DISCRETE AND CONTINUOUS Website: http://AIMsciences.org
DYNAMICAL SYSTEMS-SERIES B
Volume 6, Number 3, May 2006 pp- 493-523

DISPERSIVE EVOLUTION OF PULSES IN OSCILLATOR
CHAINS WITH GENERAL INTERACTION POTENTIALS

JOHANNES GIANNOULIS

Weierstrafl-Institut fiir Angewandte Analysis und Stochastik
Mohrenstrale 39, D-10117 Berlin, Germany

ALEXANDER MIELKE

WeierstraB-Institut fiir Angewandte Analysis und Stochastik
Mohrenstraie 39, D-10117 Berlin, Germany
and
Institut fiir Mathematik, Humboldt-Universitat zu Berlin
Rudower Chaussee 25, D-12489 Berlin, Germany

(Communicated by Serge Aubry)

ABSTRACT. We study the dispersive evolution of modulated pulses in a non-
linear oscillator chain embedded in a background field. The atoms of the chain
interact pairwise with an arbitrary but finite number of neighbors. The pulses
are modeled as macroscopic modulations of the exact spatiotemporally peri-
odic solutions of the linearized model. The scaling of amplitude, space and
time is chosen in such a way that we can describe how the envelope changes
in time due to dispersive effects. By this multiscale ansatz we find that the
macroscopic evolution of the amplitude is given by the nonlinear Schrodinger
equation. The main part of the work is focused on the justification of the for-
mally derived equation: We show that solutions which have initially the form
of the assumed ansatz preserve this form over time-intervals with a positive
macroscopic length. The proof is based on a normal-form transformation con-
structed in Fourier space, and the results depend on the validity of suitable
nonresonance conditions.

1. Introduction. A major topic in the area of multiscale problems is the derivation
of macroscopic, continuum models from microscopic, discrete ones. The prototype of
a discrete many-particle system is a periodic lattice for modeling a crystal. Starting
from the seminal work of Fermi, Pasta and Ulam [10], a lot of interest and work
(cf. e.g. the article collection in [5]) was attracted to the simplest, one-dimensional
model, namely the monoatomic, infinite oscillator chain
M
By =Y [Vn(@jem—a;) = Vi(wj—a; )] = W'(z;), jE€Z. (1)
m=1

Here j € Z is the particle index and z;(¢) € R is the deviation from the equilibrium
position 5 € Z at time t > 0. The motion is driven by the pair potentials V,,, with
its m-th neighbors (up to the M-th ones) and by the on-site potential W coupling
the atoms to a background field.
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We are interested in the macroscopic limit which is obtained by choosing well-
prepared initial conditions: We choose the initial data in a specified class of functions
and want to obtain an evolution equation within this function class, which we call
the macroscopic limit problem. This approach is motivated by the theory of mod-
ulation equations which evolved in the late 1960’s for problems in fluid mechanics
(see [31] for a survey on this subject). If the linearized model has a space-time
periodic solution one asks how initial modulations of this pattern evolve in time.
The modulations occur on much larger spatial and temporal scales, such that the
modulation equation is a macroscopic equation.

This is only one among a huge variety of possible approaches for investigating the
oscillator chain and deriving macroscopic limits, which reflect different viewpoints
and aims. Apart from methods and results in the framework of nonequilibrium
statistical mechanics (cf. for a survey e.g. [4, [37]), in a more deterministic setting
we would like to mention the following groups of questions: First, one can focus
on completely integrable systems like the Toda lattices (with M = 1, V(y) = e¥
and W = 0, see, e.g., [6, 9]). Second, a big body of work is concentrated on the
dynamics of special types of solutions like solitons, breathers or wave trains [13]—
[18], [22]-[25], [28,29]. Third, one can be interested in the response of the oscillator
chain to a simple initial disturbance [I] or to Riemann initial data [6, [9].

Our paper is embedded in that body of work which is focused on the derivation
and rigorous justification of partial differential equations as macroscopic limits de-
scribing the dynamics of a discrete lattice. In the framework of harmonic lattices
[30] considers general polyatomic crystals in any dimension. It is shown that the
weak continuum limit describing the macroscopic evolution of displacements and ve-
locities is the equation of linear elastodynamics, and that the weak limit of the local
energy density can be described by Wigner-Husimi measures, satisfying a transport
equation parametrized by the microscopic wave vector. Here, the macroscopic space
and time variables are modeled as y = €7 and 7 = ¢t, respectively. In the nonlinear,
anharmonic setting the same hyperbolic scaling is used in [7, [11), 21], where for
W = 0 the modulations of large-amplitude traveling waves are considered, and the
derived macroscopic limit is the so-called Whitham modulation equation. A simi-
lar modulation ansatz has been used in [20] for the discrete nonlinear Schrédinger
equation IA] + Cl(Aj,1 — 2Aj + Aj+1) + CQ|Aj|2Aj = 0 with Aj(t) e C.

Solutions without internal microscopic structure are obtained in the long wave-
length limit which leads to the Korteweg-de Vries equation, see [14} 26, 36]. There,
for W = 0 small-amplitude solutions of the long-wave form x;(t) = £2U (e3¢, e(x—ct))
+0(e*) are studied, and it is justified that U satisfies the KdV equation 0,U +
k1U0:U + Hgag’U = 0. Similar investigations have been made in [3| [33], where the
KdV is derived for a long periodic FPU chain to analyze long-time averages of the
energy distribution in the Fourier modes. For solutions with internal microstructure
the modulational approach is used in the physical literature for a long time, see e.g.,
[12,134], where kinks, breathers, bright and dark solitons for FPU and Klein-Gordon
systems are constructed.

The purpose of our work is to make these construction mathematically rigorous
and give quantitative estimates of the involved errors. Like [2,[19] we are concerned
with modulations of the form

2 (t) = eA(E%t, e(j—cgrt) ) @HP0) e + O(e?),
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where (c.c. abbreviates “complex conjugate” and) A satisfies the nonlinear Schrodin-
ger equation i0; A = v, 8§A + 72| A|?A. These solutions are microscopically periodic
in space and time via e'(“*+%0J) and are modulated by the complex-valued envelope
A which depends on the macroscopic time 7 = &2t and the macroscopic spatial
variable £ = e(j—cgt).

Our aim is to generalize [2, [19] in two directions. First, we allow for general
interaction potentials leading to quadratic terms in the nonlinearities. Second, we
allow for pair interaction potentials between 1 to M neighbors. To be more specific,
we consider potentials of the form

Via(d) = “Etd 4 SEEE 4+ 2024 O(d),

W(z) := %xQ + %:z:3 + %:174 +0(z”) (2)
form=1,..., M. (In particular, [2| [19] relates to the case M =1 and a3 2 =0 =

B2, which leads to a much simpler analysis.) The linearized model is given by

M
Z; =Lj(x) := Z 0 1 (Tj4m—2zj+Tj_m) — 125 (3)
m=1
It has the basic solutions z;(t) = e!(®+%)  where the wave number ¢ and the
frequency @ have to satisfy the dispersion relation &? = w?(4) with
M
209) .—
W (0) =B +2 Y ama[l—cos(md)], € (—m,7]. (DR)
m=1

Throughout, we require that a stability condition
W) >0 forall ¥ € (—, ] (SC)

holds, and we take w(®¥) > 0. In the case of interactions only between nearest
neighbors (M =1,V := Vi, ag = a1,%) (SC) is equivalent to min{3y,4a1+3:1} > 0
(cf. (21)). In the following, we consider always a fixed wave number ¥y € (—m, 7],
and write shortly w, o', w” to denote w(¥y), w'(¥g), w”(Po), respectively. The asso-
ciated basic mode E(t, j) := el(@tt907) ig considered to be the microscopic pattern
of reference. The function A : [0, 00) xR — C modulates the microscopic pattern E
such that the solutions under consideration take the form

zi(t) = (X2);(t) + O(?) with (X2);(t) := cA(e*t, e(j—cart))E(t,j) +c.c.. (4)

Since these solutions are small, they lead to dynamics which are close to the linear
one. Only the extremely long time scale enables us to see how the amplitude A
changes due to dispersive and nonlinear effects. In the hyperbolic scaling 7 = et
with £ = ¢ one only sees hyperbolic transport effects, but neither dispersion nor
nonlinearities.

Inserting the ansatz (4) into (L)), it turns out that this provides a useful approxi-
mation for solutions of (1) only if the group velocity ¢, equals —w’, and A satisfies
the associated nonlinear Schrdinger equation (NLSE)

2iwd, A = ww" 9 A + p|A]PA, (5)

where p can be calculated explicitly (cf. (19)). A formal derivation of (5) is obtained
by assuming that solutions in the form (4)) exist (cf. Section 2)).

The mathematical justification of the NLSE (5)) is carried out in Section [4: We
show that solutions ¢t — (x;(t)) ez which start at ¢ = 0 in the form of the ansatz
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(4) stay in this form over intervals [0, 9/e%] of positive macroscopic length 7 > 0.
More precisely, Theorem 2/ states the following: Given a sufficiently smooth solution
A of NLSE (5)), 70 > 0 and d > 0, there exist g > 0 and C' > 0 such that for all
e < g any solution x of (1)) with

I(2(0), £(0)) — (X2(0), X2(0))||2 x> < de®/
satisfies the estimate
(2(t), &) — (X2(), X2() |2 xe2 < C*/2 for t € [0,70/€%].

We prove this result in principle by the same approach we used in our previous pa-
per [19] on this subject. There, we considered the situation of only nearest-neighbor
interactions and restricted the justification of the NLSE on the case of cubic lead-
ing terms of the nonlinearity in (1) (i.e. V"(0) = 0 = W (0) or, equivalently,
as = 0 = f32), since exactly this assumption enabled us to use the method devel-
oped in [27], relying on a Gronwall-type argument. For the general case including
quadratic leading terms this Gronwall-type argument can not be used directly and
we circumvent this difficulty by a method which was developed in [35] for hyperbolic
PDEs. . B B .

