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1. Introduction

Our study is motivated by the analysis of spatial dynamics of the time independent
Navier—Stokes system near the instability threshold of a fully symmetric steady
state in cylindrical domains (z1,y) € RxQ, where €2 is the cross section. A variety
of bounded solutions to the Navier—-Stokes system, that are uniformly close to
the basic steady state, were found in Poiseuille, Couette—Taylor and Kolmogorov
problems. The study of the Cauchy problem in the functional space that includes
all solutions found in that way can not be restricted to the phase space LP(R x Q)
with p € [1,00) since not only a variety of xi-periodic solutions with different
periods, but also bump and (multi) pulse solutions should be considered as the
initial data cf. [19, 4, 3, 5]. The natural question is to find a functional space where
the Navier—Stokes system is globally well posed for any initial data and which
contains all spatially inhomogeneous solutions found by the bifurcation analysis.

* This research was partially supported by Alexander von Humboldt-Stiftung, by REFBR-
050100947 and by INTAS-0899 Attractors for Equations of Mathematical Physics.
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To our knowledge the first step in this direction was done in [23], where it is shown
that in the 3D Couette—Taylor problem slightly above the instability threshold all
solutions starting L close to the Couette flow exist for all ¢t € [0,00) and stay
L close to it.

The main purpose of this work is to develop this program for the two-dimen-
sional problem that goes back to the celebrated Kolmogorov question. Suppose
that the fluid motion in R? is generated by the action of a volume force F™*.
We denote coordinates on R? as (z1,22). Defining the Grashof number G :=
1 E* | oo f—j, where v is the viscosity and L is the unit length, and taking the velocity
units ¥ we arrive at the following non-dimensional form of the governing equations

ot (1.1)

{a—u+(u~V)u+gradpAu+F, V-u =0,
u\t:[) = U,

where F' = Gf with ||f||oc = 1 is the forcing, u = (uy,u2)" is the velocity field
and p is the pressure. A. N. Kolmogorov (see [22]) suggested to take

F = (Gf(x2),0)T with f(x3) = sin(zz) (1.2)

and to study how the dynamics of the problem changes if the parameter G €
R, increases. There are various reformulations of Kolmogorov’s original question
(e.g., [8, 12]), but it is still unclear if the Navier—Stokes equations are dynamically
nontrivial on T2, i.e. when the additional periodicity assumptions

u(t, z1,x2) = u(t,x1, 22 + 27), w(t,z1,22) = u(t,x1 + 27/, 2) (1.3)

and the mean flow condition

dof 27 p2n/a
Q= / / u dzy dzy = (0,0)7 (1.4)
0 0

are imposed.

The Kolmogorov flow provides us with an important hydrodynamical example
of the isotropic and negative eddy viscosity, see [15]. Recall that eddy transport
coefficients are used to characterize the way a given basic cellular flow responds
to weak large-scale perturbations. Negative eddy viscosity has been used as an
explanation of common instabilities in astrophysical and geophysical flows, for
instance, for the differential rotation of the Sun.

Stability and bifurcation of the basic steady state U.(x2) = (U(z2),0)T, p =
const of the problem (1.1)—(1.4) were studied in [22, 20, 2]. It was demonstrated
that for U(x2) = Gsinzy the minimal critical Grashoff number Gy = V2 corre-
sponds to the wave number ov = 0 with the stability exponent A(a, Gy) = 0 and
that the neutral curve of stability o — G(«) is monotone. It was demonstrated in
[2, 1] that the same is true for more general forcing terms. That is why the loss
of stability and the eventual transition to turbulence is especially interesting for
a =0, i.e. for the problem in the unbounded domain O = R! x S'.
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In [3], [6] the existence of a family of stationary, spatially periodic solutions of
the problem (1.1), (1.3) was demonstrated that limit in pulse or front solutions.
The family of these stationary solutions u(e;x1,22) can be described by the ex-
pansion u(g; 1, x9) = U, (x2) +ey(ex1)(v2sinz2, 1)T + O(£?), where 2 = G—Gy
and v(z) is any bounded solution of the equation

% (7 + gv - gf) =0. (1.5)
Notice that the investigation of stability of homoclinic and heteroclinic solutions
found in that way requires the study of Navier—-Stokes dynamics in the space of
spatially non-decaying solutions in the domain Q.

