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Abstract

We consider the dynamics of infinite harmonic lattices in the limit of the lattice
distance ¢ tending to 0. We allow for general polyatomic crystals, but assume exact
periodicity such that the system can be solved, in principle, by Fourier-transform
and linear-algebra methods.

Our aim is to derive macroscopic continuum limit equations for ¢ — 0. For the
weak limit of displacements and velocities we obtain the equation of linear elas-
todynamics, where the elasticity tensor is obtained as a I'-limit. The weak limit of
the local energy density can be described by generalizations of the Wigner-Husimi
measure, which satisfies a transport equation on the product of physical space and
Fourier space. The concepts are illustrated via several examples and a comparison
to Whitham’s modulation equation.

1. Introduction

This paper is devoted to the problem of deriving macroscopic, continuum mod-
els from microscopic, discrete systems. More precisely, we start from the atomistic
model for a crystal which consists of periodically spaced mass points the motion
of which is governed by linear interaction forces. Our aim is to provide exact
mathematical links between this microscopic system and its macroscopic limits
arising when the atomic distance ¢ tends to 0. In fact, we will obtain one equa-
tion which describes the evolution of the macroscopic displacement and another
equation which allows us to calculate the transport of energy in the crystal.

The analysis of discrete systems has attracted a lot of attention over the last few
decades. However, most work is restricted to the one-dimensional oscillator chain

M
Xy = Z (Voi(x)/+0l_xy) - Vo;(xy_xy—a)) - W/(xy), y e, (1.1)

a=1
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where V,, is the interaction potential with the neighbors at distance o and W is the
on-site potential which couples the atoms to a background. Apart from methods for
completely integrable systems such as Toda lattices (with V(y) =e” and W = 0,
see, e.g. [10, 11]) the analysis is restricted either to stationary problems [18, 22, 4]
or it concerns very special types of solutions such as solitons, breathers, or wave
trains [23, 38, 20, 17, 30, 31, 1, 33, 34]. In another approach the response of a lattice
to a simple initial disturbance [3] or to Riemann initial data, is characterized. In
the latter case either a semi-infinite chain is pulled at the end [10, 11] or a double-
infinite chain has initial data which jumps at one point [9]. An interesting model
studying the interaction of traveling and standing waves is proposed and analyzed
in [3].

Rigorous justifications of macroscopic partial differential equations for the
oscillator chain are provided in [20, 43], where the Korteweg-de Vries equation
is obtained as the macroscopic model for describing the evolution of long-wave
interactions. In [26, 27] the nonlinear Schrodinger equation is derived to describe
macroscopic evolution of pulses that modulate with a periodic pattern on the micro-
scopic scale. Similar work, which is even more nonlinear, concerns the modula-
tion of large-amplitude traveling waves. In [29] the discrete, nonlinear Schroding-
er equation 14, + c1(Ay_1—2A,+A,41) + c2|Ay?A, = 0 with A, () € C
is studied. It has exact traveling waves of the form A, () = peiwyﬂm where
w = Q(p,0) = cz,o2 — 2¢1(1—cos @) and it is studied via a formal two-scale
ansatz with initial conditions of the form

A5(0) = Bley)e PENrHBEnD  with 3(y) = QE(), ().

It is shown in [29] via numerical experiments, that the functions 7 and g evolve on
the macroscopic time scale T = et according to the following system:

3:(p?) = —8y(2c19%sin0), 8,0 = dy(caff + 2c1 cos 0).

Similar results have been derived in [17, 8] for the oscillator chain (1.1) with
W = 0. There, the problem leads to a system of four coupled equations, since
the additional Galilean invariance leads to macroscopic deformations as well. Let
the family X(r, 0, w; -) of 2 -periodic functions be such that for all r, 8 and w the
function x, (1) = ry + X(r, 6, w; 0y +ot) is an exact traveling-wave solution for
(1.1). Now consider initial conditions for (1.1) in the form

1~ ~ 1~
xy(0) = EX(SJ/) + X(#(ey), O(ey), w(ey); gd’(sy)),

~ ~ 0 - ~ - 1~
Xy (0) = v(ey) +w(8y)%X(r(sy), O(ey), w(ey); gaﬁ(sy)),

where X(y) = Ji F(z)dz and d(y) = I 6(z)dz.
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The question is, whether the solutions of (1.1) remain in such a form on the
macroscopic time scale T = &f. If they do, then the macroscopic functions 7, v, 8
and @ will evolve according to the so-called Whitham modulation equation:

0:7 = 0,V (continuity equation for mass),
3.0 = —d, [%F 7.0, ®)] (conservation of momentum),
3.0 = 0y (continuity equation for phase),
9, [% F(,0, @)] =9y %F(?, 9, @)] (conservation of energy), (1.2)

where the macroscopic constitutive function F can be explicitly calculated from
(1.1) and X. In [8] the validity of (1.2) is discussed in detail, and for special cases
rigorous convergence results are obtained (see also Section 6.6).

This work aims in a similar direction, however, the methodology is different.
We completely restrict ourselves to the linear setting and thus are free to generalize
in many other directions. Firstly, we are able to study very general lattices in any
dimension. Secondly, we are able to investigate the dynamics of solutions for much
more general initial data. Finally, our results will be more detailed. As a side effect
we will obtain a justification of the Whitham equation in the linear case. In a cer-
tain sense our work is closer to the statistical approaches for harmonic lattices, see,
e.g. [13, 12, 36, 44]. In particular, the latter work also derives an energy-transport
equation. However, we fully stay in the deterministic setting.

To be more specific, consider a d-dimensional Bravais lattice I' C R4 and the
set of coupled ordinary differential equations

Mj"y:_ZﬁerAﬂxV+/3 fory €T, (1.3)

which will be our basic microscopic system. Here, the vector x,, € R™ may contain
the displacements of several atoms in the cell associated with the lattice point y.
The mass matrix M € R™*™ is symmetric and positive definite and the interaction
matrices satisfy Ag = AIﬁ and ||Ag| = Ce bIAl

An essential feature of such harmonic lattices is the presence of many traveling-
wave solutions of the form

Xy (1) = @7 ®  where § € RY and (A(G) — M) =0.  (1.4)

The wave vectors 6 are taken from the torus 71, which is obtained by factoring
R‘,f = Lin(R?) with respect to the dual lattice. The symbol matrix A(6) reads

A@B) =Y gere?PAp e Cmxm for @ € Tr, .

