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In this paper, we address the problem of existence, approximation, and uniqueness of
solutions to an abstract doubly nonlinear equation, modeling a rate-independent process
with hysteretic behavior. Models of this kind arise in, e.g., plasticity, solid phase trans-
formations, and several other problems in non smooth mechanics. Existence of solutions
is proved via passage to the limit in a time-discretization scheme, whereas uniqueness
results are obtained by means of convex analysis techniques.
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1. Introduction

Given two functionals € : [0,7] X Z — R and ¥ : Z X Z — [0,400) on a Banach
space Z, we consider the following doubly nonlinear evolution equation:

DU (2(2), 2(t)) + OE(L, 2(1)) 20, t e (0,T). (1.1)

Here, £ and ¥ are assumed to be lower semicontinuous, convex in their second argu-
ments and differentiable in their first arguments, and the symbols 9, and 0 both
denote the subdifferential w.r.t. the second variable. In fact, £ is the potential energy

81



82 A. Mielke € R. Rossi

and ¥ the dissipation functional associated with a rate-independent process, pos-
sibly displaying a hysteretic behavior. Roughly speaking, rate-independence means
that the process is insensitive to changes in the time scales. Processes of this kind
occur in several branches of applied mathematics, such as plasticity, phase transfor-
mations in elastic solids, dry friction on surfaces and many others (see e.g. Ref. 12
and references therein). They may arise as vanishing viscosity limits of systems with
strongly separated time scales, whence their hysteretical behavior. On the modeling
level, rate-independence is achieved by assuming ¥ to be 1-positively homogeneous
w.r.t. its second variable, i.e. U(z, \v) = AU(z,v) for every A > 0 and (z,v) € Zx Z.
Thus, a solution to (1.1) remains a solution if the time is rescaled.

In the last years, a new energetic approach to the modeling of these problems
has been developed in Refs. 17, 18 and 19. The latter work concerns a simplified
version of (1.1), obtained by assuming that ¥ does not depend on the state z, i.e.
D,¥(z,v) =0 for all z,v (in the sequel, we shall denote by D,V the Géateau deriva-
tive of U w.r.t. the first variable, and by D& the derivative of £ w.r.t. the second
variable). This leads to a special case of the doubly nonlinear problems studied
in Refs. 5 and 6 because of the additional rate independence. It is the purpose of
this paper to generalize the results in Ref. 18, proving existence, approximation,
and uniqueness for (1.1), which includes the state-dependent dissipation functional
U. From the very beginning, we will assume the map 2 — (¢, 2) to be convex:
this is necessary to obtain absolutely continuous solutions. In Sec. 2 we discuss the
relations between the doubly nonlinear formulation (1.1) and the corresponding
energetic formulation

E(t,2() < E(L,2) + (2(t), 5 — 2(t) Vi€ Z, (Sw)

E(t, 2(t)) —|—/0 U (z(7), 2(7))dT = £(0, 2(0)) +/0 OE (T, 2(T))dr. (Eg)

In fact, we will show (cf. Proposition 2.3 later on) that, under suitable conditions,
(1.1) and (Sy)-(Eg) are equivalent.

Following Ref. 18, we note that (Sy) is a stability condition: in fact, according to
(Sy) passing from the state z(t) to the state Z involves the release of the potential
energy E(t,z(t)) — £(t, 2), smaller than the dissipated energy ¥(z(t),Z — z(t)). On
the other hand, (Ey) is an energy balance. Note that the formulation (Sy)—(Ey)
does not involve the “derivative” of £ w.r.t. the variable z, but only the assumedly
smooth power of the external forces 9;£. Moreover, in (Ey) one could replace the
time derivative of z with (a form) of its derivative in the sense of measures (see
Ref. 18), since in non-convex and non-smooth problems the solution z might have
jumps. In fact, (Sy)—(Ey) can even be formulated without any linear structure in
the state space Z, if we replace U(Z — 2) by a general dissipation distance D(z, %),
see Sec. 2.3 and Refs. 12 and 13.

In Sec. 3 we show that if z +— E(t, 2) is uniformly convex and ¥ fulfils a Lipschitz
continuity condition w.r.t. its first variable, then any solution to (1.1) is Lipschitz
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continuous. In particular, the two conditions

1 1 1
(1g6a+ ) < 36+ 360 — Sl —al?

W (z1,0) = (22, 0)| < 9*[|z1 — 22 [[v]]

V21,20, € Z

lead to the crucial assumption on the state dependence of ¥, namely
V* < K. (1.2)

A simple one-dimensional example shows that, without this condition, the existence
of continuous solutions may be false.

The existence proof for (1.1) is based on approximation with the discrete time
incremental problem

z0 = 2(0),
z, € argmin{&(tg, z) + ¥(zp-1,2 — 25-1) |2 € Z} fork=1,...,N;

for suitable partitions 0 =ty < t; < --- < ty = T. Actually, we will pass to the limit
in the discrete stability condition and in the energy inequality associated with the
above minimization problem, and thus obtain the equivalent energetic formulation
(S¢)-(Ew). Condition (1.2) is used to provide a priori Lipschitz bounds in the
form ||z — zrp—1]| < C*|tr, — tr—1] for equidistant partitions. We argue by weak
compactness and lower semicontinuity and exploit crucially a compactness result
for Young measures in the framework of the weak topology, recently proved in
Ref. 21, see Appendix B.

Let us emphasize that, in proving equivalence of formulations, existence and
approximation of solutions, we have developed arguments and techniques quite
close to those in Ref. 18. As a matter of fact, loosely speaking the dependence of
U on the state variable z brings about relevant analytical difficulties only in the
uniqueness issue for (1.1), which we tackle in Sec. 5. The main difficulty in proving
uniqueness for the Cauchy problem for (1.1) is its quasivariational character, which
does not allow us to apply convexity or monotonicity arguments. The only simple
uniqueness proof is achieved in the case that the stable sets

St)={2€Z|E(t,2) <Et,2)+V(z,2—2)VZ2e Z}

are convex and that £ has the form (¢, z) = (z) — ({(t), z), with € strictly convex,
see Theorem 6.5 in Ref. 18. In fact, these conditions hold if £(,-) is quadratic
and U is state-independent. Instead, if either € is general (cf. Ref. 18) or if ¥ is
state-dependent, then uniqueness is much more delicate. We explain now that the
second case relates exactly to the quasivariational inequalities studied in Ref. 3.

Indeed, in view of standard convex analysis results (which will be recalled in
Sec. 2 and Appendix A), we may rephrase (1.1) as

Z(t) € 8Ic(z(t))(—D8(t, z(t))), te(0,T), (1.3)
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where {C(z)}.ez is the family of closed convex subsets of Z’ related to ¥ by the
formula

U(z,v) :=sup{{o,v) |oc € C(z)} forall z,ve Z,

and I¢ () is the indicator function of C(z). Indeed, we may refer to (1.3) as the
sweeping process formulation of (1.1), as it may be viewed as a generalization of
the classical sweeping process

Z(t) + aIK(t)(Z(t)) 50, te (OvT)v

{K(t)}teo,r) being a family of closed convex subsets of a Hilbert space H. This
variational inequality was first analysed in Refs. 15 and 16. In the latter, exis-
tence of solutions for the related Cauchy problem was obtained via a suitable time-
discretization, whereas uniqueness was proved by a simple variational argument.
This variational technique fails as soon as one turns to so-called quasivariational
sweeping processes

2(t) + Ok (1,21 (2(t)) 20, te(0,7T),

where K depends on the state z € Z. Such processes occur in a variety of applica-
tions, ranging from non-smooth mechanics to mathematical economics and convex
optimization, see e.g., Ref. 14. As a matter of fact, the dependence of K on the
state z essentially destroys the variational structure of the differential inclusion,
and rules out the possibility of exploiting monotonicity arguments. See Refs. 9 and
10 for existence results in this context. Uniqueness was obtained only very recently
in Ref. 3 for (a generalization of)

2(t) € Ol (i) (€(t) — 2(t)), t€(0,T),

with ¢ € C'([0,T]; H). The above quasivariational inequality may be translated
into a subdifferential form analogous to (1.1), i.e.

OW(t,z(t),5(t)) + DE(t,z(t)) 20, te (0,T),

by choosing the dissipation potential ¥ and the quadratic energy as follows:
~ ~ 1
U(t, z,v) =sup{(y,v) |y € K(t,2)} and E(t2):= §||ZH2 = (€(t), 2)

for all z,v € H and t € (0,7). Without giving details, let us point out that the
complex proof of uniqueness developed in Ref. 3 is based on careful Lipschitz esti-
mates involving quantities suitably related to W. Moreover, this approach relies on
the specific form of the quadratic energy functional.

Our result on uniqueness and continuous dependence for (1.1) combines the
ideas of Refs. 3 and 18. Following Ref. 3, we use the auxiliary functional

B(z,0) = sup {<a,v> - %@(Z,U)Q Cve Z}.
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Basically, B measures the distance to the yield surface, defined as the set of (z,0)
fulfilling B(z,0) = 1/2. Along the lines of Ref. 18 we introduce an energetic distance

1/2

01.2(t) == ((DE(t, 21(t)) — DE(t, 22(t)), 21(1)) — 22(1)))

Indeed, g1,2(t) allows for a one-sided Lipschitz estimate, which is based on a gener-
alization of the structure condition proposed in Ref. 18 and which leads to the final
Gronwall-type estimate

%(91,2@) + Ma|B(21(t), 61(1)) — B(z2(t), 2(1))])
< M3 (012(t) + Ma|B(z1 (), <1 (1)) — B(2a(t), 2(1))])-

In contrast, the stronger assumptions in Ref. 3 lead to two-sided Lipschitz estimates
and to a much stronger a priori estimate of the type

[121(2) — 22(8)[| + M2%|B(Z1(t),<1(t)) — B(za(t), 2(1))])
< M ([lz1(t) — z2(8)]| + Ma|B(z1(t), <1 (1) — B(za(t), 2(t))]).-

2. Problem Formulations
2.1. General setup

In the sequel, (Z, |- ]|z) (we will often write || - || instead of || - || z) will be a separable
Banach space, with dual (Z’,]|-]|z/) and duality pairing (-, -). We denote by £(Z, Z")
the space of all linear bounded operators from Z to Z’. Let us now state our basic
assumptions on the energy functional € : [0,7] x Z — R and on the dissipation
potential ¥ : Z x Z — [0, 400].

We will assume that

E(t,"): Z— R 1is convex and ls.c. for ¢ € [0,77], (2.1)
and that the function ¢ € [0,T] — £(t, z) is differentiable for all z € Z, with
0E(-, 2) : [0,T] — R measurable, and 3Cy > 0, I\ € L*(0,T;[0,0)),
Vze Z: |0t z) < Xo(t)(E(L, 2) + Co). (2.2)

Hence, (see also Sec. 3 in Ref. 12), £ is bounded from below and absolutely contin-
uous in time, namely V¢, s € [0,7] and V z € Z we have
) . (2.3)

We will denote by 0E(t, -) the subdifferential of £ (in the sense of convex analysis)
w.r.t. the variable z, i.e.

