))ds and hence, by (2.3)

and estimates (2.6) for the solutions u;, we have A eCllj(R x Qq, RM>my,
Applying the standard parabolic regularity theorems (see, e.g., [24]) to

Eq. (4.15), we derive estimates (4.14) and Lemma 4.2 is proved. a
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Estimate (4.14) together with estimate (4.5) for w; imply that

B
IIhIILz (RXQ+)<C?» p<||3t”1—3r”2||w(0 D2@yq, )+|IM1 lelw(onz(]RXQ )>

(4.16)

where & is defined after (4.12), 8, >0 and C is independent of A, yy and
u;. Applying estimates (3.8), (3.9) and (3.28) to Eq. (4.12) and using (4.16)
we obtain the desired estimate (4.13).

It remains to estimate 6 :=0; — 6, which satisfies the equation

3O0=yA0—0—D,f(t,u)0+h in RxQy,
{ ' * “ * 4.17)

7 (6lpan, ) + 06 =0 on R x 99

where Z:hl + hy + h3 with

hy=[f G up+ 07 462) — f(up + ) +6)],
hyi=—[f(,uy+ ) +61) — fCouy+ W) +6) =D f(,ub],  (4.18)
h3::f(.’u1 —|—w%+02)—f(,M2+w%+92)+f(aul)_f(su2)

We estimate every term h; separately. Due to the global Lipschitz continu-
ity of f and estimate (4.13) for w; we have

||h1||L2 (Rxm)\clk ﬁ"(llatul—atuzllw(o w02 + llu— M2||W<01>2

Rx Q4 ))
(4.19)

Rx24)

Moreover, due to the uniform Holder continuity of D, f one has the
estimate

|f(touy+ @} +61) = f (¢ uy + B} +62) =Dy f (1, up)|
1
<f0 DS (1,1 + T} 4561 + (1= )6) = Dy £ (1, )| ds 6]
c (111 + 161 + 161 ) lel.

where 0 <8 <1 is arbitrary and the constant C depends only on f. Fix-
ing § small enough and using estimates (4.5) and (4.7) and the Holder
inequality we arrive at

~1,46 § 8

C (1B vy + 101 ey + 1620 e ) 10, v
-8B,

Cop ™ 1611y, | @xe.)- (4.20)

Ihallz, @xan

NN

Finally using the Lipschitz continuity of D, f we obtain the estimate

3, )1 < C (T30, +165, )1 ) (¢, )=t )
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and consequently, due to (4.5), (4.13) we find

Ihsllz, | @xop S C3A7 ﬁ”(llazul—aruzllwm D2@xn,)
+||u1—u2||wg,%z(Rm+)). (4.21)

In the three estimates (4.19), (4.20) and (4.21) the exponent p € (Pmin, Pmax)
is fixed and the constants Ci, C,, and C3 are independent of yy € R*+!,
A>Ap and u; eI,

Applying estimate (3.8) to Eq. (4.17) and using inequalities (4.19),
(4.20) and (4.21) for the right-hand side h=h; + hy + h3 we obtain

0;601—0,6 0,-1),2 + ||6;—6 0,1),2
119:61—0; ZHWfag‘yo) 1601— 2||W< b,

(RxQ4) RxQ4)

-B _ _
<CAPr (”atul atuzllwég.’;é),z(mm)+|Iu1 ”2||w;211y>62(Rxsz+)>'
(4.22)
Using u| —uz—[ul—u2]+[wl—wf]+[ —6], estimates (4.13) and (4.22)
imply
S~ o~
Ci ”ul_”ﬂlLim/Lyo ®x9y) SCrllun — u2||Lgp€/2,yO (RxQ4)

v _
e 8’u2||W5,2”),1)'2(R><Q+)+”u1 ”2”W£’.‘}?*2(Rx9+)
< Ca(101 =Bzl D2y HIH 2002, ) @23)

To finish the proof of Theorem 4.1 it remains to note that estimate (1.22)
with s =1 applied to Eq. (4.15) gives

iy —0iu - up—u
1|91 —0; 2|Iw;2.‘y01>,2(RXQ+)+|| 1 2||W§,‘;:1}?62(Rxsz+)

< - )
< Czllug M2||L£ps/2,y0(R><Q+)

This estimate together with (4.23) provide (4.3); and thus Theorem 4.1 is
proved. O

Until now we have discussed the problem (3.5) on Q4 with the non-
local boundary conditions depending on A. Now we return to the RDS
(3.2) defined on all of R”, but with the nonlinearity f, defined in (3.3).
The associated initial value problem reads (3.2), i.c.,

u=yAu—u— fr(t,x,u) for (¢,x)e(0,00) xR",

u(0, x) =u’(x) for x eR". (4.24)
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First of all we note that (2.3) and (3.3) imply that for every A >0 and
every u’ € LZ(R") problem (4.24) has a unique solution u:[0, c0) > LZ(R")
and the following estimate holds:

”M(t)”]_%(Rn)gc””(o)”]_%(Rn)eiat‘i‘C)m a>0 (4.25)
and consequently the solution operator
SHLERMN = LERY),  u’ u(r) (4.26)

is well defined (see, e.g., [46]). Moreover, it is known (see, e.g., [32,33,

46]) that the Poincaré map S associated with problem (4.24) possesses a
global, locally compact attractor A, L2 (R™) which is generated by the
set Ky, CL2 (R xR™) of all essential solutlons of problem (3.2), i.e.,

A)LZH()/C)L.