Hence, A(0) is Hermitian, and we always impose the basic assumption of stability
in the form A(9) = 0 for all § € RY.

Firstly, we derive a continuum-limit equation for the displacements in the case
of the atomic distance ¢ tending to 0. To this end, we define the interpolation
operator

{ 2, R™) — L2(R4, R™),
S . :
X = (xy)yeF = Cg Zl“ Xy SlnCr(g—)/),
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where sincr is a function satisfying sincr (B—y) = ég,,, and other useful features.
We will use y = ey € R? as the macroscopic space variable and T = ef as the
macroscopic time variable. Using the Fourier transform F, (1.3) can be written in
terms of X®(t, ) = eSgx(t/¢):

1
a—xf + A X" =0 with A, = =F 'Ae)F. (1.5)
&

Macroscopic behavior is associated with large wave length, and hence with small
wave vectors 8 = en. Denoting the kernel of A(0) by V C R™ we construct a
polynomial Q : V — R which is homogeneous of degree 2 and satisfies

1
(QWn)v, v) = inf{lim inf —Z(A(en)ws, we) | w=limw, =v}.
e—0 ¢ e—0
Then, Q defines the second-order differential operator Ay = Q(iVy) and we obtain
the partial differential equation

2
MV%Z~|—AOZ=O for (1, y) € RxRY, (1.6)
where My is the restriction of M to V.

In Theorem 4.2 we show that (1.6) is a macroscopic limit equation for (1.3)
in an exact mathematical sense. In particular, we show that the limit ¢ — 0 com-
mutes with the time evolution, which leads to the following. Assume we have
a family (x§, x{)e>0 of initial data for the microscopic problem (1.3) such that
S (exf), x{) converges weakly to the macroscopic initial data (Zp, Z1). We then,
have two choices. Firstly, we may consider the solutions ¢t +— x(¢) of (1.3) with
initial data (xf), xf). For fixed t = &f, we may then consider the macroscopic
limits (ex®(z/e), x%(z/e)) — (Zo(r), Z1(7)). Secondly, we may use the mac-
roscopic initial data for the macroscopic equation (1.6) and obtain the solution
T > Z(t). The theorem now states that both ways provide the same result, namely
Zo(tr) = Z(1r) and Zi(r) = 9;Z(7). This means, that in the following abstract
diagram, the time evolution commutes with the coarse graining:

microscopic i) macroscopic
initial data t = 0 (ex§, x§) A) (Zo, Z1)
lt -0 . oJ
e—0

(ex®(z/e), x*(r/e)) ————— (Z(1),0:Z(7))

discrete, atomistic ’coarse graining‘ continuum

The static operator .49 may be considered as a Gamma limit of the operators
A, when looking at their quadratic forms. It is interesting to note that using the
Gamma limit in the static part and simply projecting the kinetic part to V already
suffices to obtain the correct dynamical limit equation. We do not know under which
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general conditions such a procedure works. Similar ideas have been used in [2]
where general unstructured networks are considered. Under suitable structural con-
ditions on the network geometry and the interaction forces a space-dependent wave-
equation is derived.

In Section 5 we study the transport of energy that occurs according to the group
velocity of the microscopic wave pattern. The classical WKB method (cf. [6]) shows
that macroscopically modulated pulses of the harmonic traveling waves (1.4) prop-
agate with the group velocity cgroup = Ve (). For studying macroscopic energy
transport we have to know how much energy is located at each point and how much
energy is associated with each wave length and with each energy band, i.e. how
much energy is located in each of the 2m eigenpairs (@, ®) associated with 6.

For this purpose it is convenient to reformulate the Fourier-transformed version
of (1.5) as a first-order system in diagonal form:

%0%, n) = éﬁ(sn)ﬁe(r, 1), with Q(0) = diag(w; (0), ..., w2 (0)), (1.7)
where wjy,, = —wjforj=1,... ,m.

The relevant tools for studying the macroscopic spatial distribution of micro-
scopic oscillations are the Wigner transform Wé[ U®(t; -)] and the Husimi trans-
form Hé[ U¢(t; -)] and their limits, the matrix-valued Wigner measure p (7). This
theory is recalled in Section 5.2. In Section 5.4 we derive the energy-transport
equation for the diagonal entries 1 ;(t) = limy—o W[ Uf ), j=1,...,2m,of
the Wigner measure:

O pj(t;y,0) =Vw;@)dyu(r;y,0) for(r,y,0) € RXRdXTr*. (1.8)

The energy density e(t, y) at a macroscopic point y at time t is then recovered via

2m 2m
e(r,y)=/Zu,-(r;y,de)=/2u,~(o; VTV 0, (6). d6).
j=1 j=1

Tr, Tr,

Energy-transport equations of this type are well established in the propagation
theory of oscillations in partial differential equations, see [24, 35, 41, 42, 25, 47].
However, their usage for discrete systems has not yet been explored systemati-
cally. In [39, 40] some results in this direction are obtained, and in [48, 32] similar
ideas are used to control the error propagation in finite difference schemes for wave
equations.