E(t,z) > —Co and E(t,z) + Co < (E(s,2) + Co) exp (‘/ Xo(T)dT

£€0€(t,z) ifandonlyif E(t,w)—E(t,z)> ({w—=2) YweLZ (2.4)
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For the dissipation potential ¥, we assume that Vz € Z,
U(z,-): Z — [0,+00) is convex, positively homogeneous of degree 1  (2.5)
3Cy >0, V(z,v) € Zx Z: U(z,0) < Cylv]. (2.6)
In particular, by (2.6)
D(V(z,)=2 VzeZ. (2.7)

Also, given (z,v) € Z X Z, 0,%(z,v) denotes the subdifferential of the convex
function ¥(z,-) in the point v.
Let us gain some insight into the geometrical interpretation of the assumptions
on U: indeed, (2.5) yields the triangle inequality
U(z,v+0) < U(z,v) + ¥(z,0) forall z,v,0€ Z. (2.8)

Actually, (2.8) is a consequence of the fact (equivalent to (2.5) and (2.6)), that for
every z € Z, there exists

a non-empty, closed, and convex set C'(z) C Z’ with

(2.9)
U(z,v) :=sup{(o,v) |oc € C(z)} forallve Z

Namely, for every z € Z U(z,-) is the support function of the set C(z): thus, it is
easy to see that (2.6) may be equivalently rephrased (cf. Appendix A), as
C(z) C B¢, (0) forall z € Z.

By standard convex analysis (see Ref. 20), we have for all v,z € Z

0, (z,v) = argmax{(o,v) |0 € C(z)} C C(z), (2.10)
9oV (z,v) = (0lc(z)) ' (v). (2.11)

In particular,
V(2,00 =C(z) VzeZ (2.12)

In the sequel (cf. especially Sec. 5), we will exploit the representation formula
(2.9) by means of some specific convex analysis results, which we recall in Appendix
A for the reader’s convenience, referring to Chap. 2 in Ref. 11 and Ref. 20 for the
proofs and further details.

2.2. Problem formulations

As in Refs. 12 and 18, we present different formulations of the Cauchy problem for
(1.1). In the sequel, zo will be a given element of Z.

Problem 2.1. (Subdifferential formulation) Find z € W1(0,T; Z) fulfilling the
initial condition z(0) = z¢ and

U (2(t), 2(t)) + 0E(t,2(t)) 20 for a.e. t € (0,T). (SF)
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The latter differential inclusion means that there exist w, & : (0,7) — Z’ such that
w(t) € 0,¥(2(t), 2(t)), &(t) € 0E(t,2(t)) and
w(t)+£&(t) =0 forae. te(0,T). (2.13)
We may also introduce a local formulation of Problem 2.1.

Problem 2.2. (Local formulation) Find z € W11(0,T; Z) such that z(0) = zo and
there exists £ : (0,T) — Z' such that for a.e. t € (0,T) we have £(t) € OE(t, z(t))
and

U(z(t),v) + (£(t),v) >0 VveZ, (Sioc)
W(z(t),2(t) + (£(1), 2(¢)) < 0. (Eloc)

The proof of the following equivalence result follows closely the proof of Theorem 3.5
in Ref. 18.

Proposition 2.1. Under the assumptions (2.1)-(2.2) on £ and (2.5) on W, the
Subdifferential Formulation 2.1 and the Local Formulation 2.2 are equivalent.

Proof. Let z € WU1(0,7;7) fulfil (SF). Then, there is a selection £(t) of
0E(t,z(t)) N (=0, U (2(t),2(t))) for ae. t € (0,7) fulfilling (2.13), which we test
by Z(t), thus obtaining (Ejoc). We conclude (Sioc) by noting that, in view of (2.10)
and (2.12), =£(t) € C(2(t)) = 0,¥(2(1),0).

Conversely, if a selection £(t) € 0E(t, z(t)) fulfils (Sipe) and (Ejoc), we easily
obtain the variational inequality

U(z(t),v) = W(z(t), 2(1)) = (= &), v = 2(1)) 20 VveZ,
yielding —&(t) € 0, U (z(t), 2(1)). m|
Remark 2.1. Using that U(z,0) = 0 for all z € Z, it is easy to see that for a
selection & of OE(+, z(+)) we have
&(t) satisfies (Sioe) < £(t) € OE(L, 2(t)) N (=0, ¥ (2(1),0)). (2.14)
Moreover, the latter condition implies 9, ¥ (z(t),0) + 9E(¢, z(t)) 2 0.

Finally, we consider an integral formulation of Problems 2.1 and 2.2. Note that
this is not the energetic formulation proposed in Refs. 13, 17 and 18, which will be
discussed in Sec. 2.3.

Problem 2.3. (Global formulation) Find z € W1(0,T; Z) with z(0) = 2 such
that for all ¢ € [0, 7] the stability condition (Sy) and the energy balance (Ey) hold:

E(t,2(1) < E(t,5) + W(2(t), 2 — 2(t)) VieZ, (So)

E(t,2(t)) +/0 U(z(1), 2(7))dr = £(0, 2(0)) —l—/o WE(T, 2(T))dr. (Eg)
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The following result, which is a version of the chain rule for the subdifferential of
convex functionals on Hilbert spaces proved in, e.g., Lemma 3.3 in Ref. 4, will play
a crucial role in establishing the links between the Global Formulation 2.3 and the
previous formulations 2.1 and 2.2.

Proposition 2.2. Let £ :[0,T] x Z — R comply with (2.1), (2.2) and

IN € LY0,T), Vaete (0,T)
Vz,2€ 7 |0:E(t,2) — 0:E2)| < M)z — 2] (2.15)

Furthermore, assume that z € WH1(0,T; Z) and that there exists a selection g with
g(t) € 0E(t,z(t)) for a.e. t €(0,T) and g€ L*(0,T;2"). (2.16)

Then, the map t — E(t,2(t)) is absolutely continuous on (0,T) and for every mea-
surable selection ((t) € OE(t, z(t)) we have the identity

d
Eg(t,z(t)) = (C(t),2(t)) + 0:E(t, 2(t)) for ae. t € (0,T). (2.17)
Proof. First, we point out that, in view of (2.2) and (2.15), we have
T T T
[ 1ocstmamnlar < [ 00 - 2@lldr+ [ jorer0)lar
0 0 0
T
< (= +1=0)1) | M(r)ar
T T
+ / Ao(7)d7(£(0,2(0)) 4+ Cp) exp (/ )\o(s)ds>,
0 0
where we have also used (2.2) and (2.3) to obtain
T
0-E(7,2(0))] < Ao(7)(E(7,2(0)) +Co) < Ao(7)(£(0,2(0))+Co) exp (/ /\o(S)dS)-
0
Thus, we know that the map t — 9;&(t, 2(t)) is also in L*(0,T).
Second, by (2.16), there exists a negligible set ' C (0,T) such that for ¢ €

(0, T)\ N, g(t) € OE(t,2(t)). Thus, using (2.16) and (2.15), for s,t € (0,T)\ N
with s < ¢ we have

E(t, (1) — E(s,2()) = E(t,2(1)) — E(t 2(s)) + E(t, 2(5)) — (5, 2(5)
(2.16)
< (gt), =( /aeTz
(?“wwz /A1|| )~ 2(r)|ldr
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In the same way, we obtain the lower estimate

E(t, 2(1)) — E(5, 2(5)) = E(t, 2(8)) — E(s, 2(8)) + E(s, (1)) — (5, 2(5))
> (g(s), 2 /M )l=(t) — 2(7)dr
/857’2 (2.19)

Collecting (2.18) and (2.19) we deduce that for s,t € N with s <t we have

E(t, (1)) — E(s, () —/ 0. (r, (7)) dr

t
< 2||ZHL°°(O,T;Z)/ A(T)dT + [lgll Lo,z [2(8) — 2(s)[l- - (2.20)
S

Indeed, by continuity (2.20) holds for all 0 < s < t < T, and the absolute continuity
of the map ¢ — E(t, 2(t)) hence follows.

Finally, let ¢ be an arbitrary selection of (-, z(+)) satisfying the assumptions
of the proposition. Then, the set of points ¢y € (0,7) such that %S(t,z(t))h:to
exists, ((to) € O (to, 2(tn)), and tq is a Lebesgue point for A\; and for the map ¢ —
0:E(t, z(t)) is of full measure. Now, choose such a tg, consider (2.18) for s :=to —h
and t := tp with 0 < h < tg, divide it by h and take the limit as h \, 0. Then, we
obtain

ié’(t, 2(t))]s—s, = limsup E(to, z(to)) — E(to — h, z(to — h))

dt [N) h
< }IL{% <C(t0)a Z(tO) — ;(to — h)>
1 [l
+ }lllg% (to}sllig<t0 |z(T) — 2z(to — h)|> 7 /to_h A (7)dr
1 [P
+ }13{1% 7 - WE(T, z(T))dT

< (C(to), £(to)) + 0+ 0:&(to, z(to))-

In the same way, exploiting (2.19) and choosing s = to and t = to + h this time, we
obtain the reverse inequality % E(t, 2(t))]e=, > (C(to), £(to)) + & (to, z(to)). Thus,
we conclude the chain rule formula (2.17) at t = to. O

Now, we are able to formulate the next equivalence result.

Proposition 2.3. Assume (2.1), (2.2), (2.5), (2.6), (2.15) and (2.16).

If z € WHY0,T; Z) satisfies the Subdifferential Formulation (SF) in the form
(2.13) with a selection £ € L>=(0,T;Z") of t — OE(t,2(t)), then z also fulfils the
Global Formulation (Sy) and (Eg).
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Conwersely, any solution z € W11(0,T; Z) of (Sy) and (Ey) satisfies the Sub-
differential Formulation (SF).

Proof. We will exploit Proposition 2.1 and indeed reduce to proving the equiva-
lence between the Local Formulation 2.2 and the Global Formulation 2.3.

Hence, let £ be a selection of 9E(-, z(+)) in L>°(0,T; Z’) fulfilling (Sioc)—(Eioc):
then, (Ey) is obtained by integrating in time (Ejo¢), and using the chain rule formula
(2.17), while (Sg) follows by choosing v := %2 — 2z(¢) in (Siec) for an arbitrary 2 € Z,
and recalling the definition of subdifferential (2.4).

For the converse implication, first note that (Sy) implies (Sioc): indeed, in view
of (2.7) and Lemma A.1 in Appendix A, (Sg) yields

0€ 9E(t, 2(t)) + 0,V (2(t),0) for ae. t € (0,T),
which can be rephrased as
a.e. t € (0,T), 3E(t) € 0E(t,2(t)) C Z' Vv e Z : W(z(t),v) + (£(t),v) > 0. (2.21)

On the other hand, it is straightforward to check that (Sioc) is equivalent to (2.21).

Second, consider (Eg) and use that ¢ — W(z(t), 2(t)) is in L'(0,T) (in view of
(2.6) and of 2 € L1(0,T)), and that t + 0;E(t, 2(t)) is in L'(0,T). This follows
from (Eg), (2.2), where A\g € L'(0,7T), and the Gronwall lemma, ensuring that
t — E(t,2(t)) is in L>(0,T), whence the estimate for ¢ — 9;E(t, 2(t))). Taking
t to be a Lebesgue point of these two maps as well as of Z, we obtain, for any
n € 0E(t, 2(t)), the estimate

(E@X+h,z(t+h))—E(t, 2(t)))

0
G

> =

(E(t 2(t+ 1)) — E(t, 2(1))) + %(E(t Rt B)) — E(t 2+ h))

1

t+h
z(t+h)— z(t ))>—|—E/tJr 05E(s,z(t+ h))ds

Y

?‘IH ?I'—‘

z(t+h) — z(t ))> + 0E(t, 2(t)

I / (08 (s, 2(t + h)) — D.E(t, 2(1))) ds.