Moreover, the following result is a standard corollary of the parabolic
regularity theorems (see, e.g., [24]).

Proposition 4.3.  Every trajectory u € K. lies in C1 (R xR"™) and satis-
fies the estimate ”"‘”Cl(RxR" < C,, where C, depends on X\ but is indepen-

dent of the concrete choice of u € K. Moreover, the set Ky, is compact in
the local topology of Cl (R x R™), namely K, eCl (RxR").

loc loc

Note that is is sufficient to have f; smooth in u and ¢t. The jumps over
the boundary 92, do prevent higher regularity, but not the C!-regularity.

Let us study now the hyperbolic trajectory set f‘ir C L%(R x R™) for
Eq. (4.24) associated with the corresponding set I'}f CL%(R x Q).

Corollary 4.4.  Let A > 1 be the same as in Theorem 4.1. Then for
every A> L1 Eq. (4.24) possesses a hyperbolic set T\' C K, which is homeo-
morphic to TY via

KTY < T

Moreover, the homeomorphism &, /< T satisfies the commutation properties (4.2)
and is Lipschitz continuous in lhe local topology, i.e., for each A >\ there
exist constants Cy and Cy such that for all ui,uy €T we have

C ( 011 —0u - uy—u )
1 101 =rually . Drmxq, ) Tl 2||W5%1§_>62(RXQ+)

<157 (uy) —Ktr(uz)llcl o ¥R

< C2<||atul —3tM2||W&2:;()1>,2(RXQ+) + lluy —uzllwg%z(Rxm)) (4.27)
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Note that in contrast to (4.3) here C, C, depend on A. This is because we
switch to the noncompatible C! topology, cf. also Proposition 4.3.

Proof. Indeed, let u € T and let & =«,"(u) € TY. Define the func-
tion w:=x;"(u) € T}’ via the trivial linear extension E,\:L%(R X Qp) =
Lg(RxR") and let ¥ — u be defined as follows:

ﬁ(t,x), ifx€§2+,
v (t,x), ifxeQ_,

i?(t,x)::{

where v, is the unique solution v of the problem

dv=yAww—ivin RxQ_ and v[p =E|RX39+.

This works well since the RDS (4.24) is linear in Q_. Because of (1.24),

we have

||atu||wt(ﬂg-;01)-2(ﬂgn+l) + ||u||w((£vn1v)0-2(ﬂgn+l) < C)»(”” ”W&%EOU-Z(RXQ” + ||u||Wt(p°sl_lv)0'2(Rxﬂ+))'
(4.28)

According to the construction of the operator P, the function # is a solu-

tion of problem (3.2) and consequently u e K,.. Moreover, it is not difficult
to verify, using Theorem 4.1 and estimate (1.24), that u is a hyperbolic tra-
jectory of the system (4.24), i.e., for every h e WO —D-2(R x R") the prob-
lem

dv=yAcv—v—D, filt, x, 7, x))v+h(r,x) on R'! (4.29)
possesses a unique solution v which satisfies the estimate
||31U||w<0.71),2(]1gn+1) + ||v||W(0-l).2(Ru+l) <Cr ||h||w<0.—1),2(Rn+1), (4~30)

where the constant Cr depends on A but are independent of the concrete
choice of u € ', Thus, T\ := &R(I'") is a hyperbolic set for problem
(4.24).

Let now u; =x,"(u;). Then combining (4.3) and (4.30) we obtain

C <||3zu1 —31M2||W£,;01>.2(RXQ+) + llu _“2||w§02-j362(1@x9+))

< |07 — 0w - U —u.
< 1910 2||w;2~,y(})v2(w+l)+|| 1 2||W5£,}Y>O,2(Rn+1)

<C - _ _
\C2(||at“1 8t”2||w[(/)2:y3)~2(RXQ+)+”u1 ”2||w§,%_‘y>0*2(Rxsz+)>’ (4.31)
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where the constants C; depend on XA but is independent of the concrete
choice of u; e ', To finish the proof of estimate (4.27) we use the par-
abolic regularity theory which gives

-7t < (00— llyyo- - )
[y 2”C(},6/2,y0(R”“>\ 119711 —9; 2||W<<008.7)V01>.2(Rn+1)+|| 1 2“W$3'.ly)(;2<R”“>
(4.32)

where C is independent of u; e K. Indeed, (4.31) and (4.32) provide (4.28);
and thus, Corollary 4.4 is proved. |

5. EXAMPLE OF SPACE-TIME CHAOS IN RDSs

So far we have constructed homeomorphisms between the set ' =
(F(t)r)Z" from Corollary 2.8 and f‘}r. Thus, we worked in the space of
trajectories. We now return to the phase space of the RDS (4.24) and
construct an hyperbolic set there. Moreover, we will use the homeomor-
phism between I'" and the standard Bernoulli scheme to deduce space-
time chaos.