One problem with the above transport equation is that it only holds if the group-
velocity mapping is 6 — Vp w;(0) differentiable. If Vj w; is not continuous on a
singular set S C 7r,, then (1.8) can still be derived under the additional restriction
that there is no energy located in S, i.e. mj(t, R4 xS) = 0 for all 7, see Theorem
5.6. As in our situation of a perfect periodic crystal, there is no transport between
different wave vectors, it is sufficient to have this condition for the initial data at
7 = 0. Such singularities occur generically in all crystal models, since near the
wave vector & = 0 the acoustic branches of the dispersion relation have expansions
w;j(0) = (Q;0,0)+ 0(161%))1/2 for some positive definite matrix Q; € RIxd,
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In Section 5.3 we provide a generalization of the Wigner measure, which we call
Husimi measure. This generalization allows us to generalize the transport equation
(1.8) to situations where the group velocity is only continuous. Since the Husimi
transform has the major advantage that it maps functions from L?(R?) into non-
negative functions on L! (RY x 7t ), there is the possibility for testing with arbitrary
continuous functions. We show in Section 3 that all the functions w; are Lipschitz
and piecewise analytic. Hence, the singular sets S; have Lebesgue measure 0 and
sohas S = U%’" S;. Finally, there exists a compactification K of 71, \S such that all
Vs @; have continuous extensions Vp »; : K — R,

In Theorem 5.7 we show that (1.8) can be generalized to an energy-
transport equation on R? x K under the following two conditions: firstly, the func-
tions Vi ; must behave nicely near S, for instance it is sufficient when ID%w HCIS
C/dist(8, S) for all & € 7r \S; secondly, because the Husimi transform is less pre-
cise in locating the energy in terms of the corresponding wave vectors, we have to
assume that the energy does not concentrate as fast as €'/2 on S, i.e. forall R > 0
we need

Jaiso.8)<c12r Gemya|US©@/e)?d8 —> 0 fore — 0.

In Section 6 we underpin and illustrate the abstract theory via several examples.
The question of the convergence of Husimi and Wigner measures for a simple one-
dimensional problem with dispersion relation w(6) = 2| sin(6/2)| for 0 € Ry, 7 is
discussed in Section 6.1. We show that for the initial conditions which concentrate
at 6 = 0, the corresponding transport equation may not be satisfied. Moreover, if
we take out S = {0}, compactify by introducing the left and right limits at 0" and
07, and extend Vw by +1 and —1, respectively, we find that the corresponding
Wigner and Husimi measures may be different.

In Section 6.2 we show some simulations for the linear harmonic chain

Xy =xy-1 —2xy +xy41, Y E€Z,

which was studied also in [21] by completely different methods, namely the explicit
representation of the solution via oscillatory integrals. The left-hand plot in Fig.
1.1 shows the displacements x,, for the Green’s function (with initial conditions

0.08 o 0.020

-200

Fig. 1.1. Green’s function for r=200: displacements x,, (left-hand side) and energies ey,
(right-hand side).
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xy(0) = 8, and x(t), = O at time + = 200). The right-hand plot displays the
energies e, = %x)% + ;ll(x,, —xy+1)% + }T(xy —xy—1)? for the same solution. The
middle curve in the right-hand plot shows the distribution predicted by the Wigner
measure, namely the semicircle law e(t, y) = # V1 — (y/7)2. It turns out that the
convergence towards the Wigner measure is weak and that the fluctuations around
the local mean value satisfy an arcsin distribution.

In Section 6.4 we analyze the standard discretization

Xy = —4xy, + Xy 10,1) T Xy+0,-1) + Xp+(1,0) T Xy+(=1,0)

for the wave equation afu = Ayu and show that the macroscopic energy distribu-
tion e(t, -) : R? —[0, co) for the Green’s function is singular along a closed curve
strictly inside its support, which is the circle obtained from the macroscopic wave
speeds ¢ with |c| = 1, see Figs. 6.4 and 6.5.

Finally, in Section 6.6, we compare the energy-transport equation obtained via
the Wigner measure with Whitham’s modulation equation (1.2). A formal calcu-
lation shows that at the intersection of their applicability, both theories lead to the
same partial differential equation for the transport of the microscopic wave vector
and the energy.

2. Fourier transform and lattices

‘We now introduce our conventions and notation concerning Fourier transforms
and lattices. In particular, we give all the normalizing constants. For u € L*(R%)
we define the Fourier transformation 7 = F, ., via

def

um) = (Fuym) = [, cgae ™ u(y)dy, n € RY = LinR?, R),

implying | Fullx = (Zn)d/2||u||. The inverse Fourier transform F~! = -7:;7_—1>y then
reads

u(y) = (F W) = Q0)™ [, ga e A dn, y € RY,

with the norm relation || F~ ') = ) ~4/? |l «.
A d-dimensional lattice I' C R? is an additive subgroup of R? which has the
form

C={y=kigi+ - +kigalk=(ki,... kq) € Z%},

where {g1, ..., g4} is a set of linearly independent vectors. The dual lattice I is
defined via

T:={0eR! |Vael:0 -ac2nl).
For the primal lattice I, the unit cell Ur is given by

UF :{y:k1g1++kdgd|k/ e[O,l)for]:l,,d)}
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While this definition of Ur depends on the choice of the generating vectors
{g1, ..., 8a}, the volume V := vol(Ur) of the unit cell of I" depends on I" alone.
For the dual lattice, it is common to use the Brillouin zone Br, as the unit cell:

Br, = {n € RY | Vy, € T\ {0} : [n] < [n—14l} C RY.

Hence, Br, is an open bounded subset of R¢ which contains 7 = 0 in its interior.
Moreover, for the volume we have the relation

vol(Ur) vol(Br,) = (2m)“.

The dual torus 71, associated with the lattice I is defined as the compact man-
ifold

Tr, :=RYjr, = {60 := (+TW) CRY [n e R}

For each lattice 7, is a d-dimensional torus diffeomorphic to T := (SH?. 1t is
important to distinguish the dual torus 7r, from the Brillouin zone Br,, the first
being a compact manifold without boundary and the latter being a subset of RY.
However, 7, can be obtained from the closure of the Brillouin zone by identifying
the boundary hypersurfaces with their opposites.