The idea is to apply to the system & = Lz + Q(Z,z) + M(Z) (corresponding
to our microscopic model (1)) a suitable normal-form transformation (near-identity
transformation) F : 7 — § = F (%), such that the transformed system § = Lj+ N (¥)
has a nonlinearity N with cubic leading terms. Then, we prove for the transformed
system a result equivalent to Theorem 2, by using the Gronwall-type argument
mentioned above. Transforming this result back into the variable Z, we obtain
Theorem 2l

The construction of the normal-form transformation F' is carried out in Fourier
space (Section 3). An essential condition in normal-form theory is a nonresonance
condition of third order on our fixed ¥y € (—m,7:

30 >0: inf [w(@o)+(=1)"w(®)+(-1)7w(o—0)| = Cof > 0. (NR3)y,
Oé(:fr’,ﬂ:]

Our first result is Theorem 2 which is proved under a strengthened version of
(NR3)y,, which we call uniform nonresonance condition
JCNR >0 ’ in{ N lw(®)+F(=1)°w(0)+(—1)w(¥—0)| > CXE. > 0.
2.6&(—r.m]
(NR?’)unif

(In the case of nearest-neighbor interactions (NR3),unir holds if and only if the
coefficients a1, 51 of the harmonic parts of the potentials V, W satisfy the condition
min{f1, (16/3)a1+61} > 0 (cf. (24)), which is slightly sharper than the stability
condition (SC) min{f;, 4a1+061} > 0. However, for o; > 0, both conditions reduce
to B = W”(0) > 0.)

Under the more general condition (NR3)y, the analysis is more subtle. We obtain
an analogous justification result by using the higher-order approximation

a

XA2? .= cAE + &2 @|A|2+A2 1B+
0o ’ O

A2E2> + c.c., (6)

with &, := n?w?(¥g)—w?(ndy) and a = 4i Zn]\le Q2 sin(midg) [1— cos(miy)]+ 052,
where A solves the NLSE (5)) for 7 € [0,79] and A2 1 : [0,79] x R — C solves the
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equation
2iw87A2’1 = ww”82A2 1+ p<2|A|2A2 1+A2A2 1)

7
~20/0, 0 A — " 93 A 4 26 AP A, (@)

where again e can be given explicitly (cf. (20)). This equation is obtained formally
in the course of the formal derivation of the NLSE by increasing the order of con-
sidered scales ¥ to k = 4 (cf. Section 2). Clearly, by increasing the order of our
approximation we consider estimates for the error with respect to an original solu-
tion which are also of higher order, namely ¢* with « € (2,5/2]. The precise result
is proven in Section [4.3. Note, however, that also the approximation X2 depends
only on the solution A of the NLSE (), since assuming initially As1(0,-) =0, the
solution Ay 1 of (7) depends only on A.

We believe that the results obtained in this paper can be extended in principle
also to the multidimensional case. However, for a precise investigation and a de-
scription of probable limitations (at least at a technical level) in the adaptation of
the argument used in the one-dimensional case presented here, we refer the reader
to future work.

2. The formal derivation of the NLSE. The formal derivation of the NLSE as
a modulation equation for the oscillator chain model (1) with only nearest-neighbor
interactions (M = 1) has been presented in full detail in [19, Section 2]. There, sort
of a step-by-step method was used, which was restricted to the concrete situation.
More general situations are treated in [2§].

Here, since we want to derive the NLSE in the case of generalized interaction
potentials (M > 1) and especially since we need to consider also additional modu-
lation equations (cf. (7)), we take the opportunity to present the formal derivation
in a more general way, culminating in the equation system (18), which can be
used in some sense algorithmically in order to determine the functions Ay , of an
approximation XA? (cf. (8)) for arbitrary p € N.

Since we want to study the macroscopic evolution of modulated solutions of
the form (4), it is natural to insert such an ansatz into our microscopic model (1)
in order to derive an evolution equation for the macroscopic modulation function
A :[0,00)xR — C. But, inserting such an ansatz into the nonlinear problem (1))
will generate higher harmonic terms (with factors E™) having scaling parameters
e¥, k € N. Hence, anticipating this situation, we insert into (1) the multiple scale

ansatz
S YD W ®
n=—k
with Ay, = Agn(1,€) € C and Ay, _,, = Ay, where 7 = €2t, § = e(j—cgt) for
j e Z,t>0. Obviously, A171 = A.
The idea is now to expand the left- and right- hand side of the equation

(X2); Z{V’ [(X2P) = (XP) ) =V [(XEP) = (X ) j -]} = W [(XEP) ]

m=1
(9)
in terms of e*E™. Then, by equating the left- and right-hand side coefficients of
each of these terms for £k = 1,...,p, n = 0,...,k separately, we will obtain an
hierarchy of equations for the functions Ay ;.
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Since
d2
de?
we obtain from (8) for the left-hand side by summing according to orders of ¢

(Ap nE") = [inw(Po) + e(—cgr)0e + 6287]2Ak7nE",

p+4 min{k,p} ¢

RIS P D L
k=1

= n=-—q p+2v=k—q

and thus

p
XAr = Z ek Z Z Z Cnpu O O Ag B 4 &P PP (10)

with
q

p
er 1D Z Ekz Z Z Crp LD Ay BT (11)

k=p+1 q=1n=—q p+2v=k—q

where p, v € Ny and

0 forpu+v>2
Crpr = Y [INW(00)2H 7Y (—cgr)”, Y =142 forp+v<2andpu=1orv=1,
1 else.
In order to treat the terms on the right-hand side of (9)) we introduce for conve-
nience the expression
+m y A A A
PEMXAP = £ [(XDP) )1 —(X2P);]

p k

=4 Z Ek Z [Ak,n (7', g:‘:é‘m)eiimnﬁofAk,n}En-

k=1 n=—k
By Taylor expansion we obtain

min{k,p} q

o XY = izs >SS h.E (12)

k=1 g=max{l,k—p}n=—q
with

+m _ (e:I:immSo_1)Aq7n7 fqrn _ :|:1mn190 (im)

On ——0¢Ayn for r=1,...,p-1,

)

; +m
+m — eilnbnﬁo( ) apAq’ (T gieiem )7 where eimn (O, 1)
p!

apn pan pgn
Using
M
Z am 1 (from+Foom) = B1Akn = —w” (no) Ak
and

M r+2 gr,,2

m -—m ! d 19
Z anL,l(f;;n +fq7'” ) = ( 'r)" d’l9£ )
m=1 .

OfAgn forr=1,....p-1,
19:7’7/190
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we obtain for the linear part of the right-hand side

M
LiXAP =37 1 (0] " X200, " XAP) — By (X2),

m=1

p ko q Nk—g+2 Jk—q, 2
_ k (=i)" d¥ 9w (9) k—q n +1,.L,
B0 vp oyt L] [

k=1 qg=1n=—q Y=ndo

(13)
with
ePHirf = Z Z Z Zo‘ml ok gk —gyn ) B (14)

k=p+1 q=k—pn=—qm=1

In order to treat the nonlinear terms of (9) we split (12) into two parts with
respect to orders of e: ('9jimX;4’p = 5‘me;4>§’) + ajimxg‘w with

P k q
+m A<p k +m
UKL = £ Y Y Sai g
k=1 g=1n=—q

Then, the nonlinear part of the right-hand side of equation (9) reads

P M
Ni(XEP) = A am o[(0F X5 — (07" XLSP)] = Bo(X2P)5)

p M s
S m S—0o m o
F20 D ama 2 () @KL (@ XA
s=2m=1 o=1
— (@ XAy (0 X))
M
+ Y [0mp(0F " XAP) = 0 p (05 XLP)] = wp[(XLP);)
m=1
with
P
Vmp(d) ==V, (d Zam $d°, (x) :=W'(z) — Zﬁsxs. (15)
s=1
In the following we use the general formula
PP P k P’ k
PIOBELDIED I DD BETID DIESD DI DR ON
5=2 k=1 k=2 s=2(i)s|=k k=p+1  s=[(k—=1)/p]+1|())s|=k

where (i) == (i1,...,4s) with iz € {1,...,p}, [(i)s| :== D_i_ i and agy, = I, a,-

Applying this formula on ay := Zk Ay nE™, we obtain

n=—k
14 P

ko k
2 O(XEN =3 D D B DL AunB

s=2 k=2 n=—k s=2 [(i,v)s|=(k,n),
(Iv)s<(i)s

p’ k

+ > D> B D e,

k=p+1  s=[(k=1)/p]+1  [(d)s|=Fk
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with |(i,v)s] = (k,n) & (O, iv=k and >_;_, y=n), (Jv])s < (i)s & || < iy and
Ay, =11 Ai,v,- Analogously, since

8imXA<p_Z€ Z Zdimq ak qunEn

k=1  n——kq=|n|
k k .
(by Zq:l Zqz—q aqn = Zn:—k Zq:max{l,m\} aqn) with
) ; +m)"
dal:nm — :t(eilmm%fl), dvzj:nm .— ie:l:lmm?g ( ' ) forr=1,...,p—1,
r
by setting bF™ .= SF_ Z’;Zmax{un‘} dz—;mq 8k 1A, ,E", we obtain
p
Z amﬁ(ajingAép)s =
s=2
P k k (i-q)
— k + 1—4q)s
=2 D D ame D DAl 08 A,
k=2 n=—k s=2 [(i,v)s|=(k,n), (max{1,[v|})s
(D s<(¥)s <(@)s<(i)s
P k
DD SRR DaL i
k=p+1  s=[(k—1)/p]+1 [(@)s|=F

with (max{1, [v|})s := (max{1, [t1]},...,max{1, |vs|}), (i—q)s := (i1—q1, ..., i5—Qs)
and

