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1. Introduction

In mechanics, rate-independent evolutionary problems have always played an impor-
tant role, e.g., in Coulomb friction or in perfect plasticity. The intrinsic nonsmoothness
made these models di‰cult to handle mathematically. Only the development of variational
inequalities, see e.g. [13] paved a way for their treatment. In particular, the theory of linear
elastoplasticity led to major advances, see [21], [38], [40]. However, despite a consistent
mathematical formulation of general material models within the framework of standard

generalized materials (cf. [19]), the theory remained restricted to the case of linear evolu-
tionary variational inequalities which are usually written in the form

Ev A X : hAyðtÞ � lðtÞ j v � _yyðtÞiþRðvÞ �R
�
_yyðtÞ

�
f 0;ð1:1Þ

where X is a Hilbert space with scalar product h�j�i, A is a bounded, symmetric and positive
definite operator and l A C1ð½0;T �;XÞ is the exterior forcing term. The dissipation func-
tional R : X ! ½0;y� is assumed to be homogeneous of degree 1, lower semi-continuous
and convex. Rate independence means that if y is a solution for the loading l, then for each
strictly monotone time reparametrization a the function y � a solves (1.1) for the loading
l � a. To see this, note that the left-hand side in (1.1) is homogeneous of degree 1 in ð _yy; vÞ.

Another way to write (1.1) is in the form of a di¤erential inclusion, where qR denotes
the subdi¤erential:

�DE
�
t; yðtÞ

�
A qR

�
_yyðtÞ

�
with Eðt; yÞ ¼ 1

2
hAy j yi� hlðtÞ j yi:ð1:2Þ

Many applications can be put into this form, but E should be more general, for instance
nonquadratic and nonconvex. Moreover, for the dissipation functional R a general metric
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in the form Rðy; _yyÞ is desirable. In fact, for models in damage and fracture, see [9], [12],
[15], [16], [22], it is desirable to avoid all di¤erentiable structures, i.e., the state space
X should not be assumed to be a subset of a vector space.

In this work we develop a mathematical technique for approaching those more gen-
eral problems. It is motivated by the abstract topological approach in [25] which builds on
the previous Banach space version in [34], [36]. In [11] new technical tools were developed
on a special problem in quasistatic crack growth, and it is the purpose of this work to show
that the abstract versions of these tools apply to a quite general class of problems. The gen-
eral framework is that of the energetic formulation of (1.2) which takes the following form.
A function y : ½0;T � ! X is called an energetic solution to the rate-independent problem
associated with E and R, if the stability condition (S)t and the energy balance (E)t hold for
all t A ½0;T �:

Eŷy A X : E
�
t; yðtÞ

�
eEðt; ŷyÞ þD

�
yðtÞ; ŷy

�
;ðSÞt

E
�
t; yðtÞ

�
þ DissDðy; ½0; t�Þ ¼ E

�
0; yð0Þ

�
þ
Ðt
0

q

qs
E
�
s; yðsÞ

�
ds:ðEÞt

Here D is a general (nonsymmetric) distance function on X � X which generalizes R via
Dðy0; y1Þ ¼ Rðy1 � y0Þ. The D-dissipation of a curve y is defined like a variation via

DissDðy; ½s; t�Þ ¼ sup

�PN
j¼1

D
�

yðtj�1Þ; yðtjÞ
� ����N A N; se t0 < � � � < tn e t

�
:

It was observed in [35] that the energetic formulation (S) and (E) is equivalent to (1.1)
and also to (1.2) if E is quadratic and convex and D is given via R, as above. In gen-
eral situations, (S) and (E) can be considered as a weak form of the di¤erential inclusion
(1.2). It has the advantage that it is derivative free for the potentials E, D and the solu-

tion y. Only the derivative
q

qt
E of the real-valued energy with respect to the time t needs to

be defined. Moreover, for a time discretization 0 ¼ t0 < t1 < � � � < tN ¼ T , we can use the
time-incremental minimization problems

Find yk A X as minimizer of y 7! Eðt; yÞ þDðyk�1; yÞ;ðIPÞ

to approximate the solutions. In fact, (IP) is the basis of our existence result.

To explain the main result of the paper we use the standard decomposition of the
state variable y into the pair ðj; zÞ, where j A F usually corresponds to an elastic deforma-
tion and z A Z corresponds to an internal variable associated with the dissipation distance
D, i.e., D

�
ðj0; z0Þ; ðj1; z1Þ

�
¼ Dðz0; z1Þ. Typical applications that occur in continuum me-

chanics (see [7], [22], [26], [27], [28], [30], [32]) have the following form:

Eðt; j; zÞ ¼
Ð
W

W
�
x;‘jðxÞ; zðxÞ

�
þ s

a
j‘zðxÞja dx � hlðtÞ; ji

and
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Dðz0; z1Þ ¼
Ð
W

d̂d
�
x; z0ðxÞ; z1ðxÞ

�
dx;

where WHRd denotes the body. The energy densities W and d̂d satisfy suitable growth and
convexity conditions; further, sf 0 and is strictly positive when some smoothing of the in-
ternal variable is desired.

From the stability condition (S) we immediately conclude that for a given zðtÞ the
function jðtÞ must be a global minimizer of j 7! E

�
t; � ; zðtÞ

�
. In fact, this is the only condi-

tion on jðtÞ, which shows that it is intrinsically impossible to control temporal oscillation
of the approximate sequences jN obtained via (IP). However, under suitable assumptions,
it is easy to estimate DissDðzN ; ½0;T �Þ, which provides a bound on the total variation. Thus,
a suitable version of Helly’s selection principle allows us to find a convergent subsequence�
zNkðtÞ

�
k AN

. The selection for (t-dependent) subsequences of
�
jN

k ðtÞ
�

k AN
is much more

subtle, as we have to guarantee that the nonlinear term qtE
�
t; jNkðtÞ; zNkðtÞ

�
converges to

the correct limit as well.

To be more specific we assume that there exist Banach spaces X1, X2 and X3 such
that X2 is compactly embedded in X3 and that F ¼ X1 and ZHX2. The energy func-
tional E : ½0;T � � X1 � X2 ! Ry :¼ RW fyg has weakly compact sublevels, and hence
is lower semi-continuous. Moreover, we assume that the power of the external forces given
by qtEðt; yÞ can be controlled by the energy via two constants c

ð1Þ
E and c

ð0Þ
E > 0 as

follows:

jqtEðt; yÞje c
ð1Þ
E

�
c
ð0Þ
E þ Eðt; yÞ

�
:ð1:3Þ

The dissipation D is assumed to be coercive on the larger space X3, i.e.,

bcD > 0 Ez0; z1 A X2: Dðz0; z1Þf cDkz1 � z0kX3
:

Additionally, D : X2 � X2 ! ½0;y� is assumed to satisfy the triangle inequality and to be
continuous with respect to the weak topology of X2.

These assumptions guarantee that the incremental problem (IP) has solutions and
that these solutions satisfy appropriate a priori bounds, see Theorem 3.2. The compact-
ness properties allow us to extract suitable subsequences and to find a limit function
ðj; zÞ : ½0;T � ! X1 � X2. Using the weak continuity of D on X2 it is not di‰cult to show
the stability (S) for the limit function. To obtain the energy balance (E) we use the new ob-
servation in the spirit of [11], namely

ðum; zmÞ * ðu; zÞ in X1 � X3

and Eðt; um; zmÞ ! Eðt; u; zÞ < y

�
) qtEðt; um; zmÞ ! qtEðt; u; zÞ:ð1:4Þ

With this result the final step for proving (E) can be performed and existence of solutions
can be established, see Theorem 4.1. In the abstract part, we derive (1.4) from a strength-
ened version of (1.3) (cf. (3.3)) which uses regularity with respect to t, see Proposition 3.3.
In Section 4 the same result is obtained under low time regularity by using continuity argu-
ments for ðF ; zÞ 7! DF WðF ; zÞ.
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The abstract result in (1.4) should be compared with the following, better known re-
sult in the calculus of variations (cf. [4], [8], [11]). If IðuÞ ¼

Ð
W

Wð‘uÞ dx defines a quasi-

convex functional on W1;pðW;RmÞ which is also Gateaux di¤erentiable, then the following
implication holds:

vm * v in W1;pðW;RmÞ
and IðvmÞ ! IðvÞ < y

�
) DIðvmÞ * DIðvÞ in W1;pðW;RmÞ�:

In the case of time-dependent Dirichlet data this can be used to show that

d

dt
E
�
jDirðtÞ þ v; z

�
¼

�
DuE

�
jDirðtÞ þ v; z

�
; _jjDir

�
:

This idea will be used in Section 4, where we assume that W ðx; � ; zÞ : Rd�d ! R is quasi-
convex and satisfies the assumptions

cjF jp � C eWðx;F ; zÞeCð1 þ jF jpÞ;ð1:5Þ

which implies jDF Wðx;F ; zÞje ~CCð1 þ jF jp�1Þ and hence Gateaux di¤erentiability, see [10].

In Section 5 we will treat the case of finite strain, where the additive decomposi-
tion u ¼ jDirðtÞ þ v is no longer appropriate. There, we use the nonlinear decomposition
j ¼ jDirðt; �Þ � c and take full advantage of the abstract version (1.4). In particular,
(1.5) needs to be generalized to allow for the local non-interpenetration condition, i.e.,
W ðx;F ; zÞ ¼ þy whenever det F e 0. Thus, we assume that Wðx; � ; zÞ : Rd�d ! Ry is
polyconvex and satisfies the estimates

cjF jp � C eWðx;F ; zÞ and jDF W ðx;F ; zÞF Tje c
ð1Þ
W

�
c
ð0Þ
W þ Wðx;F ; zÞ

�
;ð1:6Þ

where di¤erentiability must hold only where Wðx;F ; zÞ < y, i.e., det F > 0. Combining
the latter estimate with suitable regularity assumptions on the time-dependent Dirichlet
data t 7! jDirðtÞ, the multiplicative decomposition j ¼ jDirðtÞ � c provides exactly the
desired estimates for the abstract framework, for instance (1.3). Thus, it is possible to
prove existence of energetic solutions also for the case of finite-strain elasticity with time-
dependent Dirichlet data.

To motivate the subsequent analysis, we provide in the next section some mechanical
background, which explains the choice of the functionals and function spaces in the re-
mainder of the paper. Thus, Section 2 can be viewed as an introduction aimed at the me-
chanically inclined reader.

2. The mechanical model

We consider a hyperelastic material with elastic energy W . It occupies a domain
W A Rd . Its elasticity is controlled by an internal variable, akin to a mesoscopic averaged
phase variable z, which may vary from point to point, so that W is a function of the defor-
mation gradient F A Rd�d and of z in Z, a closed convex subset of Rm. In the spirit of [15],
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we could also view z as a damage parameter, and think of the material as one undergoing
continuous damage. We assume, to begin with, that W is the free energy of the material.

Following a ‘‘classical’’ thermodynamic reasoning, we associate to the state variable z

the following thermodynamic force:

A :¼ � q

qz
Wðj; zÞ � qIZðzÞ;

where IZ : Rm ! ½0;y� is the convex indicator function of Z. We then introduce a convex
dissipation potential R, a function of _zz. Then, classically,

AðtÞ A qR
�
_zzðtÞ

�

at each point of W. Since the model we have in mind is rate-independent, we also assume
that R is positively homogeneous of degree one in the variable _zz, i.e., Rðg _zzÞ ¼ gRð _zzÞ for
gf 0. The associated dissipation functional is obtained via integration over the body, i.e.,

R
�
_zzðtÞ

�
¼

Ð
W

R
�
_zzðt; xÞ

�
dx:

We further assume that, at each time, the domain is in elastic equilibrium with the
data, which consist of a time-dependent body load fvolðtÞ, a time-dependent surface load
fsurf on the part GNeu of the boundary qW, and a time-dependent boundary displacement
jDirðtÞ on the remaining part GDir. We view jDirðtÞ as the trace on qW of a field, still de-
noted by jDirðtÞ, defined on all of W. We are not concerned here with the most general class
of admissible loads, and will favor simplicity over completeness. Thus, the pair solution�
jðtÞ; zðtÞ

�
, where j stands for the deformation, satisfies the following system:

� div
qW

qF

�
‘jðtÞ; zðtÞ

�� 	
¼ fvolðtÞ in W;

ð2:1Þ jðtÞ ¼ jDirðtÞ on GDir;

qW

qF

�
‘jðtÞ; zðtÞ

�
n ¼ fsurfðtÞ on GNeu;