For x = (x))yer € £2(I") we define the periodic function X = Fr,x via

XO) = (Fr.00) € er, ¥yere 7,

for € Tr, = RY/T,. The minus sign in e 77 is chosen for later consistency
with the continuous Fourier transform. Choosing cr, = Vol(Tr*)’l/ 2 we obtain

Y112 2 2
IX02 gy = Zyer by P = lxl-

Using the length-scale parameter ¢ > 0 we may associate with each x € M) a
function X = Bex € L>(R?) via

- 425 1
def | €/ X (en) forn € =Br,,
R = Bex) () & { K(en) for n € 5 B,

Again, we have ||B€x||L2(M) = ||x||p2. Later we will use 6 to denote the micro-

scopic wave vectors in 7r, and we use n € RZ to denote the macroscopic wave
vectors which are dual to the macroscopic space variable y = ey € R,

The function X can be transformed into a function X = Sex € LE(RY) by
inverse Fourier transform

X =8.x = Q)2 F 1 (Bex). (2.1)
By construction, S, : £2(I") — L*(R?) has the following useful properties

||ng||Lz(Rd) = ||X||g2(r),

_ 2 1 vz . Y
Se) ) = vol(Br)' 2 (—) D wysiner(S—y),  (22)

2me
yell
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1 4
2 s
-3
-8
— )}(9) >er Ty e e
— X(n) = (Bew)(n)
—1/e /TN 1/e

4e 6e

Fig. 2.1. The four equivalent descriptions of a sequence on a lattice: x € ZZ(F), X =
Fr,x € LX(Tr,), X = Sex € L2(RY) and X = Bex € L2(RY).

where sincr is the “sinc function” associated with the lattice I'. It is defined via

sincr = V(flz(?r*)]: _1XBF*, where X is the indicator function. In particular, it

satisfies the relations

@m)?

sincr(y) = J, and /Rd sincr (y—y) sincr(y—pB)dy =
forall B,y € T.

Thus, we have defined the four equivalent descriptions x € 2I), X = Fr,x €
L2(’Z}*) X = Bex € Lz(Rd) and X = S,x € L2(R?). The definition of the trans-
formations are such that they are norm invariant. The first two representations
x € £2T) and X e 12 (7r,) are more useful for extracting microscopic infor-
mation, whereas the other two representations X e Lz(Rd) and X € L? (Rd ) are
more useful for studing macroscopic properties. We illustrate the four equivalent
descriptions in Fig. 2.1.

3. Harmonic lattice dynamics

We consider a d-dimensional polycrystal, the atoms of which are placed at
lattice sites in the discrete set ' C RY. The atoms at & € I' have mass mg and
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interact with the neighboring atoms via linearized interaction forces, such that the
atomistic Newtonian model for the displacement u; € R" takes the form

myiiy = — Z Ay gug.

ael
Usually n = d, but we may also assume n < d for problems where motion only
occurs in subspaces. Also n > d might be relevant if further order parameters are
taken into account.

Throughout this paper we assume that the crystal is periodic with respect to a
lattice group I'. Note, that in general, I’ C T where T is an additive group (Bravais
lattice), while T is the set of positions of atoms, which need not have a group struc-
ture. Associated with the lattice is the semi-closed unit cell Ur. The periodicity of
the crystal is expressed by the fact that the masses and interactions of the atoms are
the same after translating by a lattice vector y € I':

~ ~

mgyy = mg, A&‘+y,/§’+y = 3.D

gz
™=

forall@, f e T andally €T. N
Thus, by factoring the lattice sites I' with respect to the lattice group, we obtain
an elementary cell C = I' /r which is assumed to consist of finitely many points,

let us say k € N. We identify C with the mass points in the unit cell Ur, i.e.

C ~ Cy e Fn Ur. In particular, we have Cy = {ay,...,a} C Fand T

decomposes into a disjoint union of cells C, = y+Co.
For each cell C,, we define the displacement vector x, € R, a mass matrix
M, € R¥kn and interaction matrices A, 5 € Rk yig

Xy = (Ug;+y) j=1,...ks
M, = diag(mg,+y)j=1,...k, and

Ayp = (Agi+y.aj+79)i,j=1,...k-

By periodicity, we have M, = M & My and ;\\,,y = A, 5 with A, o ;4\0,),.
Using m = kn we arrive at the following general system

Mi, = — Zﬁer‘ Ay_gxg=—2 yer AaXyqa fory eT. (3.2)

Note that the mass matrix M € R™*™ is symmetric and positive definite. If the
interaction matrices A, satisfy A, = O forall « € I with || > R, we say that the
system has finite-range interaction. In the case of infinite interaction, we assume
sufficiently rapid decay, e.g. [[Aq |l < < coe 1l with b > 0.

If the interaction matrices A~ y € R4xd satisfy Aa y = AV - then we also
have A} = A_, € R™ " This relatlon will be taken for granted from now on.
Then, our system is in an infinite-dimensional Hamiltonian system with kinetic

energy K(x) and potential energy I/ (x) given by

K@) =3, crlty, Miy) and UK =53 cr Yger Xy AaXaty),
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where (-, -) denotes the scalar product in R” (or C™). Clearly, the total energy

HE Kk + U is conserved and (3.2) has the Lagrangian form

d a . ad

Introducing the momenta p,, = Mx, we also have the Hamiltonian form

d a
Xy = —Hx,p), py=-—-—"H(x,p),
Xy o, (x.p), Py ox, (x, p)
where H(x, p) = K(M~'p) + U(x).

The linear system (3.2), which is translationally invariant with respect to T,
yields special solutions in the form of plane waves

Xy (1) = e el” & with & € C™, (3.3)

where 6 € Rf: is the wave vector, w is the frequency, and “-” denotes the dual
pairing between Ri and R?. Clearly, Xy in (3.3) solves (3.2) if, and only if,

(@*M—A@B)® = 0where A(Q) = 3, Agei??.

ael

We call A the dispersion matrix, and later on the symbol. We always have the sym-
metries A(9) = A(0)* = A(—6)T (where * denotes complex conjugation together
with transposition .

There may be further symmetries in the crystal which we do not formalize here.
For instance, reflection symmetries of the lattice are given by two linear operators
R; € R9%d and R,, € R™*™ which are involutions (.e., RS = 1R, R,%, = 1gn),
R4 maps I' on to itself, and the mass and the interaction matrices satisfy

RuMRy =M, RuA,Ry=Ag,,.

Then, the dispersion matrix satisfies R, A(R}0) R, = A(0).
Using the dual lattice Ty, it is immediately apparent that A is periodic with
A@+¢) = A@) forall 0 € Rf,f and ¢ € I'y. Hence, A should be considered as a

mapping from the torus 71, = RY/r, into H(C™), where for any linear complex

space V C C" we let H(V) & [ A € Lin(V, V) | A = A*).