+m . +n (r)s R Tt
d(r v)s * H thl:Lt’ af A(%V)s T H 85 AIZtﬂ/t'

t=1 t=1
Thus, we can write the nonlinear terms of (9)) as a sum over orders of ¢:

p k k
A, k M,s (i—q)s
Ni(XE) =3 3 D X Do (el 0 A, B
k=2 n=—ks=2 [(i,1)s|=(k,n), (max{1,|v|})s
(vDs<(D)s <(@)s<()s
etV (16)
with
Z s Hdw Hd,wt for () # (0)s,
M,s | _
(ryv)s ]\/I s
Z Qs ( l_IdOl,t HdOl’t )+ 85 for (r)s = (0)s
m=1 t=1
and
p? k M
1,.Np ._ k m —m
ethrv= Yt Y] [D ams (b = ) = Beaga]
k=p+1 s:[(k—l)/le [(i)s|=k m=1

+ Z Z Qs Z (D) 15 mxpsry=a(omxiory

s=2m=1 =

— (@XM (0 X AT
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M
5 g (07" XAP) = 0 (07" XY —w, [(XAP),]. (A7)
m=1

Hence, equating the coefficients of the left- and right-hand side for each term

e*E" with k = 1,...,p and n = 0,...,k (the terms for n = —k,...,—1 can be
omitted since they are just the complex conjugates of the terms for n = 1,... k),
we obtain the equations that determine the functions Ay,
611(190)Ak,n
k-1 Nk—gq Jk—q, 2
—1)*72 4" 9w (9) ke
= Crpu OV O Ay + ( 9., 1A
D e T e M

g=max{1l,n} p+2v=k—q

k
+ Z Z Z eé\;[fq,l/)saf(liq)SA(q»V)s (18)

s=2 [(i,v)s|=(k,n), (max{l,|v|})s
(vDs<@)s <(a9)s<(i)s

with &, (99) := n2w?(¥g) — w?(ndy).

By this formalism we can calculate hierarchically the determining equations for
the functions Ay, of the approximation (8) with p = 3 and p = 4 in which we
are interested here. Note, that it is A = Ay, Ag,—n = ka. Thus, for k£ = 1,
n = 0,1 we obtain only the equation —w?(0)A; o = 0 which yields A; o = 0, since
w?(0) = 41 > 0 by (SC). The function A = A; ; remains undetermined. For k = 2,
n =0,1,2 we obtain (with A; ¢ = 0)

_(UQ(O)AQ’O = 2,82|A|2,
0 = 2iw(Vy)[certw’ (P0)]0c A,
52 (190)14272 = CLA2
with a := 4i Zj\m4=1 Q2 sin(mddg)[1— cos(mig)]+P2. The second equation yields
cer = —w'(Vy), since w(¥y) # 0 by (SC). The function Az ; remains undetermined.
In the following we use the abbreviation
M

Virpy 1= Z e { 21 sin(madg) P {2[1— cos(mdo)]}.

m=1
Hence, a = v9911+02. Using the results we obtained until now, the equations for
k = 3 read

—WQ(O)Ag’() = QﬁQ(AZQJ—&—C.C.) — 272101(A8§Z+c.c.),
0 = 2iw(99)0- A — w(W)w"” (Po) I A — pA| AP,
62(00) A = 2bA0 A + 2aAAs 1,
93(00)As 3 = cA3
with

p = 2(v3011—13)/02 + 465/ B1 — 3(v3002+03), (19)
b := v11110/02+372101 — Y2102,
¢ := 2(3v2011 —"Y2012+52)a/d2—373002 +73003 13-

The function A3 ; remains undetermined. Note, that the equation for k =3, n = 11is
the nonlinear Schrodinger equation (5) which determines the evolution of A. Thus,
if we are interested only in the formal derivation of this equation we can insert in
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(1) the improved approximation (8)) for p = 3 and stop here (and set As; = 0),
since at this stage all the functions Ay, of our approximation X = X!, namely
Ai o and A, are determined.

However, as we will see later on, we need also the approximation X2, In order
to determine A ;1 we have to insert the improved approximation X, A4 into (1) and
calculate by the formalism (I8)) the functions A4 ,: By using the previous results,
we obtain

—wZ(O)A4,o = d13§2|A|2 + [72210(85214)24—00.] — 272101 [0¢ (A1 A)+c.c.]
+262|A21|* + 262(As 1 A+c.c.) + da| A,
0 = 2iw(g)0- Azt — w(Po)w” (Vo) 0F Az, — p(2|lA]* Ag 1+ A% Ay 1)
+ 20 (00)0,:0e A + (1/6)[w?(00)] 92 A — 2¢| AP, A,
02(00)As2 = 8iw(y)(a/d2) A0 A + f10:(AD:A) + 72210A8§A +200¢(AAs 1)
+ a(A§71+2AA3,1) + f2A%|AP%,
03(90)Aaz = gA23£A + 3CA2A271,
54(96) Ags = hA*
with
dy := [y1201—w(Do)w” (00)] B2/ 1,
dy = 20a|a/82|* + 483 /B7 + 683362(1/82—2/B1) + 64,
e := 2[2(372101 —Y2102) 72011 +7V1111 (Va011—53) /02] /2 + 3¥3111, (20)
J1 1= [371201—Y1202 —2w(Jo)w" (Y0)]a/d2 + 2711116/ + Y2211 — 272210,
fo i=—403a/B165 + 2(B2—3y2011 +72012)¢/ 63 + 6(B3—73021)a /82 — 633032/ 1
+ 4(71012+04),
g := —371130¢/93 + 2(3y2103—1672102+1872101)a/d2 + 4(3v2011 —Y2012+52)b/ 2
+3(2v3111—3112)5
h := (Y2031 — 272030+ 62)a” /65 + 2(V2031 —Y2012-+672011+032) /63
+ 3(273021 —3022+3)a/ 02 + Ya013—2V4012+ B4

The function A4, remains undetermined. Since the equation for k = 4, n = 1
determines As 1, we now have determined all the functions Ay, of the improved
approximation X2 in which we are interested and can stop here, setting Azq =
A4,1 =0.

Thus, we have established the following result:

Theorem 1. If the microscopic oscillator chain (1) has for all € € (0,e9) solutions
of the form

2i(t) = (X);(1) + O(2)  with (X2);(t) = eA(r, E(t, j) + c.co,

where 7 = €%t, £ = e(j+w't) and A : [0,79] x R — C is a smooth function, then A
necessarily has to satisfy the NLSE (5). Analogously, if (1) has for all € € (0,&0)
solutions of the form

x =XM1 0% with X2 =cAE 4 ¢ <§2|A|2+A2)1E+;A2E2> +c.c.,
0 2
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where 8, (Yg) 1= nw? (Vo) —w?(nvy), a := 4 Z%:l Q2 sin(mdg)[1— cos(mio)]+ 02,
then A and Az : [0,79] xR — C, (1,&) — A3z1(7,§), necessarily have to satisfy the
NLSE (5) and equation (7), respectively.

We call this result a formal derivation, since the existence of solutions satisfying
such expansions is not clear at all. Theorem [1] constitutes merely a necessary con-
dition on the amplitude A (and Aj ) of the ansatz (4) (and (), respectively), in
the sense that if solutions of these forms exist, their amplitudes have to satisfy the
NLSE (5)) (and (7)). The purpose of the justification of the NLSE (and (7) in the
second case) is to show that solutions starting in modulation form at time ¢t = 0
will indeed maintain this modulation form on suitably long time scales.

Note that in order to determine the functions Ay, ,, of the improved approximation
XAP (cf. (8)) by the formalism (I8), it has to hold &y(dg) = —w?(0) # 0 and
5n(90) = n2w?(¥g)—w?(ndg) # 0 for n = 2,...,p. Under the stability condition
(SC): w?(W¥9) > 0 for all ¥ € (—m, 7], this is satisfied if the nonresonance conditions
of second order

nw(do)—w(nde) #0 forn=2,...,p (NR2)5,
hold. In the case of only nearest-neighbor interactions (M = 1 in (IJ)) one can
formulate these conditions as conditions on the coefficients of the potentials V' and
W, and relate them to the nonresonance conditions (NR3)unit and (NR3)y, which
are necessary for the justification of the NLSE.

Proposition 1. In the case of nearest-neighbor interactions (M = 1 with «y =
a,1) the following relations hold true:

(SC) <= min{f1,4a1+51} > 0, (21)

n+2
Forn=2,3,4: V9 € (—m 7 6,(¢) > 0 < min{f, %al—i—ﬂl} >0, (22)
(SC) and (NR3)y, => (NR2)j,, (23)

(SC) and (NR3)unit <= min{fi, (16/3)a1+6} > 0. (24)

Remark 1. First, the stability condition (SC) restricts us by (21) to the harmonic
coefficients $; > 0 and «a;/8; > —1/4. Second, for a;/B1 > —3/16 we obtain
by (22) and (24) that (NR3)unir implies (NR2)3 . Finally, from (22) it follows
that in order to guarantee (NR2)j we have to require 2w(dg) # w(29g) in the
case a1/ € (—=15/64,—3/16] and 2w(¥y) # w(2¥p), 4w(¥y) # w(4¥y) in the case
a1/P1 € (—1/4,—-15/64]. By (23), both conditions follow from (NR3)y,.

Proof of Proposition[l. Ad (21): The equivalence follows immediately from (DR)

and (SC).
Ad (22): For n =2, 3,4 we have
0n (V) = n2w? (ﬁ)—w2 (nY) = 2"a1 g, (cos¥) + (n2—1)ﬂ1 (25)
with

galc) = (1—c)?,  g3(c) = *=3c+2, ga(c) = (1—c)*[(14+c)* +1] for c € [-1,1]
and min g, = 0, max g, = 4. This yields (22).
Note, that since (NRQ)?90 is equivalent to d, (%) # 0 for n = 2,3,4 (if (SC):
w?(¥) > 0 for all ¥ € (—m,«] holds), it is, by (25), equivalent to

a1 —(n?*-1)
B 7 g (cosdy) fn(cos ). (26)
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In Figure[Il we plotted f,(c) for n = 2 (black), n = 3 (dashed light grey) and n =4
(dotted dark grey) over ¢ = costy € [—1,0.25] (left) and ¢ € [-1,—0.4] (right). In
relation to Remark [1, the plots illustrate that f3 approximates —1/4 from below,
while f1(c) and fa(c) take also values in [—1/4, —3/16) for ¢ = cos ¥y close to —1.
Hence, for such 9y, the coefficients a; /8, for which (26) (and thus (NR2)j ) holds,
depend on ¥y. For oy /81 > —3/16 (26)) is fulfilled for all 9.