Recall that ﬁO:Cb(R, L%(R”)) — Lﬁ(R”) maps trajectories u onto their
initial data u®=u(0).

Corollary 5.1. Let the assumptions of Corollary 4.4 hold and let f‘}f
be the hyperbolic set of the problem (4.24) constructed in Corollary 4.4.
Define T, = ﬁof‘\ir cAc L%(R"), then there is a homeomorphism (with
respect to the associated local topologies)

oo =Ty%

which commutes with the discrete group of spatial translations {Ty:1' € 7"}
and with the Poincaré maps generated by the Eq. (2.22) and (4.24), respec-
tively:

Tc\AoSlole);)ofc\A and K, oTy=Tyok, forlgeZ and ' eZ".

Proof. Indeed, it is known (see, e.g., [4,47]) that the maps Mo: K, —
Ak and ITy:/C— A are one-to-one. Since the sets IC,\ and C are compact in
the local topologies, these maps are in fact homeomorphisms. The desired
homeomorphism &; can be defined now via

Ky —H()OK O(HO) 1 5.1

where ;" is constructed in Corollary 4.4. The commutation properties are
1mrned1ate corollaries of (4.2). a
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Combining the Corollaries 2.9 and 5.1 we arrive at the final result on
this section which states the existence of spatial-temporal chaos for the
RDS (4.24). Note that the system is space and time periodic with period-
icity 1 in each direction.

Theorem 5.2. Let Assumption 2.4A be valid such that the RDS (2.1)
in the bounded domain 2y has a hyperbolic set. Moreover, let the assump-
tions of Corollary 4.4 hold (i.e., the coupling is weak since A > x> 1) such
that FA and ¥, can be constructed as above. Then, the RDS (4.24) admits
space—time chaos in the following precise sense: The multidimensional Ber-
noulli system (M"+1, AT leZ”+l D (as defined in Definition 2.4) is topo-
logical conjugate to (F;L, {S 1=y, ") eZ"1}) via the homeomorphism T :
ML T (in the local topologies). Here,

’5\(10,0)::9\1% and Soun=Ty  for (o,1)eZ"",
and conjugacy means the commutations
ToTy0=S,0T. ToTon=TyoT forlyeZ andl'€Z". (5.2)

Remark 5.3. As in the case of purely _temporal dynamics (see Remark
2.5) the spatio-temporal hyperbolic sets T, and Ff\’ are closely related
with the multidimensional analog of homoclinic orbits the so-called bump
solutions. Indeed, let the assumption (2.18) be satisfied. Then, the image
T(by) of a zero element by =0 of M"*! under the homeomorphism 7T
constructed in Theorem 5.2, obviously, also equals zero: T(bg) =0. Anal-
ogously, the image T(b) of the basic bump element b € M"*+! (b(0) =1,
b(1)=0, [ #0) gives a spatio-temporal bump orbit i :=7""(b) for problem
(4.24). Moreover, it follows from the hyperbolicity of condition on & and
uo (exactly as in purely temporal case) that the solution « is an exponen-
tial bump, i.e.

’Z € Cé;tlt\+;t|x\(Rn+1) (53)

for some positive p. Thus, our construction gives, in particular the
existence of an exponentially decaying space-time bump solution for
Eq. (4.24). Furthermore, analogously to (2.20), every b M"*! can be pre-
sented as follows:

b= > b()T_b. (5.4)

lezn+l1



Infinite-Dimensional Hyperbolic Sets 375

And, analogously to (2.21), it is not difficult to verify that every solution
Up =7 (b), be M"t! satisfies

U= D7 blo. 1Y ~lo. = )llz gy <&,
(o, 1" ezn+!

where ;>0 is a small positive number depending on &y introduced in
(2.21). Thus, analogously to the pure temporal case, the hyperbolic set F”
is also generated by all spatio-temporal shifts of the basic bump solutlon
u summed with coefficients 0 or 1.

Finally we want to show that it is also possible to construct spatio-
temporal chaos in RDS with a nonlinearity f which is smooth in ¢, x
and u, since by now our function f; is not continuous with respect to
x € R". Moreover, the periodicity in space and time might appear to be
artificial and it is desirable to find a RDS which is autonomous and spa-
tially homogeneous. However, this can only be done by giving up the
hyperbolicity, because of the arising continuous translation groups in
space and time.