For h \, 0, the first term on the right-hand side tends to (1, Z2(¢)), while the last
term tends to 0 due to (2.15), and the Lebesgue-point property of ¢ for 9;£. Since
the derivative of (Ey) gives: %(S(t, 2(0))+ ¥ (2(t), 2(t)) = 0:E(t, 2(t)), we arrive at

Vi € 0E(t, z(t)) = (n, (1)) + W(z(t), 2(t)) < 0.

Inserting 7 := £(t), we see that (Ejo.) is satisfied as well. |
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2.3. The energetic formulation

For completeness, we also mention the global energetic approach developed in the
series of papers.'31719 Ty this aim, we associate with the dissipation potential W
a global dissipation distance D on Z via

D(20,21) := inf {Dissw (¢, [0,1]) : ¢ € C'([0,1]; Z), ¢(0) = 20, C(1) := 21}, (2.22)

where the functional Dissy is defined by

Disse (€, [s0, 51]) = / T wc), dt. (2.23)

50

Furthermore, given a curve z : [0,7] — Z, and a subinterval [s, t] C [0, 7], the total
dissipation of z on [s,t] is defined by

N
Dissp(z; [s,t]) := sup{ ZD(z(tj_l), z(t5))

N e N, s:t0<t1<---<tN:t}.

Under suitable assumptions on W, it is possible to show that Dissp coincides with
Dissy along absolutely continuous curves. However, Dissp is also defined in more
general situations.

We can now introduce a derivative-free, energetic formulation of Problem 2.1.

Definition 2.1. (Energetic formulation) A curve z : [0,T] — Z is called a solution
of the rate-independent Problem 2.1 associated with (€,D) if for all ¢t € [0,T] the
global stability (Sp) and the energy balance (Ep) hold, i.e.

E(t,2(t) <Et2) +D(2(t),5) YieZ (Sp)

E(t,z(t)) + Dissp(z; [0,t]) = £(0, z0) + /0 (s, z(s))ds. (Ep)

It is easy to see that if 2 € W11((0,T), Z) solves (Sp) and (Ep), then it also
solves (Sy) and (Eg).

3. Temporal Regularity via Uniform Convexity

Throughout this section, we will assume that the energy functional £ : [0,T1xZ —R
complies with (2.1) and (2.2).

Here, the crucial condition will be a suitable strict convexity assumption on &£.
In fact, we require z — E(t, z) to be uniformly convex, namely

Ik >0, Vzo, 21€Z, Vtel0,T], V6e]0,1]:
E(t,z9) < (1 —0)E(t,20) +0E(t, 21) — 59(1 —0)||20 — 21|%, (3.1)

where zp := (1 — 0)z¢ + 0z1. Let us stress that condition (3.1) means that & is
Kk-uniformly convex in the z variable, with a modulus of convexity s independent
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of t € [0,T]. In other words, we require the functional z — £(t,z) — %z[|* to be
convex. Note that this implies

S(t,é)25(t,z)+<€,2—z>+gHé—zHZ Ve i€ Z, YECIEH ). (32)

As for ¥, besides (2.5) and (2.6), we also assume that there exists ¢* > 0 such
that

(W(z,0) = ¥(Z,0)] < ¢P*[oflllz = 2], (3.3)
and Y* < k.

Before stating the main result of this section, we consider a simple example,
which shows that our conditions are sharp.

Example 3.1. We consider the case £(t,z) = 522 — Mz, with Z = R and fixed
k, A > 0. The state-dependent dissipation potential takes the form

14y for z <1,
U(z,v) =r(z)v|, with r(z)=<1+¢*(2—-2) forze]l,2],
1 for z > 2,
with ¥* > 0. For v* < k and for the initial value zy = 0, a solution can be
constructed easily, namely
0 for t € [0, (1 +v¥*)/A],
sy J e =10 for t € [(14+ %)/, (144 + #)/],
' (M—1=2¢%)/(k—vy*) forte[(1+¢*+r)/\(1+2k)/A,
(M —1)/r for t > (14 2k)/\

It is easy to see that the solution is unique. The Lipschitz constant of z is given by
A/ (k —1*), and hence blows up for k — ¢* \ 0.

For ¢¥* > k there does not exist an absolutely continuous solution. Indeed, any
solution must satisfy z(t) € S(t) = [(At — 1)/k, (At 4+ 1)/k], which is equivalent to
|[kz(t) — At| < r(2(t)). Thus, for ¢ > (1+2k)/A we must have z(t) > (Mt —1)/k > 2.
However, it is impossible for the solution to move through the z-interval (1,2) in
an absolutely continuous fashion, since the relations 0 € 9U(z, 2) + kz — At and
Z > 0 imply 7(z) + kz — At = 0. Hence, using ¢* > k > 0 and differentiating the
last expression gives 2 < 0.

Theorem 3.1. Assume (2.1), (2.2), (2.5), (2.6), (2.15), (2.16), (3.1), (3.3) and
(3.4): then, any solution z € WH(0,T; Z) to Problem 2.1 satisfies

: A1(t)
(RO — >

In particular, if \y € L>(0,T), then z € C¥P(0,T; Z).

for a.e. t €[0,T].
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Proof. We start by noting that any solution z to Problem 2.1 fulfils a stability
condition stronger than (Sy), namely

Sz = 2()1? + E(s.2(5))
< E(s,2)+P(z(s),2—2(s)) VzeZ forae. se(0,T). (3.5)

Indeed, we fix s, out of a negligible set, at which z fulfils (Sioc). On the other
hand, we consider (3.2) for t = s and add ¥(z(s),Z — z(s)) to both sides of the
resulting inequality. Then, we use that z fulfils (Sioc) at s, with &(s) € 0E(s, 2(s))
and v = 2 — z(s). Hence, (3.5) follows.

Then, Vt € [0,7] and for a.e. s < t we conclude

Sl(t) — ()P < Es,2(0)) — (s, 2(s)) + W(a(s), 20) — =(5))
< E(s,2(0)) = £(12(0) + £ 2(0) — £ () + | W(a(s), 2()dr
/at (, 2(t d7+/ BE (7, 2( dT—/th( (r), 2(7))dr
+/S U(z(s), 2(7))dr
< / M) — )l + 9 / ) — (),

where the first inequality is obtained by choosing 2 := z(t) in (3.5), the second
inequality follows from the convexity of ¥(z(s),-), the third one from the energy
identity (Eg) (fulfilled by z in view of Proposition 2.3), and the last one from (2.15)
and (3.3). Note that this estimate is exactly the assumption of the following Lemma
3.1, which concludes the proof. O

Lemma 3.1. Let 2 € WHY(0,T; Z) and assume that there exist positive constants
a and B with B < « and a function v € L*(0,T;[0,00)) such that, for all 0 < s <
t<T

S0 =017 < [ 1= - 2ldr +8 [ 1)~ () ar. 6.9)
Then, we have

1)) < J(—_t)g for a.e. t€(0,T). (3.7)

Proof. By the mean continuity theorem in L'-spaces, there exists a full-measure
subset M C (0,7) such that for all ¢ € M and for any fixed ¢ > 0 there exists
he > 0 such that

h/ ) —2(t)]] dr < €, h/ (t)dr<e YO0<h<he..
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Hence, for 0 < h < he by easy computations we have

/tih Z(7) dr 2

> W(|l3(0)] - ), (3.8)
/ |2l=(r) = 2(r = b dr <
t—h

v (/h Lol da)2 "
</tth 10 dT)Q

(2@l +e)?, (3.9)

l2(t) — 2(t = h)II* =

N =
e\
| ~+
>

&.|&

|~

<

N>|;“‘M
~

/ V(D)llz(8) = 2(7)]] dTS/ V() =)@ +€) dr
t—h t—h

t 2
=0l +2) ([ 00 =50 -7 dr + a0

2
< 5 (@1 + ) (v (2) + 2e). (3.10)
Combining (3.8)—(3.10) with (3.6) and letting ¢ | 0, we infer (3.7). m|

Remark 3.1. If £ and U (-, v) are sufficiently smooth, the desired Lipschitz estimate
in Theorem 3.1 can be obtained from the weakened assumption:

(D?E(t, 2)w, w) + D,V (z,w)[w] > d||wl|?, (3.11)

see (5.12). Note that (3.11) is due to (3.1), (3.3) and (3.4), giving 6 = k — ¢*.
Indeed, choose any s € (0,7) which is a Lebesgue point of Z. Using (Sjoc) and
(Eioe) with &(t) = DE(t, 2(t)) and v = Z(s), the function « : t — U(z(t), 2(s)) +
(DE(t, 2(t)), 2(s)) satisfies a(t) > 0 and «(s) = 0. Hence, we have
0 = a(s) = D, W(z(s), 2(s))[2(5)] + (0s DE (s, 2(5)) + D?*E(s, 2(s))2(s), £(s)).
Now, (3.11) and (2.15) imply
M ()[IZ(s)]] = [(0sDE(s, 2(s)), £(s))| = —(0:DE (s, 2(5)), £(s))
= D.U(2(s), 2(5))[£(5)] + (D*E(s, 2(5))4(5), 2(s)) = 81 2(s)II*,

which is the desired result.

4. An Existence Result

As shown in Ref. 18, there are essentially two ways to establish the existence. In all
cases, suitable approximate solutions are constructed via regularization or via time
discretization. To obtain solutions, these approximations have to be controlled via a
priori estimates. One class of existence results is based on compactness arguments,
usually by using the weak topology in Banach spaces. It allows us to extract a
suitable subsequence which converges to a solution, but does not provide uniqueness



Existence and Uniqueness Results for a Class of Rate-Independent Hysteresis Problems 95

of the solution. Another class of existence results is based on a more careful control
of the distances of the approximate solutions, in order to show that they form
a converging sequence of functions, see e.g. Refs. 3 and 8 and Theorem 7.3 in
Ref. 18. Here we follow the first method, and use compactness methods and fairly
general conditions. Uniqueness will be established in the following section under
much stronger assumptions, and exploiting completely different methods.

4.1. Statement of the assumptions and the result
In this section, we will assume that our ambient Banach space
Z is reflexive. (4.1)

We will establish an existence result (cf. Theorem 4.1 later on) for Problem 2.1
essentially under weak continuity conditions on ¥ and on £. Note that weak con-
tinuity provides compactness arguments if we obtain additional boundedness con-
ditions, since bounded sequences have weakly convergent subsequences under the
reflexivity assumption (4.1).

Let us now enlist all the assumptions on £ and ¥ which will come into play in
the proof of Theorem 4.1, referring to the notation of Sec. 2.1. Moreover, we denote
by 0 C [0,T] x Z x Z' the graph of the set-valued map (¢, z) — 0E(t, z).