FIGURE 1. Plots over ¢ € [—1,0.25] (left) and ¢ € [-1, —0.4] (right)
of f,,(c) defined by (26)) for n = 2 (black), n = 3 (dashed light grey),
n = 4 (dotted dark grey).

Ad (23): We have to show nw(dg)—w(nidy) # 0 for n = 2,3,4. For n = 2,
setting s = 2, 0 = 1, § = —vy into (NR3)y, and using w(¥) = w(—19) we obtain
2w(90)—w(200)| = CHR > 0. For n = 3, we obtain from (21) and (22) d5(d) =
9w?(¥g) — w?(39g) > 0. Since w(¥9) > 0 for all ¥, it follows 3w(Jg) — w(3Yg) > 0.
Finally, for n = 4, let us assume that 4w(dg) = w(49y), which can be written as
f(=399) = w(3¥y) — 3w(Vo) with f(0) := w(Vy) + w(f) — w(¥p—0). By what we
showed in the previous case n = 3, it is f(—3¥y) < 0. Hence, since f(0) = w(0) >0
and f is continuous, there exists a 6 with 6] € (0,3[9o|) and f(f) = 0. But this
contradicts (NR3)y, with s =2 and o = 1.

Ad (24): By (SC) and w(?¥) = w(—¥) > 0, (NR3)unir can be reduced to

ICm > 00 dnf (@) tw(d—6)-w()] 2 Comi > 0.
For oy = 0 we take CNE. = 51/2 > 0. For oy < 0 we have p_ := min{w(¥) : ¥ €

[—7, 7]} = w(En) = (4ag+61)? > 0 and py = max{w(¥) : ¥ € [-7, 7]} = w(0) =
Bll/z > 0. Thus,

. 160414-361

nf DN4w(@—0)—w(0)] > 2u_ — py = ———.

soe [w@)+w(@=0)—w(®)] = 2u- — py T
Equality is attained for ¥ = w, § = 0. Hence, (NR3)pir is satisfied in the case
a7 < 0, if and only if 161 +3061 > 0. For a3 > 0 equality is not attained, since it
is p— = w(0) and py = w(£w) but there exists no ¥ € T with 9 =9 F7 =0. In
this case, we show w(¥)+w(9—0)—w(0) > CNE > 0 for all 9,0 € (—n, 7], and (24)
is proved:
Since w(¥) = 20&/2 [sin2(19/2)+’y]1/2 with v := 81 /4a1 > 0 is 27-periodic and

continuous, it suffices to show

£(9,0) = [sin2[(9—0)/2]+~] "> + [sin2(9/2)+~] """ = [sin2(6/2)+1]"* > 0



EVOLUTION OF PULSES IN OSCILLATOR CHAINS 505

for all 9,6 € (—m,n]. First, we prove
F09,0) := [sin[(9—0)/2]| + [sin2(9/2)4~]""* = [sin2(6/2)+7]"* > 0.

This estimate is sharp, since f(6,0) = 0. With 3 := sin?(9/2), fo := sin®(6/2) it is
equivalent to

sin?[(9—0)/2] > B+ Bo + 27 — 2 [(B+7) (Bo+)]">.

From sin®(z—y) = sin?  + sin® y — 2sin 2 siny cos(z—y), we obtain sin®[(—0)/2] =
B+ Bo £ 21 with 1 := (830)"/? |cos[(9—0)/2]| > 0. Thus, we want to prove

[(B+7)(Bo+]* £ 2y ¥ B, € (0,1,
which surely holds if [(8+7)(Bo+7)]"/% =1 > v, ie., if
(B4 (Bo+7) = (n+7)* = BBo — 0 +~7(B+80 — 21) > 0.
But this holds true, since 7 € [0, (380)*/?]. Hence, since
£(9,0) = F(9,0) + [sin?[(9-0) /21+9]"* — Jsin[(9-6) /2]
and min {(a+y)/2—al/?} = (14+4)/2—1, we obtain f(0,0) > ~/[(1+7)"/2+1],

a€l0,1]
i.e.,
. B pu
inf  [w®)+w(@—0)—w(8)] > = > 0.
9,0€(—m,7] (4o +81)V/2 + 204/2 P + (p3—p2)1/?

Note, that the minimum of f(ﬁ, 0) is attained for ¥ = 0, which yields f(6,6) = v'/2,

whereas the minimum of f(9,0)—f(¥,0) is attained for ¥ = 6 £+ 7, which yields
f(0£m,0) > 42 > (144)/2~1. Hence, in the last two estimates above we can
actually replace > by >. Note also, that the bound of the last estimate tends to
p— for py—p_ — 0 (ay — 0) and to 0 for py—p_ — 0o (a3 — 00). O

3. The normal-form transformation. For the justification of the NLSE (5)) we
need to rewrite our oscillator chain model (1) as a first-order ordinary system
i=L7+ Q7)) + M%) (27)

in the Banach space Y := ¢?x/¢?, where

- (ﬁ) i= (2 (1)) Q@D = (Q<g,y))’ M@ = <M?x))

with L defined by (3), and

M
Q. 0)); = 2 [(@j5m—2) Wy 4m—1) = (=25 ) (U5 =Yj—m)] — Bow;y;,
" (28)
M
[M(@)]; = Y [om 2 (@5 4m—25) = Vma (=2 m)] — wa(z;) (29)

with vy, 2 and wy defined in (15).
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On the Banach space Y we use the energy norm

M
I, I3 = el + Iyl with l2l% =Y ama D lejrm—;l + G|zl

m=1 JEZL
(30)
and [ly[|7> = 3¢z [y;1>. The norms |- [|pz and || - || g are equivalent by our stability
assumption (SC):
P2zl < llzllE < pd el (31)

with p2 = min{w?(¥) : ¥ € [—7, 7]} and g3 := max{w?(¥) : ¥ € [-m, 7]}, which
follows easily by Fourier transformation.

The full oscillator chain is a Hamiltonian system whose solutions make the sum
H of kinetic and potential energy

M
He,d) = Ll + 30 [ 3 Vinlag ) + W ()]
JEZ m=1
constant with respect to time. The norm ||-||y is defined in such a way that its square
is twice the quadratic part of H. The flow of the linearized system (3) preserves
this norm: The solutions 7 : ¢t — Z(t) = 'BZ(0) of (3) satisfy |Z(t)|ly = [|Z(0)|y
for all t € R (cf. [19, Proposition 3.1]).

The dispersive scaling 7 = €2t means that a Gronwall estimate for the errors
has to be made on the microscopic time interval [0,79/2]. If Q vanishes, then the
remaining nonlinearity M in (27) has Lipschitz constant O(g?) in a ball containing
X2, However, for é # 0 the Lipschitz constant of @—HT/[/ is O(e). Hence, the
Gronwall-type argument for the error control works in a natural way for systems
(27) with Q = 0 only, see [19]. To apply the Gronwall argument here we follow the
approach devised in [35] and apply a normal-form transformation on the system
(27)), with the aim to transform it into a system with only cubic and higher order
nonlinear terms. We introduce the normal-form transformation F': Y — Y with

y=F(@):=z+ B(z,%), (32)

where the bilinear form B : Y XY — Y remains to be determined. Applying this
transformation on (27) we obtain

y=Ly+Q@ %)+ M) (33)

with
Q(z,7) = —LB(%,7) + B(L%,7) + B(7, L7) + Q(7, 7), (34)
M (%) := B(Q(Z,%)+M(%),%) + B(Z, Q(Z, 7)+M(F)) + M(%).  (35)

The terms of quadratic order with respect to z are given by Q. The terms of cubic
and higher order of  are subsumed by M. B
Now we require for B = (Bj, Bs) to satisfy Q(Z,Z) = 0 for all z € Y. This is
equivalent to
By(%,%) = Bi(L#,%) + B1(3, L7),
LB (Z,7) — Bo(Lz,Z) — Ba(7, LT) = Q(x, x).
Setting N N
32(57@ = Bl(L'ffag)""Bl('%aL@v (36)
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the first equation is fulfilled, and the second reads
LBi(%,7) — B1(L?%,%) — 2B, (L%, LT) — By (%, L*%) = Q(x, z),
i'e'a by Bl(%’ E) = Bl(xv IE, Z, m))
LBy (z,2;x,2) — By(Lx, Li; o, &) — 2By (&, La; &, L) — By (x,@; Lz, L) = Q(z, ).
(37)
We determine By : YxY — ¢2 via its Fourier transform. We denote the Fourier
transform of z € ¢2 by 7 € L*(T) with T = R/27Z, where
z(9) = ij e % for ¥ € T.
JEL

The inverse of the Fourier transform is given by

1

A i) it ~
5 z(9) e dy for j € Z.