8>>>>>>><
>>>>>>>:

and

� qW

qz

�
‘jðtÞ; zðtÞ

�
A qR

�
_zzðtÞ

�
þ qIZ

�
zðtÞ

�
and zð0Þ ¼ z0 in W:ð2:2Þ

In many situations the above described model is intractable, either because the suitable
tools are not yet developed or because the model is badly behaved resulting in the forma-
tion of microstructure, see [6], [7], [28], [29], [33], [39]. Only in cases with quadratic energies
(see [35], [38], [40]) or in very special models (see e.g., [36]) existence results can be obtained
without regularizing terms. In the footstep of prior thermomechanical studies (see e.g. [17],
[18], [20], [23]) a regularizing term is introduced in the form of a gradient of the internal
variable. This amounts to adding to the left-hand side of the first relation in (2.2) a term
of the form s divðj‘zja�2‘zÞ, af 1, so that (2.2) becomes
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s divðj‘zja�2‘zÞ � qW

qz

�
‘jðtÞ; zðtÞ

�
A qR

�
_zzðtÞ

�
þ qIZ

�
zðtÞ

�
;ð2:3Þ

and zð0Þ ¼ z0 in W;

together with suitable boundary conditions on qW, for example homogeneous Neumann
conditions. Assuming for now that the evolution (2.1), (2.3) makes sense and that�
jðtÞ; zðtÞ

�
do exist over the time of existence of the data, say ½0;T �, and that they (and

the loads) are smooth enough for all that follows to be meaningful, we define the potential
energy at time t as

E
�
t; jðtÞ; zðtÞ

�
:¼

Ð
W

W
�
‘jðtÞ; zðtÞ

�
dx þ s

a

Ð
W

j‘zðtÞja dx � hlðtÞ; jðtÞi

where, from now onward,

hlðtÞ; ji :¼
Ð
W

fvolðtÞ:j dx þ
Ð

GNeu

fsurfðtÞ:j dx:ð2:4Þ

We also define the dissipation as

Dissðz; ½0; t�Þ :¼
Ðt
0

R
�
_zzðsÞ

�
ds ¼

Ðt
0

Ð
W

R
�
_zzðs; xÞ

�
dx ds:

Note that, since Rð�Þ is convex and positively homogeneous of degree 1, we have

RðvÞ ¼ y:v for all y A qRðvÞ;

and E ¼ qRð0Þ is often called the elastic domain. Then, a straightforward computation us-
ing (2.1) and (2.3) yields, with obvious notation,

d

dt

�
E
�
t; jðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þ

�

¼
Ð
W

DW
�
‘jðtÞ; zðtÞ

�
:‘ _jjDirðtÞ dx � h _llðtÞ; jðtÞi� hlðtÞ; _jjDirðtÞi ¼: PðtÞ:

After integrating over ½0; t� this also reads

E
�
t; jðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þ ¼ E

�
0; jð0Þ; zð0Þ

�
þ
Ðt
0

PðsÞ ds;

which, through an elementary integration by parts, becomes a statement of the first law of
thermodynamics (energy balance).

As will be seen in the sequel, energy conservation will be recovered, albeit in a slightly
weaker form; indeed, we will not recover the kind of smoothness that allows us to di¤eren-
tiate Dissðz; ½0; t�Þ. Instead, we will obtain the following:

E
�
t; jðtÞ; zðtÞ

�
þ DissRðz; ½0; t�Þ ¼ E

�
0; jð0Þ; zð0Þ

�
þ
Ðt
0

PðsÞ ds;ð2:5Þ
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where DissR stands for the total variation of the dissipation, that is

DissRðz; ½0; t�Þ :¼ sup

�PN
i¼1

R
�
zðtiÞ � zðti�1Þ

� ���� ftigi¼0;...;N partition of ½0; t�
�
:

A natural way to attack the evolution problem (2.1), (2.3) is via time discretization.
Taking for example a partition of ½0;T � into 0 ¼ tn

0 e � � �e tn
n ¼ T , and setting

tn
i :¼ tn

iþ1 � tn
i ; ð fvolÞn

i :¼ fvolðtn
i Þ; ð fsurfÞn

i :¼ fsurfðtn
i Þ;

l n
i :¼ lðtn

i Þ; ðjDirÞ
n
i :¼ jDirðtn

i Þ;

we would be led to the solving of the following system. We start with zn
0 :¼ z0 in W and for

i A f1; . . . ;Ng we have

� div
qW

qF
ð‘jn

iþ1; z
n
iþ1Þ

� 	
¼ ð fvolÞn

iþ1 in W;

ð2:6Þ jn
iþ1 ¼ ðjDirÞ

n
iþ1 on GDir;

qW

qF
ð‘jn

iþ1; z
n
iþ1Þn ¼ ð fsurfÞn

iþ1 on GNeu;

8>>>>>>>><
>>>>>>>>:

and

s div½j‘zn
iþ1j

a�2‘zn
iþ1� �

qW

qz
ð‘jn

iþ1; z
n
iþ1Þ A qR

zn
iþ1 � zn

i

tn
i


 �
þ qIZðzn

iþ1Þ:ð2:7Þ

A straightforward variation shows that the system above is in particular a necessary first
order optimality condition for ðjn

iþ1; z
n
iþ1Þ to be a local minimizer for

Ð
W

Wð‘j; zÞ dx þ s

a

Ð
W

j‘zja dx � hl n
iþ1; jiþ tn

i

Ð
W

R
z � zn

i

tn
i


 �
dx

among all admissible pairs ðj; zÞ. But, since R is homogeneous of degree 1, the time step tn
i

drops out in the last term of the above expression and the optimality condition reads as that
of

Eðtn
iþ1; j; zÞ þRðz � zn

i Þ ¼
Ð
W

Wð‘j; zÞ dx þ s

a

Ð
W

j‘zja dx � hl n
iþ1; jiþ

Ð
W

Rðz � zn
i Þ dx:

Our only deviation from this consists in assuming that, at each discrete time, ðjn
iþ1; z

n
iþ1Þ is a

global minimizer for

Eðtn
iþ1; j; zÞ þRðz � zn

i Þ:

This is an admittedly unjustified assumption, but it does not contradict any known thermo-
dynamical principle, and has proved useful in various contexts (see e.g. [15], [16], [36]).
Moreover, it opens up the mathematical toolbox of the direct method in the calculus of
variations which would not be available for local minimizers. Of course, suitable properties
imply equivalence, see [35].
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Our analysis is based on the discrete approximation proposed above and consists in
showing that, as the time-step tends to zero, these approximations converge to a time-
continuous evolution, which provides a ‘‘weak’’ solution for (2.1), (2.3), namely the ener-
getic formulation (S) and (E) given in the introduction.

From a mechanical standpoint, the dissipation potential R could also depend on
z A Z HRm, i.e.,

DissRðz; ½s; t�Þ ¼
Ðt
s

Ð
W

R
�
x; zðt; xÞ; _zzðt; xÞ

�
dx dt:

We also included the dependence on x A W for clarity. Mathematically

Rðx; � ; �Þ : W� TZ ! ½0;yÞ

corresponds to a local Finsler-Minkowski metric on Z. We associate with two di¤erent
states z0 and z1 at one material point x A W a specific dissipated energy d̂dðx; z0; z1Þ, called
dissipation distance:

d̂dðx; z0; z1Þ ¼ inf

� Ð1
t¼0

R
�
x; zðtÞ; _zzðtÞ

�
dt

���� zA C0ð½0; 1�;ZÞXW1;y
�
ð0; 1Þ;Rm

�
;

zð0Þ ¼ z0; zð1Þ ¼ z1

�
:

The minimal dissipated energy by a change from the internal state ~zz0 : W ! Z to the inter-
nal state ~zz1 : W ! Z is then called the (global) dissipation distance

Dð~zz0; ~zz1Þ ¼
Ð
W

d̂d
�
x; ~zz0ðxÞ; ~zz1ðxÞ

�
dx:

From the definition it is clear that d̂d and D satisfy d̂dðx; z; zÞ ¼ 0 and Dð~zz; ~zzÞ ¼ 0 and the
triangle inequality

d̂dðx; z0; z2Þe d̂dðx; z0; z1Þ þ d̂dðx; z1; z2Þ and Dð~zz0; ~zz2ÞeDð~zz0; ~zz1Þ þDð~zz1; ~zz2Þ:

Note that the symmetries d̂dðx; z0; z1Þ ¼ d̂dðx; z1; z0Þ and Dð~zz0; ~zz1Þ ¼ Dð~zz1; ~zz0Þ, which would
follow from Rðx; z;� _zzÞ ¼ Rðx; z; _zzÞ, are not assumed and not used in our work, since in
many mechanical situations (like damage or hardening) they are not satisfied. See [27],
[28], [32] for more details and applications in finite-strain elastoplasticity where Z is the
group of matrices with determinant 1.

If Z HRm is convex and R is independent of z, the convexity of R in the rate _zz imme-
diately implies d̂dðx; z0; z1Þ ¼ Rðx; z1 � z0Þ and hence

Dð~zz0; ~zz1Þ ¼
Ð
W

R
�
x; ~zz1ðxÞ � ~zz0ðxÞ

�
dx ¼ Rð~zz1 � ~zz0Þ:

The case discussed above is thus recovered. From now on, we will work in this general set-
ting, starting directly from d̂d and D.
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3. Abstract energetic formulation

In this section, we abstract the problem described in Section 2 into a generic frame-
work. The first step is to choose a basic time-independent function space F. In the illustra-
tive example, this would be F ¼ W1;p

0 ðW;RdÞ, once the variable j has been replaced by
u ¼ j� jDirðtÞ. Also, the internal variable z would live in Z ¼ L1ðW;ZÞ.

The energy functional E : ½0;T � �F�Z ! ½�c
ð0Þ
E ;y�, with c

ð0Þ
E f 0, and the dissi-

pation distance D : Z�Z ! ½0;y� are assumed to be lower semicontinuous with respect
to the chosen topology TF �TZ on F�Z. For the example above, we will choose the
weak topology on W1;p and the strong topology of L1ðW;RmÞ restricted to Z.

Note that only continuity properties are used on u and z since no linear struc-
ture is imposed on F�Z. We will, however, assume di¤erentiability of the function
t 7! Eðt; u; zÞ.

There exist constants c
ð0Þ
E ; c

ð1Þ
E > 0; such thatð3:1Þ

Eðt; u; zÞ < y ) jqtEðt; u; zÞje c
ð1Þ
E

�
c
ð0Þ
E þ Eðt; u; zÞ

�
:

Specifically, we mean that, if for some ðt�; u�; z�Þ we have Eðt�; u�; z�Þ < y, then
t ! Eðt; u�; z�Þ A Ry is di¤erentiable in t� and that the derivative satisfies the given bound.
In particular, this implies that t 7! Eðt; u�; z�Þ is bounded and di¤erentiable on ½0;T �. The
importance of (3.1) is that it provides uniform continuity of t 7! Eðt; u; zÞ on sublevels of

E. Estimating Eðt1; u; zÞ ¼ Eðt2; u; zÞ þ
Ðt2

t1

qsEðs; u; zÞ ds with (3.1) and applying Gronwall’s
lemma we obtain

Eðt2; u; zÞe
�
c
ð0Þ
E þ Eðt1; u; zÞ

�
ec

ð1Þ
E
jt2�t1j � c

ð0Þ
E :ð3:2Þ

This estimate will be the basis for the a priori estimate of the stored energy and the dissi-
pated energy.

At a later stage of the existence proof, we need the following strengthened version of
(3.1), which asks for uniform continuity of qtE on sublevels of E:

EE > 0 b a modulus of continuity oE : ½0;T � ! ½0;yÞ:ð3:3Þ

Eð0; u; zÞeE ) Et1; t2 A ½0;T � : jqtEðt1; u; zÞ � qtEðt2; u; zÞjeoEðt1 � t2Þ:

Here, a function o : ½0;T � ! ½0;yÞ is called a modulus of continuity, if it is nondecreasing
and oðtÞ ! 0 for t & 0.

The dissipation distance D satisfies Dðz; zÞ ¼ 0 and the triangle inequality

Ez0; z1; z2 A X3: Dðz0; z2ÞeDðz0; z1Þ þDðz1; z2Þ:ð3:4Þ

We define the sets SðtÞ of stable states at time t via
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SðtÞ :¼ fðu; zÞ A F�Z jEðt; u; zÞ < y and Eð~uu; ~zzÞ : Eðt; u; zÞeEðt; ~uu; ~zzÞ þDðz; ~zzÞg

as well as the stable graph S½0;T � :¼
S

½0;T �

�
t;SðtÞ

�
H ½0;T � �F�Z.

Definition 3.1. A function ðu; zÞ : ½0;T � ! F�Z is called an energetic solution

of the rate-independent problem associated with E and D, if t 7! qtE
�
t; uðtÞ; zðtÞ

�
lies in

L1
�
ð0;TÞ;R

�
and if for all t A ½0;T � we have (S)t and (E)t:

(S)t Stability:
�
uðtÞ; zðtÞ

�
A SðtÞ.

(E)t Energy balance:

E
�
t; uðtÞ; zðtÞ

�
þ DissDðz; ½0; t�Þ ¼ E

�
0; uð0Þ; zð0Þ

�
þ
Ðt
0

qtE
�
s; uðsÞ; zðsÞ

�
ds:

Since the dissipation is always nonnegative, energy balance and assumption (3.1)

imply that eðtÞe eð0Þ þ
Ðt
0

c
ð1Þ
E

�
c
ð0Þ
E þ eðtÞ

�
dt where eðtÞ :¼ E

�
t; uðtÞ; zðtÞ

�
. A Gronwall type

argument applied to c
ð0Þ
E þ eðtÞ provides

E
�
t; uðtÞ; zðtÞ

�
e

�
c
ð0Þ
E þ E

�
0; uð0Þ; zð0Þ

��
ec

ð1Þ
E

t � c
ð0Þ
E :

Inserting this back into (E)t, we obtain

DissDðz; ½0; t�Þe
�
c
ð0Þ
E þ E

�
0; uð0Þ; zð0Þ

��
ec

ð1Þ
E

t:

Discrete counterparts of these estimates will be pivotal in deriving a priori estimates for the
approximate incremental solutions.