To construct a smooth RDS we approximate the nonlinearity f; by a
new nonlinearity which is polynomial in the state variable u while the peri-
odicity in ¢ and x is obtained by polynomials in the trigonometric func-
tions cos(2mx;) and sin(2wx;) where j=0,...,n and xo=t. To be more
precise, consider Ry:R"t! x RK — R¥ in the form

Ry (1, x,u) := Ry (sin(2t), cos(2r1),
sin(2wx;), cos2mwxy), ..., sin(2wx,), cosmx,), u)
+elulNu, (5.5)

where Ry is an algebraic polynomial of degree 2N with N €N and &=
ey > 0. Thus, the function Ry is 1-periodic with respect to (¢, x). By (2.3)

it is possible to find polynomials Ry and ey >0 in such a way that for
every R >0 and every ¢ >1 we have

| fo—Rn ”LE(R”*' xVR) -0, ”Dqu_DuRN”Lg(RnH xVg) — 0,

5.6
||Du2fx—D3RNIILg(Rn+1 xvg =0 for N— oo, (5.6)

where Vg :={ueR¥: |u|<R}.
Consider now the following family of RDS in R”:

Ju=yAdi—u—Ry(t,x, W), (t,x)eRxR", u|_,=u’. (57
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By the construction of Ry we have the dissipativity condition
Ry, x,v).v>—-CyN+ €7N|u|2N+2 for all (7, x,v) €R x R" x R (5.8)

for an appropriate constant Cy. As a consequence (see, e.g., [46]) the RDS
(5.7) possesses, for every u’ EL%(R"), a unique global solution u:[0, co) —
L%(R"), t e R4, which satisfies the dissipativity estimate:

”ﬁ(Z)HL%)(Rn) < C”ﬁ(o)”Lg(Rn)e_at +6N for some @, 6N >0,

and the solution operator S;: L%(R") — Lﬁ(R”); u® > 7(r) of problem (5.7)
is well defined. Moreover, the Poincaré map S; admits a global, locally
compact attractor Ay C L%(Q) which is generated by the set Ky of all
essential solutions trajectories of (5.7):

Ay =TI)Ky. (5.9
Moreover, in analogy to Proposition 4.3 we have

Ky CCO®™N. @l gany <Cly for all TeKy, Ky € Clo®".
(5.10)

The following result is a complete analog of the structural-stability Theo-
rem 4.1 for the case of systems (4.24) and (5.7). It states the existence of a
hyperbolic trajectory set. The subsequent theorem then concludes that the
smooth, polynomial RDS (5.7) has spatio-temporal chaos.

Proposition 5.4. Let the above assumptions hold. Then, there is No>
0 such that for every N > Ny Eq. (5.7) possesses a hyperbolic trajectory set
FE{, C Ky which is homeomorphic to the hyperbolic trajectory set e :=f‘}f
constructed in Corollary 4.4 (recall that A > Ay is fixed now):

—N . tr =i
Ky < Ty

This homeomorphism satisfies the commutation properties (4.2) and is Lips-
chitz continuous in the local topology, i.e., if w; €TV and u; =« (@;) then
the following estimate is valid for a sufficiently small € < gg:

Cilluy —ﬁzllc(})wo @) Sl —mlley, @ < Calluy —ﬁzll%,m R+,
(5.11)

where the constants C;, i=1,2 are independent of N, yoeR"*! and of the
concrete choice of hyperbolic trajectories u; € Y.



Infinite-Dimensional Hyperbolic Sets 377

Proof. The assertion of this theorem can be derived from Corollary
4.4 using the structural-stability arguments in complete analogy to the
proof of Theorem 4.1. In fact, the proof is much simpler since (5.6)
guarantees the closeness of systems (4.24) and (5.7) in a more regular
topology that we had in the case of Eq. (3.5) and (2.22). Indeed, as in
Section 4, in order to construct the required homeomorphism, we need
to find, for every hyperbolic trajectory u € T of (4.24), the associated
trajectory i of Eq. (5.7) such that u(z, x) is “close” to u(z, x) for all (¢, x) €
R"+1. Moreover, due to the smoothing property for parabolic equations,
the hyperbolicity estimate (4.30) for the variation Eq. (4.29) can be refor-
mulated as follows, for every h e L{)7 (R"*+1) there exists a unique solution

ve W PP (R of
qv=yAxv—v—Dyfult, x,ut, x))v+h(t, x)
and the following estimate holds:
||v||w<1 20 gty S ClIAI L Res1y.

where the constant C depends only on the hyperbolicity constant Cr from
(4.30) and p. Thus, due to (5.6), we may require i to be close to & in
the metric of ng,z),p (R"*t1) (where p = p(n) is fixed large enough that
the embedding W-2-7(R"+1) € C,(R, C}(R™)) holds) and find it by the
implicit function theorem exactly as we did in Section 4. So we leave
the details to the reader and only note that the above scheme gives the
closeness of w and & only in Cp(R, CIID(R")) and estimate (5.11) in the

W(E,ls 33 P (R"*1) which is weaker than C;)E.y (R™*1) since it does not con-
tain the estimate of the C-norms of the r-derivative. In order to obtain the
required C-estimate for the z-derivatives postulated in Proposition 5.4, it
only remains to differentiate Eqs. (4.24) and (5.7) with respect to ¢ (based
on the observation that f; and Ry are smooth with respect to ¢ and u)

and apply the L% % regularity estimate once more. |

Returning to the hyperbolic sets in the phase space we derive the
following corollaries.