CEjZ

For the linear operator L defined by (3) we have L7 := Lz : 0 — —w?(9) (V).
Using the convolution

Ty(0) = % /Taw—e)y(e) A6 := (F*)(¥) forz,yel® 9eT,

we obtain for @) defined by (28) the Fourier transform

AEDIO) = Qo)) = o [ 0-0aw. 050000 (39)
with
M
q(¥,0) :=2i Z O 2 [sin(md)— sin(m(J—0))— sin(mb)] — fs. (39)

The Fourier transform of By (Z,9) with 2=(z1,22), =(y1,y2) € Y=(?x(? has the
general form

[El(ﬁ@}( ) : Bl(z )
~ bia(9,0)  bia(9,0) (G1(0)
1 / (31(9—0), T2(9-0)) (b;w,g) b;z(ﬁ,9)> (z%(@) 4

for ¥ € T. Thus, the Fourier transform of equation (37)

~

— 2B (7,77, %) + B1 (W%, w3 7, 7) — 2B1(Z, —w?T; 7, —w?E)+
+ B3, 7;w°%, w%%) = Q(7,7)
holds for all (Z,7) if and only if
b11 b12 w2(19—9)w2(9)b22 —w2(19—9)b21 _(q 0
04(19, 6) (b21 622) - 2 ( 7&)2(9)1312 bll o O 0
with a ("9, 0) := w?(9—0) + w?(0) — w?(Y¥) holds for all (9, 0) € (—n,n]2. This yields
aq 2q
OZQ_,BQ’ b22: a2_ﬂ27
with B(9,0) := 2w(9—0)w(d), provided that (a®—p3%)(9,0) # 0 for all (9,0) €
(—m, m])?. Hence, in this case By : Y XY — (2 is given by

Bi(Z,y) = bi(x1,91) + ba(w2,2) for & = (21, 22), ¥ = (y1,¥2), (41)

b11 = b12 = b21 =0 (40)
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where b; : ?x0? — (2, i = 1,2, are defined by

~ 1
~ o~

(T, i) (0) = —
B G0) = 5-
with the b;; determined by (40). From (36) we obtain By : Y XY — (2

By(z,y) = bi(x2,y1) + b1(21,y2) + ba(Lay, y2) + ba(x2, Ly1) (43)

for T = (x1,22), ¥ = (y1,y2). This determines B : Y XY — Y with B = (B, Bs).
Since

/ F5(9—0)bss(9,0)§:(0) A0 for 9 € T (42)

(0 =B%)(9,0) = [w(I—0)—w(0) —w(V)] [w(—0) —w(6)+w(V)]

X [w(i=0)+w () —w(0)] [w(I—0)+w(f)+w ()], (44)
the condition (a?—32)(49,0) # 0 is fulfilled for all (9, 0) € (—, 7]? if and only if our
uniform nonresonance condition is satisfied:

3 C’unlf H_l{ 2 |w(ﬁ)+(_1)sw(0)+( ) (19 9)‘ > Cunlf > 0.
9,06 (—m,]
(NR3)unit

(In the case of only nearest-neighbor interactions M = 1 (NR3)yupif is equivalent to
min{f1, (16/3)a1 1+01} > 0, cf. (24) in Proposition [11)

Since B = (B1, B2) is given via (41)), (43)), in order to obtain an estimate for B,
we use the following estimate for a (general) bilinear form b : £2x(? — (2.

Proposition 2. For a bilinear form b : £2x£% — (2 with the Fourier transform
~ 1
BEDI0) = o [ F0-0)3(0.0)5(6)d6 for sy € and D €T,
T

™

where 3 € H3(TxT), there exists a ¢, > 0 depending on (3, such that the following
estimate holds:

Ib(z, e < collwllezllylle  for z,y € €.

Proof. The general form of b is given by
[b(x,y)] Z bk ey for j € Z.
klEZ

Using the translation operator 7' : ¢2 — ¢* defined by (T'xz); := xj11, we obtain
Tv(z,y) = b(Txz,Ty), since

e S 1 o ~ o~
Tb(z,y)(9) = e [b(Z,7)](9) = g/ O=02(9-0)8(9,0)e5(0) A0 = [b(Tx, Ty))(9).
Thus, from

Z bkl TrYr = Tb(»’”ay)]j = [b(Tx,Ty)]j = Z bi,l$k+1yl+1 = Z bi_u_litkyl
k,l€Z k,l€Z k,l€Z

we obtain bi,z = bi:lu_l and, hence, iteratively bi,z = bg—jJ—j for all j, k,l € Z.
Since bi,l = [b(e*, e!)];, where {e* : k € Z} with (e*); := 6j; (6 the Kronecker-

symbol) and e¥(¥) = e~ 7% is the orthonormal system of the Hilbert space £2, we
have

o= bk, Dlo = 5 [ Bk e a0 = 5 [ [0 500,00 agan
' m

2T
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Using the Fourier representation of (3
B,0)= D bupe T with by = / / B, 0) 0 4 dg,
m,n€”z
we obtain bk’l =b_p x—1. From 8 € H*(TxT) it follows

1815

bl <C
| ) | (1+m2+n2)5/2

for all m,n € Z.

Hence, we obtain

1815

for all j, k,1 € Z.
T+ k)2 + (kD22 r A hmEE

|b l|_|bk J,l— J‘_|b]'*k’k*l|gc

By this, we have

oG, )l <> | D 1bgllexllvl

jez \kiez
2
< UM Y (zmz L Wz)
JE€Z \keZ €7
2
<ttt S (X il S )
JEZ \k€Z leZ
2
< C?|IBI3Ilyl7 (14+2¢ (5/2))* D (ZI | IENIEE ]s/4>
JEZ \k€Z
< C?|IBIE Iyl 7~ (1426 (s/2)) [l 7,
where we used
lz # yll72 < lelZllylf with  (zxy); =Y @y,
keZ
=1
Z— for p> 1.
k=1 kv

Choosing s = 3, our proposition holds with ¢, := C2||3||3(1+2¢(3/2))*.

We can use the previous proposition in order to obtain an estimate for B =
(B1, By) in the case where the uniform nonresonance condition (NR3)yni¢ holds. By
(44)), and the analyticity of w and ¢ given by (39), the b;;(9,6), i = 1,2, defined by
(40)) are analytic with respect to ¢, 60 € (—m, 7|. Hence, there exist ¢; > 0, such that

bi (2, y)llez < cillzllezllylless for z,y € £2,i=1,2.

By the definitions of B; (41)) and By (43), and ||y]|co := max{||ly1|lee, ||y2]le=}, we
obtain

IB1(Z, )17 < (b1 (21, y1) lez+1b2 (22, y2) |l e2)?
< (erllzrflee+eallzalle) 712,

IB2(Z,9) 172 < (161 (22, y1)lle2+ 1101 (1, y2) |2+ b2 (L1, y2) |2+ b2 (w2, Lya ) [l ¢2)?
< (14202 (|| [z 42l 2) (|71 2
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where we used ||Lz|pz < C|z|l¢z and ||Lz|j¢e < C||x|lg. Thus, setting ¢ :=
max{cy, ca}, and using (31) and ||z1]|ez+||22llee < pl|Z]ly with p:= (p— +1)/p—,
we obtain

IB@ DY < wi1BU@ DE+HB@, 9l < Colzl Iyl forz,geY (45)
with C% := p?c?[p3 +(14+C)?]. By [|7]loc < pl|7ly . this yields also
1B, y)lly < pCallzllyllyly forz,yeY. (46)

Moreover, B : YXY — Y is symmetric. Indeed, from ¢(¢,9—-0) = ¢(¥,90),
a(¥,9-0) = a(9,0) and [(¢,9-0) = B(14,0), we obtain b (9, 9—0) = b; (¢, 0) for
i=1,2 (cf. (40)). By

@D =5 [

277']1‘

= [ #0)bu(9.0)5(9-6) d6 = [b,(5. D) (9).

2(0=0)bii (0, 0)y(0) 4o

it follows b;(z,y) = bi(y,z) for z,y € ¢2. By (41), (43), we obtain B,;(z,7y) =
Bi(y,T), i.e.,, B(Z,y) = B(y,7) for z,y € Y.

Hence, in the case where the uniform nonresonance condition (NR3)upir holds,
we obtain by the normal-form transformation F': Y — Y with F(z) = + B(z, 2),
where the bilinear form B = (By,Bs2) : YXY — Y is defined via (41), (43), the
system

J=Lyj+M(x) with M(Z)=2B(Q(Z, )+M(Z), %)+ M(T).  (47)
By the Implicit Function Theorem, the inverse mapping p := F~! of the trans-

formation F' exists on a ball B, (0) C Y of radius ¢, > 0 and center F'(0) = 0, and
it holds p € C*(B,(0),Y) and Dp(0) = I. Hence, it exists a C, > 0, such that

o) —p(@)lly < Cpllyr—y2lly  for y1,y2 € Y with [[g1ly, [|92lly <&, (48)

Indeed, by the properties of B, the Fréchet derivative of F' is given by DF : Y —
L(Y,Y) with DF () = I + 2B(%,-) and, thus, DF(0) = I. Moreover, (46)) gives
F e CYY,Y), since

|DF(Z)—DF(Zo)| cev,y) = 2[1B(@—T0, )|l z(v,y) < 2uCBlZ—T0|ly for Z,70 € Y.

Thus, for sufficiently small Z € Y the system (47) reads

i=I5+N@ with N(G):= (o). (19)

By the definition of M and p(3) = ¥ + O(y?), the nonlinearity N of the trans-
formed system (49)) has only cubic and higher order terms, but no quadratic ones.
As already mentioned, this is the crucial motivation in applying the normal-form
transformation F' on the system (27)), since it enables us to apply the Gronwall type
argument already used in [19] for the justification of the NLSE derived for systems
with cubic leading terms in their nonlinearity (cf. Section 4.2).

In order to illustrate the normal-form transformation better, let us consider the
simplest example of an oscillator chain with only nearest-neighbor interactions and
a quadratic nonlinearity

.fj = (L.I)J — 5233?, where (L$)j = a1($j+1—2xj+xj_1) — 6133]‘
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with a1, 31 > 0 and dispersion relation w?(9) = 2a;(1—cos¥) + B1. According to
the general framework we presented above, the normal-form transformation has the
form

y = — Balb(z, x)+c(z, 2)],
where the bilinear forms b, ¢ : £2x¢2 — (2 are given by

b(w,2)]; = Y bj-kkormem With by, = 47T2 el @m+on) 49de
k,EZ
and
[C(w,x)]j=}§;chfk,k4xkxz with ¢ = 47r2// 0.0 el (Im+0n) 4940

and with (19, 0) := w?(9—0)+w?(0) —w?(¥) and v(9, 0) := a?(¥, ) —4w? (I—0)w?(0)
(cf. (32), (39), (40) and the proof of Proposition[2)). Since a1, 51 > 0, it isy(¢,0) # 0
for all (9,0) € T? (cf. (24) in Proposition [1). The transformed system has then the
form (cf. (47))

y = Ly - 25'2 [b(l'Q, .’E)+2C(.’ELL', i.)+c(x27 2L.’E—ﬁgx2)},

which obviously has only cubic and biquadratic nonlinear terms in x,2. By using
the inverse normal-form transformation as described above we obtain cubic and
higher order nonlinear terms in y, 3.