Our existence proof relies on the following incremental minimization problem. As a
short-hand notation we use ‘‘ArgminfFðvÞ j v A Vg’’ to denote the set of all minimizers of a
functional F : V ! Ry, i.e., with a ¼ inffFðvÞ j v A Vg we define

Argmin
V

F ¼ ArgminfFðvÞ j v A Vg :¼ fv A V jFðvÞ ¼ ag:

For a given partition 0 ¼ t0 < t1 < � � � < tN�1 < tN ¼ T and an initial value z0 A Z we
choose u0 A ArgminF Eð0; � ; z0Þ and define the following incremental problem (which al-
ways has solutions, by lower semi-continuity properties and coercivity):

For k ¼ 1; . . . ;N findðIPÞ

ðuk; zkÞ A ArgminfEðtk; u; zÞ þDðzk�1; zÞ j ðu; zÞ A F� Zg:

The proof of the existence results consists of six steps and the abstract existence result
for (S) and (E) is given at the end of this section, see Theorem 3.4.

Step 1. A priori estimates. Since ðuk; zkÞ are minimizers, it is easy to derive the fol-
lowing result, firstly established in [34], which shows that the fully implicit incremental
problem is a very convenient discretization from the analytical standpoint.
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Theorem 3.2. Assume ðu0; z0Þ A Sð0Þ, then every solution ðuk; zkÞk¼0;1;...;N of (IP) sat-

isfies the discrete versions (S)discr and (E)discr of stability (S) and energy equality (E), namely

for all k A f1; . . . ; Ng we have

ðuk; zkÞ A SðtkÞ;ðSÞdiscr

Ðtk

tk�1

qtEðs; uk; zkÞ dse ek þ dk � ek�1 e
Ðtk

tk�1

qtEðs; uk�1; zk�1Þ dsðEÞdiscr

where ek :¼ Eðtk; uk; zkÞ and dk :¼ Dðzk�1; zkÞ. Moreover, we have the a priori estimates

Eðtk; uk; zkÞe ðe0 þ c
ð0Þ
E Þec

ð1Þ
E

tk � c
ð0Þ
E and

PN
j¼1

Dðzj�1; zjÞe ðe0 þ c
ð0Þ
E Þec

ð1Þ
E

T :ð3:5Þ

Proof. Since ðuk; zkÞ is a minimizer, the estimate ek þ dk eEðtk; ~uu; ~zzÞ þDðzk�1; ~zzÞ
holds for all ð~uu; ~zzÞ. Using the triangle estimate Dðzk�1; ~zzÞe dk þDðzk; ~zzÞ we conclude that
ek eEðtk; ~uu; ~zzÞ þDðzk; ~zzÞ, which proves (S)discr.

The upper estimate follows from the minimality of ðuk; zkÞ with ðu; zÞ ¼ ðuk�1; zk�1Þ
as competitor:

ek þ dk eEðtk; uk�1; zk�1Þ þDðzk�1; zk�1Þ ¼ ek�1 þ
Ðtk

tk�1

qtEðs; uk�1; zk�1Þ ds:

The lower estimate is obtained from ðuk�1; zk�1Þ A Sðtk�1Þ when testing with
ð~uu; ~zzÞ ¼ ðuk; zkÞ:

ek�1 eEðtk�1; uk; zkÞ þ dk ¼ ek þ dk �
Ðtk

tk�1

qtEðs; uk; zkÞ ds:

This proves (E)discr.

Starting from the upper estimate in (E)discr, inserting (3.1) and then using (3.2) under
the integral provides

ek þ dk e ek�1 þ ðcð0ÞE þ ek�1Þðec
ð1Þ
E
ðtk�tk�1Þ � 1Þð3:6Þ

¼ ðcð0ÞE þ ek�1Þ ec
ð1Þ
E
ðtk�tk�1Þ � c

ð0Þ
E :

Using dk f 0, induction over j ¼ 1; . . . ; k gives

c
ð0Þ
E þ ek e ðcð0ÞE þ e0Þ

Qk
j¼1

ec
ð1Þ
E
ðtj�tj�1Þ ¼ ðcð0ÞE þ e0Þec

ð1Þ
E

tk for k ¼ 1; . . . ;N:

Moreover, since c
ð0Þ
E þ ek f 0, we estimate the dissipated energy via
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Pk

j¼1

dj e e0 � ek þ
Pk

j¼1

ðcð0ÞE þ ej�1Þðec
ð1Þ
E
ðtj�tj�1Þ � 1Þ

eð3:6Þ ðcð0ÞE þ e0Þ � ðcð0ÞE þ ekÞ þ ðcð0ÞE þ e0Þ
Pk

1

ðec
ð1Þ
E

tj � ec
ð1Þ
E

tj�1Þ

e ðcð0ÞE þ e0Þ � 0 þ ðcð0ÞE þ e0Þðec
ð1Þ
E

tk � 1Þ ¼ ðcð0ÞE þ e0Þ ec
ð1Þ
E

tk :

The proof is complete. r

So far, we have assumed lower semicontinuity of Eðt; �Þ and D. The existence of in-
cremental solutions can be guaranteed by assuming in addition that

ð3:7Þ Et A ½0;T � EE A R:

the sublevels fðu; zÞ A F�Z jEðt; u; zÞeEg are compact:

Recall that lower semicontinuity is equivalent to the property that all sublevels are closed.
Hence, the sublevels of the sum of Eðt; �Þ and Dðzk�1; �Þ are also closed. From Df 0 we
conclude that these sublevels are in fact contained in the corresponding compact sublevel
of E alone. Since closed subsets of compact sets are compact, we conclude by Weierstraß’
extremum principle that the desired minimizers in (IP) exist.

Let X1 and X2 HX3 be Banach spaces such that X2 is compactly embedded in X3.
The set F of admissible deformations is a weakly closed subset of X1 and the set Z of in-
ternal states a weakly closed subset of X2. Both sets are equipped with the weak topology.
Then, E is called uniformly coercive on ½0;T � � X1 � X2 if

Eðtj; uj; zjÞ ! y implies kujkX1
þ kzjkX2

! y

while the dissipation distance is called X3-coercive if there exists cD > 0 with

Dðz0; z1Þf cDkz1 � z0kX3
for all z0; z1 A Z:ð3:8Þ

The above a priori estimates, together with coercivity, imply that the piecewise constant
interpolants

ðuN ; zNÞ :
½0;T � ! F�Z;

t 7! ðuj; zjÞ for t A ½tj; tjþ1Þ with j ¼ 0; 1; . . . ;N � 1;

ðuN ; zNÞ for t ¼ tN ¼ T ;

�
8><
>:

satisfy the bounds

E
�
t; uNðtÞ; zNðtÞ

�
e

�
Eð0; u0; z0Þ þ c

ð0Þ
E

�
ec

ð1Þ
E

t � c
ð0Þ
E ;

DissDðzN ; ½0;T �Þ ¼
PN

1

Dðzj�1; zjÞe
�
Eð0; u0; z0Þ þ c

ð0Þ
E

�
ec

ð1Þ
E

T ¼: E�:

8><
>:ð3:9Þ

Indeed, for the first estimate, it su‰ces to consider t A ½tj; tjþ1Þ, to apply (3.1) and (3.2) to
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E
�
t; uNðtÞ; zNðtÞ

�
¼ Eðt; uj; zjÞ ¼ Eðtj; uj; zjÞ þ

Ðt
tj

qsEðs; uj; zjÞ ds;

and to recall (3.5). The second estimate follows directly from (3.5).

Thus, we obtain

kuNkLyðð0;TÞ;X1ÞeC�; kzNkLyðð0;TÞ;X2Þ eC�; VarX3
ðzN ; ½0;T �ÞeC�;

where C� is independent of the partition and of the incremental solution.

By adding the inequalities (E)discr from Theorem 3.2 we immediately obtain that for
0e ne k eN we have the upper energy estimate

E
�
tk; u

NðtkÞ; zNðtkÞ
�
þ DissDðzN ; ½tn; tk�Þð3:10Þ

eE
�
tn; u

NðtnÞ; zNðtnÞ
�
þ

Ðtk

tn

yNðsÞ ds

with yNðtÞ ¼ qtE
�
t; uNðtÞ; zNðtÞ

�
.

Step 2. Selection of subsequences. We now choose a sequence

PN ¼ f0 ¼ tN
0 < � � � < tN

k < � � � < tN
N ¼ Tg

of nested partitions (i.e., PN HPNþ1) whose fineness

DN ¼ DðPNÞ :¼ maxftN
j � tN

j�1 j j ¼ 1; . . . ;Ng

tends to 0 and obtain the associated approximations ðuN ; zNÞ. Using a suitable version of
Helly’s selection principle (cf. [5], [37] and for a very general form [25]) it is possible to find
a subsequence ðzNkÞk AN and a limit function z A Ly

�
ð0;TÞ;X2

�
XBVð½0;T �;X3Þ such that

Et A ½0;T �: zNkðtÞ ! zðtÞ strongly in X3 and weakly in X2:

Here one uses that X2 is compactly embedded in X3. Moreover, we may also assume that
for all t A ½0;T � the limit dðtÞ :¼ lim

k!y
DissðzNk ; ½0; t�Þ exists.

Further, note that the functions yNk with yNkðtÞ ¼ qtE
�
t; uNkðtÞ; zNkðtÞ

�
form a

bounded sequence in Ly
�
ð0;TÞ

�
. This follows immediately from (3.1), together with the

first estimate in (3.9). Employing (3.1) once again we find

jyNðtÞj ¼
��qtE

�
t; uNðtÞ; zNðtÞ

���eE1

for a suitable constant.

Choosing a further subsequence if necessary, we may assume

yNk *
�
y� in Ly

�
ð0;TÞ

�
:ð3:11Þ
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Moreover, we define y : ½0;T � ! R via

yðtÞ ¼ lim sup
k!y

yNkðtÞ;

and note that y�ðtÞe yðtÞ a.e. by application of Fatou’s Lemma.

For fixed t A ½0;T � we now choose a t-dependent subsequence ðN t
l Þl AN of ðNkÞk AN

such that

yN t
l ðtÞ ! yðtÞ for l ! y;

uN t
l ðtÞ * uðtÞ for l ! y in X1:

This defines the (possibly non-measurable) function u : ½0;T � ! FHX1, i.e.,
u A Bð½0;T �;X1Þ, the space of bounded functions from ½0;T � into X1 (like Lyð½0;T �;X1Þ
but without measurability). It remains to show that ðu; zÞ : ½0;T � ! F�Z is a solution.

Step 3. Stability of the limit process. The stability of
�
uðtÞ; zðtÞ

�
is obtained by

showing that S½0;T � is closed in the weak topology of X1 � X2. This closedness is a major
ingredient to the theory and has to be proved using specific properties of the problem. Note
that

�
uN t

l ðtÞ; zN t
l ðtÞ

�
*

�
uðtÞ; zðtÞ

�
in X1 � X2

and
�
uN t

l ðtÞ; zN t
l ðtÞ

�
A Sðt t

l Þ for t t
l ¼ maxft̂t A PN t

l j t̂te tg with t t
l % t for l ! y.

In this work the closedness of S½0;T � is obtained since D is strongly continuous on
X3 and hence weakly continuous on X2 by the compact embedding of X2 into X3.
For ðtj; uj; zjÞ A S½0;T � with tj ! t, uj * u in X1 and zj * z in X2, we have, for all
ð~uu; ~zzÞ A F�Z,

Eðt; u; zÞeE lsc lim inf
j!y

Eðtj; uj; zjÞ

eðSÞ lim inf
j!y

Eðtj; ~uu; ~zzÞ þDðzj; ~zzÞ ¼ Eðt; ~uu; ~zzÞ þDðz; ~zzÞ;

which is the desired stability of ðu; zÞ.

Step 4. Upper energy estimate. We first show that E converges along the approxi-
mation sequence, i.e.

E
�
t; uðtÞ; zðtÞ

�
¼ lim

l!y
E
�
t; uN t

l ðtÞ; zN t
l ðtÞ

�
:ð3:12Þ

By lower semi-continuity of Eðt; � ; �Þ we have the lower estimate. The upper estimate fol-
lows by weak continuity of D and stability, namely

E
�
t; uðtÞ; zðtÞ

�
¼ lim

l!y
E
�
t; uðtÞ; zðtÞ

�
þD

�
zN t

l ðtÞ; zðtÞ
�

f lim sup
l!y

E
�
t; uN t

l ðtÞ; zN t
l ðtÞ

�
:
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Next, we have to show that the power of the external forces converges, namely

qtE
�
t; uðtÞ; zðtÞ

�
¼ lim

l!y
qtE

�
t; uN t

l ðtÞ; zN t
l ðtÞ

�
:

If qtEðt; u; zÞ ¼ �hlðtÞ; ui for some l A C1ð½0;T �;X �
1 Þ (which is the case for time-

independent Dirichlet data), then this is easily confirmed. However, for time-dependent Di-
richlet data this method does not work. This problem was first solved in [11], Lemma 4.11,
where it was shown that, for quasiconvex functionals, weak convergence of ðum; zmÞ and
convergence of the energy implies convergence of the stresses. Here, we present an abstract
version of that result.