Since stationary solutions mentioned above are not only bounded, but also
smooth it is reasonable to study the dynamics generated by the Navier—Stokes
system in the space BUC(Q) of bounded uniformly continuous functions or in
L>(0). For these phase spaces the existence of the global-in-time solutions for
the Kolmogorov or Poiseuille problem, where 2 = S! and Q = [—1, 1] respectively,
was not established so far. In such open systems there is of course the problem that
the mean flow is not defined from the equation, see Section 4.4 for non-uniqueness
results due to this effect. This means that the proper choice of the function space
for u and p is a delicate matter: it should include all physically interesting solutions
and it should exclude any kind of unreasonable examples.

A recent survey on the existence of the spatially decaying solutions to the
Navier—Stokes problem in various bounded and unbounded domains in R™, n > 2,
is given in [7]. Most of the results are devoted either to L? theory, p € (1, 00), or to
the exterior problem, where solutions with finite Dirichlet integral are considered.
Asymptotical self-similar decay to 0 for all small initial data in R? is shown in [14].
None of them covers the Kolmogorov problem on R? or Q. Recently, several articles
on the local existence, regularity and decay properties of solutions to the Navier—
Stokes problem in R™ were published (see [21] and the references therein). In these
papers it is supposed that the fluid fills the entire space and is not subjected to
any external force. The specific features of such problems are the absence of the
determining parameters like Reynolds or Grashof numbers and the presence of the
full symmetry group of the Navier—Stokes system. That is why shift and dilation
invariant estimates play the crucial role in the analysis.

Moreover, the Cauchy problem for the Navier—Stokes system without a forcing
term was studied in [17, 16, 18] for the initial data in BUC(R™),n = 2,3. These
papers and [11], where a localized force F' € L%(R?) is allowed, are most closely
related to our study. They provide global well-posedness and an a priori bound of
the type Cexp(C exp(Ct)) for spatially localized forcing. Our main result is the
similar global well-posedness of the Cauchy problem to the Navier—-Stokes system
(1.1) with ug € BUC(Q) and F € C([0,00),L>(0)), but our a priori bounds will
be polynomial for bounded forcing.

To obtain these bounds and uniqueness we have to make assumptions on the
pressure which suppresses additional pressure gradients. As in [17] we use Riesz
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operators on L>°(0) to define p(t) € BMO(Q), see Section 2. In the 2D situation
a very helpful tool is the vorticity equation

0w — Aw + (u-V)w =rot F, with w’t:O = rot uy,

where w = Ouy — Oyug, which yields an L*°(0) bound for w by the maximum
principle, namely

lw(®)lloo < [lw(0)[loo + /0 [rot F'(s)|[oc ds. (1.6)

The problem is to return back to the velocity field u : Q — R? via
divu =0, rotu=w.

Using the explicit form of Green’s function of the Laplace operator Ag we are able
to estimate u, except for the cross-sectional mean flow

1 2w
m(t,z1) = Pu(t,zq,-) :/ u(t, 1, x2)dag 1= —/ u(t,z1,x2)dze.  (1.7)
st 2T 0
Using ||lu — m||eo < C|lw]|oo and the Navier-Stokes equation we finally obtain

[u(®)]loo < C(luollors [|Fllcgo.0.Lo @) | 0t Fllego.g.Le o) (1 +)*.

If [ I1F(s)lloo + [Iot F(5)[|oc ds < oo, then we obtain [Ju(t)]e < C(1+t). We
do not know whether these estimates are sharp. However, in Section 3.2 we show
that it is easy to find solutions with F(¢) = F # 0 such that ||u(t)]|e = t.