4. The justification of the NLSE.

4.1. Estimate of the residual. The procedure of the formal derivation of NLSE
consisted in equating the left- and right- hand side coefficients of each term e*E™
of the expansion in such terms of equation (9) for k =1,...,p (and n =0,..., k).
Hence, for the improved approximation X ?’p with the Ak,n calculated in Sectlon 2
the residual terms have the form

res(X2P) i= XAP - LXAP — N(XAP) = Pt (pDp—pLop o Nopy 0 (50)
(cf. (10)), (13) and (16)). From (11) we obtain that there exists a Cp > 0, depending
onw: ¥ +— w(¥), o, and g such that for ¢ < g
ptd p

((rPP);(I<Cp Y Y Z Y 1070 Agu(r€)] (51)

k=p+1 1 n=—q rt+2v=k—gq,
p+1g= q P

with 7 = £2¢, £ = e(j+w'(¥)t) holds. Analogously, from (14) and (17) we obtain
that there exists a C' > 0, depending on w, Jg, Vi, W € CP*2(R) (m = 1,..., M)
and g, such that for ¢ < gy and &%t € [0, 7]

|(rEP) (¢ O+l M), (o)
P p—1 p l
Z ZZ 107 Avn (7, M e ZZ O Ay (7, 6)|

=1 n=0 r=01Il=1n

i

M p
+ ZZZ (108 Avn (7, 640,57 em)| + |0 Apn (7, =0y em))

11=1 n=0

with 9;15,{" € (0,1) (cf. (12)) holds. For the estimation of v,, , and w, in N(X2?)

we used the mean value theorem. Hence, the above estimate holds as long as
10 AL, (7, ) I~ ) < d is satisfied for all r = 0,...,p, I =1,...,p,n=0,...,l and
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all 7 € [0,79] (and C depends also on d). By Sobolev’s embedding theorem, this is
fulfilled if [| A, (7, ) lap+1 () < d for 7 € [0, 7).
Thus, applying Proposition 3.3 of [19]

8
> sup |6 ()’ < 2 olffuey for ¢ €H'(R), e € (0.1), c e R
jezs1=

we obtain

p+l p p

l
&Pl + IrX POl < e72CD NN 0> 108 Ava (7, )l -

s=1r=0 (=1 n=0

The same argument yields [|[rPP(t)|2 = O(e~/?) for ¢ < gg and £t < 79, if
and only if the derivatives appearing in (51) satisfy [|070f Agn(T,")mw) < c for
7 € [0, 70] and some ¢ > 0. If this is the case, by (50) and res(X2P) := (0, res(X2?))
we finally obtain

||res()~(;4’p)(t)||y = [lres(XAP) ()2 < CrePt/2 for e < eg and %t < 79.  (52)

Looking at our systems of determining equations for the functions 4; ,, and taking
into account that 0,4, 0;A3; is equivalent to 8§2A, 662‘42»1’ respectively, we see
that the needed regularity conditions on A;,, are satisfied for A(r,-) € HS(R) if
p = 3 (where Az ; remained undetermined and thus can be assumed as equivalently
vanishing) and for A(r,-) € H'(R) and As;(7,-) € H5(R) if p = 4. From the
determining equations of A and Aj ; it follows by standard arguments of the theory
of semilinear wave equations (cf. e.g., [32, [38]) that there exists some 79 > 0 such
that the required regularity on A and Aj; is preserved for T € [0, 7g] if we assume
initially A(0,-) € HS(R) in the case p = 3 and A(0,-) € H'(R), A21(0,-) € HS(R)
in the case p = 4.

Obviously, under this regularity conditions we obtain by the same reasoning
as above that for Xg“’P with p = 3,4 and the calculated coefficients Ay, (with
Ag,l = Ag,l =0 lfp = 3 and A371 = A471 =0 if p = 4) there exists a C' > 0,
depending on V,,, W,w, 99, A, 70 (and Az if p = 4), such that

IX2P @)l 1XEP @), IX2POez, IXEP ()]l < £M/2C

for e < g9 < 1 and €%t < 75, which leads by the definitions (30) and ||(z,y)| =
max{]|z([¢=, [|y[le=} to

[ XAP(1)|loo < eC,  |IXAP@H)ly <20, fore<ep<lande’t <7 (53)

with C; == C(u2+1)Y/2 (cf. (31)). Analogously, there exist Co,C5,C3 > 0 such
that

{||5<;"P<t>—)?f<t>||y <O RAPO-REMI <O

||)~(g4’P(t)—)?;4»2(t)||y < (O3eb/2 fore <eg <1, %t <.

After these preliminary remarks we start the justification of the NLSE (5) with
the case where the uniformly nonresonant condition (NR3)uni holds. As we have
seen in Section Bin this case we are able to transform the system (27) into a system
(49) with only cubic and higher order nonlinear terms, which allows us to use our
Gronwall type argument. Then, we will examine the situation where only the weaker
nonresonance condition (NR3)y, holds.
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4.2. Justification under the uniform nonresonance condition (NR3),y;f.

We consider the transformed system (49) § = Ly + N(7) and the associated trans-
formed approximation

P49 P(RAY) = K254 B(ROS, X0
The residual term of the approximation )7?’3 is given by
res(V/19) 1= VA9 - IVAS - N(VA9)
= X234 2B(XAS, XAS) — LXAS — LB(XAS, XA%) - M(X2#)
= X% 4 2B(res(XM), X2%) — LR = QXA A% — M(XA)
= res(X%) + 2B(res(X2%), XA,
where we used (34) (with @ = 0) and (35). From (52) and (53), it follows by (45)

[res(YA2) () |ly < Cre™?  for e <eg, €2t <75 with C, := (1+2C5Ce0)C,.
(55)

Inserting the error £3/2R := § — Y43 between a solution 7 of the transformed
system (49) and the transformed approximation YA into (49), we obtain by the
definition of the residual term res(Y43) the differential equation for the error
R=LR+e 32 [N(Y 3432 R)— N (V%) —res(Y ).
The semigroup associated to the linear problem R = LR is given by G(t) = ¢'®.
Hence, the differential equation for the error can be transformed by the variation
of constants formula into

R(t) =e'® R(0)
oo 9 [N (T3 (5) 452 i(s))  N(TAY(s)) — res(TA(s)]
0
(56)

Assuming [|Z(0)—X2(0)|ly < de¥/2, (54) yields [|Z(0)—XA3(0)|ly < (d+Cy)e%/2,
and thus by (53): ||E(0)+)£g4’3(0)||y < Kd—i—Cg)Egi—?C’ﬂ&lm for e < gy < 1. This
yields, by § — Y% =7 — X243 + B(7— X3, 2+ X23) and (46),

IRO)ly = *IF0)-Y2(0)]ly <d fore <ep <1 (57)

with CA{ZZ (CH—Cz){l—l—,uCB[(d+02)€0+201}€é/2}.
Now, let us assume for the moment that we can show, that there exist a constant
Cy > 0 independent of a given D > 0, and an ¢y > 0 depending on D, such that

IN(YA3(6)+€¥2R(t)) = N(YA2(0)|ly < Cne®||e¥*R(t)||y (58)
holds for ¢ < ey, €2t < 709, |R(t)|ly < D. Then, by |!®|ly_y =1, (55), (57) and
(58)), equation (56) yields

t
IR®)|ly <d+e? (CN/ IR(s)||y ds +tC’T> for £ < g, €%t < 79
0

as long as ||R(s)||y < D holds for s € [0,]. By Gronwall’s inequality, it follows

IR®)|ly < (d+e%Cp)eS 10N for e < g9, €% < 19
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as long as ||R(s)|y < D holds for s € [0,¢]. This is fulfilled if we choose D :=
(d+719C,.)e™N . Hence, for an £y > 0 associated to this D by (58)), we have obtained

5(8) Y2 @)y = |R)|lye®? < D> for e < eo, €% < 70.

For ||5(t)—=YA3@)|ly, |[YA3@®)|ly < e,/2 it is [|§(t)|ly < €,. Thus, since Z(t) =
p(H(t)) and XA3(t) = p(YA3(t)), it follows from (48)

IZ(6)=X23@)lly < Collg(t) =Y ()ly < C,De*/? for e < e, €%t < 7.
Hence, we finally obtain by (54)
|Z)—X2(1)|ly < Ce®? for e?t < 7,6 <eo <1 with C:=C,D+Cs.

Thus, except for the proof of (58)) that is presented below, we have established
the following theorem, which constitutes under the uniform nonresonance condition
(NR3)unit our justification of the validity of the NLSE (5) as a macroscopic limit
for the oscillator chain model (1)).