Proposition 3.3. If E is weakly lower semicontinuous and satisfies condition (3.3), then

for all t A ð0;TÞ the following implication holds:

ðum; zmÞ * ðu; zÞ in X1 � X2

and Eðt; um; zmÞ ! Eðt; u; zÞ < y

�
) qtEðt; um; zmÞ ! qtEðt; u; zÞ:ð3:13Þ

For our proof we only need the one-sided estimate lim sup
m!y

qtEðt; um; zmÞe qtEðt; u; zÞ.

Proof. Let E0; h > 0 be such that tG h A ½0;T � and Eðt; um; zmÞ;Eðt; u; zÞeE0 for
su‰ciently large m. Then, condition (3.3) implies

1

h
½EðtG h; um; zmÞ � Eðt; um; zmÞ�H qtEðt; um; zmÞ

����
����eoE0

ðhÞ;ð3:14Þ

since the di¤erence quotient can be replaced by a derivative at an intermediate value. The
same estimate also holds for ðuy; zyÞ ¼ ðu; zÞ.

The lower semicontinuity of Eðt; �Þ and the assumed convergence at time t imply that

lim inf
m!y

1

h

�
EðtG h; um; zmÞ � Eðt; um; zmÞ

�
f

1

h

�
EðtG h; u; zÞ � Eðt; u; zÞ

�
:

Combining the case ‘‘�’’ with the case ‘‘�’’ in (3.14) we find

lim sup
m!y

qtEðt; um; zmÞ

e lim sup
m!y

1

h

�
Eðt; um; zmÞ � Eðt � h; um; zmÞ

�
þ oE0

ðhÞ

¼ oE0
ðhÞ � lim inf

m!y

1

h

�
Eðt � h; um; zmÞ � Eðt; um; zmÞ

�

eoE0
ðhÞ � 1

h

�
Eðt � h; u; zÞ � Eðt; u; zÞ

�
e qtEðt; u; zÞ þ 2oE0

ðhÞ:

Similarly, the case ‘‘þ’’ gives lim inf
m!y

qtEðt; um; zmÞf qtEðt; u; zÞ � 2oE0
ðhÞ. Since h can be

made arbitrarily small, the result is proved. r
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Recalling Step 2 and (3.12), we thus conclude that

yðtÞ ¼ qtE
�
t; uðtÞ; zðtÞ

�
:

The upper energy estimate on ½0; t� now follows from the discrete upper estimate for
ðuNk ; zNkÞ in Step 1. We use

�
uNkðtÞ; zNkðtÞ

�
¼

�
uNkðtkÞ; uNkðtkÞ

�
with 0e t � tk eDðPNkÞ ¼: Dk ! 0 for k ! y

and obtain, thanks to (3.1), (3.2), and (3.10),

E
�
t; uNkðtÞ; zNkðtÞ

�
þ DissDðzNk ; ½0; t�Þ

eE
�
tk; u

NkðtkÞ; zNkðtkÞ
�
þ DissDðzNk ; ½0; tk�Þ þ CDk

eE
�
0; uð0Þ; zð0Þ

�
þ

Ðtk

0

yNkðsÞ ds þ CDk

eE
�
0; uð0Þ; zð0Þ

�
þ
Ðt
0

yNkðsÞ ds þ 2CDk:

The weak convergence yNk * y� from (3.11) and dðtÞ ¼ lim
k!y

DissDðzNk ; ½0; t�Þ give in the
limit

E
�
t; uðtÞ; zðtÞ

�
þ dðtÞeE

�
0; uð0Þ; zð0Þ

�
þ
Ðt
0

y�ðsÞ ds:

Using the lower semi-continuity of the dissipation (i.e., DissDðz; ½0; t�Þe dðtÞ) and
y�ðtÞe yðtÞ ¼ qtE

�
t; uðtÞ; zðtÞ

�
we obtain the desired upper energy estimate

E
�
t; uðtÞ; zðtÞ

�
þ DissDðz; ½0; t�ÞeE

�
0; uð0Þ; zð0Þ

�
þ
Ðt
0

qtE
�
s; uðsÞ; zðsÞ

�
ds:

Step 5. Lower energy estimate. The lower estimate for the energy balance is a direct
consequence of stability, which was observed first in [36] and generalized in [25]. Let
s ¼ t0 < t1 < � � � < tK ¼ t be any partition of ½s; t�, which is completely independent
of the partitions used in Step 2. Then stability of

�
uðtj�1Þ; zðtj�1Þ

�
under testing with

ð~uu; ~zzÞ ¼
�
uðtjÞ; zðtjÞ

�
gives

E
�
tj�1; uðtj�1Þ; zðtj�1Þ

�
eE

�
tj�1; uðtjÞ; zðtjÞ

�
þD

�
zðtj�1Þ; zðtjÞ

�

eE
�
tj; uðtjÞ; zðtjÞ

�
þD

�
zðtj�1Þ; zðtjÞ

�
�

Ðtj

tj�1

qtE
�
s; uðtjÞ; zðtjÞ

�
ds:

After summation over j ¼ 1; . . . ;K we find
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E
�
t; uðtÞ; zðtÞ

�
þ DissDðz; ½s; t�Þ � E

�
s; uðsÞ; zðsÞ

�

f
PK
j¼1

Ðtj

tj�1

qtE
�
s; uðtjÞ; zðtjÞ

�
ds

¼
PK
j¼1

qtE
�
tj; uðtjÞ; zðtjÞ

�
ðtj � tj�1Þ �

PK
j¼1

ðtj � tj�1Þrj

with rj ¼
1

tj � tj�1

Ðtj

tj�1

�
qtE

�
s; uðtjÞ; zðtjÞ

�
� qtE

�
tj; uðtjÞ; zðtjÞ

�

ds. Condition (3.3) gives the

uniform bound jrjjeoE� ðtj � tj�1ÞeoE�

�
DðPKÞ

�
, which allows us to estimate the last

sum by oE�

�
DðPKÞ

�
T ! 0 for DK ! 0. Using a general result of approximation of Leb-

esgue integrals via Riemann sums (see [11], Sect. 4.4, or Lemma 4.5 for general Banach-
space valued functions) gives in the limit the lower energy estimate

E
�
t; uðtÞ; zðtÞ

�
þ DissDðz; ½s; t�Þ � E

�
s; uðsÞ; zðsÞ

�
f

Ðt
s

qtE
�
t; uðtÞzðtÞ

�
dt:

Thus, we have shown that ðu; zÞ : ½0;T � ! F�Z is a solution.

Step 6. Improved convergence. In fact, the lower and upper energy estimate imply,
with eðtÞ ¼ E

�
t; uðtÞ; zðtÞ

�
,

eð0Þ þ
Ðt
0

yðsÞ dse eðtÞ þ DissDðz; ½0; t�Þe eðtÞ þ dðtÞ

e eð0Þ þ
Ðt
0

y�ðsÞ dse eð0Þ þ
Ðt
0

yðsÞ ds:

Hence, all inequalities are in fact equalities and we conclude y� ¼ y a.e. in ½0;T � and
DissDðz; ½0; t�Þ ¼ dðtÞ. Applying Lemma 3.5, given at the end of this section, we conclude
from yNk * y� ¼ y that in fact yNk ! y in L1

�
ð0;TÞ;R

�
. Thus, after choosing a further

subsequence nl ¼ Nkl
we also have the following convergences:

(i) for all t A ½0;T � : znl ðtÞ * zðtÞ in X2 for l ! y;

(ii) for all t A ½0;T � : E
�
t; unlðtÞ; znl ðtÞ

�
! E

�
t; uðtÞ; zðtÞ

�
for l ! y;

(iii) for all t A ½0;T � : DissDðznl ; ½0; t�Þ ! DissDðz; ½0; t�Þ for l ! y;

(iv) for a.e. t A ½0;T � : ynl ðtÞ ! yðtÞ for l ! y.

The latter convergence does not require the further t-dependent subsequences
�
yN t

l ðtÞ
�

for
which convergence was initially obtained.

Thus, we have proved the following abstract existence result.

Theorem 3.4. Let the Banach spaces X1 and X2 be reflexive and such that X2 is

compactly embedded into the Banach space X3. FHX1 and ZHX2 are weakly closed

subsets. For all t A ½0;T � the energy functional Eðt; �Þ : F�Z ! Ry has weakly compact
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sublevels fðu; zÞ jEðt; u; zÞeE�gHX1 � X2 and satisfies (3.1) and (3.3). The dissipation

D : X3 � X3 ! ½0;yÞ satisfies the triangle inequality (3.4), is continuous and X3-coercive

(see (3.8)).

Then, for each ðu0; z0Þ A Sð0Þ there exists an energetic solution ðu; zÞ : ½0;T � ! F�Z
of (S) and (E) with

�
uð0Þ; zð0Þ

�
¼ ðu0; z0Þ and

u A Bð½0;T �;X1Þ and z A Lyð½0;T �;X2ÞXBVð½0;T �;X3Þ:

Here we do not state that u : ½0;T � ! X1 is measurable. However, it should be possi-
ble to adapt the method in [24], where techniques from set-valued analysis are used to find a
measurable selection.

We finally provide the lemma which was used in Step 6.

Lemma 3.5. Let ð fkÞk AN be a bounded sequence in Ly
�
ð0;TÞ;R

�
with fk *

�
f� and

fsupðtÞ ¼ lim sup
k!y

fkðtÞ. If f� ¼ fsup a.e. in ð0;TÞ, then k fk � f�kL1ðð0;TÞ;RÞ ! 0.

Proof. Without loss of generality we may assume fsup ¼ f� 1 0. Letting
gnðtÞ ¼ supf fkðtÞ j k f ng we have gnðtÞ & fsupðtÞ ¼ 0 for n ! y. For f þ

k :¼ maxf0; fkg
this implies 0e f þ

k e gk & 0 and hence k f þ
k kL1ðð0;TÞ;RÞ ! 0.

With the trivial identity j fkj ¼ �fk þ 2f þ
k we find

k fkkL1ðð0;TÞ;RÞ ¼ �
ÐT
0

fkðtÞ dt þ 2k f þ
k kL1ðð0;TÞ;RÞ ! 0

since the first integral converges to 0 ¼
ÐT
0

f� dt. r

Unfortunately, we cannot conclude fkðtÞ ! f�ðtÞ for a.a. t A ð0;TÞ which is

seen by the simple counterexample fk ¼ �wðak ;bkÞ on ð0; 2Þ where ak ¼
ffiffiffi
k

p
mod 1 and

bk ¼ ak þ 1=k. Obviously, fk ! 0 in L1
�
ð0; 2Þ;R

�
and fsup ¼ 0, but lim inf

k!y
fkðtÞ ¼ �1 for

t A ð0; 1Þ. However, there exists a subsequence such that a.e. on ð0; 2Þ we have fkl
ðtÞ ! 0

for l ! y.