Assumptions on the energy functional £. We suppose that £ complies with (2.1),
(2.2), (2.16); besides, we strengthen the assumption (2.15) by assuming that A; lies
in L*°(0,T). With Ay := || A1]|zs, we then have

Vz,2€ Z;Vte[0,T]:|0E(t, 2) — OE(L, 2)] < A1z — 2] (4.2)

We also assume the strict convexity (3.1), and
for a.e. t € (0,T) the map z — 0:£(t, z) is weakly continuous on Z,  (4.3)
0E C [0,T) x Z x Z' is closed in the strong-weak—weak topology.  (4.4)

The latter condition means that for any sequence (tx, 2k, o )ren in O with ty, — t,
2z — zin Z, and o, — o in Z’, we have (t,z,0) € 9.

Assumptions on the dissipation functional ¥. We impose (2.5), (2.6), (3.3), (3.4),
and the new conditions

U:Z x Z — [0,00) is weakly lower semicontinuous, (4.5)

2z C(z) C Z' has a closed graph in the weak—weak topology of ZxZ'. (4.6)
(4.6) means that

(2k,0%) = (2,0)in Z x Z' and oy € C(z;) implies o € C(2). (4.7)

Lemma 4.1. Let ¥ : Z x Z — [0, 400] fulfil (2.5), (2.6) and (4.5). Then, (4.6) is
equivalent to

VYoeZ:U(,v): Z —[0,00) is weakly continuous. (4.8)
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Proof. First, we prove (4.6) = (4.8): in view of (4.5), it is sufficient to show that
zp — z = limsup ¥(zg,v) < ¥(z,v) VoveZ
kToo
Indeed, recalling the representation formula (2.9), for any k > 0 we have
1
Vve Z Yk eN, Top, € Clzg) : (ok,v) < U(zg,v) < {0k, v) + T
Since the sequence {0y, }ren is bounded in Z’ by (2.6), we extract subsequences
2k, — zin Z, ox; — o in Z’, and by (4.7) conclude that o € C(2), so that for all
v € Z we have
lim sup ¥ (zp, v) < {(o,v) < U(z,v).
kToo
As for the converse implication, we will show that (4.8) = (4.7): indeed, we
fix a sequence {(zx,0%)} C Z x Z' in the conditions of (4.7), and we recall that
o € C(zx) = 0,¥(2k,0) is equivalent to

(o, v) < U(zg,v) VveLZ

We pass to the limit on both sides of the above inequality and obtain o € C(z2).
O

Remark 4.1. In fact, in the proof of Theorem 4.1 it will be more convenient to
use condition (4.6) rather than (4.8). On the other hand, (4.8) is indeed easier to
check in the applications: a typical situation in which (4.5) and (4.8) are satisfied
occurs when Z is compactly embedded into another Banach space Y, written as
Z €Y, and ¥ has a continuous extension to all of Y, see the following example.

4.2. A nontrivial example

Here, we provide an example which is nontrivial and satisfies all the assumptions of
the above theory. This is a typical situation which appears in continuum mechanical
models for materials with internal variables whose evolution is rate-independent,
see Refs. 7, 12 and 13.

We start with the Banach space Z = H'(Q;R™) = W12(Q; R™) where Q C R?
is bounded and has a Lipschitz boundary. For the energy functional we use

E(t, =) ;:/ SV + Fla, 2(a)) do — (£(2), 2),
Q
where ¢ € C1([0,T7],Z") is typically taken in the form

(1), =) = / ot,2) - 2@ dz + | Rt @) - 2(x) da.
Q 90
The function F : Q x R™ — R is assumed to be continuous, convex in z € R™ and
satisfies the bounds
clz|? = B(z) < F(z,2) < Clz|f + B(x) VzeQ, VzeR™,

1 : d~ d—2
where C,c >0, 8 € L'(Q2) and the exponent p > 2 satisfies S =5
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As H'(Q;R™) is continuously embedded into L”(£2; R™), it is easy to see that
€ :10,T] x Z — R is continuous and convex in z € H(Q;R™), which proves (2.1).
Moreover, we have the coercivity estimate

Et,z)

Y

1
50(2”2’”%11 —Cp  with ag = min{%,c},

1 2
Cﬁ:/Q|5(x)|dx+Ellfl\m(omzw

also taking into account the contribution of the term (¢(t), z).

Moreover, 8;£(t,z) = —(f(t),z) and thus (2.2) holds with Cy = ay + Cj and
No(t) = |[6(t)]| 2/ /a2, while (4.2) follows from ¢ € L°°(0,T; Z'). If we additionally
impose that each F'(x,-) is ag-uniformly convex, then £(¢,-) is k-uniformly convex
with k = min{ay, as}.

The most difficult condition is the strong—weak—weak closedness of the graph of
0E C [0,T) x Z x Z'. First note that

0E(t,2) = {—a1ANenz + 1 — L(t) € Z' | n(x) € OF (x, z(x)) for a.e. z € Q},

where OF (x, z1) denotes the subdifferential of F'(x,-) in the point z;. For a sequence
(tg, zk,w) € OE, with t,, — t, zx — 2z in Z and wr — w in Z’, we con-
clude £(tg) — £(t) in Z' and, by linearity and boundedness, ANeuzk — ANeu?
in Z'. Now, we additionally assume % > %, such that H'(Q;R™) is compactly
embedded into LP(Q;R™). Then, zp — z in LP(Q; R™) (strongly) and, after choos-
ing a subsequence, we may assume zi(zr) — z(z) in R™ for a.e. z € Q. Now,
Nk = Wi + @1 Anenzr + £(tr) is a selection for F (-, zx(-)). On the one hand, this
implies, via |0F(z,2)| < C|z|P~! + B(z), that n, is bounded in L*/(P=D(Q;R™).
On the other hand, nx, — 1 = w4+ a1 Apenz + £(t). Hence, we conclude ng — 7
in LP/(=1(Q; R™). To conclude n(z) € IF(z,z(z)) for a.e. x € Q, we use that
Az~ OF(-,2(-)) is a maximal monotone operator from its domain L°(2; R™)
into its dual L*/(»=D(Q;R™). However, ny € A(zx), me — n and 2z, — z, then
implies n € A(z), as desired.
The dissipation potential ¥ is taken in the form

\I/(z,v)z/gzw(x,z(a:),v(x))dx,

where the local density 1 : Q x R™ x R™ — [0,00) is continuous. Moreover, each
P(x,z,)) : R™ — [0,00) is assumed 1-homogeneous and convex, whence (2.5).
Furthermore, we suppose that there exist constants ¢, 5 > 0 such that

(2, 21,0) = (2, z0,0)] <thglzr — z2[|v] and 0 <9(z,2,0) < eifo],

so that (2.6) and (3.3) hold. Note that the latter condition, together with convexity
and 1-homogeneity, implies [1(z,v1) — ¥ (z,v2)| < c1|vy — va]. For ¢ small enough,
(3.4) is also fulfilled.



98 A. Mielke € R. Rossi

To establish the weak continuity properties of ¥, we use that H'(Q;R™) is
compactly embedded into Y := L?(Q;R™). By its definition, we may extend ¥ to
all of Y and obtain the estimates

|W(z1,v1) — W22, v2)| < Ygllzr — 22y |lvilly + e1llvr — vall 21 (q)-

With ||v] 1 < vol(2)Y/2||v]| 12, we conclude the continuity of ¥ : L?(Q;R™) x
L?(Q;R™) — [0,00), which by the above arguments implies conditions (4.5)
and (4.8).

4.3. Time incremental problems and approxrimate solutions

Let us consider a partition
P ={t=0<tl<- <tV =T}, 7:= I{laXN{tZ —
J=1,...

of the interval (0,7), and let us introduce the following time incremental problem,
associated with the time-continuous Problem 2.1.

Problem 4.1. Given 20 := z, find 2!,...,2" € Z such that
2P € argmin{€(tF, 2) + U(F 2 — 2P Y2 € 2} fork=1,...,N. (IP)

It is straightforward to check that, under the present convexity assumptions on
& and U, for every k = 1,..., N the incremental problem (IP) admits a solution
2¥. Indeed, the solution z* to (IP) is unique, as a consequence of the following:

Lemma 4.2. Assume (2.1), (2.5), (3.1) and (4.1). Then, any solution {z*}_  of
Problem 4.1 fulfils, for k =1,..., N, the variational inequality

Slhaf — 217 < E(t,2) = €68, 25) + (2 = ) (T - A
(4.9)
for all z € Z, where k is the uniform modulus of convezity of the functional &,

of. (3.1).

Proof. For every 2 € Z, let us set 25 := (1 — 6)2* + 62, 6 € [0,1]. The uniform

convexity of the map z +— E(t¥, 2) and the convexity of z — W(zF~1, 2 — 2F=1) yield

for every 6 € (0,1) the estimate ’
R0 - )| — 2 < (1 0) (£, 28 + W 2 — ) 46 (£ 2)
F (=) —E(tE 2g) — W(2F T 2 — 2P,
(4.10)
On the other hand, it follows from (IP) that

g(tvl—cv 27]?) + \I](Zfila Zvl—c - Zfil) < g(tfv Zg) + \I](Zfila Zg — Zvl—cil)'
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Substituting the above inequality into (4.10), dividing both sides by 6, and letting
0\, 0, we conclude (4.9). m|

Corollary 4.1. For every k =1,..., N the incremental problem (IP) has a unique
solution {Zf}k:07___7N, and this solution fulfils the stability condition
E(MF 2P <EWF )+ W (F 1228 viez (4.11)

Indeed, (4.11) directly follows from (IP), also using the triangle inequality (2.8)
for .

Approximate solutions. We can now introduce the piecewise constant interpolants
Z., Z :[0,T] — Z and the piecewise linear interpolant Z, : [0,7] — Z of the
discrete solutions {2} | of Problem 4.1, defined by

Z.(t):=2F forte (tFLth], Z (1) :=2F1 fort e [tFT ),

T

~ t— k1 th —¢
ZT(t) _ T Zk—f— T Zkfl

= te [tht k.
t‘llf_tllf;fl T t_llf—t,]?il [T ]

Also, let t. : [0,7] — [0, 7] be defined by t,(0) := 0 and &, (t) := t¥ for t € (tF=1 ¢F].
Of course, for every ¢ € [0,T] we have t,(t) | t as 7\, 0.

By (2.7) and Lemma A.1, the minimization problem (IP) yields the subdiffer-
ential inclusion

DpU(2F=1 2k — 2F1y L og(tF 2F)y 50, VEk=1,...,N.

T T T

Using the 1-homogeneity of the functional ¥(z, ), we thus obtain
0,V (Z, (1), Z(t)) + 08 (1), Z, (1)) 20, Vte (tF 1t (4.12)

We can now state our main existence and approximation result for Problem
2.1. After some a priori estimates in Sec. 4.4, the proof will be completed in
Sec. 4.5.

Theorem 4.1. Assume (4.1), that € complies with (2.1), (2.2), (2.16), (4.2), (3.1),
(4.3), (4.4) and that ¥ fulfils (2.5), (2.6), (3.3), (3.4), (4.5) and (4.6). Then, the
Cauchy Problem 2.1 for the Global Formulation (Sy) and (Evy), supplemented with
the stable initial datum zo (i-e. (Sioe) holds for zp), admits a solution.