2. Basic estimates in O

We study the Cauchy problem for the 2D Navier—Stokes system. Since we suppose
that the volume force and the solutions are 27 periodic in x5, the problem is posed
on the manifold @ = R! x S'. Let us consider the problem with the Cauchy data
ug € BUC(0). Recall that for a measurable function u : O — R the L°°(0) norm
is defined as
l]lco = esssup |u(z)].
€0

With this norm L*°(Q) is a Banach algebra with respect to multiplication.
The closed subalgebra of bounded, uniformly continuous functions is denoted by
BUC(Q). We choose

z2={¢ cC=(OR) ‘Vk’,m,n €No3C > 0: (14+|e1)4105, 0 6(x)| < C |
:{ > Tys

nez

s € S(R?) }, where T,s(z1,22) = s(x1,x2—27n),

as the set of test functions that is dense in LP(Q), p € [1,00). These functions are
periodic in x5, decay faster then any rational function in z; and play the same
role as Schwartz functions S(R™) in the theory of distributions on R™.
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The manifold O is a locally compact Abelian group. Therefore for suitably
decaying functions ¢ and v the convolution with respect to the invariant measure,
which is the Lebesgue measure, is defined via

(6% ¥)(x /<z>

In particular, for all ¢ € [1, 0] we have Young’s inequality

16 Dllg < N8l [l (2.1)

We will use (f, g) f© (y)g(y) dy to denote the duality pairing between LP(Q)
and L4(Q), where 2 5 —|— = =1.

Definition 2.1. We call (u,p) a weak solution of the Navier—Stokes problem on
[0,T) x O with initial data uy € L>=°(0) if (u,p) satisfies
Vau=0 forae t€[0,T) and

T
/O {{(u(s),0:¢) + (u(s), Ag) + (u@ U, V-9) + (p,V-9) — (f,¢)}ds  (2:2)
= —(uo, ¢(0))
for all ¢ € CH([0, T] x Q) with ¢(¢,-) € Z2 = Zx Z forall t € [0,T] and ¢(T, ) = 0.

Usually the Navier—Stokes system is transformed to an integral equation. This
step in the analysis is classical and goes back to C. W. Oseen and J. Leray. Recall
that by the summation convention V-(u ® u) := Zj 0;(uju;). Applying the oper-
ator V- to the first equation in (1.1) and using V-u =0 and (u-V)u = V-(u®u)
we arrive at

Ap=V-(F - V-(u®u)). (2.3)
Therefore Vp = VATIV(F — V-(u ® u)) and we get
—Au=P(F - V-(u®u)), (2.4)

where P = I — VA~V is the Helmholtz projection. The proper definition of A~}
will be given later. Using the variation-of-constants formula (also called Duhamel’s
principle) we obtain the integral equation

u(t) = e"®ug + F(t) + Blu, u)(t) (2.5)
with F(t) = fot e(t=9)APF(s)ds and
B(u,v)(t) = —/ e=IAP(V.[u(s) @ v(s)])ds.
0

The operator e/ denotes the convolution with the heat kernel. The next step is
to use Picard iterations which converge for small ¢ to the solution of (2.5) in a
suitable functional space. The pressure can be recovered via (2.3) a posteriori.
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The last step is to relate (u,p) found in this way to the original problem (1.1).
Notice, however, that the equivalence of (2.5) and the original Navier—Stokes sys-
tem is rather subtle since choosing function spaces and defining the Helmholtz pro-
jection P exactly involves certain choices about the behavior at infinity. Already
under periodic boundary conditions there are different Helmholtz projections, one
corresponding to a periodic pressure and the other to a periodic pressure gradient
that may have a non-zero mean value, see [10].

Another way to see this problem is to look at the symmetry group associated
with the Navier—Stokes system. It is well-known that if (u, p) : (0,¢) xR™ — R" xR
is a solution of the Navier—Stokes system without forcing, then

(@(t,2),5(t,2)) = (u(t, 5+6() = &' (1), p(t 2+6(0) + (6" (), D)an + (1)), (2.6)

where (-,-)gn is the scalar product in R™, is a solution as well for arbitrary
¢ € C*(R,R") and ¢ € C(R,R). In particular, this formula includes Galilean
invariance by choosing ¢(t) = x¢ + ct. However, choosing ¢ and ¢’ to be zero for
t < 0 and nonzero for t > 0 we immediately see that uniqueness of solutions of
the Cauchy problem breaks down if a spatially growing pressure is allowed. This
problem still occurs in Q@ since a pressure gradient in x; direction may change the
mean flux m; = fsl u1dxo at any time.