4. Energy densities with restricted growth

Consider an elastic body occupying a bounded domain WHRd with Lipschitz bound-
ary and denote by j : W ! Rd the elastic deformation field. The phase variable z belongs
a.e. to a compact subset Z of Rm. For example, in the case of a two-phase process one
chooses Z :¼ ½0; 1� (cf. [36]); for magnetism the appropriate choice is Z ¼ Sd�1 (cf. [31],
Sect. 7.4]). We are not concerned in this study with the most general loading process, but
will demonstrate the method for a reasonably wide variety of loads consisting, in the nota-
tion of Section 2, of a time-varying load lðtÞ and of a time-varying boundary displacement
load jDirðtÞ on the part GDir of the boundary of W. Throughout we assume that jDirðtÞ is
extended to all of W. Specifically, we assume the following regularity on the data:
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l A W1;1
�
0;T ;W1;pðW;RdÞ�

�
and jDir A W1;1

�
0;T ;W1;pðW;RdÞ

�
;ð4:1Þ

where W1;pðW;RdÞ� is the dual of W1;pðW;RdÞ. Since every j A W1;pðW;RdÞ can

be identified with a pair ðj0; jqWÞ A W1;p
0 ðW;RdÞ � W

1�1
p
;pðqW;RdÞ, we may identify

l A W1;pðW;RdÞ� with a pair

ð f ; gÞ A W�1;p 0 ðW;RdÞ � W
� 1

p 0
;p 0
ðqW;RdÞ; where

1

p
þ 1

p 0 ¼ 1;

by using the duality pairing (cf. also (2.4))

hl; ji :¼ h f ; j0iW�1; p 0 ;W1; p

0

þ hg; jqWi
W

� 1
p 0

; p 0
;W

1
p 0
; p :

We define the stored energy ~EE as

~EEðt; j; zÞ ¼
Ð
W

W
�
x;‘jðxÞ; zðxÞ

�
þ s

a
j‘zðxÞja dx � hlðtÞ; jðtÞi;ð4:2Þ

with 1 < a < y and s > 0. (The case a ¼ 1, where the space X2 is BVðWÞ, is treated in [24].)
The kinematically admissible deformation fields at time t lie in

FðtÞ :¼ fj A W1;pðW;RdÞ j j ¼ jDirðtÞ on GDirg;

while the admissible phases at time t lie in

Z ¼ fz A W1;aðW;RmÞ j zðxÞ A Z for a:e: x A Wg:

The stored-energy density W : Rd�d � Z 7! R is assumed to be continuous and C1 in its
first variable and to further satisfy, for some 0 < c < C < y, for some 1 < p < y, all
F A Rd�d , z A Z,

EðF ; zÞ A Rd�d � Z: cjF jp � C eW ðF ; zÞeCð1 þ jF jpÞ;

Ez A Z: Wð� ; zÞ : Rd�d ! ½0;y½ is quasiconvex:
ð4:3Þ

Note that quasiconvexity implies separate convexity; the following estimate holds true for
some constant Cp depending only upon p, see [10]:

jDW ðF ; zÞjeCpð1 þ jF jp�1Þ:ð4:4Þ

In addition, we introduce the dissipation as a continuous function d̂d : Z � Z ! ½0;y½
that satisfies the coercivity estimate

1

C
jz1 � z0je d̂dðz0; z1ÞeCjz1 � z0j for all z0; z1 A Z;ð4:5Þ

and the triangle inequality

d̂dðz0; z2Þe d̂dðz0; z1Þ þ d̂dðz1; z2Þ for all z0; z1; z2 A Z:
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We allow for the unsymmetry d̂dðz0; z1Þ3 d̂dðz1; z0Þ, so that d̂d could be called an unsymmetric
metric. The global dissipation distance D now defines the following unsymmetric metric on
L1ðW;ZÞ:

Dðz0; z1Þ ¼
Ð
W

d̂d
�
z0ðxÞ; z1ðxÞ

�
dx;

which, according to (4.5), further satisfies

1

C
kz1 � z0kX3

eDðz0; z1ÞeCkz1 � z0kX3
for all z0; z1 A ZHX2;ð4:6Þ

where, in the notation of Section 3,

X2 :¼ W1;aðW;RmÞ; X3 :¼ L1ðW;RmÞ:

This is clearly satisfied in the special case of Section 2.

The dissipation along a path z : ½0;T � ! Z is then defined as the following total
variation:

DissDðz; ½s; t�Þ ¼ sup

�PN
j¼1

D
�
zðtj�1Þ; zðtjÞ

� ���� N A N; s ¼ t0 < t1 < � � � < tN e t

�
:

In this section, we establish the following existence theorem for a phase transforma-
tion evolution:

Theorem 4.1. Given ðj0; z0Þ A Fð0Þ �Z which minimizes

ðj; zÞ 7! ~EEð0; j; zÞ þDðz0; zÞ on Fð0Þ �Z;

there exists a function ðj; zÞ : ½0;T � ! FðtÞ �Z satisfying
�
jð0Þ; zð0Þ

�
¼ ðj0; z0Þ and such

that, for all t A ½0;T �, the conditions (S)t and (E)t below hold true:

(S)t Stability: For all ð~jj; ~zzÞ A FðtÞ �Z:

~EE
�
t; jðtÞ; zðtÞ

�
e ~EEðt; ~jj; ~zzÞ þD

�
zðtÞ; ~zz

�
:

(E)t Energy conservation:

~EE
�
t; jðtÞ; zðtÞ

�
þ DissDðz; ½0; t�Þ

¼ ~EEð0; j0; z0Þ þ
Ðt
0

� Ð
qW

DW
�
‘jðs; xÞ

�
n: _jjDirðs; xÞ dHN�1

� h _llðsÞ; jðsÞi� hlðsÞ; _jjDirðsÞi
	

ds:

Furthermore, z A BVð0;T ;X3Þ.

74 Francfort and Mielke, Rate-independent material models



In the theorem above it is implicit that the integrands in the right-hand side of the
energy conservation identity are integrable in time, although t 7! jðtÞ A W1;pðW;RdÞ might
not a priori be even measurable.

Remark 4.2. A simple variation permits to recover (2.1) from (S)t, and also (2.3),
provided that zðtÞ is smooth enough in time. Under smoothness of z in time, we thus con-
clude the existence of a solution for that evolution problem. Further, thanks to (E)t, that
evolution satisfies the weak form (2.5) of the energy conservation, in spite of the possible
lack of regularity of the field jðtÞ.

We define

F :¼ X1 :¼ W
1;p
0 ðW;RdÞ;

and translate j by jDir by introducing u ¼ j� jDirðtÞ A F. Moreover, we set

Eðt; u; zÞ ¼ ~EE
�
t; u þ jDirðtÞ; z

�
¼

Ð
W

W
�
‘uðxÞ þ ‘jDirðt; xÞ; zðxÞ

�
dxð4:7Þ

þ s

a

Ð
W

j‘zja dx � hlðtÞ; u þ jDirðtÞi:

The method for proving the evolution theorem follows the abstract framework devel-
oped in Section 3. As mentioned in the introduction, the proof puts the new ideas of a sim-
ilar existence result for quasi-static brittle fracture evolution [11], [14] into the more general
context of abstract rate-independent models, as studied in [25]. Note, however, that in this
section the abstract assumptions (3.1) and (3.3) do not hold, since we have chosen (4.1)
quite generally and have not imposed any kind of uniform continuity on DW . Thus we
have to repeat the main steps of the proof.

Consider partitions Pn :¼ f0 ¼ tn
0 < tn

1 < � � � < tn
kðnÞ ¼ Tg of the interval ½0;T � with

fineness Dn :¼ max
i¼1;...;kðnÞ

ðtn
i � tn

i�1Þ. The associated time-incremental minimization problems
are, for if 1,

Find ðun
i ; zn

i Þ which minimizes Eðtn
i ; u; zÞ þDðzn

i�1; zÞ over F�Z;ðIPÞn; i

with zn
0 :¼ z0 and un

0 ¼ j0 � jDirð0Þ. Existence of solutions to (IP)n; i immediately follows
from classical coercivity and weak lower semicontinuity arguments.

Lemma 4.3. Eðt; � ; �Þ : F�Z ! R is weakly lower semicontinuous and coercive,
while D : Z�Z ! ½0;y½ is weakly continuous and L1-coercive.

Proof. The result is classical (cf. [1]), since W is quasiconvex in its first argument
and continuous in its second argument, while Z is closed, hence stable under strong L1-
convergence. Also, un

0 and zn
0 are actually independent of n and equal, by definition, to

uð0Þ and zð0Þ, respectively. r

Define the piecewise constant functions ðun; znÞ : ½0;T � ! Z�Z via

�
unðtÞ; znðtÞ

�
:¼ ðun

i ; z
n
i Þ for t A ½tn

i ; tn
iþ1Þ and

�
unðTÞ; znðTÞ

�
:¼ ðun

n ; z
n
n Þ:

75Francfort and Mielke, Rate-independent material models



Step 1. A priori estimates. A priori estimates on unðtÞ, znðtÞ are obtained as in [11],
[25], [34], [35], [36]. To this e¤ect, we first test (IP)n; i with ð0; 0Þ and obtain, for some con-
stant C > 0,

Eðtn
i ; un

i ; z
n
i Þ þDðzn

i�1; z
n
i ÞeC

�
1 þ k‘ðjDirÞ

n
i k

p
Lp

�
þ kl n

i k½W1; p��kðjDirÞ
n
i kW1; p ;

where l n
i :¼ lðtn

i Þ, ðjDirÞ
n
i :¼ jDirðtn

i Þ.

Then, in view of (4.1), the above estimate yields

ðunÞn is bounded in Lyð0;T ;X1Þ and ðznÞn is bounded in Lyð0;T ;X2Þ:ð4:8Þ

Next, we test, for if 1, (IP)n; i with ðun
i�1; z

n
i�1Þ; since F 7!

Ð
W

W ðF; zn
i�1Þ dx is a C1-

map from LpðW;Rd�dÞ into R with di¤erential C 7!
Ð
W

DWðF; zn
i�1Þ:C dx, we obtain

Eðtn
i ; u

n
i ; z

n
i Þ þDðzn

i�1; z
n
i ÞeEðtn

i ; u
n
i�1; z

n
i�1Þ

¼ Eðtn
i�1; u

n
i�1; z

n
i�1Þ þ

�
Eðtn

i ; u
n
i�1; z

n
i�1Þ � Eðtn

i�1; u
n
i�1; zn

i�1Þ
�

¼ Eðtn
i�1; u

n
i�1; z

n
i�1Þ þ

Ðt n
i

t n
i�1

qtEðs; un
i�1; z

n
i�1Þ ds

with

qtEðt; u; zÞ ¼
Ð
W

DW
�
‘½u þ jDirðtÞ�; z

�
:‘ _jjDirðtÞ dxð4:9Þ

� h _llðtÞ; u þ jDirðtÞi� hlðtÞ; _jjDirðtÞi:

Summing the previous inequality for i ¼ 1; . . . ; k, we obtain, for

tnðtÞ :¼ tn
k e t < tn

kþ1;

E
�
tnðtÞ; unðtÞ; znðtÞ

�
þ Dissðzn; ½0; t�Þð4:10Þ

eE
�
0; uð0Þ; zð0Þ

�
þ

ÐtnðtÞ

0

qtE
�
s; unðsÞ; znðsÞ

�
ds:

Here tnðtÞ denotes the greatest time in Pn below t.

In view of (4.1), the bound from below (4.6) on D and (4.8), inspection of (4.9) yields
that

��qtE
�
t; unðtÞ; znðtÞ

���e hðtÞ with h A L1ð0;TÞ;ð4:11Þ

so that (4.10) implies in particular that

zn is bounded in BVð0;T ;X3Þ;
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hence, with (4.8), that

zn is bounded in BV
�
ð0;TÞ �W;Rd

�
:ð4:12Þ

Step 2. Selection of subsequences. By compactness of BV into L1, we deduce from
(4.12) the existence of a limit phase z A BV

�
ð0;TÞ �W;Rd

�
XL1ð0;T ;ZÞ such that, for a

t-independent subsequence of fng still denoted by fng,

znðtÞ ! zðtÞ strongly in X3 for a:e: t A ½0;T �;
zn ! z strongly in L1ð0;T ;X3Þ:

�
ð4:13Þ

Further, thanks to (4.8), we are at liberty to assume that z A Lyð0;T ;X2Þ and that

znðtÞ * zðtÞ weakly in X2 for a:e: t A ½0;T �:ð4:14Þ

As in Section 3, we now set for a.e. t A ½0;T �

ynðtÞ :¼ qtE
�
t; unðtÞ; znðtÞ

�
and yðtÞ :¼ lim sup

n!y
ynðtÞ:ð4:15Þ

In view of (4.11), Fatou’s lemma immediately implies that y A L1ð0;TÞ and that

lim sup
n!y

ÐtnðtÞ

0

ynðsÞ dse
Ðt
0

yðsÞ ds:ð4:16Þ

Furthermore, we are at liberty to extract, for a.e. t A ½0;T �, a t-dependent subsequence of
fng, denoted by fntg, such that

yðtÞ ¼ lim
nt

yntðtÞ ¼ lim
nt


Ð
W

DW
�
‘untðtÞ þ ‘jDirðtÞ; zntðtÞ

�
:‘ _jjDirðtÞ dxð4:17Þ

� hlðtÞ; _jjDirðtÞi� h _llðtÞ; untðtÞ þ jDirðtÞi
�
:

In turn, (4.8) finally yields another t-dependent subsequence unt (still indexed by nt), such
that

untðtÞ * uðtÞ weakly in X1:ð4:18Þ

It is not clear that uðtÞ so defined enjoys any kind of measurability property in t.

Step 3. Stability of the limit function. First, we check the stability of the pair�
uðtÞ; zðtÞ

�
defined through (4.18), (4.13). To this e¤ect, recalling (IP)nti, we first note that,

in view of the triangle inequality for d̂d, for any ðv; zÞ A F�Z,

E
�
tntðtÞ; untðtÞ; zntðtÞ

�
þD

�
znt

�
tntðtÞ � Dnt

�
; zntðtÞ

�
eE

�
tntðtÞ; v; z

�
þD

�
zntðtÞ; z

�
þD

�
znt

�
tntðtÞ � Dnt

�
; zntðtÞ

�
;
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hence

E
�
tntðtÞ; untðtÞ; zntðtÞ

�
eE

�
tntðtÞ; v; z

�
þD

�
zntðtÞ; z

�
:ð4:19Þ

The regularity assumptions on jDir in (4.1) imply that, for all t A ½0;T �, we have
jDir

�
tnðtÞ

�
! jDirðtÞ strongly in W1;pðW;RdÞ and l

�
tnðtÞ

�
! lðtÞ strongly in W1;pðW;RdÞ�.