Theorem 2. Assume that V,,,, W € C5(R) in (1) have the form (2) and that the
stability condition (SC) and the nonresonance conditions (NR2)3 —and (NR3)unit
hold. Let A : [0,79]xR — C, 79 > 0, be a solution of the NLSE (5) with A(0,-) €
HS(R) and let X2 be the formal approzimation given in (4) with cg = —w'. Then,
for each d > 0 there exist €9,C > 0 such that for all ¢ € (0,e0) the following
statement holds:

Any solution T of (27) with an initial condition Z(0) satisfying

|12(0)—X2(0)[ly < de*/?
fulfills the estimate
|Z)—X2@)ly < C¥? for te 0,70/

(In the case of nearest-neighbor interactions (NR2)j is implied by (SC) and
(NR3)unif, cf. Remark [11)

Proof of (58). For y,A € Y with ||y|ly+[|Ally < €, and Z1 := p(y+A), Ty =
p(y) € Y we have by (49) and (35))

N(y+A) — N(y) =2B(Q(T1,71)—Q(F2, T2), 71) + 2B(Q(T2, ), T1—T2)
+ 2B(M(31)— M (%2), 31) + 2B(M (&), 71— 72)
+ M(3) — M(%).
From (45) |B(Z,9)|ly < CgllZ||l|l¥|ly it follows

IN (y+A)=N@)lly <2C5|71 )00 (1Q(F1, 71)—Q(F2, T)lly +I|M (@1)—M (32) Iy
+ 205 (|Q(T2, T2 )| oo+ | M (F2) |l oo )| T2~ F2 |y
+ || M (&)~ M (F2)|y - (59)
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By the definition of M (29), we have

M
1M @) -M) =3 ( S (@, —20) v o (e )

JEZ *m=1

2
o bl o2, e (e

with 2() 1= z; € ¢? for i = 1,2. Since vy, o(d) = O(d®) and wa(z) = O(2?) (cf.
(15)), it follows by the mean value theorem that for arbitrary § > 0 there exists a
constant C' > 0 depending on vy, 2, wa,d such that for ||z ||se, |2l < 8/u—

1 1 2 1 2 2
o2 (@ =)~ 2 (2, —2 )] < Ol |2+ 2] 2§~ =22, 42,

1 2
Dy w2<xj N < Cller |2+l 3 )2t —2?)
holds. Hence, we obtain

1M (1) =M (22)lle2 < C(llwa|F |22l ) 121 =22l for [[ealles, lz2]le= < 8/,

|wa (z

and thus, by M (%) = (0, M(z)), the definitions of || - |y and | - ||e and (31),
1M (1) =M (#s)lly < Crr (|2 + 112 ) |71 —~F2lly  for [|F [ly, ]y <5 (60)

with Cy := C/p_. By M(0) = 0 (since v, 2(0) = wy(0) = 0), this yields also
1M (&)[|oo < IM(&)]ly < CrrlFIZ )&y for [y < 6. (61)

Analogously, since

|(x(1) —x(l))

2 9 9
4175 ())|<2||$1+$2||eoo(|17 2, [+~ P,

—( (2)

J+ 1T

@' >> =~ < llovtaslles g —a5”)

we obtain, by Q(Z, %) = (0, Q(x,z)), the definition of Q (28), and (31)
1Q(F1,#1)=Q(F2, o) |y < CollTa+Ts|lool|T1—T2lv (62)

with Cg = C/u—, C* > 0 being a polynomial of |a,,|, (m = 1,...,M) and |Ba].
Moreover, it is

M
Q@ )l = [Q(x, )|l < Z | 2|+ 1B [2llFx < (6 lam, 2|+ 172
m=1

(63)
Inserting (60)—(63) in (59), we obtain

IN(+8) =Ny < CullF1lZ+IZ2l3) 17 —Z2lly for [F1]ly, [1Z2]ly <6,

where C,, > 0 depends on Cpg, V,,,, W and 9, with arbitrary 6 > 0. For z; =
p(y+A), T2 = p(y) with [|yly+[|Ally < €,, there exists a § > 0, such that
1Z1]|y, |Z2]|y < 6. Hence, we obtain by (48])

IN(+8) =Ny < CuCp(llZl3+1Z22) I Ally - for lylly+Ally <&, (64)

with C, > 0 depending on Cg, V,,, W and ¢,,.
For y := YA3(t) = X2A3(t) + B(X2A3(t), X23(t)), we obtain from (53) by (45)

lylly < 0151/2(1+CBC€) for e2t < 79, € < €.
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Let A := %2R with |R|y < D, D > 0, and choose & sufficiently small, such that
lylly +[|Ally < e,. Since Zo = p(y) = X2A3(t) and T1 = p(y+A), it follows by (53),
(48) and ||l < pllFly with = 2L
1710 < 171 =72 l0o+|Z2lloc < pllo(y+2)=p(y)lly + Ce
< pC,e¥2D + Ce < (uC,ey/*D+C)e  for 2t < 79, & < e, | Ry < D.
Decreasing g > 0 further if needed, we obtain for given D > 0 e.g.

|71 ]loe < 2Ce  for 2t < 79, € < 0, ||R|]y < D.

Inserting these estimates in (64), we obtain (58) with Cy := 5C,C,C?, which is
independent of D. O

4.3. Justification under the nonresonance condition (NR3)y,. In the pre-
vious section we proved Theorem 2 under the uniform nonresonance condition
(NR3)unit- Now we only assume the weaker local nonresonance condition (NR3)y,
for the given, fixed ¥y € T. Our approach follows closely ideas in [35].

By the representation (44) of v := a?—3%, (NR3)y, implies that there exist
¢,d > 0 such that

[7(9,0)] > ¢ for (9,0) € TxT with [9—g| < 26 (65)

(here and in the following the differences 9—vy are taken mod 27), which certainly
means that it is also

[v(9, —0)] > ¢ for (¥,0) € TxT with [9—1y| < 20.
By the structure of v, and since w is an even function, we have the symmetries
’Y(ﬁa _9) = 7(_0a ?9)’ 7(197 9) = 7(07 0)a 7(197 6) = 7(197 19—0) for (197 0) € TxT.
This yields
|v(9,0)] > ¢ for (9,80) € T'(Yy, 20)
with
I'(99,9) :={(9,0) € TXxT: [9+0o| <& V |0+9p| < V [9—0+0y| < 5}
(cf. Figure [2)).

Hence, the nonresonance condition (NR3)y, only guarantees that the denomina-
tor v = a2 — 32 of b1y, by in (40) is nonvanishing for (9, 6) € I'(Jg,d). Thus, we are
able to apply the normal-form transformation of Section 3 only in a neighborhood
of ¥9. We define B’ = (B, B}) : YxY — Y by (40)-(43) with the b; and b;;,
i = 1,2, replaced by b; and b, := xsbi;, respectively, where x5 : TXT — [0,1] is
such that x5 € H3(TxT), xs(¥,0) = xs(9,9—0), and

xs(9,0) =1 for (9,0) € T(Jy,0), xs(3,0)=0 for (¢,0) € TxT\ T'(Jy,26).
Analogously, we define Q' = (0,Q) : YXY — Y by (38), replacing @ and ¢
by Q" and ¢’ := xsq, respectively. The bilinear forms B’, Q" inherit the sym-
metry of B, Q (i.e., ¢(9,0) = q(¥,9—0), b;;(9,0) = b;;(9,9-0)), since (9,60) €
['(9g,9) & (9,9—0) € T'(Jg, d). Moreover, in analogy to the uniformly nonresonant
case (NR3)yunif, we have

2B'(L#,7) — LB (%,7) + Q' (,7) = 0 (66)
(cf. (34)). Thus, applying to (27) the normal-form transformation F’ : Y — Y with
j=F'(3) =3+ B'3),
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FIGURE 2. Sketch of I'(¥g, d) for ¥y € (—m, 7], § >0

we obtain
y=Ly+SZ7) + M7 (67)
with
S(7,9) = Q7)) — Q'(T,79),

M () := 2B (Q(F, )+ M (%), %) + M(Z). (68)
By definition, S(Z,7) = (0,S(z,y)) with S(z,y) := Q(z,y) — Q'(x,y) is bilincar
and symmetric, and has the Fourier transform

[QﬁmWWZQZ@wF;L/

z(9-0)s(9,0)y(9) do
2 Jr

with s := (1—xs)q. Since b;, s € H3(TxT), we obtain by Proposition 2

13z )2 < cillzllezllylle (E=1,2),  IS(@,y)lle < csllzllellylle=  (69)

for z,y € ¢, and thus
IB'@ Dy < CxllElyllglle, 1S@E Dy < CsllEly[7lle  for &7 €Y (70)
c; (cf. (45)),

i

with Cg = ¢;/u— and C defined by Cp with ¢, ¢; replaced by ¢/,
which yields also

IB'@ Dy < uCxl@lygly, 1S@Dly <pwCs|@ygly — forz,jeY
(71)
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(cf. (46)). Thus, like for p = F~1 it follows from the Implicit Function Theorem
also for p := (F')~! the existence of constants C,, &/, > 0, such that

10" (1) =p" (@) ly < Collg1—2lly  for y1,92 € Y with [[7a]ly, [[%2lly <&, (72)

(cf. (48)). Hence, for sufficiently small € Y the system (67) reads in analogy to
(49)

F=Li+SGR+ NG with S5 = (@0 @), N'(7) = M’(p/@). |
73

Since we were able to apply a normal-form transformation only on a neighborhood
of Jy, it is obvious that the transformed system (73) contains still a quadratic term
S'(g,9) related to (9,0) € T?\ I'(Jg,4). Even if this term can be controlled (cf.
(82)), we will see that its existence means that for a justification result in the sense
of Theorem 2/ we can only obtain estimates for the error between original solution
and approximation of order e with a > 2 in comparison to the order £3/2 appearing
in Theorem 2, where the stronger uniform nonresonance condition (NR3),nir was
assumed. In order to show that this increase of the order « is necessary, we present
the method of justification in a more abstract way then in Section 4.2, and deduce
the needed order «.