The first essential assumption is the following stability condition:

A(0) is positive semidefinite for all 8 € T,
3¢>0V0 € Br,: A®B) = cld)?,
dimker A(0) = dp € {0, 1, ..., m}. (3.4)

From this assumption it follows that for each 6 € 7r_, there exist m pairs £w 7 (0),
j =1,...,m,of frequencies. Throughout this paper, we will order the nonnegative
frequencies such that 0 < () < ... S w;(0) = ... < w,(0). The frequencies
wj for j =1,...,dy will correspond to macroscopic behavior, since they satisfy
w;(0) = O(]0]). These frequencies are called “acoustic” in contrast to the “optical”
or “photonic” frequencies w; with j = dp+1, ... , m. For the usual crystal model
with n = d, the dimension dj usually equals the space dimension d, since the rigid
translation uy = u°® € R9 is a solution which implies D qel Zy,a;uo = 0. Thus,
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for each u° € RY, the vector v = u°,...,u°) € Rk = R™ lies in the kernel of
AQ0) = ZyeF A,.
For V def ker A(0) and V+ def {we C"|{(v,w) =0forallv € V} we

have dim V = dj and denote the orthogonal projection on to V by Py e H(C™).
Usually, the subspace V corresponds to the translational degrees of freedom of the
cells as a whole, whereas the subspace V- corresponds to the internal degrees of
freedom of the cells.

Using the fundamental stability assumption (3.4) we obtain the following result.

Lemma 3.1. Assume that A € Cz(’Z}*, H(C™)) and that (3.4) holds. Using the
decomposition C™ = V @ V1, the dispersion matrix A(0) has the block structure

A1 (0) A12(9)> _ <0(|9|2) 0(16))

A@O) = (ATz(G) Aoy (0) 048p o) ) for® — 0in Br,.

Moreover, there exists Cy > 0 such that for all w € Vi veVando e Br,, we
have

o (017101 + [wl?) < (AO) (v+w), v+w) £ Cy (170> + [wl?).  (3.5)

Proof. From V = ker A(0) we conclude that A;;(0) = A2(0) = 0. However,
(3.4) implies A(9) = 0 for all 6 € Br,, which gives Dy A11(0) = 0.

Forve V,we V%tand0 e Br,, we have [(A(0)v, w)| < [A12(0)*v] |w| £
C1210] [v| lw| and (A2 (@)w, w) = cra|w]|? for suitable constants ¢z, C12 > 0.
For @ € (0, 1) we estimate

(AO) (v+w), v+w) = (1—a)(AO) (v+w), v+w) + ¢ {(AO)(v+w), v+w)
> (1—a)elpl? (ol +wl?)

+a[<Au(9>v, V)42 Re(A (@) w, v)+(Axn @) w, w>]

clO1 1) + a[(A11 O)v, v)—cl0]*v)?]

—2aCr2|0]|v]lw] + [(1=)[0*+acn]w]?

212 2
clo7|v]” = 2aCr2lf|lvl|lw| + ac2z|w]”.

1\

v

Choosing o < cc/ C122 we obtain the desired result. O

The appearance of the nontrivial kernel is often a result of the Galilean invari-
ance which leads to dy = d. For a monoatomic system, with m = d, the variables
Xy € R simply denote the displacement of the particle with position y € I' ¢ R?.
Galilean invariance then means that V = C™ and we have

AO) =) A, =0,
yell
Ailnl =) ynA, =0,
yell
and As[n] = Z(V"?)sz >c¢>0forally e RY, (3.6)
yel

where A [ 7] = DA(0)[ n] and A,[ n] = D*A(0)[ 7, n].
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Because [|Ag|l £ Ce b1Pl the symbol matrix A depends smoothly on6 € 7r,,
but this dependence does not imply that all w; are smooth functions, since multiple
eigenvalues may occur. General spectral theory for Hermitian matrices implies that
6 — w;(0)? is always Lipschitz continuous. We now show that in fact 6 - w;(0)
is Lipschitz, whichis nontrivial for & ~ 0,since w;(0) = O(|6))forj =1, ..., dp.

Choose 6 such that w; is smooth in this point and choose a direction n € RZ.
We then let A’(6) = DA(9)[ 5] and a);. (0) = Dw;(8)[ n]. With d>/j =D®;(0)[n]
we have

(A—0iM)®; =0 and (A —w;M)®; = (A'—20;0;M)D;.
Taking the scalar product with @ ; in both equations gives

|w/'|2 < <A/ cD./" q>j>2 )
A 4(ACD./', CDA/') (MCDJ', (bj)

Our assumptions on A(#) imply:
A S 1 22 2
(A O) (v+w), v+w) = = (1070 +wl?).
Vv
1
> 2 2
M tw) vtw) 2 o (o + fwl?).
(A @) (vw), vw) < C (10110 + ulw] + lw]?)

Hence, we conclude that |a); )2 < %(C/ )2Cy Cy . Since the points 6, where w;j
is smooth, form an open dense set (cf. Section 5.3), we conclude the Lipschitz
continuity of w;.

In the special case of a monoatomic crystal with m = d, we have V = R? and
A0) = Zﬁer A, = 0. If, additionally, Ag = A; < 0 holds for B # 0 (which
is the case for attracting potentials), we can show that sup{ |Vw;(6)| | 6 € Tr, }
is approached near & = 0, i.e. the macroscopic group velocities have maximal
modulus. With

A'(6) =DA®)[n]= Zﬁ#o(ﬂ'ﬂ) sin(B-0)(—Ap)
and (sin @)? < 2(1— cos @) we obtain

(A'(0)®, D) = ) (Bn)sin(B-0)(—Ap®, D))*
B#0
< (Yo Bm=ap, &) (320 1= cos(@-B)] (A, )
= (D2AO)[ 1, 1] &, D)2AO)D, B).

With the above discussion this implies

1 (D’AO)[n, 1] ®;, P;)
2 (MP;, ;)

IDw; (@) 1] > <

3
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and we will see later, that the right-hand side is achieved in the long-wave limit
0 — 0.