Using sequential weak lower-semicontinuity, together with (4.13), (4.14), (4.18), it is then
straightforward to pass to the limit in the left-hand side of the above inequality. We obtain

E
�
t; uðtÞ; zðtÞ

�
e lim inf

nt

E
�
tntðtÞ; untðtÞ; zntðtÞ

�
:ð4:20Þ

Recalling that W is continuous in its arguments and has p-growth allows us to pass to the
limit in the first term in the right-hand side of inequality (4.19). The limit in the second term
is obtained from (4.13) and from the growth assumption (4.6) on D. We thus conclude that�
uðtÞ; zðtÞ

�
satisfy the stability principle (S)t.

Step 4. Upper energy estimates. We were now at liberty to test (IP)nti with�
uðtÞ; zðtÞ

�
. Computing the limit of the right-hand side in (4.19) as before, we obtain

lim sup
nt

E
�
tntðtÞ; untðtÞ; zntðtÞ

�
eE

�
t; uðtÞ; zðtÞ

�
. Hence, with (4.20), we find

lim
nt

E
�
tntðtÞ; untðtÞ; zntðtÞ

�
¼ E

�
t; uðtÞ; zðtÞ

�
:ð4:21Þ

The following result provides exactly the same result as Proposition 3.3 in the ab-
stract part. However, in this version the assumptions are quite di¤erent. Instead of using
the uniform continuity of qtE on sublevels, we use that the Gateaux derivative DuE exists
and satisfies a certain uniform continuity property in balls of F�Z. Here we follow
closely the arguments in [11], Lemma 4.11.

Proposition 4.4. Under assumptions (4.1), (4.3), we have

ðum; zmÞ * ðu; zÞ in X1 � X2

and Eðt; um; zmÞ ! Eðt; u; zÞ

�
)

DW
�
‘um þ ‘jDirðtÞ; zm

�
* DW

�
‘u þ ‘jDirðtÞ; z

�
weakly in Lp 0 ðW;RdÞ:

8><
>:ð4:22Þ

Proof. It is enough to prove that

Ð
W

DW
�
‘uðtÞ þ ‘jDirðtÞ; zðtÞ

�
:C dx

e lim infm

Ð
W

DW
�
‘umðtÞ þ ‘jDirðtÞ; zm

�
:C dx;

ð4:23Þ

for every C A LpðW;Rd�dÞ. Let h be a sequence of positive numbers converging to 0. The
sequential weak lower semi-continuity of

X1 � X2 C ðv; zÞ 7!
Ð
W

W
�
‘v þ ‘jDirðx; tÞ; z

�
dx þ s

a

Ð
W

jzja dx

(see e.g. Lemma 4.3), the assumed convergence of the energy and the continuity of the term
v 7! hlðtÞ; v þ jDirðtÞi easily yield
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1

h

Ð
W

�
W

�
‘u þ ‘jDirðtÞ þ hC; z

�
� W

�
‘u þ jDirðtÞ; z

��
dx

e lim inf
m

1

h

Ð
W

�
W

�
‘um þ ‘jDirðtÞ þ hC; zm

�
� W

�
‘um þ ‘jDirðtÞ; zm

��
dx:

Thus, there exists a sequence em & 0, such that

lim
m

1

em

Ð
W

�
W

�
‘u þ ‘jDirðtÞ þ emC; z

�
� W

�
‘u þ jDirðtÞ; z

��
dx

e lim inf
m

1

em

Ð
W

�
W

�
‘um þ ‘jDirðtÞ þ emC; zm

�
� W

�
‘um þ ‘jDirðtÞ; zm

��
dx:

Since WðF ; zÞ is of class C1 with respect to F , we have

Ð
W

DW
�
‘u þ ‘jDirðtÞ; z

�
:C dx

¼ lim
em

1

em

Ð
W

�
W

�
‘u þ ‘jDirðtÞ þ emC; z

�
� W

�
‘uðtÞ þ ‘jDirðtÞ; z

��
dx:

In addition, for some tm A ½0; em� we find

1

em

Ð
W

�
W

�
‘um þ ‘jDirðtÞ þ emC; zmðtÞ

�
� W

�
‘um þ ‘jDirðtÞ; zm

��
dx

¼
Ð
W

DW
�
‘umðtÞ þ ‘jDirðtÞ þ tmC; zm

�
:C dx:

Thus, we obtain that

Ð
W

DW
�
‘u þ ‘jDirðtÞ; z

�
:C dxe lim inf

m

Ð
W

DW
�
‘um þ ‘jDirðtÞ þ tmC; zm

�
:C dx:

We now apply [11], Lemma 4.9. That lemma, which uses a simple argument based on the
uniform continuity of DW on compact sets, together with the already uniform bounds on
‘um and zm (following from the weak convergence) permits us to drop the term tmC from
the integrand in the previous inequality. This establishes (4.23), and (4.22) follows since C
was arbitrary. r

In view of (4.22) and of the continuous character of the remaining terms in the ex-
pression (4.17) for ynðtÞ, we obtain

yðtÞ ¼ qtE
�
t; uðtÞ; zðtÞ

�
¼

Ð
W

DW
�
‘uðtÞ þ ‘jDirðtÞ; zðtÞ

�
:‘ _jjDirðtÞ dxð4:24Þ

� h _llðtÞ; uðtÞ þ jDirðtÞi� hlðtÞ; _jjDirðtÞi:

We now address energy conservation. Recall (4.10), (4.15). In view of (4.16), (4.24),
the lim sup of the right-hand side of (4.10) is less than
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E
�
0; uð0Þ; zð0Þ

�
þ
Ðt
0

Ð
W

�
DW

�
‘uðsÞ þ ‘jDirðsÞ; zðsÞ

�
:‘ _jjDirðsÞ dx

� hlðsÞ; _jjDirðsÞi� h _llðsÞ; uðsÞ þ jDirðsÞi
�

ds:

As for the left-hand side of (4.10) written for n ¼ nt, we already know, by virtue of
(4.20), how to bound from below the lim inf of the first term. But, in view of the continuity
and boundedness properties (4.5) of d̂d, the total variation is sequentially weakly lower semi-
continuous for weak-? convergence in BVð0;T ;X3Þ, so that

Dissðz; ½0; t�Þe lim inf
nt

Dissðznt ; ½0; t�Þ:

Finally, we obtain the following upper bound on the sum of the energy and the dissipation
at t:

E
�
t; uðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þð4:25Þ

eE
�
0; uð0Þ; zð0Þ

�
þ
Ðt
0


Ð
W

DW
�
‘uðsÞ þ ‘jDirðsÞ; zðsÞ

�
:‘ _jjDirðsÞ dx

� hlðsÞ; _jjDirðsÞi� h _llðsÞ; uðsÞ þ jDirðsÞi
�

ds:

Step 5. Lower energy estimates. The lower bound on that sum is obtained from the
stability criterion (S)t as follows. For s < t, test (S)s by

�
uðtÞ; zðtÞ

�
; we get

E
�
s; uðsÞ; zðsÞ

�
eE

�
s; uðtÞ; zðtÞ

�
þD

�
zðsÞ; zðtÞ

�
:ð4:26Þ

Since

Dissðz; ½0; s�Þ þD
�
zðsÞ; zðtÞ

�
eDissðz; ½0; t�Þ;

(4.26) is immediately seen to imply that, for some rðs; tÞ A ½s; t�,

E
�
t; uðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þ �

�
E
�
s; uðsÞ; zðsÞ

�
þ Dissðz; ½0; s�Þ

�
ð4:27Þ

fE
�
t; uðtÞ; zðtÞ

�
� E

�
s; uðtÞ; zðtÞ

�

¼
Ð
W

DW



‘uðtÞ þ ‘jDirðtÞ � rðs; tÞ

Ðt
s

‘ _jjDirðsÞ ds; zðtÞ
�

�

Ðt

s

‘ _jjDirðsÞ ds

�
dx �

�
lðtÞ;

Ðt
s

_jjDirðsÞðsÞ ds

�

�
�Ðt

s

_llðsÞ ds; uðtÞ þ jDirðtÞ
�
þ
�Ðt

s

_llðsÞ ds;
Ðt
s

_jjDirðsÞ ds

�
:

Consider a partition 0 :¼ sn
0 e sn

1 e � � �e sn
kðnÞ ¼ t such that

lim
n!y

Sn ¼ 0; where Sn :¼ max
1eiekðnÞ

ðsn
i � sn

i�1Þ;ð4:28Þ
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define

unðsÞ :¼ uðsn
iþ1Þ; gnðsÞ :¼ jDirðsn

iþ1Þ; znðsÞ :¼ zðsn
iþ1Þ; lnðsÞ :¼ lðsn

iþ1Þ;

and

XnðsÞ :¼ �rðsn
i ; s

n
iþ1Þ

Ðsn
iþ1

sn
i

‘ _jjDirðtÞ dt;

for s A ðsn
i ; s

n
iþ1�, and note that, since jDir A W1;1

�
ð0; tÞ;W1;pðW;RdÞ

�
,

kXnðsÞkLpðW;RdÞ ! 0; uniformly on ½0; t�:ð4:29Þ

We apply (4.27) for s ¼ sn
i and t ¼ sn

iþ1, and sum the result for i ¼ 0; . . . ; kðnÞ � 1.
Since _ll A L1

�
0;T ;W1;pðW;RdÞ�

�
, and _jjDirðsÞ A L1

�
0;T ;W1;pðW;RdÞ

�
, we obtain

E
�
t; uðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þ � E

�
0; uð0Þ; zð0Þ

�

f
Ðt
0

�
DW

�
‘unðsÞ þ ‘gnðsÞ þ XnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx

� hlnðsÞ; _jjDirðsÞi� h _llðsÞ; unðsÞ þ gnðsÞi
�

ds þ OðDnÞ:

Recalling (4.29), we apply, once again, [11], Lemma 4.9, and conclude that, for a.e. s A ½0; t�,
Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ þ XnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx

�
Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx ! 0:

The growth property of DW, together with the uniform LpðW;Rd�dÞ-bound on ‘jn and
(4.29), imply that

Ðt
0


Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ þ XnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx

�
Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx

�
ds ! 0;

so that

E
�
t; uðtÞ; zðtÞ

�
þ Dissðz; ½0; t�Þ � E

�
0; uð0Þ; zð0Þ

�
ð4:30Þ

f
Ðt
0


Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ; znðsÞ

�
:‘ _jjDirðsÞ dx

� hlnðsÞ; _jjDirðsÞi� h _llðsÞ; unðsÞ þ gnðsÞi
�

ds þ OðDnÞ:
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The proof is completed by appealing to a measure theoretic result, [11], Lemma 4.12,
which essentially states that Lebesgue integrals can be approximated by Riemann sums,
albeit for a carefully chosen sequence of partitions, and which we recall for the reader’s
convenience.

Lemma 4.5. Let X be a Banach space and F A L1
�
ð0; tÞ;X

�
. Then, there exists a se-

quence of partitions 0 ¼ sn
0 e sn

1 e � � �e sn
kðnÞ ¼ t, satisfying (4.28), such that

lim
n

PkðnÞ
i¼1

����ðsn
i � sn

i�1ÞFðsn
i Þ �

Ðsn
i

s n
i�1

FðtÞ dt

����
X

¼ 0:

We apply this lemma to

F :¼ ð _jjDir;‘ _jjDir; l;
_ll; yÞ A L1

�
0; t;W1;pðW;Rd�dÞ �LpðW;Rd�dÞ �

�
W1;pðW;Rd�dÞ�

�2 �R
�
;

which allows us to find a sequence of subdivisions 0 ¼ sn
0 e sn

1 e � � �e sn
kðnÞ ¼ t, so that first

_jjDirðsÞ, ‘ _jjDirðsÞ, _llðsÞ are replaced by

HnðsÞ :¼ jDirðsn
i Þ; GnðsÞ :¼ ‘ _jjDirðsn

i Þ; _llnðsÞ :¼ _llðsn
i Þ; sn

i�1 < se sn
i

in (4.30), and also so that

Ðt
0


Ð
W

DW
�
‘unðsÞ þ ‘gnðsÞ; znðsÞ

�
� GnðsÞ dx � h _llnðsÞ; unðsÞ þ gnðsÞi

� hlnðsÞ;HnðsÞi
�

ds !
Ðt
0

yðsÞ ds:

In view of the expression (4.24) for yðsÞ, we get the opposite inequality in (4.25) and recover
the conservation of energy (E)t.

Remark 4.6. The conclusions of Step 6 in Section 3 apply verbatim in the current
context.

5. Finite-strain elasticity

As in the previous sections we consider an elastic body WHRd given as a bounded
domain with Lipschitz boundary. By j : W ! Rd we denote the elastic deformation and
F ¼ Dj denotes the strain tensor. In addition we have an internal variable z : W ! Z.
Here again, we assume that Z is a compact subset of Rm. The dissipation distance
d̂d : Z � Z ! ½0;yÞ and the integrated version D : Z�Z ! ½0;yÞ are exactly as in Sec-
tion 4. In particular, we have the triangle inequality and the equivalence to the norm in
L1ðW;RmÞ, see (4.6).