Theorem 5.5. Let the assumptlons of Proposition 5.4 hold such that
the hyperbolic trajectory set Ty v can be constructed. Let Ty := HOF N v C Ay
and S(lo I3 —Slo oTy for (lp,l') € Z'tY. Then, there is a homeomorphism T :
M"Y S Ty such that multidimensional Bernoulli system ML (T 1 e
7"y s conjugated to the hyperbolic dynamics (Tn, {Si:1eZ"* Yy in (5.7),
ie, ToTj=S,0T for all | € 7",
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Indeed, this assertion follows immediately from Proposition 5.4 by
applying Iy and by the previously established conjugacy of T to M+,

Finally we construct the desired autonomous and homogeneous RDS.
We start with the simple construction of an autonomous, homogeneous
RDS which has the vector

(sin(2wt), cos(2xt), sin(2wxy), cos2mrxy), ... ,cos2mxy,))

as a particular solution.

Lemma 5.6. For every N €N there exists a (2n + 2)-dimensional RDS
(i.e, v(t, x) eR¥+2)

dv=yAcv—v—0n®), (t,x) R (5.12)

with Qn () = @N(v)+eN|v|2Nv where gy >0 and éN is a polynomial of
degree 2N, which possesses the particular solution vP®* given via

VP (¢, x) := (sin(Qnt), cos(2mt), sin(2mx1), cos(2mwx1), . .. , sin(2wx,), cosRmxy)) .

Proof. The construction is totally explicit, since for each (¢,x) we
have [P (r, x)1>=n+1. We let Oy (v) = —Av+env|PY 2(v)> = (n+ 1))
and choose A e R@"+2xC2n+2) gych that (9, — y Ay + 1)vPe" = AvPe™,| namely
A:diag((_gﬂ 25),4)/712,...,4)/712). O

Fix now the integer N > Ny and define the vector U := (v, i) € Rk+27+2
and the polynomial F:Rk*+21+2 5 Rk+21+2 of the degree 2N + 1 via

F(U)=F@,7):=(0n), Ry (v, 7)), (5.13)

where Ry is defined in (5.5). Our final system is the autonomous (k +
2n+2)-dimensional RDS (i.e., U e RFT2112)

U=yAU—-U—-FU) in (0,00) xR"

5.14
U, x)=U%) on R". .19

Then, by construction we have, for 0 <§ < ey,
F(U)-U>—-C+8UPN*?  for all U e RFT21+2 (5.15)

and consequently for every Uy e L%(R”) problem (5.14) possesses a unique
global solution U:[0, co) — L%(]R”). Moreover, the semigroup (5;);»0 with

S:LIRY - LIRY):; U SU:=U), (5.16)
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associated with problem (5.14) is well defined and possesses a global,
locally compact attractor AY CL%(IR{”) and the analogs of (5.9) and (5.10)
are valid (see, e.g., [46]).

However, due to the skew-product structure of system (5.14), where
the v-component is independent of u, and due to Lemma 5.6, the attrac-
tor Ay is embedded in AY via

Ay~ 0P (0, ) x Ay c AY.

Combining this embedding with Theorem 5.5 we finally obtain the following
result.

Theorem 5.7. Let the above assumptions hold. Then, the multidimen-
sional Bernoulli shift (M"T! {T;: 1€ 7"t} is topologically embedded via a
homeomorphic embedding t: Mt — AV

toTyyry=(SpoT)ot  for all I=(o,1") e Z", (5.17)

where S; denotes the semigroup for equation (5.14).

Corollary 5.8. Let S py:=8; 0Ty be the (n+1)-parametrical extended
spatio-temporal semigroup associated with equation (5.14). Then this semi-
group acts on the attractor AY and the topological entropy of this action is
finite and strictly positive:

0<htop (S(t,h),-AU) <0o0. (5.18)

Indeed, the finiteness of the value (5.18) is proved in [45]. In order to ver-
ify that this value is strictly positive, it remains to recall that the topolog-
ical entropy is preserved under homeomorphisms (cf. e.g., [20]). So (5.17)
implies that

htop({S(ZOal/)}(l(),l/)EZ’l+l ) AU) 2 htop({S(Zo,l/)}(lo,l/)GZ)H»l ) T(Mn+l ))
= hiop(Ty s M"TH =1. (5.19)
Since the topological entropy of the continuous semigroup {S¢. n): (t, h) €

Rt} obviously coincides with that of its discrete subgroup {Sqp.ry :
(lo, 1"y e Z"t1}, (5.19) implies the left inequality in (5.18).
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APPENDIX A. HYPERBOLIC SETS FOR RDS
IN BOUNDED DOMAINS

In this section, we give an explicit scheme which allows us to con-
struct RDSs in bounded domains with hyperbolic sets in the sense of
Definition 2.1. To be more precise, for a given system of ODEs with
polynomial nonlinearity which possesses a hyperbolic set 'opg and every
bounded domain €2y, we construct a RDS in Q( with Dirichlet boundary
conditions which possesses a hyperbolic set 'ppg homeomorphic to I'opg.
Since the existence of hyperbolic sets for ODEs with polynomial nonlin-
earities is well known, this scheme provides a rich class of hyperbolic sets
for RDSs in bounded domains with Dirichlet boundary conditions.