Including repelling interaction forces (i.e. Ag £ 0), we may have group veloc-
ities with [V (6x)| > limsupy_, o [Vw;(0)]. As an example, considerm = d = 1
with w(9)? = 231:1 a;2(1—cos(m@)), where ay = 0, ap =3, a3 =5, ag4 =
—2, as = 1. We find limy_.o |&'(8)| = 5+/2 ~ 7.071 < o/(6*) ~ 7.132 for
0* =2.59.

4. Weak convergence to a wave equation

We now associate our lattice model with a macroscopic partial differential equa-
tion. The equation relates to linear elastodynamics in most cases, namely when
V = ker A(0) has dimension dy = d and is given by the rigid translations of the
unit cell. However, in certain degenerate cases, we might also have dim V > d.

We define the macroscopic spatial and temporal variables

y:syeRd and 1 =-¢r€eR,

and use the norm preserving isomorphism S, (defined in Section 2) between
£2(I", R™) and P,L2(R?, R™), where P is the orthogonal projection defined via

FPeZ)(n) = X1, (NFZ (). 4.1)

Thus, a function x : R — ¢2(T, R™) solves the microscopic problem (1.3) if, and
only if, Z : R — L?(R?, R™) with Z(t) = &(S,x)(t/¢) solves

MZ'+ A Z=0 and Z(7) € L, &P,L2R?, R™), 4.2)

where 7 = % and A, € Lin(L2(R?, R™) is defined via Fourier transform and the
rescaled symbol A® through

. e def [ 2A(en) fi Br,,
FADW = B F2) 0 aa s fEHED T B

Note that the scalings were done such that the energies are preserved, i.e.

Sr (s Miy) + Xl Aatysa)) = faalZ' MZ') +(Z, A:Z)dy.

Clearly, A, is again a pseudo-differential operator, and is obtained by the Fou-
rier symbol A¢. We now want to study to what limit this operator converges under
the assumption that we are looking at solutions with finite energy.

According to our stability assumption (3.4) the splitting C" = V @ V= with
V = ker A(0) gives rise to the block structure A = (ﬁ,}; ﬁ; ), such that the Schur
complement

B(©) def A11(0) — A12(0)* A2 (0) ' A1p(0) € H(V) 4.3)
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is well defined. Then, Lemma 3.1 implies that B® (n) _2B(£T]) converges to
QP ,n) = lDzlﬁ%(O)[ n, n] for ¢ — 0, uniformly on compact sets in Rf‘f, where

1
QP 1, m) = EDZAH(O)[m, 721
~DA12(0)*[711422(0) ' DA2(0)*[72] € H(V)

is a bilinear mapping that satisfies Q® (51, 72) = Q® (2, n1)*. Hence, Q® cor-
responds to a second-order differential operator for functions Z : RY — V:

AoZ E _QP (v, V)Z = —div(E[DZ)),
where the fourth-order tensor E € Lin(Lin(R?, V), Lin(R%, V)) is defined via
E(a®n)n, = Q(Z)(m, n)a for all ny, n € RZ anda e V. “4.4)

Our aim is to show that the macroscopic equation associated to (4.2) is the hyper-
bolic system

MyZ' + ApZ =0 with Z(z,y) € V, 4.5)

where My = PyM]|y € Lin(V, V). Assuming that the kernel of A(0) is given
solely by Galilean invariance (see (3.6)) this equation is exactly the wave equation
of linearized elasticity.

The definition of the operator .4y does not just depend on the quadratic part
of the projection Aj; = PyA|y. The Schur complement B(0) < Aj;(0) leads
to a weakening. This weakening is well known because the effective macroscopic
properties of a crystal are obtained by minimization with respect to the internal
microscopic degrees of freedom lying in V. In fact, we have

o A11(0) App@)\ (v v 1
s (L022)(2) ()<

This result can also be phrased in terms of Gamma convergence for the associ-
ated potential energies. Define the quadratic form

(Z, A Z)dy for Z € L,

. 2 d m . fRd
Us : L*(R*,R™) —[0,00]; Z > { 00 otherwise,

and set Up(Z) = [pa 2(Z, AoZ)dy = [pa 3(DZ,EDZ)dy for Z € H'(R?, V)
and Uy(Z) = oo otherwise.

Gamma
Proposition 4.1. For ¢ — 0 we have the Gamma convergence Uy —— U, i.e.

for each sequence (Z¢)e with Z; — Z we have liminf,_oU:(Z;) 2 Uy(Z) and
for each Z € L2(R4, R™) there exists a recovery sequence Zg with 2, — Z and
U (Ze) = U(2).

Proof. The result is immediately apparent if we transform all functionals into Fou-
rier variables. Note that F is linear and hence preserves weak convergence. Then,
it is sufficient to consider each n € RY separately. It is now easy to see that on
the finite dimensional space C”, the quadratic functional U, : z — %(As nz, z)

Gamma converges to Uy with Up(z) = %@(2) (z, z) for ze V and oo otherwise. O
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In this special situation, where the dynamical part of the problem is given by
the simple multiplication operator M, it can now be shown that the Gamma limit of
the static part is in fact enough to pass to the limit in the dynamical situation, too.

Theorem 4.2. Let (x§, x{)e>0 be a sequence of initial data for (1.3) in (£2(T, R™))?
with corresponding solutions x¢ : R — €2(I', R™) of (1.3) with (x¢(0), ¢(0)) =
(x5, x7). Assume that there exists C* > 0 such that

ellxgllez + e < C* fore € (0, 89), where ® = K(x]) + U(x{).

Then, the transformed initial data

(Z§, Z¢) e (e8ex§, Sext) are bounded in H'(RY, R™) x L2(RY, R™).

If the stability condition (3.4) holds and the initial data converge weakly, i.e.
Z& — ZoinH' R, R™) and Z§ — Z; inL> (R, R™) fore — 0, (4.6)

then (Zo, Z1) € H' (R4, V)xL2(R4, V) and the following holds.
IfZ € COR, H'(R?, V)) NC (R, L2(RY, V) is the unique solution of (4.5) with
Z(0) = Zg and Z'(0) = Z, then for all T € R we have

£Sex®(t/e) = Z(t) in H (R, V),
Seif(t/e) — Z'(x) in L2(RY, V). } fore = 0.