Moreover, if {P;,} is a sequence of uniform time-step partitions of [0,T] (i.e.
tfj — tfj’l = tﬁi — tij’l = 71; Vk,i), with fineness ; \, 0 as j 1 oo and {77_].},

iz}, {ZTj} are the associated interpolants, there exists a subsequence {7}, }, and
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a solution z € WH>°(0,T; Z) such that the following convergences hold as n 1 oc:

Vte[0,T]: Z, (1) = 2(t) in Z, (4.13)
Vtel0,T]: Z,, (t), Z,, (t) = =2(t) in Z, (4.14)
Z., Sz in Wh(0,T; 2), (4.15)
0E (2, () = E(,2(:)) in L'(0,T), (4.16)

§t. 2., (1)) — E(t, (1),
Vitel0,T]: t ~ t . (4.17)
/Oq/(z, (s),ZTjn(s))ds—>/0 W(2(s), 5(s)) ds.

=Tjn

4.4. A priori estimates for the approrimate solutions

In the sequel, we will denote by C' any constant occurring in the estimates, without
detailing the quantities C' depends on; instead, we will use other symbols for more
specific constants.

The following result shows that assumption (4.2) makes the incremental solu-
tions Lipschitz continuous with a uniform bound.

Proposition 4.1. (Lipschitz bounds) Assume (4.1), (2.1), (3.1), (4.2), (2.5), (3.3)
and (3.4). Let us set

Op i=||2F = 2F"Y| forall k=1,...,N and 7 > 0. (4.18)
Then, for any k =1,..., N we have the discrete Lipschitz estimate
Ay
0 < 4.19
T (4.19)

Note that (4.19) is the discrete analogue of the Lipschitz continuity estimate
proved in Theorem 3.1.

Proof. Let us substitute 2 := 2*~! into (4.9), thus obtaining

Slaf — 2N < St ) — o) — (T - 2, (4.20)

Let us write (4.9) at the (k — 1)th step: for every w € Z we have
Bk

5 llz

2 ‘r_1 - ’LU||2 < g(tf_la w) - g(tk_l Zk_l) + \I’(Zk_Qa w— Zk_Q)

(R L k2,
let us now choose w := z*. Adding the resulting inequality and (4.20), we get
st = 71 < (e ) —6<T, )+ 0 5 - £l 2
1) b W2 R k)

- \II(ZT ) 2,
— (k2 Pkt szz). (4.21)

T

?v“?v

K
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By the triangle inequality (2.8) and by (3.3), we conclude that

(2 2h = 272 — W (2 2 ) w2
<\I]( h- 2; f_zf_l) \I](Zk 1;'2-5 Zf_l)
<Pt = Rk - (4.22)
On the other hand, by (4.2)
E(5, 2571) — E(th, )+ E(5 1 2F) — £, 1)
tk tk
=/ (OE(r,25) — DE(r, 22y dr < || — 2+ 1H/
t‘,l—c—l
< Ay (E — £k — 2R (4.23)

Thus, letting dp = 0 and collecting (4.21)—(4.23), we obtain the recurrence relation

A *
6k§?1(tf—tf’1)+%6k_1 Vk=1,...,N, (4.24)
whence
Ay (Y
1 j—1
< — i
<y (2 ) (-, (4.25)
j=1
yielding (4.19) thanks to (3.4). O

Proposition 4.2. (A priori estimates) Under the same assumptions of Proposi-
tion 4.1, the energy estimate

/t\I’(ZT(T'),ZI{(T))dT +E(t, Z- (1)) < E(s, Z-( / E(r, Zy(s))dr  (4.26)

holds for every pair of nodes s,t € Pr, s <t, and for all t € [0,T] we have

max{€(t, Z; (1)), £(t, Z.(1))} < (£(0, 20) + Co) exp(Ast) — Co,

t N (4.27)
| #2601, 201 < (£0,20) + Co exp(at).
0
Further, there exists a constant C such that for all 7 > 0
1 Z- L~ (0,152) < C, (4.28)
~ — Aq
127 — Z‘I’HLQQ(O,T;Z) <z - Z—;—HL&(O,T;Z) < K — 0" 7. (4.29)
In particular, if only uniform step-size partitions are considered we have

i~ A
127 ]| < (0.1:2) < - _11!}* for 7 € {T/k|k € N}. (4.30)
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Proof. It follows from the minimization algorithm (IP) and from the 1-
homogeneity of ¥ w.r.t. the second variable that for every t*=1, t¥ € P,

k _k kE k-1 ho1 2 — 2!
E(tE,28) + (tF — b hyw (o1, Z

th — tF1
<E(tr, 2
ty
=E(tF 2N ¢ . OE (r, 28 1)dr, (4.31)
t,:71

whence (4.26) by adding up (4.31) on each subinterval of the partition.

We refer to Ref. 12, Cor. 3.3, for the proof of (4.27), obtained through (2.2),
(2.3), and the Gronwall lemma. Since £ is bounded from below (cf. (2.3)), it follows
from (4.27) that

E(t, Z- ()| +1E( 2, (1)) < C Ve [0,T],

whence (4.28), in view of the uniform convexity assumption (3.1).
Finally, the first inequality in (4.29) can be found by trivial calculations, while
the second one is a reformulation of (4.19). m|

4.5. Proof of Theorem 4.1

For the existence proof we restrict ourselves to the approximate solutions Z,, Z_, Z
constructed from partitions with uniform time steps. In this case, (4.30) provides
equi-continuity of the approximate sequences, and we can apply the Ascoli-Arzela
compactness theorem in the framework of the weak topology on the reflexive space
Z. Hence, there exist a subsequence (2% )nen, which we denote by (Zl)neN for
simplicity, and a limit function z € W1°°(0,T; Z) such that (4.13) and, by (4.29),
(4.14) hold for every t € [0,T] (indeed, the convergences are uniform in t). Standard
weak-compactness results further yield (4.15).

Using also Z,, Z, and %, as short-hands for 77_7‘”, ZTM and t;, , respectively, we

see that (4.12) implies the weaker statement
0,V(Z,(),0) + 0E (. (t), Zn(t)) 20 VYVt e (0,T],

in view of (2.10) and (2.12). Now, let us keep an arbitrary ¢ € (0,77 fixed: then,
there exists a sequence &, with

€n € OE(ta(t), Zn(t)) N (—0u¥(Z,(1),0)) C BE, (0),

where the latter inclusion follows from (2.6). Thus, there exists a weakly convergent
subsequence &,, — .. Using the weak closedness properties (4.4) for 9€ and (4.6)
for 9,¥(-,0), as well as the convergences t,(t) — t, Z,(t)) — z(t) and Z,(t) — z(t),
we obtain &, € 0E(t, z(t)) and =&, € 9, ¥(z(t),0). But this implies

0,V (2(t),0) + 0E(t, 2(t)) 2 0,
which is equivalent to (Sg) by Proposition 2.1, Remark 2.1 and Proposition 2.3.
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To prove the energy balance (Ey ), we first establish the one-sided estimate

/ U(z(r), 2(r))dr + E(t, 2(t)) < £(0, z0) +/ E(r, z(r))dr. (4.32)
0 0

To check this, we start from the discrete energy inequality (4.26), which yields for
all t € [0, 7

%(t) _ _
/0 U(Z,(r), Zy(r)) dr + E(&a(t), Zn(ta(1))

o ()
< £(0,20) + /0 " (2. (1) dr. (4.33)

By (4.3) and (4.14) we have 0;E(r, Z.(r)) — 0, &(r,z(r)) for all r € [0,T].
Further, in view of (2.2) and (4.27), the integrands are bounded in L>°(0,T"). Thus,
the Lebesgue theorem yields (4.16), so that the integral on the right-hand side of
(4.33) converges to fot OE(r, z(r))dr.

Moreover, using the lower semicontinuity (2.1) of £(¢, -) and the uniform bound-
edness of 0;&, we obtain

liminf(E (%, (), Z; (%, () — £(t, 2(1)))

n—o00 _— -
> nlirréo WE(r, Z: (%, (t)))dr
 liminf(E( 7 (5, (1)) - £(t2(0)) 2 0. (4:34)

To pass to the limit in the dissipation integral term on the left-hand side of
(4.33), we observe that, by (4.28) and (4.30), the sequence (Z,,, ng)neN is bounded
in L*°(0,T;Z x Z). Thus, applying Theorem B.1 in the space X := Z x Z,
a subsequence (an,f,’lk)keN generates a limiting Young measure {v;}ie0,7) €

Y(0,T; Z x Z). Recalling that ¥ is a weakly normal integrand (cf. Appendix B) on
(0,T) x Z x Z, we thus obtain

1iminf/0tm(t)\I'(ZT(T),ZT'(T))dr > /Ot (/ZXZ\I/(z,v)dVT(z,v)) dr.

n—oo

On the other hand, in view of (4.13), (4.15) and (B.7), for a.e. t € (0,7) we have
Vi = 0, ® 0, with (0¢)¢eo,r) € V(0,75 Z) and

2(t) = /Zvdat(v) for a.e. t € (0, 7).

Therefore, also by the Jensen inequality we conclude

/Ot (/ZXZ\I!(z,v)dVr(z,v)) dr = /Ot </Z\Il(z(7'),v)dgr(v)) dr

zA@mmamm
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entailing the following lower semi-continuity result for the dissipation integral:

tn () N t
lim inf \II(Zn(r),Z,;(r))dTZ/O U (z(r), 2(r))dr. (4.35)

nToo 0
Thus, we have shown the convergence for three terms in (4.33), and the desired
estimate (4.32) follows.
To obtain the opposite inequality, we use the stability condition (2.21) (equiv-
alent to (Sioc)), for v = 2(t):

U(z(r), 2(r)) + (&(r), 2(r)) > 0 for a.e. r € (0,1),

where £(+) is a suitable selection of 9E(+, z(+)). Combining this with the chain rule
formula (2.17) (cf. Proposition 2.2), we find
d
EE(t, z(t)) + U(z(t), 2(t)) > 0:E(L, 2(t)) for a.e. t € (0,T).
Integration of this inequality yields the opposite estimate in (4.32), and we conclude
that the equality (Ey) holds.

This concludes the proof of Theorem 4.1. a

Remark 4.2. Condition (4.2) was only assumed for convenience: in fact, you
can always rescale the rate-independent problem (1.1), and the following rescal-
ing argument actually shows that we can dispense with (4.2). Indeed, let us
set tt) = t+ fg|)\1(7)|d7, T := #T), and let us introduce the functionals
E(s,z) == E([I1(s),2) for (s,2) € [0,T] x Z and Ai(s) := M(E(s)), s € (0,T).
Then, the estimate (2.15) gives

Ai(s) =

|0sE(s,2) — 0:E(s, 2)| < lz—2|| VzzeZ forae. se(0,T).

RO
Thus, Theorem 4.1 ensures the existence of a solution Z € W1°°(0,T; Z) to Problem
2.1 on the time interval [0, 7], yielding by rescaling a solution z € W4(0,T; Z) to
our original problem.

The reparametrization can be avoided by taking partitions with time steps
adjusted to A;. Let A, = fOT Ai(s)ds and choose t* such that fot*k Ai(s)ds =
kEA./N. Then, Ty — 0 and (4.19) is replaced by 6 < A, /(N(k —¢*)). We lose the
uniform Lipschitz continuity (4.30), but still have an equicontinuity with a modulus
of continuity obtained from ¢ — fg‘ A1(s) ds. Thus, the proof works in this case as
well.