To achieve the uniqueness of solutions of the Cauchy problem we have to in-
troduce pressure conditions. Our choice for p is explicit and is given in terms of
Riesz operators on Q. The definition of P as bounded projection on BMO(Q) is
obtained as in [17], [24] via duality, since Z is dense in the Hardy space H!(Q). For
the definition and the properties of BMO(R?), the space of functions of bounded
mean oscillations, we refer to [24]. It is equipped with the norm

1 1 .
lellBMO = sup {@ /C |<p(x) - m/cgo(y)dymx ’ C C R? finite square }

and thus functions in BMO(R?) are defined only up to a constant. Our space
BMO(Q) is the subset of functions in BMO(R?) that are 27-periodic in the zo-
direction. In particular, BMO(Q) is the dual space of H*(Q) and satisfies L>°(Q) C
BMO(Q) c L} (0) for all p € (1, 0).

The matrix elements of the projector P are (P); ; = 6; j+R;R;, where the Riesz
operators R; are formally given via (—Ag)~ Y 29;. They have a proper definition
on the group @ = R ® S! in the same way as on R", see [24]. We only need the
products R;R; which are well-defined via Fourier transform on Z. For ¢ € Z we
write ¢(z) = >, ¢r(z1)e*®2 such that ¢, : R — C lies in the space S of the
Schwartz functions. Then we have

(P119)(@) = > 4 20(Gr = ¢Z)($1)eik%27
(Pr2g)(z) = 32520 1k(Gr o) (a1 )e™ 2, _ Py; = P1o,
(Po29) () = o(x) — Zk;ﬁo k(G * o) (21)eh2,

where Gi(&) = #Ikle_lka' Note that for functions ¢ : @ — R? which are inde-
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pendent of x5 we have

P($1(t,21), $o(t,71))" = (0, dalt, 1)) (2.7)

This remark suggests that it is convenient to restrict the attention to divergence
free forces F' that satisfy the additional condition

(PFy)(t, 1) := / Fi(t,x1,29)dea =0 forallt >0 and z1 € R. (2.8)
St
For general F we may define F = F — (PF;)(1,0)T and

Bt,x) = plt, @) — / NP (16 de.

Then, (u, p) solves (2.2) with forcing F' if and only if (u, p) solves (2.2) with forcing
F. Thus without loss of generality we impose (2.8) and fix p by the restriction
p(t) € BMO(O).

Since the delta distribution dp(z) on the manifold O is

5@($) = 5R(:c1) X 551 (mg) = §R(I1) Z 5(x2+27rk) = %(5}1@(1’1) Z eikmz’

k=—o0 k=—o0

the fundamental solution K € Z’ of the Laplacian (—A)g on the manifold O has
the Fourier series representation

K@) = =l + Y

k0

1

7|k}21‘ ik‘CEQ
ork]C ©

that can be simplified to
1
K(z) = - In (coshzy — coszs).

Note that the explicit choice of R;R; and of the fundamental solution K reflects in
the following relations for the Riesz operators, the Laplacian and the fundamental
solution K associated with Ag.

Lemma 2.2. For all ¢ € Z we have

(i) RiRo¢ = RoRi¢, (ii) RiRjAo¢ = —0;0;¢, (i) >, RiR;0;¢ = —0;¢,
(iV) RzRJ(ﬁ = 8jK * 81¢ = 61K * 8j¢, (V) (R% + R%)¢ = —¢.