Moreover; the limiting energy ¢ = %((MZ/(r), Z'(D)) + %((E[Df] ,DZ)), which
is independent of T, satisfies € < liminf,_,e® < C*.

We continue to use the notation (-, -)) for the scalar product on L2(R4,C™), ie.
def
(Z1, Z2) = [pa{Z1(»), Za(y) dy.

Proof. Consider the solutions Z° of (4.2) which are given via Z%(t) =
£S:x%(1/¢) and satisfy (cf. (2.2))

125 (D)l = ellx*(r/e)|| and (M. Z, 3. Z°) + 5 (A Z°, Z°) = e”.
Note that Z¢ () = FZ® (1) has support in %Br* and that (3.5) implies
Cl—v(|n|2|v+WI2+€_2|w|2) < (A*(n)(v+w), v+w) < Cy(In*lv+w[*+e 2 w|?)
forallve V,we V+tandy € %Br*. Together with

(A28, Z°) = @m)™ [oyepy (A ZE (), Z° () dn,

we find a constant C, > 0 such that

é—z SN0 Z5 @I+ IVZE @2 + S UT=Pv)ZF|* £ Cae < C.C*.

As (sxf)) £€(0,50) 1s bounded, the sequence (Z%(0))z¢(0,¢) is bounded as well and we
conclude that || Z% (v) | £C3(1+]|t]). Thus, (Z¢), is bounded in X'=C! ([ — 7, 7.];
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L2(R?Y, R™)NCO([ —14, 7] ; H'(RY, R™)) for each 7, > 0. Hence, by the Arzela-
Ascoli theorem, there exist a subsequence (Z); and a limit function Z € X! such
that for all T €[ —1, 7] we have Z% (t) — Z(t) in H' (R4, R™). Moreover, every
weak limit Z(t) must satisfy (I—Py)Z(t) = 0, since ||(I—Py)Z*(7)| £ Css.

To establish the desired convergence of the full sequence, it suffices to show that
the function Z is the unique solution of the limit equation (4.5). For this purpose
we consider the weak form of (4.2), namely

0=/, g{Z°(x), M32p(1) + Acp(r)) dT (4.7)

forall ¢ € C%(R, HZ(R?, R™)). To study the limit ¢ — 0 we choose special test-
functions ¢° as follows. For ¢ € C2(R, H2(R?, V)) let ¢° (1) = ¥ () + Ky (1)
with K¢ : H2(R4, V) — H®(R?, v1) defined via

(FKY)(n) = —Am(en) ™ A, (en) Xpr., (en) (FY) ().
By construction we obtain (I — Py ) A (Y +K*y) = 0 as well as

1Py Ae(W+K9) — AoV i1 ey — O (4.8)
The latter convergence is easily checked by Fourier transform. It is equivalent to
Jra Xar em)A+n1H) " B(e, ))(Fy) (> dyp — 0, where B(e, n) = 5B(en) —
Q@ (1, n), see (4.3). Since B(g, n) — 0 for n fixed and ¢ — 0, |B(e, )| < C|n|?

foren € Br, and ¥ € H?(R?, V), Lebesgue’s dominated convergence theorem
gives (4.8). Now we are able to pass to the limit ¢ — 0 in (4.7) and find

= [ g{ZO(x), M2y (1) + Aoy () dt

Since ¥ was an arbitrary test-function, this implies (4.5).
Analogously, since (9; Z¢), is bounded in X0 = Cl([ =14, 7] ; H L(RY, R™))
NCO([—14, 7] ; LE(RY, R™)), we find that 8; Z¢ (t) — 3; Z(7) in L2 (R4, R™). O

5. Energy transport via the group velocity

In dispersive wave equations it is necessary to distinguish the local phase veloc-
ity of a oscillatory wave and its group velocity. For plane waves with x,, () =

el@jt+0-v) @ j» the vector cppase = 50 is called the phase velocity as we may

|0|2
rewrite the wave in the form x,, (t) = el(Cphasel+¥) 0

The group velocity is defined as cgroup = Vo @ (0). For slowly modulated pulses
of the form x,, (t) = A(st, ey)el@i+0y) ® ; with a smooth profile A : RxRY — C
it is known that A satisfies the transport equation 9; A = cgroup * VyA to lowest
order in e. Hence, the energy which is macroscopically localized in the pulse via
|A(z, y)|? is transported with the group velocity. On the time scale = /¢ there
will be no dispersive effects, which take place only during a time scale of the order
1/€2, see [43, 26]. Our task here is to make this picture rigorous for arbitrary initial
condmons which may contain energy in all kinds of microscopic wave vectors and
without any smoothness assumptions on envelopes.

Of course the problem is linear, and these waves do not interact. However, the
local energy is a quadratic function of the local state. Hence, we lose many nice
tools of linear functional analysis, in particular the weak-convergence property.
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5.1. Local energy densities

For general lattice models it is not obvious how to associate the current local
energy to each particle. The first naive choice would be

ey (1) = 3(Mi, (1), &y (1)) + 3 (Aoxy (1), x, (1)) + § 2 p0(Apxy 450, x, (1)),

but it is not clear that this term is always nonnegative. Of course, if the interactions
in the crystal are composed from attracting springs (pair interactions), such that the
static energy is U(x) = 1 3", > ger |Bp(xy—xy—p)|* with I C T finite, we may
define the energy at the lattice point y as the kinetic energy plus half of the energy
in each interacting spring in y+1.

More generally, we may assume that the operator A : x — (3 g ApXy+p)yer
can be written in the form A = L*L, where L : ¢2(I, R™) — €*(, R™)? is
again given in the form (Lx), = (Q_4 L};xy_Hg, a2 Lgxy_Hg), where all
sums are supposed to be finite (or with exponentially decaying kernels). The rela-
tion A = L*L then means Ag = >°7_| 35 (L 5)"L§. Then, we can set

ey (1) = (M) (1), 3, (1)) + S1(Lx)y |2 (5.1)

It is not clear whether every stable interaction operator A can be written in the form
L* L with a finite number p of components L/ with exponentially decaying kernels.
For pairwise interacting attractive springs with (B, ) g as above, this factorization
works with (Lx); = (Bp(xy—xy—p)) ge -

Similarly, we may associate the rescaled macroscopic function Z¢ : t +>
eS:x(t/¢) with a continuous energy density

Ef(t,y) = E((Z5 (), 9: Z° (1)), (Z° (1), 3: Z° (1)) (y) = O with

1 1
£ (20,20 (w0, v0) = 5 (M220, M 201} + 2 (A 2200, (A Pw0))

where Aé/ %is defined as positive semi-definite square rootof A, e.g., F (Aé/ ’z )(n)

= A*())'/2FZ(n). Note that E® : R? —[0, co) will have spatial oscillations on
the length scale ¢, but again E®(z, -) € LY(RY) ¢ M(R?) is bounded.