Our strategy is based on the detailed analysis of the following special
form of a RDS:

oru=y(Ayu—ru)— f(t,u) in RxQy, u=0on Rx3dQy, (A.l)

where u = (u',...,u¥) is the unknown vector-valued function, f(r,u) is
a given nonlinearity (which is assumed to be periodic with respect to ¢:
f@+T,u)=f(t,u)), A1 <0 is the first eigenvalue of the Laplacian in g,
and y > 1 is a large parameter. Let P, and P_ be the L>-orthoprojectors
to the first and the rest eigenvectors of the Laplacian respectively and let
u(t)=uy (@) +u_(t) with uy(¢r):= Pru(t). Then, these functions satisfy
!8,u+=—P+f(t,u+ Fu), A2
oru_=y(Ayu_+ru_)—P_f(t,uy+u_).

It is intuitively clear that, for large y the u_-component of a solution u
of Eq. (A.2) will be small and, consequently, this solution will be close to
the appropriate solution v of the system of ODEs

d .
GUO=—Fe(tv) with f2(0) = (L er-v),en) 29,

=/ f(t, e1(x)v)e;(x)dx, (A.3)
Q

where e; is the normed, first eigenvector of the Laplacian and v(r) =
(l(1),...,v*(r)). Thus, if system (A.3) possesses a hyperbolic set, it
should preserve also for system (A.2) for large y by structural-stability
arguments. The following theorem gives a rigorous justification of these
arguments.

Theorem A.1. Let the nonlinearity f in Eq. (A.1) be T-periodic with
respect to time, satisfy regularity assumption (2.3) and, in addition f(t,0)=
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0. Moreover, let Q) CR" be an open bounded domain. Assume also that
the associated system of ODE (A.3) possesses a hyperbolic set Topg. Then,
for all sufficiently large y, system (A.2) possesses a hyperbolic set T'ppg =
IppEe(y) which is homeomorphic to TopE.

Proof. In order to deduce the assertion of the theorem, we first need
to study the second equation of (A.2).

Lemma A.2. Let the assumptions of Theorem A.1 hold. Then, there
exists vy >0 such that, for all y >y, and every function veL®(R,R¥), the
equation

ou_=y(Ayu_—Au_)—P_f({t,u_+v-ep) (A.4)

possesses a unique solution u_ € L°(R, P_L?(Qq)) and the following esti-
mate holds:

lu— ()l 20 < Cy P suple D us)||: se(—o0, 1]}, (A5)

where positive constants C and a are independent of y and t. Thus, the non-
linear solution operator Ty:LOO(R,Rk) — L®(R, P_L%*(Q)) is well-defined
via Tyv:=u_. Moreover, this operator is of class C! and satisfies the fol-
lowing estimate:

1Ty et (oo, Ré), Lo (R, L2(20)) S cry 2, (A.6)
where the constant Cy is also independent of y.
Proof. Indeed, multiplying Eq. (A.5) scalarly in L2(0) by u_(¢) and

using that ||qu_||i2(90) >A2||u_(t)||i2(90) with A, > —A;, we have

d
3 1Ol +y o+ A O I SCIF @O e +u-M) 2 (A7)

Since, f and D, f are globally bounded and f(z,0)=0 the right-hand side
of (A.7) can be estimated as follows

Clf @) -er+u_OI, <Crlv@®er +u_0)f, < Coa(lv@ I+ lu—@)I13 ).

Inserting this estimate to (A.7), we deduce that, for sufficiently large y,

d
3 1Ol + ey a0l <C o)1, (A.8)

where the positive constants x and C are independent of y. Applying the
Gronwall inequality to (A.8), we deduce estimate (A.5). Thus, operator
T, is indeed well-defined. The estimate for its Fréchet derivative can be
obtained analogously. This proves Lemma A.2. |
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Thus, Lemma A.2 provides a Lyapunov—Schmidt reduction which
allows to rewrite problem (A.2) in the following nonlocal form:

d
U= o) e (T (0. en) 20y (A9)

where u (f,x) = v, (1) - e1(x), vy () C R*. Estimate (A.6) shows that this
equation is really a small perturbation of Eq. (A.2). Let now the trajec-
tory v:t+— v(t) belong to the (trajectory) hyperbolic set FgDE of the ODE
(A.2). Then, we seek for the associated hyperbolic trajectory vs of (A.9)
in the form vy :=v+6 where 6 is a small perturbation which has to satisfy
the following equation

d
—0 = =Dy f1(t,v)0 = (f(t,v(t)-e1 + (T, (v+0))(1))

dr
—f(t,v(0)-e1) = fu(t,v(t) - €18, e1)12(q) (A.10)

We recall that the linear part of Eq. (A.10) is invertible (in L (R, R¥))
due to the hyperbolicity assumption on v and the nonlinear part is small
(for large y)) due to Lemma A.2. Thus, applying the implicit function the-
orem analogously to Section 4, we establish that for all large y (i.e., y >
yo > 1) Eq. (A.10) is uniquely solvable in a small neighborhood of v and
the solution 6 satisfies

161 gty <C'y 12, (A.11)

where the constant C’ is independent of y. Recalling that the function 6
determine in a unique way the associated solution u (namely u=u, +u_ =
(v+0)e1 + T, (v+0)) of the whole system (A.2) and using estimates (A.11)
and (A.5), we obtain a unique trajectory u(¢) of Eq. (A.1) which satisfies