Proof. Since piq g : x — a+Bx is in the kernel of Ag, any K= K+pap€Zisa
fundamental solution as well. It is the explicit choice of the fundamental solution
K and projection P that make (iv) valid. The constant « is irrelevant, but the
constant (3 is set to 0 to satisfy (iv). O

Notice that the local behavior of K near x = 0 is the same as that of the
fundamental solution of (—A) on all of R?, namely z — 5+ In|z|. The behavior
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of K at infinity strongly depends on the domain. For the manifold O we obtain a
linear growth like |z1|. Nevertheless

0K (z) =
2K (z) 47 (coshzq — cos x2)

is uniquely defined and 9, K € L!(Q). This is in contrast to d; K which is not
in L'(0). However, extracting the mean over S' defined by (1.7) eliminates the
difficulty. A straightforward calculation gives

pla) = (I-P)or K (x) = —

The second component of the velocity can be split into uz (¢, ) = ma(t, x1)+v2(t, x),
where

sin a9

sign xq sinh x4

iy 4 (coshwy — coszz)

m = (my,ms)" = Pu.
To find the pointwise estimates of u; and vy we will use the following L!(Q)
estimates of (I—P)01 K(z) and 02K (x).
Lemma 2.3. For all ¢ € L>°(0) we have the estimates
[(I=P)0r K * ¢lloc < C1[d]lcc  and ||32K* ¢>Hoo < Cof[lloc,  (229)

where C1 = ||pl|l1 =202 ~ 1.39 and Cy = ||0:K]||1 = (% — f2 i"fs ds) ~ 1.57.

Proof. These estimates follow from Young’s inequality (2.1). It remains to calculate
the L'-norms of p and 9, K (z). By studying the signs of these functions and using
the fact that they are derivatives with respect to x; and xs, respectively, we can
integrate once in the corresponding regions. Then, the remaining one-dimensional
integrals give the desired results. Let us calculate, for instance, ||p||1. Using the
identities

T w/2
/ In(2—2 cos z3) dzoy = 2Cat, / In(2—2 cos x3) dxy = —2Cat,
w/2 0

where Cat is the Catalan number, we finally get

_4 71'/2
|(I-P)O1 K|, = 2—/ In [2 cos 3 (cosh[In(cos mg)]—cosxg)} dzey =2In2. O
T Jo

As a consequence the semi-group of the heat equation on O is easily controlled
on L?(Q) for all p € [1,00]. The following proposition shows that the composition
of the heat kernel and the Helmholtz projector e!2P = Pe!® can be estimated as
well.

Proposition 2.4. There exist constants Cs,Cy and Cs such that for all F €
L*>*(0) we have

tA 4 .
\hPﬂu_Q%+JMWM for t>0; (2.10)
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Vet APF| o < (%)HFHOO forall > 0. (2.11)

In fact, we have C3 = % ~ 1.16, Cy = (C1+Cs) //7 ~ 1.67.

Proof. By the (L>°,L') duality and the density of Z in L'(0Q) we have

[e"2PF o = sup{ [("“PF.9)| | l|¢lls =1, ¢ € 2%}
sup{ [(F.Pe2¢)| | 41 =1, ¢ € 2%}
1P ]loo sup{ [IPe 2]y [ llgll =1, ¢ € 22},

where (-,-) denotes the action of the distribution on a test function. The last
identity uses that P and e*® are symmetric in the sense of operators acting on
distributions. For ¢ € Z we let

IA

Y(t) =ePgpec z

and have to estimate ||[Py(¢)|1 in terms of ¢ and ¢ > 0. For this purpose we
use that the heat kernel Hg(t, ) = e/ on Q is given in the form Ho(t,z1,72) =
Hy(t,71)Hs: (t, 22) with the usual properties of heat kernels on R and S': Hg, Hg:
Z 0, fR HR(t,LL’l)dilil = fSl Hsl (t,xz) dl‘g = 1, Hﬂ%(t,il) = —Hﬂ%(t, —331) S 0 for
r1 >0 and Hg, (t,22) = —HS (¢, —x2) < 0 for 23 € [0,7]. In particular, we easily
find [|[Ho(t)||1 =1 and