It is an open question whether the scheme converges to for any sequence of
(non-uniform) partitions with 7 — 0.

5. Uniqueness Results

In this section, we combine the uniqueness results obtained in Ref. 18, Theorem 7.4,
and in Ref. 3. In the first work, the case

AW (3(t)) + DE(, (1)) 3 0
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is treated, where the dissipation potential ¥ is independent of z but otherwise
relatively general. There, the only assumptions on ¥ : Z — [0, 00) are convexity,
1-homogeneity and strong continuity (i.e. the upper bound ¥(v) < Cyllv||). No
smoothness and strict convexity conditions on ¥ are needed. The lower bound
U(v) > cyllv]|, which is stated in Ref. 18, Eq. (2.2), is used only in the existence
part, but not for proving the uniqueness result.

In the second paper, the case

AW(2(t), 2(t)) + Az(t) — £(t) 5 0

is studied, i.e. the energy is assumed to be quadratic and A : Z — Z’ is an isomor-
phism. Moreover, the dissipation potential ¥ must be such that (z,v) — ¥(z,v)?
lies in C1'MP and that U(z, -) is strictly convex. In addition, the severe assumption of
lower and upper bounds have to be imposed, namely cy||v]| < ¥(z,v) < Cy||v||. The
lower estimate implies that the elastic domains C(z) = 0¥(z,0) have non-empty
interior, which is not the case in many engineering applications.

In combining the two approaches, we will have to compromise such that at
the end the two extreme results will not be covered. However, we believe that
our assumptions are somewhat more general and easier to satisfy in particular
applications. Moreover, there is potential for future generalizations.

5.1. Statement of the main assumptions

To obtain uniqueness, we have to strengthen some of the assumptions for our exis-
tence result Theorem 4.1 considerably, whereas other conditions can be weakened.
First of all, in the sequel we assume that

Z is a Hilbert space. (5.1)

Nonetheless, as common practice in mechanics, we will distinguish between the
space Z and its dual Z’, and keep to the duality pairing (-,-) between Z’ and Z,
instead of using the scalar product; sometimes, we will use the notation || - || both
for the norm on Z and for the norm on Z’.

Assumptions on the energy functional £. We impose that

£€C%(0,T] x Z;R)

2
and complies with the energetic estimate (2.2), (5.2)

and that there exist positive constants Cf,, C£_, C¢ _ and Cf,, such that
Vte[0,T], Vz € Z:||0,DE(t, 2)|| < C,, (5.3)
Vte[0,T), Vz € Z:||D*E(t,2)| < CE,, (5.4)
YVt € [0,T], V21,20 € Z: ||D?E(t,21) — D?E(t, 20)|| < CE,, |21 — 22|, (5.5)
YVt €[0,T], V21,20 € Z: |0:DE(t, 21) — Oy DE(t, 22)|| < CEL |21 — 22| (5.6)
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(Hence, (2.15) is fulfilled, with A; € L°°(0,7T).) The main assumption throughout
this section is the uniform convexity (3.1) of £, which may now be formulated in
terms of the second derivative H(t,z) = D?E(t,2) € L(Z,Z') as

Ik >0, Vt€[0,T], Vz,v € Z: (D*E(t, 2)v,v) > &||v]>. (5.7)
This shows that we have adjusted the space Z to fit with the energy.

Assumptions on V. First of all, we assume the basic convexity and 1-homogeneity
(2.5) on ¥(z, -). Further assumptions on the dissipation potential ¥ : ZxZ — [0, c0)
will be more involved. Namely, in order to be able to treat reasonable applications,
like our example in Sec. 4.2, we introduce an additional Banach space X in which the
Hilbert space Z is continuously embedded. In particular, we will use the embeddings

ZcXcX” and X' cZ.

The typical situation we have in mind is Z = H'(Q) and X = L'(Q), see the
example in Sec. 4.2. We will use the estimates

Vve Z:|v|x <Cx|v|| and Voe X':|olz <Cx|ol|x- (5.8)

We impose upper and lower bounds on ¥ in terms of both norms || - ||x and || - ||,
cf. (2.6):

3CY € (0,00], Icx >0, Vz,v0 € Z: cx|v]|x < U(z,0) < C¥|vlx, (5.9)
3Cy >0, ey >0, Vz,v € Z : cgl|v| < ¥(z,v) < Cygllv]. (5.10)

Note that the cases cy = 0 and C'y = oo are allowed at this stage. Clearly, (5.10)
with cg > 0 implies (5.9) with ¢% := cg/Cx, as well as (5.9) with Cy¥ < oo implies
(5.10) with Cy := C¥Cx. However, for conceptual reasons it is better to keep the
constants independent.

On the one hand, from the point of view of the applications, it would be desir-
able to have || - || x strictly weaker than || - ||, which can only be realized if c¢g = 0.
However, so far, we are unable to establish our uniqueness result without impos-
ing the additional assumption c¢g > 0, which in fact implies that X and Z are
endowed with equivalent norms. On the other hand, it will turn out that most of
the estimates can be obtained in terms of weaker estimates, involving c% and Cy
only. We conjecture that the assumption ¢y > 0, which is only used for the proof
of Proposition 5.2, is technical and can be avoided by a more careful analysis.

A further condition on ¥ involves the smoothness with respect to the variable
z. We assume that for each v € Z the function z +— ¥(z,v) is in C'(Z). Moreover,
the Fréchet derivative is bounded as follows

3C% >0, 30 €(0,1], V2,0 € Z: DU (z,0)]| 2 < CEIZI0I7.  (5.11)

In Secs. 3 and 4 we have imposed a condition on ¥ (cf. (3.3) and (3.4)), which
means that the variations of ¥ with respect to z are weak enough such that the
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uniform convexity of £ is able to compensate for them. The following weakened
version of our previous conditions (3.3) and (3.4) (cf. Remark 3.1) will be central

36>0,Vte[0,T], Vz,0 € Z: (H(t, 2)v,v) + D, ¥(z,v)[v] > §|v)|>.  (5.12)

On the other hand, if ¥ is symmetric in v, (5.12) implies the convexity assumption
(5.7) with k = 0, as

<H(t7 Z)(_U)v (—’U)) = <H(t7 Z)Ua ’U> and qu](zv (—’U))[—U] = _DZ\IJ(Za ’U)[’U].

Remark 5.1. Getting further insight into the proof of Theorem 3.1, we see that
we can replace the assumptions therein with the new set of assumptions (5.2)—
(5.7) on &, and (2.5), (5.8)—(5.12) on ¥. In this setting, Theorem 3.1 still applies,
guaranteeing that any solution to (1.1) is Lipschitz continuous in time, and hence
stays inside suitable bounded sets. Thus, the global assumptions (5.4)—(5.6) on &
might easily be replaced by suitable local estimates. Furthermore, the local versions
of (5.4) and (5.6) would then be a mere consequence of the smoothness of €. Still,
we have kept to the global estimates to make notation simpler and the estimates
more explicit.

The following auxiliary functional B : Z x Z' — [0, 4+oc], which was introduced
in Ref. 3, plays a central role in the theory:

maay:mm{@ﬂo—%wuwﬁ:vez}

The function B(z,-) : Z' — [0,00] is convex and coercive, but it is finite only if
cy > 0. With (5.9) and (5.10), we obtain

all%, all%, oll%. all%,
2||(C|’L;Z)2 < B(z,0) < 2”(c|\|1;Z)2 and 72|(C|'}12()2 < B(z,0) < 2||(c|}|1’32 (5.13)
Remark 5.2. In view of the convex analysis results of Appendix A, the functionals
B(z,-) can be related to the convex sets C(z) C Z’ defining ¥ (cf. (2.9)). Indeed,
by (2.9) and (A.3), ¥(z,-) is the Minkowski functional (cf. (A.1)) of the polar set
C(z)* of C(z). Hence, owing to (A.8) we realize that B(z,0) = Bg(.) (o) for all
z€Zand o€ Z'.

We define the yield surface Y and the admissible domain Yy via

y:{@@62xzum%@=%}

) (5.14)
Vo = {(z,o) €eZxZ:B(z,0) < 5}

Also in view of Remark 5.2, note that (z,0) € Y if and only if 0 € 9C(z), and
(z,0) € Yo if and only if ¢ € C(z). Moreover, ), is closed and contained in
Z x By, (0). The closedness of ) is indeed equivalent to the fact that the map
z — (C(z) has a closed graph in the strong topology of Z x Z’ (cf. assumption (4.6)),
and it follows from the lower semicontinuity of the map (z,0) — B(z, o).
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The subdifferential of B(z,-) with respect to o defines a maximal monotone

operator (possibly multi-valued) J(z,-) : 2/ — 2%:
J(z,0) = 0,B(z,0) CZ YoeZ.
In the case cy = 0, we may also have J(z,0) = (. In that case, it is sometimes
convenient to consider B(z,-) as a function on X', viz., introducing BX(z,-) :=
B(z,-)|x. Since BX is convex and bounded on bounded sets, it is continuous and
the associated subdifferential is nonempty, namely
JX(z,0) = 80X BX(2,0) C X",

where X' BX(z,0) = {n e X" :V6: BX(2,6) > BX(z,0)+ x{6 — 0,n)x~}. From
(5.9) and (5.10), we obtain the following estimates

1 1
v e < < —= / 1
w e J(Z,O’) (C\I/)ZHU”Z = Hw” = (C\I})QHO—HZ ) (5 5)
1
X .
Vwe J* (z,0): (C)qé)2||0||x' < lwlx» < (C\)D()QHO'”X" (5.16)

Indeed, to check for instance the second inequality in (5.15) we use (A.7), Remark
5.2, as well as (5.10) and (5.13), to obtain for all w € J(z,0)
lollz

cyllw|| < ¥(z,w) = Mgy« (w) = Mgy (o) < ot

whence the desired inequality.
On [0,T] x Z\{0} x Z' we define another, possibly multi-valued function via

{ (H(t,z)w,w)-iDZ‘I/(z,w)[w] w | we J(Z7 J)} if 0 g J(Z7 J) 7é @7

{0} otherwise.

Vt,z,0) =

Hence, V(t,z,0) C Z and, since J(z,-) is positively 1-homogeneous, the function
V(t,z,-) is (—1)-homogeneous, i.e. V(z,70) = 1V(z,0). The importance of this
construction is that the elements v in V (¢, z,0) satisfy the a priori bound |jv]| <
Cy/dif (z,0) € Y, see Lemma 5.2.

An important and restrictive condition on V' is a one-sided Lipschitz continuity,
which generalizes the structure condition introduced in Sec. 7.2 and App. C of
Ref. 18 (but be aware of the different sign convention there):

JLy >0, Vt € [O,T] V(Zl,O'l), (2270'2) e, ij S V(t,Zj,O'j) :
<0'1 — 092,V1 — ’U2> > —Lv(HO'1 — 0'2H2 + HZ1 — 22||2). (517)
The following example shows that the above condition holds in the cases con-

sidered in Refs. 3 and 18.

Example 5.1.