The stored energy ~EE takes the form

~EEðt; j; zÞ ¼
Ð
W

W
�
DjðxÞ; zðxÞ

�
þ s

a
jDzðxÞja dx � hlðtÞ; ji:
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Here j : W ! Rd varies in the possibly time-dependent set F̂FðtÞ of admissible deformations

~FFðtÞ ¼
�
j A W1;pðW;RdÞ j

�
j� jDirðtÞ

���
GDir

¼ 0
�
;

where GDir H qW has positive surface measure and t 7! jDirðtÞ A W1;pðW;RdÞ are given
time-dependent boundary data.

In finite-strain elasticity, natural physical requirements for the stored-energy density
W as a function of ðF ; zÞ are (i) frame indi¤erence and (ii) local non-interpenetration:

ðiÞ EQ A SOðRdÞ: WðQF ; zÞ ¼ WðF ; zÞ;

ðiiÞ WðF ; zÞ ¼ þy if det F e 0:
ð5:1Þ

Recall that W may also depend explicitly on x A W, but we drop this dependence for nota-
tional simplicity. These conditions are not compatible with convexity. Moreover, there is
no well-developed theory for quasiconvex functions taking the value þy. Hence, the class
of polyconvex functions is better suited to our purpose, since it allows us to construct
energy densities which satisfy (5.1) and generate a weakly lower semi-continuous functional.

To be more precise, we additionally assume that W is coercive, i.e., that, for some
c;C > 0 we have

EðF ; zÞ A Rd�d � Z: WðF ; zÞf cjF jp � C;ð5:2Þ

and that W : W ! Rd�d � Z ! Ry is such that the functional

ÎIW : W1;pðW;RdÞ � W1;aðW;RmÞ ! Ry is weakly lower semi-continuous;ð5:3Þ

where ÎIW ðj; zÞ ¼
Ð
W

W
�
‘jðxÞ; zðxÞ

�
þ s

a
j‘zðxÞja dx.

Remark 5.1. We give here examples of nontrivial functions W which satisfy the
above assumptions (5.1)–(5.2). We consider the case p > d and

WðF ; zÞ ¼ W0ðFÞ þ W1ðF ; zÞ with W0ðFÞf cjF jp � C:

Moreover, W0 is assumed to be polyconvex (cf. [2], [10]) with W0ðFÞ ¼ y for det F e 0.
For instance, we may consider Ogden materials in the form

W0ðFÞ ¼ b1jF jb1 þ b2ðdet FÞ�b2 for F A GLþðRdÞ ¼ fF A Rd�d j det F > 0g;
y else;

�

with b1 f p and b1; b2; b2 > 0. The function W1 should satisfy exactly the same conditions
as W in Section 4, see (4.3) and above. The additive split of W gives the additive split
ÎIW ¼ I0 þI1 with Ij ¼ ÎIWj

. Now I1 is weakly lower semi-continuous according to
Lemma 4.3 and I0 is so by polyconvexity. Hence the sum ÎIW ¼ I0 þI1 satisfies (5.3).
The coercivity (5.2) of W follows from coercivity of each Wj. Condition (ii) in (5.1) is true
and (i) follows if W1ðQF ; zÞ ¼ W1ðF ; zÞ since the same holds for W0.
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The main di¤erences between this and the previous section are that we do not have
an upper bound on W in the form WðF ; zÞeCð1 þ jF jpÞ and also that the estimate
jDF WðF ; zÞjeCð1 þ jF jp�1Þ (cf. (4.4)) is no longer available. However, these estimates
are only needed when using the additive split j ¼ u þ jDirðtÞ for adjusting to time-
dependent Dirichlet data. In the finite-strain case this split is no longer appropriate. In-
stead we will use a multiplicative split in the sense of compositions of functions, namely
j ¼ jDirðt; �Þ � c, where c now satisfies time-independent Dirichlet data. We will see that
the following estimate, which is fully compatible with finite-strain elasticity (i.e., with (5.1)
to (5.3)), works well together with this multiplicative split. This estimate is based on the
Kirchho¤ stress tensor KðF ; zÞ ¼ DF WðF ; zÞF T:

bc
ð0Þ
W ; c

ð1Þ
W > 0 EðF ; zÞ A GLþðRdÞ � Z: jKðF ; zÞje c

ð1Þ
W

�
c
ð0Þ
W þ WðF ; zÞ

�
:ð5:4Þ

This condition will enable us to bound the power of the Dirichlet data in terms of the en-
ergy, see (3.1). We will also need a further condition to guarantee the uniform continuity on
sublevels, as imposed in the abstract part in (3.3):

Ee > 0 bd > 0 Ez A Z EF ;G A GLþðRdÞ:ð5:5Þ

jG � I je d ) jKðGF ; zÞ � KðF ; zÞje e
�
c
ð0Þ
W þ WðF ; zÞ

�
:

The Kirchho¤ stress occurs as a multiplicative derivative of W . We have

KðF ; zÞ : H ¼ DF WðF ; zÞ : ðHFÞ ¼ DF WðF ; zÞ½HF � ¼ d

ds
W

�
ðI þ sHÞF ; z

�����
s¼0

:

Thus, the Kirchho¤ stress is particularly suited for situations in which the multiplicative
character of matrices in GLþðRdÞ is important.

Parts (a) and (b) of the following proposition are proved in [3].

Proposition 5.2. Let W satisfy (5.4).

(a) There exists g > 0 such that

jG � I je g and G A GLþðRdÞ )
WðGF ; zÞ þ c

ð0Þ
W e

d

d � 1

�
WðF ; zÞ þ c

ð0Þ
W

�
and

jDF WðGFÞF Tje 2dc
ð1Þ
W

�
WðF ; zÞ þ c

ð0Þ
W

�
:

8><
>:

(b) There exists c
ð2Þ
W > 0 such that with s ¼ dc

ð1Þ
W we have

WðF ; zÞe c
ð2Þ
W ðjF js þ jF�1jsÞ for all ðF ; zÞ A GLþðRdÞ � Z:

(c) If KðF ; zÞ is di¤erentiable in F and there exists c
ð3Þ
W > 0 with

jDF KðF ; zÞ½HF �je c
ð3Þ
W

�
c
ð0Þ
W þ WðF ; zÞ

�
jHj for H A Rd�d and ðF ; zÞ A GLþðRdÞ � Z;

then K satisfies condition (5.5).
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Proof. For showing part (c) we let Gy ¼ ð1 � yÞI þ yG, such that G0 ¼ I , G1 ¼ G

and for all y A ½0; 1� we have det Gy > 0. Thus, we obtain

KðGF ; zÞ � KðF ; zÞ ¼
Ð1
0

d

dy
KðGyF ; zÞ dy ¼

Ð1
0

DF KðGyF ; zÞ½ðG � IÞF � dy:

Using the postulated estimate from (c) we find

jKðGF ; zÞ � KðF ; zÞje
Ð1
0

c
ð3Þ
W

�
c
ð0Þ
W þ WðGyF ; zÞ

�
jG � I j dy:

Employing now the result from part (a) we see that (5.4) holds if we choose d smaller than
minfg; eðd � 1Þ=ðdc

ð3Þ
W Þg. r

Remark 5.3. The functions W0 with W0ðFÞ ¼ b1jF jb1 þ b2ðdet FÞ�b2 for det F > 0
and W0ðFÞ ¼ y otherwise, used in Remark 5.1, satisfy (5.4) and (5.5). Just use that
the derivative of the determinant is given by the cofactor matrix cof F and that
ðcof FÞF T ¼ ðdet FÞI . This gives

KðFÞ ¼ DF W ðFÞF T ¼ b1b1jF jb1�2
FF T � b2b2ðdet FÞ�b2 I

and

DF KðFÞ½HF � ¼ b1b1

�
ðb1 � 2ÞjF jb1�4ðFF T : HÞFF T þ jF jb1�2ðHFF T þ FF TH TÞ

�

þ b2b
2
2ðdet FÞ�b2ðtr HÞI :

Thus, for b1; b2; b2 > 0 and b1 f 1 both conditions hold.

For the sum W ¼ W0 þ W1 the conditions (5.4) and (5.5) also hold if W1 satisfies
(4.3), is twice di¤erentiable and if DK1ðF ; zÞF T can be bounded from above by a constant
times c

ð0Þ
W þ W0.

Finally, we consider the time-dependent external loading l satisfying

l A C1
�
½0;T �;W1;pðW;RdÞ�

�
:ð5:6Þ

More di‰cult is the forcing of the body through the time-dependent Dirichlet data on
the subset GDir 3j of qW given via t 7! jDirðtÞ. We assume that the Dirichlet data
jDir A C1ð½0;T �;GDirÞ can be extended smoothly to all of Rd as follows:

jDir A C1ð½0;T � � Rd ;RdÞ; ‘jDir A BC1
�
½0;T � � Rd ;LinðRd ;RdÞ

�
ð5:7Þ

and j‘jDirðt; xÞ
�1jeC for all ðt; xÞ A ½0;T � � Rd ;

where ‘‘BC’’ stands for bounded and continuous. Thus, for each t A ½0;T �, the mapping
jDirðt; �Þ : Rd ! Rd is a global di¤eomorphism.
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We now look for jðtÞ : W ! Rd in the form jðtÞ ¼ jDirðtÞ � c with

c A F :¼ fc A W1;pðW;RdÞ jcjGDir
¼ idjGDir

g;

then jðt; xÞ ¼ jDirðt; xÞ for ðt; xÞ A ½0;T � � GDir as desired. Here we always assume p > d,
so that c A F is continuous. Moreover, F is nonempty, since c ¼ id A F.

The energy functional ~EEðt; j; zÞ ¼
Ð
W

Wð‘j; zÞ þ s

a
j‘zja ds � hlðtÞ; ji is now trans-

formed into

Eðt;c; zÞ :¼
Ð
W

W
�
‘jDir

�
t;cðxÞ

�
‘cðxÞ; zðxÞ

�
þ s

a
j‘zðxÞja dx � hlðtÞ; jDirðtÞ � ci:

Lemma 5.4. Let p > d and assume that (5.2), (5.3), (5.6) and (5.7) hold, then for all

t A ½0;T � the functional Eðt; �Þ : F�Z ! Ry is weakly lower semicontinuous with respect

to the standard topology of W1;pðW;RdÞ � W1;aðW;RmÞ. Moreover, E is coercive, i.e., there

exist constants c;C > 0 such that

Eðt;c; zÞf ckckp

W1; p þ ckzka
W1; a � C for all ðt;c; zÞ A ½0;T � �F�Z:

Proof. To establish coercivity we use the following estimates on jDir:

Ey A Rd : jjDirðt; yÞjeCð1 þ jyjÞ;
���‘jDirðt; yÞ

���eC;
���‘jDirðt; yÞ

��1��eC:

For F ¼ ‘c this implies the lower estimate j‘jDirF jf jF j=jð‘jDirÞ
�1jf jF j=C. With this

and the coercivity of W it is standard to obtain the lower estimate for Eðt;c; zÞ as given
above.

To show weak lower semi-continuity take a sequence with ðtk;ck; zkÞ * ðt;c; zÞ. Be-
cause of p > d, the embedding of W1;pðW;RdÞ into CðW;RdÞ is compact. Hence, we
conclude ck ! c uniformly in W. Let jk ¼ jDirðtkÞ � ck and j ¼ jDirðtÞ � c, then (5.7) im-
plies jk ! j uniformly in W. Moreover, for FkðxÞ :¼ ‘jk ¼ ‘jDir

�
tk;ckðxÞ

�
‘ckðxÞ and

FðxÞ :¼ ‘jðxÞ ¼ jDir

�
t;cðxÞ

�
‘cðxÞ we obtain

Fk ¼ Gk‘ck * F ¼ G‘c in LpðW;Rd�dÞ;

since Gk ¼ ‘jDir

�
tk;ckð�Þ

�
converges to G ¼ ‘jDir

�
t;cð�Þ

�
uniformly and ‘ck to ‘c

weakly. Thus, we have shown that jk converges weakly to j in W1;pðW;RdÞ.

Now we use the transformation rule Eðtk;ck; zkÞ ¼ ~EEðtk; jk; zkÞ and the assumption
(5.3) which guarantees that ~EE is weakly lower semi-continuous. Hence we conclude

Eðt;c; zÞ ¼ ~EEðt; j; zÞe lim inf
k!y

~EEðtk; jk; zkÞ ¼ lim inf
k!y

Eðtk;ck; zkÞ;

which is the desired result. r

The next result shows that the power of the external forces given via qtEðt;c; zÞ sat-
isfies the abstract condition (3.3).
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Lemma 5.5. Let the assumptions of Lemma 5.4 as well as (5.4) hold, then for all

ðc; zÞ A F�Z with Eð0;c; zÞ < y the function t 7! Eðt;c; zÞ is continuously di¤erentiable

with the derivative

qtEðt;c; zÞ ¼
Ð
W

DF Wð‘jDir‘c; zÞð‘jDir‘cÞ
T : ½ð‘jDirÞ

�1‘ _jjDir� dx

� h _llðtÞ; jDiri� hlðtÞ; _jjDiri;

where ‘jDir, jDir and _jjDir ¼ qtjDir are evaluated at
�
t;cðxÞ

�
. Moreover, there exist con-

stants c
ð1Þ
E ; c

ð0Þ
E > 0 such that jqtEðt;c; zÞje c

ð1Þ
E

�
c
ð0Þ
E þ Eðt;c; zÞ

�
for all t A ½0;T �.