In Section 2 we carried out the formal derivation of the NLSE for the multiple
scale ansatz XA given in (8) for p = 3 and p = 4. (In the uniformly nonresonant
case p = 3 was sufficient; in the present case it will turn out that we need p = 4.)
This means that we inserted (8)) in our original microscopic model (1) and equated
the left- and right-hand side coefficients of each term e*E" for all k = 1,...,p, n =

—k,..., k. Thus, we obtained determining equations for all macroscopic functions
Agp (or set A, = 0), and moreover, as showed in Section 4.2 the estimate
res(XAP) (1) |ly < CrePt/2 for e < g9 and €2t < 79 (52)

under certain regularity conditions on Ay, and for potentials V,,,, W € CPT2(R).
For p = 4 it suffices to require V,,, W € C®(R), and A(0,-) € H(R), A>1(0,-) €
H(R) for the solutions A of the NLSE (5) and As; of (7), which guarantees that
there exist constants C'4, 79 > 0 such that

Jnax (|07 0g AT iz + max (1070 Az (7, ) e < Ca for 7 <70 (74)

(cf. Section [4.1)).
Then, considering the transformed system (73) and the associated transformed

approximation YA® := F/(XAP) = XAP 4 B/(XAP, XAP), the residual terms are
given by

res(VAP) .=y A» _ Ly A _ g/(YA» YAP) _ N/(VAD)
YA 4 oB/(X AP XAP) _ LXAP _ LB/(XAr, XAP)
— §(Xdr X29) — ] (X17)
= XA 4 9B (res(X A7), XAP) — LXAP - QUXA%, XA7) — M(X27)
—res(XAP) 4 2B/ (res(X 4P), X A7),
where we used (66) and (68) with z = X?’p. From (52)) and (53), it follows by (70)

[res(YAP)(1)|ly < ClePT /2 for e < &g, €2t < 79 with C'. := (14+2CCeg)C,.
(75)



EVOLUTION OF PULSES IN OSCILLATOR CHAINS 519

Inserting into (73)) the error R = — }7?”’ between a solution y of (73) and
the transformed approximation Yf’p7 we obtain the differential equation for the
error

R =LR 4 & @[S (VAP 4R Y AP 4R =S (Y AP, VA7) +
+ 5_0‘[N’(f/?’p—l-eo‘é’)—N’(f’?’p)] — e_ares(f’?’p),

which, using the semigroup G(t) = ¢'® associated to the linear problem R’ = LR/

and the variation of constants formula, yields
IR0y < IR O)y+
veo [ (IS (T (6) e B (5), P27 (5)427 R (3)) - (A7 (3), A7 (3)) Iy +
+||N’(??’p(S)%aE’(S))—N’(??”’(S))Hy+|\reS(57?”’(8))Hy) ds. (76)

Now, let us assume that there exist constants d’, C.., C'y, C¢ > 0 independent of a
given D’ > 0, and an g9 > 0 depending on D’, such that the estimates

IR 0)]ly < d, (77)
[res(Y27)(t)|ly < Cle®t?, (78)
IN'(YAP () 4R (£)-N' (Y27 (1)) |y < Che* 2R (t)]v, (79)

IS" (V2P ()4 R (), VP (1) 4 R(1)) =S' (Y 2P (), Y27 (1) ||y <
< Cge* 2R ()l (80)
hold for e < g, €2t < 79, |[R'(t)|ly < D’. Inserting these estimates in (76), we

obtain by Gronwall’s Lemma for D’ := (d'4+7C")e™(Cx+C5) and its associated
g0 > 0 the estimate ||R/(t)|ly < D' for € < eq, €%t < 79, i.e.,

5 —=Y AP (t)|ly < D'e* fore < ep, £t < 7

(cf. the argument in Section 4.2). Thus, for £ > 0 such that ||[7(t)—YA?(t)|ly <
e /2, IV (t)|ly < &),/2 the inequality (72) yields

|Z(t)—-X2P () |y < CoD'e™ for e < &g, €%t < 7,

and for a € (2,5/2] we obtain by (54)3

|Z(6)~X22(6)|ly < C'e® for et <mp,e<eg <1 with C':=C\D +ey/ > "Cs.

Let us now verify the estimates (77)—(80), and thereby deduce the required values
of aand p: Since N’ consists of the cubic and higher order nonlinear terms, the proof
of (79) follows along the same lines as that of (58) in Section 4.2: By (68)), (70)4,
(72), (73), we obtain for &} = p/(YAP(t)+e* R/ (1)), Ty = p'(YAP(t)) = XAP(t)
under the condition

IYAP@)ly + 1R (0)]ly <, (81)
the estimate

IN' (Y27 ()R () =N (Y27 () |y < CrLly (1 3+ IZ5 )21 B (8) |y
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with C}, > 0 depending only on Cj, V;,,, W and &), (cf. (64)). Moreover, for a > 1
we can show, that for given D’ > 0 there exists an g > 0 such that (81) and

|1Z1 12+ 175]5 < 5C%* for € < eo, € < 7o, |R'(1)|ly < D'
are satisfied, with C' > 0 independent of D’. Setting CY := 5C;LC;)C2 we obtain
([79).
In order to prove (80), we decompose S’ using its bilinearity and symmetry (with
T, T, as before):

S (YAP(t)+e“R (1), YAP(£)+e“R (1)) — S' (Y AP (1), Y27 (t))
=S(@) ~h, ¥} —Th) + 2S(X2P (1) - X2 (1), 7 —Th) + 25(X2 (1), T~ T%).

By (72) we obtain under condition (81)) ||z} —Z4 |y < €°‘C’L||]§’(t)||y. This yields by
(T1)2
I1S(@ ~75, 7 -&) |y < e uCs(CP IR (I3,
and by (54)2 and (70)9
IS(X24 ()= X2 (2), 2y =)y < &> CsCHC || R (1)

for e < g9 < 1, €2t < 7y. Finally, let us assume for the moment that we can show
that there exists a C'p > 0 such that

IS(XA(1),%)|ly < CsCpe?|Zlly forZeY ande <ep, 2t <m.  (82)
Then, for given D’ > 0 there exists an €9 > 0 satisfying (81) and
1" (V22 (8)+e R (1), Y P (1) 4+ B (1)) = ' (Y22 (1), Y22 (1) |y
< 2050 (e§ 20l D' + 2Ch + 20p)||R (1) ||y

for e < g9, €2t < 79, |R'(t)|ly < D’. Thus, in order to obtain (80) with a constant
C independent of D', e.g., C's = 2C5C) (uC),+C5+Cp), which for given D’ can be
achieved by controlling £¢, we have to require o > 2.

The estimate (78) for the residual res(Y 4®) follows from (75) if p+1/2 > a + 2,
with C/ := CN’LESH/?_Q_?. Since we need o > 2, we require necessarily p > 3/2, i.e.
at least p = 4, which is also sufficient for @ < 5/2, and optimal for o = 5/2.

Finally, estimate (77) is equivalent to ||7(0)— }7’4”’( 0)|ly <e*d for e < gg. By
y— YA’p =I— XA’p+B’(x XA”’ T— XA*”)+2B’(:£ XA”’ XA”’) and (71)1, (53)2,
it has to hold [|Z(0)—X2?(0)|ly < e®d for e < g and a d > 0. For a € (2,5/2] this
is by (54)3 equivalent to the assumption [|#(0)—X22(0)||y < e®¢ for e < gy and a
d >0.

Hence, except for the estimate (82)) which is proven below, we proved the following
result for the case were only the nonresonance condition (NR3)y, holds:

Theorem 3. Assume that V,,, W € CS(R) in (1) have the form (2) and that
the stability condition (SC) and the nonresonance conditions (NR2)5 and (NR3)y,
hold. Let A, Aa; : [0,79]xR — C, 79 > 0, be the solutions of the NLSE (5) with
A(0,-) € H'(R) and of (7) with A21(0,-) € HS(R), respectively, and let X2 be the
formal approximation (6). Then, for each ¢’ > 0 there exist €9, C' > 0 such that for
all e € (0,e9) the following statement holds:
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Any solution T of (27) with an initial condition T(0) satisfying
1Z(0)—X22(0)||y < de®  with o € (2,5/2)]
fulfills the estimate

1Z()-X22 @)y < e for te[0,70/e%).

(In the case of nearest-neighbor interactions (NR2)j, is implied by (SC) and
(NR3)y,, cf. (23) in Proposition [11)

In particular, the theorem holds for As1(0,-) = 0. Then, the approximation
X2 depends only on the solution A of the initial value problem for the NLSE (5)
with A(0,-) € H'(R), since Az can be calculated by (7) with As1(0,-) = 0.

Proof of (82). It suffices to prove the existence of a C), > 0 such that
IS(XA(t),2)|le2 < csCpe?||2||lz for z € £2 and e < &g, €2t < 79
with the ¢y > 0 given by (69)2. We define P : £2 — (2 by Pz = Px = ~Z with
0 for ¥ € T with |9+00| < 4,
1(0) =
1 else

with the 6 > 0 given in (65). Thus, by the definitions of S and T'(d,0), we
obtain v(9—0)s(,0) = s(3,0)vy(0) = 5(19,9) for all (¥,0) € TxT, which implies
S(Pz,y) = S(z,Py) = S(z,y), and hence S(Pz,y) = S(z,Py) = S(z,y). This
yields by (69)
||5($,Z)Ilfz2 < csl|Pafles [|2[|e2-
Since ||z||7x < [|z|% = ||§||i2(1,) = 5= [1|Z(9)|? d¥, it remains to show
[PXA(1)|2(my < Cpe® for e < e, €2t < 7. (83)
Setting a; := a(ej) := A(e*t,e(j+w't)) for j € Z, we obtain
[X2(1)](9) = ee“"a(W—v0) + ee”“ a(—I—y),
and hence R
[XZ@OIWO) < e22([a(0 o) +[a(—9 o) *).
By the definition of P, this yields
IPRAOm < 5= [ R
<Inl<7T
Considering ¢ € 2 with ¢9 =1, ¢y = ¢_1 = —1/2 and ¢, = 0 for k € Z, |k| > 2,
we obtain ¢(n) = 1 — cosn and

1 LN o
amPdn < —— N2 2T 2
/5<|77|<7r [atm)l”dn < (1—cosd)? /ﬂr [emaiml”dy (1—cos )2 I+ alle

Since

1
(@xa);1> =1 drajkl* =la;— (ag+1+aj DI? = 4(e511-a;)—(a;—a; )"
kEZ

et . et ittt 2
= Z|a (ex))—d'(e = —| '(ex dx| < Z( ; la" (ex)| dz)

—1
64 J+1
< —/ o (e2)|? dz
2 j—l
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with z €

T €(—14),zf €(j,j+1), we obtain

I+ al% < &* / o (0)]? do = & / la() € = |0RA(t, ) 22 ny-

Hence, by (74) we obtain (83), and thus (82), with C), := 53/22CA/(17 cosd). O
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