Case 1: In the case that W is state-independent, which was treated in Ref. 18, it
is possible to allow for ¥ which are not bounded from below, i.e. cy = 0 and ¥?
neither smooth nor uniformly convex.
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Indeed, we let C' := 9¥(0) and obtain (z,0) € Y if and only if o € OC. More-
over, (z,0) € Y implies J(z,0) C N¢(o). However, as No(o) is a cone, we also have
V(z,0) C N¢(o). Since the indicator function I¢ is convex and lower semicontin-
uous, its subgradient I = N¢ is a maximal monotone operator and we conclude
(v —vg,01 — 02) > 0. Hence, the structure condition (5.17) holds with Ly = 0.
Case 2. In Ref. 3, the following special case was considered. The energy takes the
form E(t,z) = &||z||* — (¢(t), z) with £ € C1([0,T], Z’). Moreover, we have X = Z,
ie. cy = c% > 0and Cy = CY < co. The conditions on ¥ are the following.
(i) The functional ® : (z,v) — W(z,v)? lies in C?(Z x Z), which implies (5.11).
(ii) For each 2z € Z the functional ®(z,-) is uniformly convex, i.e. D2® > rgl. In
this situation, J and hence V are single-valued maps, which are still C' and thus
Lipschitz. Therefore, (5.17) follows in the stronger, two-sided version

[{o1 = 02,01 = v2)| < Lv|lox — 02| ([l21 — 22]| + [lo1 — o2]]).

The joint convexity (5.12) reduces to |D,¥(z,v)[v]| < (1-6)||v||?, since H(t,z) = 1.

Further assumptions on €. Finally, we need two more conditions on the power of the
external forces, which is related to 9;E(t, z(t)). For this, introduce the sets Sioc(t)
of locally stable states via
Sioc(t) :={2€ Z2:0€ 0,%(2,0)+ DE(t,2)}.

The first condition concerns a certain boundedness, namely

Vt e [0,T], Vz € Spoc(t),

Yw e JX(z,—DE(t, 2)) : |x (8 DE(t, z), w) x| < 7. (5.18)
The second condition concerns a Lipschitz estimate, namely

Vit €[0,T], V21,22 € Sioc(t), Yw; € J¥(t, 2;, —DE(t, 2;)) :
|x/ (0 DE(t, z1), w1 ) x» —x7 (O DE(t, z2), wa) x|
< Cf;ip(Hzl — 29|l + [B(21, —DE(t, 21)) — B(z2, —DE(t, 22))|). (5.19)

Since generally the union of all JX (¢, z, —DE(t, z)) over z € Sioc(t) is not bounded
in Z, the boundedness (5.18) and the Lipschitz continuity (5.19) are nontrivial.
However, assuming Cy < oo and using (5.13) and (5.16), we obtain

lwllxr < llollx/(cX)* < CX/(€X)* Ywe J¥(z,0), ¥(z,0)€No. (5.20)
Hence, it suffices to assume that 9, DE : [0,T] x Z — X' C Z’ is bounded and
Lipschitz continuous in z. In the typical situation £(t, z) = U(z) — (£(t), z), this is
true if £ € C1([0,T], X") holds.

Having introduced all the notation and all the needed assumptions, we are able
to formulate the following uniqueness and continuous dependence result.

Theorem 5.1. Assume (2.5), (5.1)— (5.7), (5.9) with C¥ < oo, (5.10) with cy > 0,
(5.11), (5.12) and (5.17)~(5.19). Then, the solution of the Cauchy problem for the
subdifferential equation (1.1) is unique.
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Moreover, there exists constants C1,Ce > 0, which are independent of the con-
stants cy and C¥, such that any pair of solutions (21, 22) satisfies

l[21(t) = 22(8)]| + [Bi(t) — B2(t)| < Crexp(Cat)([|21(0) — 22(0)[| + [B1(0) — B2(0)]),
where we have set Bj(t) = B(z;(t), —DE(t, z;(t))) for j =1,2.

Note that uniqueness follows without any continuity assumptions on B. However,
to derive continuous dependence on the initial data, we need the continuity of the
mapping b : Sic(0) — [0,1/2], defined by z — B(z,—DE(0,z)). The following
remark shows that it is sufficient to impose cg > 0 in order to obtain Lipschitz
continuity of b.

Remark 5.3. Under the assumptions of Theorem 5.1, the function B : ), —
[0,1/2] is locally Lipschitz continuous with respect to the norm topology of Z x Z'.
Indeed, for any (z,0) € Yy and w € J(z,0),

(1) L@
ID-¥ (2, w)|z < Cpllwllk w7 < CXChllw]

®3) 03.C% “) 0c3.C%C
= )22 Elo||z < —XF22
\ W

Here, %) follows from (5.11), for (;) use (5.8), for (%) use (5.15), and (%) follows from
(5.13). In view of (5.22), we thus obtain that D.B is bounded on )y. Since, by
(5.13) and (5.15), the elements w of J(z,0) = 0,B(z, o) satisfy ||w| < |o]|/(cw)? <
Cy /(cy)?, we also have Lipschitz continuity in o on ). However, then the Lipschitz
norm may depend on cy.

5.2. Preliminary results

Here, we establish some further notation and prove some preliminary results. The
proof of Theorem 5.1 will then be completed in the next subsection.

The classical Legendre—Fenchel theory (see also Appendix A), gives the following
equivalences:

w e J(z,0) =0,B(2,0) & o € V(z,w)0,¥(z,w), (5.21)
y € 0.B(z,0) & y=—-Y(z,w)D,¥(z,w) for w e J(z,0). (5.22)
Indeed, the latter relation follows from the identity
1
B(z,0) = (o,w) — 5\112(2,111) Yw e J(z,0),

cf. (A.11) in the proof of Proposition A.1. Moreover, in view of the latter result, if
(z,0) € Y, then J(z,0) spans the normal cone of C'(z) = 0¥(z,0) in the point o,
ie. Noy(o) ={rw:r >0, we J(z,0)}

Lemma 5.1. In this setting, we have the equivalences

o€ 0C(z)  B(z,0)= % SVYwe J(z,0): U(z,w) = 1. (5.23)
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Proof. The proof of the second equivalence follows from the fact that ¥(z,-) is
the Minkowski functional of C(z)* (cf. Remark 5.2), and from formula (A.7) in
Proposition A.1. O

The following a priori estimate on the elements in V' (¢, z,0) will be important
below.

Lemma 5.2. If (5.10) and (5.12) hold, then we have
V(t,z,0) €[0,T] xY:||v|| <Cg/d for all veV(tz,o).

Proof. Using (5.23), any w € J(z,0) with (z,0) € Y satisfies U(z,w) = 1, and
thus (5.10) implies ||w|| > 1/Cg. However, exploiting (5.12), for v € V (¢, z,0) we
have [|v]| < [Jwl|/(8]lw][?*) < Cw/d. O

In the sequel, we assume that the functions z, z1, 20 € W1(]0,T], Z) are solu-
tions of our basic equation 0 € 0,¥(z, 2) + DE(t, z). We first collect a few results
which hold for all solutions. For this, we will use the notation

<(t) = —DE(t,2(t)) and  ;(t) = =DE(t, z(t), j=1,2,
such that the basic equation reads
G(t) € 0, U (2(t), 2(1)). (5.24)
For the solutions of (5.24), we have (cf. Theorem 3.1 and the estimate (5.13))
12l Lo ((0.71.2) < Crip := Ct. /9, sl zoe (0,77, x7) < Cx.
(5.25)
sl Lo (jo,77,2") < Cw.

Following the arguments in Ref. 3, we observe that any solution z : [0,7] — Z
to (5.24) satisfies

Z2(t) = AMt)v(t), with v(t) € V(t,2(t),s(t)) for a.e. t €[0,T],

for a suitable coefficient A(¢) > 0.
In order to get further insight into this representation formula, we first introduce

another representation for z(t). Indeed, we let

1
alt)
By construction, U (z(t),w(t)) = 1 if &(t) > 0. Under these conditions, we also have
by the 1-homogeneity of U(z,-) that 0,V (z(t), 2(t)) = Y (2(t), w(t))0, ¥ (2(¢), w(t)).
Moreover, under the assumption 2(t) # 0, we conclude by (5.21) that

<(t) € 0¥ (2(¢),2(t)) < w(t) € J(2(t),5(t)).

Collecting these facts, we may infer that for a.e. ¢t € (0,7) with £(¢t) # 0, there
holds

a(t) =U(z(t),2(t)) and w(t) = Z(t) for t with a(t) > 0.

a(t) = W(z(t), 2(1)),

% = a(t)w with
() = a(bu(t) wi {w(t>eJ<z<t>,<<t>>-
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Note that here w(t) = ﬁz(t) € Z. For t € [0,7T] in which 2(¢) is not defined or
£(t) = 0, we may still choose w(t) € JX(z(t),s(t)) C X", such that w : [0,T] — X"
is measurable and essentially bounded (see (5.13) and (5.16)), with

lwll <o, 50 < CX/(eX)* and  (2() #£ 0= |w(®)|x <1/cX),  (5.26)
the second follows from (5.9) and (5.23). Similarly, for ¢y > 0 we have
wllzee(o,17,2) < Cu/(cw)® and  (4(t) # 0= [w(t)]| < 1/cy). (5.27)

Since w(t) € J(z(t),s(t)) is related to v(t) € V (¢, z(t),s(t)) by a scalar, define
now the selection v : [0,T] — Z of V via

1
o(t) = { (H@w(t), w?t)) + DV (2(t), w(t))[w(t)]
0 otherwise.

w(t) if w(t) € Z,

Moreover, we introduce the scalar function « : [0, 7] — [0, o] via

a(t) = &(t) ((H (tw(t), w(t)) + D (2(t), w(t))[w(?)])

H(t)w(t), 2(t)) + D W (2(1), w(t)) [2(2)], (5.28)

where we understand the definition such that 2(¢) = 0 implies «(t) = 0. Therefore,
for a.e. t € (0,T) the coefficient A(t) in our first representation formula coincides
with a(t), thus we conclude this crucial representation formula for z(¢):

Z(t) = a(t)v(t), with v(t) € V(t,2(t),s(t)) for a.e. t €[0,T]. (5.29)
In addition, we let
B(t) = B(z(t),s(t)) and  ~(t) = —(9, DE(L, 2(t)), w(t)))- (5.30)

The remainder of this subsection will be devoted to the proof (see Proposition
5.2 below) of the central formula

d d
—pB(t) = — t t)) =vy(t) — alt 31
SH(0) = LB(0),5(0) =) — alt) (531)
which was obtained in Lemma 5.1 in Ref. 3 under suitable smoothness assumptions
on B, and which is at the heart of the theory. In fact, it will only be for the validity
of this identity that we need cg > 0.