If additionally condition (5.5) holds, then the abstract condition (3.3) of uniform conti-

nuity on sublevels of E also holds.

Proof. In this lemma ðc; zÞ are fixed throughout such that Eðt;c; zÞ < y. Hence,
we know by Lemma 5.4 that c A W1;pðW;RdÞ. We write

Eðt;c; zÞ ¼ ÊEðt;c; zÞ �
�
lðtÞ; jDir

�
t;cð�Þ

��

and, using the assumptions on jDir and l, we easily obtain

d

dt

�
lðtÞ; jDir

�
t;cð�Þ

��
¼ h _llðtÞ; jDirðtÞ � ciþ hlðtÞ; _jjDirðtÞ � ci:

Thus, it remains to consider ÊE which is the integral over Wð‘jDir‘c; zÞ. To simplify
the notation we omit the argument zðxÞ, since it is fixed throughout and all the constants
are independent of z. For fixed t and ÊEðt;cÞ < y we consider the di¤erent quotient

1

h

�
ÊEðt þ h;cÞ � ÊEðt;cÞ

�
¼

Ð
W

1

h

�
W

�
ChðxÞFðxÞ

�
� W

�
FðxÞ

�

dx

where FðxÞ ¼ ‘jDir

�
t;cðxÞ

�
‘cðxÞ and ChðxÞ ¼ ‘jDir

�
t þ h;cðxÞ

��
‘jDir

�
t;cðxÞ

�
�1
. Ap-

plying the mean-value theorem to ½0; 1� C s 7! W
�
CshðxÞFðxÞ

�
we find yðh; xÞ A ½0; 1� such

that

1

h

�
W

�
ChðxÞFðxÞ

�
� W

�
FðxÞ

�

¼ DF W

�
Cyðh;xÞhðxÞFðxÞ

�
FðxÞT :

1

h

�
ChðxÞ � I

�
:

We now apply Part (a) in Proposition 5.2. Using (5.7) and making h su‰ciently small, we
have jCyðh;xÞh � I j < g and thus the estimate in Part (a) supplies an h-independent integra-
ble majorant, i.e.,

1

h

��W�
ChðxÞFðxÞ

�
� W

�
FðxÞ

���e 2 dc
ð1Þ
W

�
c
ð0Þ
W þ W

�
FðxÞ

��
CjDir

;

where CjDir
is the supremum over

1

h
ðCh � IÞ for x A W and jhje h0. Note that Eðt;cÞ < y

implies W
�
Fð�Þ

�
A L1ðWÞ.
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Finally, use that
1

h
ðCh � IÞ converges to ‘ _jjDir½‘jDir�

�1 pointwise. Thus, Lebesgue’s

theorem of dominated convergence gives

qtÊEðt;cÞ ¼ lim
h!0

1

h

�
ÊEðt þ h;cÞ � ÊEðt;cÞ

�
¼

Ð
W

DF W ðFÞF T : ‘ _jjDir½‘jDir�
�1 dx;

where F ¼ ‘jDir‘c. Hence, the existence and the formula for qtEðt;c; zÞ is established.

The continuity in t A ½0;T � follows similarly by employing Part (a) of Proposition 5.2
once again and by Lebesgue’s theorem.

The construction of the explicit constants c
ð0Þ
E and c

ð1Þ
E now works as follows. We use

constants c;C; . . . which may di¤er in each inequality, but they are fixed and independent
of E ¼ Eðt;c; zÞ. With Lemma 5.4 we find kckp

W1; p e ðE þ CÞ=c and, using p > d, we con-

clude kcky eCE1=p þ C. Using the estimates (5.7) for jDir and (5.6) for l we obtain

ðiÞ jhlðtÞ; jDirðtÞ � cijeCE1=p þ C;

ðiiÞ jh _llðtÞ; jDirðtÞ � ciþ hlðtÞ; _jjDirðtÞ � cijeCE1=p þ C:
ð5:8Þ

Using (ii) the volume integral in Eðt;c; zÞ can be estimated via

Ð
W

Wð‘jDir‘c; zÞ dx ¼ Eðt;c; zÞ þ hlðtÞ; jDirðtÞ � cieE þ CE1=p þ C e 2E þ C2:

Now qtE can be estimated on the basis of the explicit formula derived above. The term
from the loading is dominated by E þ C3 according to (5.8)(ii). The volume integral in-
volves the product of Kð‘jDir‘c; zÞ and ‘ _jjDir½‘jDir�

�1. The first term can be estimated
via W evaluated at the same arguments according to assumption (5.4). The second term is
uniformly bounded by C4 because of (5.7). Together we find

jqtEðt;c; zÞje
Ð
W

jKð‘jDir‘c; zÞj j‘ _jjDir½‘jDir�
�1j dx þ EC3

e
Ð
W

c
ð1Þ
W

�
c
ð0Þ
W þ Wð. . .Þ

�
C4 dx þ E þ C3

eC4c
ð1Þ
W

Ð
W

Wð. . .Þ dx þ E þ jWjcð1ÞW c
ð0Þ
W C4 þ C3

eC4c
ð1Þ
W ð2E þ C2Þ þ E þ jWjcð1ÞW c

ð0Þ
W C4 þ C3:

Using E ¼ Eðt;c; zÞ this is the desired result (3.1) with c
ð1Þ
E ¼ 1 þ 2C4c

ð1Þ
W and suitable c

ð0Þ
E .

The uniform continuity of qtEðt;c; zÞ on a given sublevel

SðE0Þ :¼ fðt;c; zÞ A ½0;T � �F�Z jEðt;c; zÞeE0g

is now obtained by the uniform continuity of the continuous functions l, _ll and jDir, _jjDir,
‘jDir and ‘ _jjDir on the time interval ½0;T �. For this use that by the above arguments we see
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that all values of c on ½0;T � �W lie in a compact subset of Rd which only depends on E0.
Thus, the uniform continuity of the power of the loading through l (see (5.8)(ii)) is easily
seen to be uniformly continuous.

It remains to estimate qtÊEðt;cÞ, where we used the splitting from above and where we
again dropped the variable z. The above estimates can now be written as

Eðt;c; zÞ A SðE0Þ:
Ð
W

Wð‘jDir‘c; zÞ dxe 2E0 þ C2:

Our aim is now to estimate jqtÊEðt;cÞ � qtÊEðs;cÞj for ðt;c; zÞ A SðE0Þ. Note that now the
constants are allowed to depend on E0 as well, but all constants will be independent of
ðt;c; zÞ A SðE0Þ. We introduce the abbreviations

FtðxÞ ¼ ‘jDir

�
t;cðxÞ

�
‘cðxÞ ¼ FtðxÞ‘c

and

LtðxÞ ¼ ‘ _jjDir

�
t;cðxÞ

��
‘jDir

�
t;cðxÞ

�
�1
;

such that we have qtÊEðt;cÞ ¼
Ð
W

KðFtÞ : Lt dx.

Assumption (5.7) guarantees that t 7! Lt A C0ðW;Rd�dÞ and t ! Ft A C0ðW;Rd�dÞ
are Lipschitz continuous and their Lipschitz constants can be bounded in terms of E0. Since
FsF

�1
t ¼ FsF

�1
t we also find C > 0 with

jFsðxÞFtðxÞ�1 � I jeCjt � sj for all t; s A ½0;T � and x A W:

Employing the estimate (5.5) for K we now estimate

jqtEðs;cÞ � qtEðt;cÞje
Ð
W

jKðFsÞ : Ls � KðFtÞ : Ltj dx

e
Ð
W

jKðFsÞ � KðFtÞj jLsj dx þ
Ð
W

jKðFtÞj jLs � Ltj dx

e
Ð
W

jKð½FsF
�1
t �FtÞ � KðFtÞjC dx þ

Ð
W

jKðFtÞjCjt � sj dx

eð�Þ
Ð
W

e
�
c
ð0Þ
W þ WðFtÞ

�
C dx þ Cjt � sj

Ð
W

c
ð1Þ
W

�
c
ð0Þ
W þ WðFtÞ

�
dx

eCðeþ jt � sjÞ ¼: êe;

where in the estimateeð�Þ we have used that jt � sj can be chosen less than d̂d > 0 such that
jFsF

�1
t � I jeCd̂d < d with the d > 0 needed in (5.5) to obtain e.

Thus, uniform continuity is shown with the modulus of continuity oE0
ðd̂dÞ ¼ êe. r

Having these two lemmas it is easy to see that all six steps of the abstract construction
of the solutions can be performed and we have thus proved the following existence result:
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Theorem 5.6. Under the assumptions of Lemma 5.5 the rate-independent evolution

problem (S) and (E) associated with E and D has for each ðc0; z0Þ A Sð0Þ a solution

ðc; zÞ : ½0;T � ! F�Z.

Remark 5.7. If the Dirichlet data jDir do not depend on the time variable t A ½0;T �
the assumptions of the above result can be simplified considerably. In fact, (5.4) and (5.5)
are no longer needed. The set ~FF ¼ fj A W1;pðW;RdÞ j ðj� jDirÞjGDir

¼ 0g is an a‰ne sub-
space and time independent. Thus we may set Eðt; u; zÞ ¼ ~EEðt; u þ jDir; zÞ and obtain

qtEðt; u; zÞ ¼ �h _llðtÞ; u þ jDiri:

However, this term is linear in u and hence weakly continuous. Thus, the abstract condi-
tions (3.1) and (3.3) hold by employing the coercivity of Eðt; � ; zÞ in W1;pðW;RdÞ and the
uniform continuity of t 7! _llðtÞ.

Also Proposition 3.3 can be avoided, since its conclusion is obvious in this case.
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Mainik and Tomaś Roubı́ček. The research was partially supported by DFG through
SFB 404 Mehrfeldprobleme in der Kontinuumsmechanik under TP C7.

References

[1] E. Acerbi and N. Fusco, Semicontinuity problems in the calculus of variations, Arch. Rat. Mech. Anal. 86(2)

(1984), 125–145.

[2] J. Ball, Constitutive inequalities and existence theorems in nonlinear elastostatics, in: Nonlinear Analysis and

Mechanics, Heriot-Watt Symposium (Edinburgh 1976), Vol. I, Res. Notes Math. 17, Pitman, London

(1977), 187–241.

[3] J. M. Ball, Some open problems in elasticity, in: P. Newton, P. Holmes, and A. Weinstein, eds., Geometry,

Mechanics, and Dynamics, Springer, New York (2002), 3–59.

[4] J. M. Ball, B. Kirchheim, and J. Kristensen, Regularity of quasiconvex envelopes, Calc. Var. PDEs 11 (2000),

333–359.

[5] V. Barbu and T. Precupanu, Convexity and optimization in Banach spaces, third edition, D. Reidel Publish-

ing Co., Dordrecht 1986.

[6] S. Bartels, C. Carstensen, K. Hackl, and U. Hoppe, E¤ective relaxation for microstructure simulations: algo-

rithms and applications, Comput. Meth. Appl. Mech. Engrg. 193 (2004), 5143–5175.

[7] C. Carstensen, K. Hackl, and A. Mielke, Non-convex potentials and microstructures in finite-strain plasticity,

Proc. Royal Soc. London (A) 458 (2002), 299–317.

[8] C. Carstensen and S. Müller, Local stress regularity in scalar nonconvex variational problems, SIAM J.

Math. Anal. 34(2) (2002), 495–509.

[9] A. Chambolle, A density result in two-dimensional linearized elasticity and applications, Arch. Rat. Mech.

Anal. 167 (2003), 211–233.

[10] B. Dacorogna, Direct Methods in the Calculus of Variations, Springer-Verlag, Berlin 1989.

[11] G. Dal Maso, G. Francfort, and R. Toader, Quasistatic crack growth in nonlinear elasticity, Arch. Rat. Mech.

Anal. 176 (2005), 165–225.

[12] G. Dal Maso and R. Toader, A model for quasi-static growth of brittle fractures: existence and approxima-

tion results, Arch. Rat. Mech. Anal. 162 (2002), 101–135.

[13] G. Duvaut and J.-L. Lions, Inequalities in mechanics and physics, Springer-Verlag, Berlin 1976. Translated

from the French by C. W. John, Grundl. Math. Wiss. 219 (1976).

[14] G. A. Francfort and C. Larsen, Existence and convergence for quasi-static evolution of brittle fracture,

Comm. Pure Appl. Math. 56 (2003), 1495–1500.

[15] G. A. Francfort and J.-J. Marigo, Stable damage evolution in a brittle continuous medium, Europ. J. Mech.

A Solids 12 (1993), 149–189.

90 Francfort and Mielke, Rate-independent material models



[16] G. Francfort and J.-J. Marigo, Revisiting brittle fracture as an energy minimization problem, J. Mech. Phys.

Solids 46 (1998), 1319–1342.
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