() —v(t) - el 2, <C"y ™/ for teR. (A.12)

Using this estimate, it is very easy to verify that this trajectory is
hyperbolic in the sense of Definition 2.1. Thus, for every v € FgDE, we
have constructed a hyperbolic trajectory u =«, (v) of the RDS (A.1) and,
consequently, the required hyperbolic set I‘},’DE =Ky (FgDE) is also con-
structed and it only remains to verify that «, is a homeomorphism. To
this end, arguing as in Section 4, we can verify that, for every vj, vy €
FgDE, the associated trajectories u; :=k,, (v;) satisfy the following analog
of (4.23):

cllvi—valiLge @ re) < lu1=w2llie @ 2@ S Clvi—v2llie ey (A13)

Here ¢®(t) = e ¢!l and the estimate holds for sufficiently small positive
& where the constants ¢ and C are independent of v; and v,. Estimate
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(A.13) shows that «,, is indeed a homeomorphism, which finishes the proof
of the Theorem A.l. O

The following corollary shows that the L%-norm in (A.12) can be
replaced by stronger ones like the C-norm or the C'-norm.

Corollary A.3. Let the assumptions of Theorem A.l1 hold and let the
domain Qq be sufficiently smooth. Then, for every v e FgDE and u:=x,(v),
we have

() —v(®) - erllcr gy <Cy /2 (A.14)
where the constant C is independent of y and v.

Proof. Indeed, according to our assumptions on the nonlinearity f,
we have

| P—f(t, u(®)) Loy < Ci, (A.15)

where C| is independent of u € 'ppg and ¢. Scaling the time as 7 = y 1t
in the second equation of (A.2), we have

dpu—=Ayu_+rju_—y 'P_ Oy u(@)). (A.16)

Applying now the appropriate parabolic regularity theorem to Eq. (A.16)
and using (A.15) and the fact that the L°°-norm is invariant under scaling,
we infer

@l <Cry~'  forall uelppg and all reR.  (A.17)

Together with (A.12) this gives (A.14) and finishes the proof of the corol-
lary. O

Thus, we see that the hyperbolic set I'ppg of Eq. (A.1) is localized
in a small C!-neighborhood of the initial hyperbolic set Topg (more pre-
cisely, of the set I'opg - ¢1). Consequently, the behavior of the function
f(t,u) outside of this neighborhood is not essential and we can drop out
the growth restrictions of the function f in conditions of Theorem A.1.
In particular, we can use this theorem in the class of nonlinearities which
are polynomials with respect to u. The following simple lemma shows that
every polynomial nonlinearity can be realized in the form of a right-hand
side of Eq. (A.3).

Lemma A.4. For every nonlinearity Q(t,v)=(Q1(t,v),..., On(t,v))
which is polynomial with respect to v=(vy,...,vy) there exists a polyno-
mial function fg(t,v) such that

Q(t,v)=Pyfo(t,v-e1) for all teR and veRkK, (A.18)
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Proof. Indeed, it is sufficient to verify (A.18) for scalar monomials
O(t,v):=a(t)v]" - vy . We will seek for the required polynomial f in the

form fQ(t,u)zb(t)u‘{1 u{\," Then, obviously
Py fo(t,v-en)=b()v] - v - (e] TN o)

It only remains to recall that the first eigenvector of the Laplacian is
strictly positive (i.e. ¢j(x) >0, x € Q). Consequently, the scalar product in
the right-hand side is also strictly positive and (A.18) hold with b(t) :=
a[(e]™ N e O

Since the existence of hyperbolic sets for the systems of ODEs with
polynomial nonlinearities is obvious (see e.g. [20]), we have proven the fol-
lowing corollary.

Corollary A.5. For every sufficiently smooth bounded domain S,
there exists a RDS of the form (2.1) (or, which is the same, (A.1)) which
possesses a hyperbolic set homeomorphic to the Bernoulli scheme M! and
thus satisfies Assumption 2.4A of Section 2.

APPENDIX B. KOLMOGOROV’S ¢-ENTROPY AND THE
TOPOLOGICAL ENTROPY OF ATTRACTORS OF RDS IN R”

We recall the definitions and main results for Kolmogorov’s e-entropy
and topological entropy of attractors of reaction-diffusion equations. Fur-
ther details can be found e.g. in [23,42,47,48]. We start with the definition
of Kolmogorov’s e-entropy.

Definition B.1. Let K be a compact set in a metric space M. Then,
for every positive €, it can be covered by the finite number of e-balls of
M. Let Nc.(K, M) be the minimal number of that balls. Then, by defini-
tion, Kolmogorov’s e-entropy is the logarithm of that number:

He (K, M):=log, N.(K, M). (B.1)

The detailed exposition of this entropy including its asymptotics for typi-
cal sets in functional spaces can be found in [23]. We only recall that the
fractal dimension dy(K) of the set K in M can be expressed in terms of
that entropy as follows:

H. (K, M
dy(K):=limsup Q

1 (B.2)
e—~0 logz <
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Roughly speaking, a set K has a fractal dimension x e Ry if H¢(K, M)~
(D"
It is well-known that the attractors of dissipative dynamical systems gen-

erated by evolution equations of mathematical physics usually have finite
fractal dimension:

dp(AL®(Q)<C and He(A, L°°(Q))<Clogzé. (B.3)

In contrast to this, the attractors in unbounded domains (e.g. 2 =R")
are usually infinite-dimensional and, instead of (B.3), we usually have the
following estimate of the e-entropy.