A chain rule for B. By the definitions of o and , the relation (5.31) can be inter-
preted as a chain rule, which follows from suitable smoothness and convexity prop-
erties of B. However, it should be noted that we only need this formula along the
true solutions of (5.24) and, thus, there is some hope that relation (5.31) still holds
under weaker assumption.
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As z is a solution to (5.24), the function § takes values in the interval [0,1/2].
In order to discuss the identity (5.31), we make some preparations. First, note the
obvious equivalence which holds for a.e. t € [0,7]:

. (s(t), 2(1)) = ¥(=(t), £(1)),
G(t) € BT (2(t), 5(t)) & {‘v’v 7)) = B0 (5.32)

The next result goes one step further:
Lemma 5.3. For a.e. t € [0,T] we have the identity
(1), 2(2)) = DU (=2(2), 2(1)) [2(1)]-
Proof. Observe that the right-hand side in (5.32) implies
(S(t) =<(t = h), 2(t)) = W(z(t), 2(1)) = U(2(t = h), 2(t)).
Dividing by h > 0 and using that z and ¢ are Lipschitz, with
¢(t) = —0;DE(t, 2(t)) — D2E(t, 2(t))4(t) (5.33)

(by the chain rule for the C2-functional &), we find that (¢(t),2(¢)) > D, ¥(2(¢),
Z(t))[2(t)]. Taking h < 0 and dividing by (—h) leads to the opposite inequality, and
the result follows. |

Now we are able to establish some a priori estimates on the functions &, o and
[[2(t)]] as follows.

Proposition 5.1. Let the conditions (5.2), (5.4), (5.7), (5.9), (5.10), (5.11), (5.12)
and (5.18) hold. Then, for a.e. t € [0,T] we have the estimate

a@®wt)l* < Cu, (5.34)
or, equivalently,

121 < CwW(2(t), 2(2)),
where Cy, 1= min{C}** /k, (CL/R)Y7 Crip/c%}. Moreover,

[aflos < Ca == (CE, + CHC%) Clu. (5.35)

Proof. We show the a priori estimate (5.34): by construction and from our proof
below, it will then be clear that the estimate for &(t)||w(t)||? is equivalent to the
estimate for ||(t)||?. Indeed, using the convexity condition (5.7) and the chain rule
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(5.33) we find, for &(t) > 0, the estimate
1

Ka(t)|lw(t)|* = ( 211 < a0 (H(t, z(1))2(1), 2(t)) = (H(t, 2(1))2(t), w(t))
—(<(t) + 0 DE(L, (1)), w(t))
= —D.V((t), w(t))[2(t)] — (B DE(E, 2(1)), w(t))

) W o A 2—0o max
< Crllw@|%a®)|[w®)|"~7 + CF

—
—

(3) A AT max
CR(1/e%)7 (allw|®) 7 (12l + C2

oA l—o max
2 Cp(Crip/ )7 (@llw]?)' 7 + oo,
which implies the desired result (5.34), since p < Cpl'™7 + D entails p <

1
min{C'/?, D}. Note that for @ e have used Lemma 5.3 and that a(t) > 0, for

)
< we have used the assumptions (5.11) and (5.18), for @ we used (5.26), and @

ensues from (5.25).
The second result follows simply from the definition (5.28) of « in terms of &
and w. O

Now, we formulate the central chain rule formula (5.31), stating 8= v — a.

Proposition 5.2. Let conditions (5.9) and (5.10) hold with C¥ < oo and cy > 0,
and assume (5.2), (5.4), (5.7), (5.11), (5.12) and (5.18). Then, the map 3 : [0,T] —
[0,1/2]; — B(2(t),s(t)) is absolutely continuous, and (5.31) holds, i.e. L3(t) =
~v(t) — a(t) for a.e. t €10,T].

Moreover, (8 is Lipschitz continuous with a Lipschitz constant independent of
cy, namely

1B(t) — B(s)] < (Co + CT*™)|t — 5| for all s,t €[0,T]. (5.36)

In fact, under the above assumptions it should be possible to show that the
functional (z,0) 3 Z x X’ — B(z,0) satisfies a chain rule along curves (z,0) €
CYP([0,T],Z x X'). Then, the result would follow from the equivalence X ~ Z,
due to ¢y > 0.

Proof. Under the assumption ¢y > 0, we know that w € L>°([0,T1], Z), see (5.27).
The definition of B and w(t) € d,B(z(t),<(t)) imply

B(t) = B(2(t),5(t)) = (s(t), w(t)) — %‘1’(2(1?)#0(1?))2 > (s(t), w) — SW(x(t), w)?

for all w € Z. Thus, we obtain

B(t) = Bt = h) < () =<t = h), w(t)) — %(‘I’(Z(t), w(t))? = W(z(t — h),w(?))?).
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Dividing by h > 0 and taking the limit A \, 0, the Lipschitz continuity of z and ¢
provide the estimate

limsup (B(0) = Bt~ 1)) < (S0, w(6) — W(=(0), w(t) D2 (=(0), wB)[(0)]
Denote the right-hand side of the above formula by B(t): then, a discussion of the
cases #(t) = 0 and 2(t) # 0 easily shows that 3 = v — « as desired. The same
argument leads to liminf,~ o + (8(t + h) — B(t)) > B(t). Thus, if 8 is absolutely
continuous, then its derivative equals 3 a.e. on [0, T].

While the above arguments do not use the condition ¢y > 0 in an essential
way, we will need it now. As mentioned in Remark 5.3, this latter condition implies
that B : Yo — [0,1/2] is (globally) Lipschitz w.r.t. the norm topology of Z x Z’,
with a Lipschitz constant tending to oo for cg \, 0. Now, inserting the Lipschitz
continuous curve I' : ¢ +— (2(¢),¢(t)) € Z x Z' we immediately conclude that
([ = B ol is Lipschitz continuous, and hence absolutely continuous.

Finally, (5.36) is a direct consequence of (5.31), (5.18) and Proposition 5.1. O

5.3. Proof of the uniqueness result

Let z; and z2 be two solutions to Problem 2.1, corresponding to the initial data z¥
and z3: for a.e. t € (0,7), we will use the notation

Gi(t) := —=DE(t, zi(t)), «ault), v(t), Ji(t):= J(zi(t),si(t)),
Bi(t) == B(zi(t),si(t)) Hi(t) := H(t, z(t))

for the quantities previously defined and related to the solution z;, i = 1, 2. More-
over, recalling the representation formula (5.29), we have for i = 1,2

Zi(t) = a;(t)vi(t), with v;(¢) € V(¢ z(t),:(t)) for a.e. t € [0,T].

Following Ref. 3, our first step will be to show a crucial estimate for the quan-
tities oy, f; and ~;, i = 1,2, in Lemma 5.4 below. Indeed, the proof of this lemma,
which we present here for the sake of completeness, is analogous to the argument
developed for Lemma 5.2 in Ref. 3.

Lemma 5.4. Assume (5.2), (5.4), (5.7), (5.9) with C¥ < oo, (5.10) with cy > 0,
(5.11), (5.12) and (5.18). Let z1, z2 be two solutions to Problem 2.1. Then,

(1) ~ ax(t)| + 1~ Bal(1) < P (6) ~ 220 for aete (O.T).  (5:37)

Proof. Preliminarily, note that there exists a negligible set N' C (0,7 such that
for t € (0,7)\ N the quantities a;, B, 7:, and the derivatives Z;, ¢ = 1,2 are well
defined. From now on, we will always consider ¢ in (0,7") \ V. Then, we distinguish
three cases.
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(1) Assume 21(t) = 22(t) = 0. Then, «;(t) = 0 and, by (5.31), %ﬂi(t) = ~;(t), so
that

16— 5al) < [ 6r0) — % 500)| = b (8) a0

and (5.37) holds.

(2) Let 21(t),22(t) # 0. Then, (z(t),si(t)) € Y, whence f;(t) = 1/2 =
maxeo,r] Fi(s), so that 431 (t) = LBy(t) = 0 and thus 4|3, — Ba|(t) = 0.
Moreover, owing to (5.31) we have «;(t) = 7;(t), so that (5.37) holds as well.

(3) Assume #1(t) = 0 and Z5(t) # 0. Then, ay(t) = 0, & B (t) = y1(t), while Ba(t) =
1/2, £35(t) = 0 and aa(t) = y2(t) > 0. In particular, |ay(t) — az(t)] = az(t)
and |51 (t) — B2(t)] = 1/2 — B1(t). Whence

d d
|o1(t) a2 (t)|+ 161 = Bol (t) = az(t) = — B1(t) = 72(t) = (t) < [r2(t) = (D).
Again, (5.37) holds.
As the cases Z1(t) # 0 and 22(t) = 0 are similar, (5.37) is established in all cases.

O

Energy estimates. Mimicking the approach to uniqueness developed in Sec.7.2 of
Ref. 18, for all ¢t € [0, T], we introduce the energetic quantity

01,2(t) == VI(DE(t, 21 (t)) — DE(t, 22(1)), 21 (t) — 2a(t)).

Owing to the sk-uniform convexity and to the smoothness of £(¢,-) we have

Vilz1(t) = 2l < 012(t) < \/CEl21(8) — 22(H)]- (5.38)

Our ultimate aim is to derive a Gronwall-type estimate for g1 2(t) + Ma|51(t) —
B2(t)] (cf. (5.46) below). Our technique will combine (5.37) with suitable energy
estimates (analogous to the ones in Sec. 7.2 in Ref. 18), obtained by only exploiting
the smoothness assumptions on £ and (5.12).

We split the proof of Theorem 5.1 in intermediate steps. In the next two lemmas,
we derive a fundamental one-sided Lipschitz estimate from the structure condition
(5.17).

Lemma 5.5. Assume (5.2), (5.4), (5.7), (5.9) with Cy} < oo, (5.10) with cy > 0,
(5.11), (5.12), (5.17) and (5.18). Then, for any two solutions z1, z2 to Problem 2.1
there holds, for a.e. t € (0,T):

(s2(t) —<1(t), 21(t) — 22(2))
CyCt

< CaLy ((CL)* + 1)l (t) = 22()]* + —5 = ar(t) — aa (@)l 22() = 22 (1)
(5.39)
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Proof. Of course (5.39) is trivially true when 2, (t) = 22(¢) = 0.
Let us then assume that 2, (t) # 0 # 22(t), which implies o (t) > 0 and as(t) >
0. Using (5.29), we get

(Q2(t) =<1 (t), 21(t) = 2(1)) = {2(t) = <1 (t), ar(t)vr(t) — az(t)v2(t))
= a1 (t)(s2(t) — 1(t), v1(t) — va(t))
+{2(t) = (t), (au(t) — aa(t))va(t)).

Let us now estimate the latter two summands separately. For the first summand
the structure condition (5.17) gives

ar () (t) = (), v (8) = va(t)) < ar(®)Ly (aa(t) — (O3 + 121(5) — 2 (8)])
< oLy ((CEP +1)[21(0) — 2(0)[% (5.40)

The last estimate follows from (5.4) and the a priori estimate (5.35) for ay. For the
second summand we have

(2(t) —<1(t), (1 (t) — aa(t))va2(t))
< o2 @) ls2() = s (D)[|ea () — a2(t)]
< (CaCE)/8]|21(t) — z2() |l (t) — aa(t)], (5.41)

where we have used Lemma 5.2 and (5.4) again. Adding (5.40) and (5.41), (5.39)
follows.

In the case Z1(t) # 0 and Z3(t) = 0 we have as(t) = 0, and we estimate as
follows:

(S2(t) — <1 (t), 21(F) — 22(1)) = (2(t) — <1 (t), (ar(t) — az(t))vi(t))
< lls2(t) = su@®l[[or (B[ | (t) — az(t)]
< (CuCL)/8lz1(t) = 22() [ (t) — az(t)].
Thus, the desired estimate (5.39) is established. O
Proposition 5.3. Assume (5.2)~(5.7), (5.9) with Cy < oo, (