As there is a problem that A(-)!/? is, in general, no longer smooth, we may
also use the decomposition A = L*L, if available. We associate to L the symbol
L©®) =Y. ge 7?Lg € CP™ such that A(6) = L(6)*L(8). Using the Fourier
transform and LLf(n) = éL(sn) we define £, via F(L.Z) = L*FZ. Now the
analog of the discrete energy in (5.1) can be defined as

Ee(t,y) = LM, 28, 9. 2°) + 1L, 28

Howeyver, neither of the above two constructions lead to a direct control over the
energy transport. Instead, we will use the theory of Wigner and Husimi transforms
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to control the energy transport. Before developing this theory, we decompose the
sequence of solutions Z¢ into one part that converges strongly to the weak limit Z
and a fluctuating part 7¢ which converges weakly to 0, namely

Z8(1) = S°(1) + Té(x) with S°(1) = P Z(1),
with P, as defined in (4.1). Clearly, we have
S¢(t) —> Z(r) e H'@®RY,R™) and T*(r) — 0 € H'(RY, R™).

If we insert this splitting into the energy density E¢ as defined above we obtain
for fixed 7,

E°() = A§g +24%; + A7 € L'(RY) with
s = EF((S7, 8:5%), (57, 3: %)),
A = E°((S¥, 8, 8), (T*%, 8, T%)),
Ay = EF((TF, 8 T%), (T%, 3 T")).

With the techniques used in the proof of Theorem 4.2, we easily obtain
A5t & AVPZin L2®RY,R™) and  AYPT® — 0in L2(RY, R™).
Using the definition of A and E this yields
Asg — 28:Z, M3, Z) + L(DZ,EDZ) inL'(RY).

This density is the energy distribution which associates the macroscopic kinetic
energy with the macroscopic deformation. Since f, — 0 and g, — g in L>(R%)

implies f, g, X O0inL! (Rd), we conclude that A‘gT X 0. Hence, to understand the
limit of the total energy distribution it is sufficient to study the energy associated
with the fluctuation part 7 which is due to pure microscopic behavior.

A similar splitting of the energy holds if we consider E? instead of E®. Thus,
in the sequel we restrict to the fluctuation part which converges weakly to 0.

5.2. Wigner and Husimi transforms and measures

The Wigner and Husimi transforms apply to a vector-valued function and they
measure correlations between the components on a scale of microscopic wave
lengths. The Wigner measure associated with a family (f¢), of functions is a limit
object which measures how many oscillations occur at a given macroscopic point
y € R? with a given microscopic wave vector 6 € Rﬁf. We refer to [24, 35, 41, 42,
25, 47, 40] for general references on this subject. Here, we simply recall the main
definitions, properties and formulas.

We define the matrix-valued Wigner transform of f € L2(R4, C™) via

ﬁfvew f (y—%v) Qf (y+§v) eVfdy e CMM,
(5.2)

WEL£1(y.0) &
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where ® denotes the tensor product of two vectors. Explicitly, we mention here that
y € R? stands for the macroscopic space variable in R, whereas 6 € R denotes
the microscopic wave vector (as it is dual to the integration variable v which is
multiplied by ¢). Later in this paper 6 will be restricted to lie in 7r,.

Note that W¢[ f] is in general not in L (R? XRZZ , ™™ "but it is well defined
as a distribution. For instance, the Fourier transform with respect to y leads to

def

WELf1.0) S FymsyWEL1(0,0) = g (Ff) (2+3) ®F f (6-3) (5.3)

This formula is the basis of most of the energy-transport theory for Wigner mea-
sures. It also gives the nice estimate

sup{ IWEL£1 (0, )t ey |1 € REY S 0112 gay s (5.4)

which can be used to show that W#[ f] is a well-defined distribution.

The next two relations show that the Wigner transform is a kind of measure
on R? xR, the marginal distributions of which are just the classical distributions.
Integration (in a certain principal sense) with respect to n € Ri or y € R? gives
the identities

WEL f1(y,60)d0 = f(»)Rf(y) forae. y € RY,
eRY

WEL f1(y,0)dy = _1 (FF)O/e)QRF f(8/¢) forae. 0 Rff.
yeRd (2em)d
(5.5)

The major disadvantage of the Wigner transform is that it is not integrable. In
contrast, the Husimi transform leads to true matrix-valued measures, but it loses
the exact energy location as expressed in (5.5). The Husimi transform is based on
the wave packets (cf. [7])

def 1 o o
Hg[f](yve) ; W\/Rd f(Z)e |} Zl /(26)6 lZe/SdZ

1 2 6
= W}—[fG -] <;) ,

where the Gaussian kernel G* is defined via G*(y) = (o) ~4/2 e~I*/o The
Husimi transform is simply the tensor product of this wave packet with itself, and
takes the form

def

HE[f1(y,0) = H[ f1 (v, OSH[ f1(y,0).

By its definition, it is obvious that Hé[ f] takes values in (C’%"". Moreover, some
elementary manipulations show the identity a

/Rd Aéd trH[ f1(y,0)d0dy = |H[ f] ||i2<Rdeg> = I £ 12y
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From H°[ f1(y,8) € CL" we know [(H[ D)l < (HELSDula|(H*Lf1);7

almosteverywhere in R? xR¢. Hence, by the Cauchy-Bunyakovski-Schwarz inequal-
ity we conclude

m
/]Rdx]Rd Z [(H[ fDi.a(y,0)|dody < m”f”iz(]Rd,(CM)' (5.6)