Proposition B.2. Let the nonlinearity f in equation (0.1) in R" satis-
fies some natural dissipativity (and growth) assumptions. Then, e-entropy of
restrictions of the attractor A to R-balls B§ CR" centered at 0 satisfies the
estimate

o pR 1\» 1
H (Al g, L (B) <C<R+log2 —) log, -, (B.4)
0 € €
where the constant C is independent of € and R.

We recall that, in unbounded domains, the attractor A is compact
in the local topology only, so the restrictions to bounded domains (e.g.,
R-balls) are necessary in order to have finite Kolmogorov’s e-entropy.
Moreover, under very weak assumption Eq. (0.1) possesses at least one
spatially homogeneous exponentially unstable equilibrium; then the attrac-
tor A satisfies the following lower bound for the e-entropy:

1
H (A|B§, L*(BY)) = C'R"log, ; (B.5)

for some positive C’ depending on the concrete form of the equation. This
estimate shows that (B.4) is sharp for the case R 2 log, % For the case
R« log2% (e.g. R=1) estimate (B.5) is far from being optimal and can
be replaced by the following one: for every positive p there exists positive
C,. such that

])n—&-l—u..

He (-A|B(}’ L (Bé)) Z Cu<10g2 (B.6)

€
Thus, estimate (B.4) is, in a sense sharp for all values of R and €. It is also
worth to note that the type of the asymptotics given by (B.5)—(B.7) seems
to have a universal nature and depends very weakly on the concrete type
of equation considered. Indeed, up to the moment, the above asymptot-
ics are verified for various classes of reaction-diffusion equation, damped
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hyperbolic equations and even elliptic systems in unbounded domains, see
[17,34,44,47].

We now turn to the topological entropy of attractors in unbounded
domains. We first recall the general definition adapted to the case of
multiparametrical semigroups.

Definition B.3. Let (M, d) be a compact metric space and let an (n+
1)-parametrical semigroup {S( n):t>0, h€R"} acts (continuously) in M.
For every T >0, we define a new equivalent metric d7 on M via

dr(my,my):=  sup  d(Sq pymi,S¢nm2). (B.7)
(t,h)el0, T+

Then, since (M, dy) remains compact, its e-entropy H¢ (M, (M, dr)) is well
defined and finite. The topological entropy of S ;) on M is defined as

hiopSa.ny. M) := hin ll;n Sup o : ZgTHe (M, (M. dr)). (B.8)

We also recall that the topological entropy depends only on the topology
on M and is independent of the concrete choice of the metric d.

The following result shows that for the case of the spatio-temporal

dynamical system associated with the RDS (0.1) acting on the attractor A,
the topological entropy can be calculated in a much simpler way.

Proposition B.4. Let K C L¥(R"*Y) be the set of all essential solu-
tions of (0.1). Then, the topological entropy of the extended spatio-temporal
semigroup on the attractor satisfies

1
Riop Sy, A)_hm lim n+1H€(K|[0,T]n+17L°°([0’ T]n+l)>, (B.9)

0T—o00 T

The proof of this formula can be found in [47] or [48]. The universal
entropy estimate (B.4) together with expression (B.9) allows us to establish
the finiteness of the topological entropy of the attractor.

Corollary B.5. The expression (B.9) is finite for the spatio-temporal
semigroup associated with (0.1), ie.,

htop(S(e,ny» A) < C' < 0. (B.10)

Indeed, estimate (B.4) together with the standard Lipschitz continuity of
solutions of (0.1) with respect to the initial data implies that

1\n+1
H. (IC\[O’T],,H L L>([0, T]"+1)) < c’(T +log, g) (B.11)

which immediately implies (B.10), see [48] for details.
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To conclude we note that the lower bounds (B.5) and (B.6) are strong
enough in order to verify that the topological entropy of the n-parametrical
group {Tj: heR"} of spatial translations on the attractor is infinite, i.e.,

L 1
hiop (T A= lim lim ——He (Al o L(0. RY')) =00, (B.12)
Yet, these bounds are not sufficient to show that the spatio-temporal
entropy (B.9) is strictly positive. Indeed, in order to obtain this positivity,
we need H, (IC, L>([0, T]**!)) to be proportional to T"*! as T — oo and
(B.5) gives only

He (K, L([0, T1"*1)) > He (A, L¥(0, T]* 1) > ¢’ (T +log, é) log, é
(B.13)

However, this leads to the much too weak lower bound C(¢)T" for T —
0.

In contrast to that, it is not difficult to verify that, for the example of
a RDS constructed above the estimate

1 n+l
He (K] g pprsr- L¥Q0. TT41) > c”<T ~log, ;) (B.14)

holds. This gives an alternative proof of the fact that the topological
entropy (B.9) is strictly positive for our example.
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