1
O1Ho(t)||1 = 2Hr(t,0) = —.
6y Ho(®)s = 2Ha(£.0) = ——
From the representation of the heat kernel on S' via periodization

—(zg—2mn)? 27m)2
Hgi (t,x E
Sl( 2 2 /—

follows that

102 Ho (8) [y = 2(H (1, 0)— Has (£, 7)) < ﬁ

for all ¢ > 0. By Young’s inequality we conclude

105l < ll@jll  and [0l < (2.12)

1
ﬁ”%“y
With the Lemmas 2.3 and 2.2 (iv) we arrive at

IPYllr < |9l + (|01 K * v1/)1||1 + [|02K * Va1
S 27l'+1||,¢H1 + Zz] IC ||821p]||1
< (C34 Ca/ V)¢l

with C3 and Cy as given above. Combining these results with ||¢|l1 = ||¢1]l1 +
[¢2]l1 = 1 gives (2.10).
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Using inequalities (2.12) we arrive at the estimates (2.11) in a similar way.
Notice that estimate (2.11) follows directly from estimate (2.8) in [17] since for
F € L>*(0) C L*(R?) we have PgiqV-F = PV-F where Pgpy is the Helmholtz
projection defined in [17] on L>°(R?). O

3. Estimates for solutions of the Navier—Stokes system in O

Now we show how the above estimates can be used to establish local and then
global estimates in BUC(Q) for solutions to (3.3).

Lemma 3.1. For u € WH>°(0,R?) with V-u =0 and t > 0 the estimates

c
e AP ((V)u)loo < (G5 + =1 )10t ull ulloc  and (3.1)

- Vit
Ve 2 P((u-V)u)| oo < & |lrot ul| . [|ulloo for all t>0 (3.2)
Vit
hold, where rot u = Osu1—0 1 us.
Proof. The well-known identities (u-V)u = V-(u ® u) = (rot u)u+3V|u|?, where
U = (ug, —u1) T, together with PV = 0 (see Lemma (2.2)) yield
AP((u-V)u) = e!*PG  with G = (rot u)a.

With |G| < [[rotul|, ||u]|so the result follows from Proposition 2.4. With similar
arguments (3.2) follows from (2.11). O

Lemma 3.2. If (u,p) is a weak solution to the Navier—Stokes system such that
u € L>®([0,T] x Q) then u satisfies the integral equation

u(t) = e®ug + F(t) + B(u,u) (3.3)

with F(t) = fot et=)APEF ds and B(u,v) = —f(f e(=)AP(V.(u(s)®v(s))) ds,
where P is the Helmholtz projector and e® denotes the convolution with the heat
kernel on Q.

If u is a solution to (3.3) with u(0) = up € BUC(Q), then (u,p) with p =
> R;R;(u®u) + K * V-F is a weak solution of the Navier-Stokes system.
0.

The proof is similar to the one given in Theorem 2 of [17].

Remark 3.3. Our assumptions on the external force and the choice of the pressure
assure that p € L ([0,7],BMO(Q)) which means that p(t) € BMO(R?) and is

loc
2m-periodic in x9. For the discussion of uniqueness questions we refer to [18].
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The following result establishes local existence of solutions for initial data
Ug € BUC(@)

Theorem 3.4. Let ' € C([0,7],BUC(Q)) and Fy = supy¢jo 1) [|F'(5)llcc then for
any ug € BUC(0) with V-ug=0 there exists a unique solution ue C([0,Tp], BUC(Q))

to (3.3) with Tp = min {T, QK?%, Cf’TIOgO, m} Moreover,

(i) tY2Vu € C([0,To), BUC(0)).
(i)  Vue C*([8,To], BUC(Q)) for any 6 > 0 and o € (0,1/2).

Proof. We use Picard’s iterations for ¢ € [0, To]:

ul(t) = etAuo +ﬁ(t)v u]-‘rl(t) = etAUO +ﬁ(t) +B(u]7uj)7 .7 = 1a25 e

The Young inequality gives |[e"®ug||ls = [uo/oo and

t
1B @)oo = H/ DAPR g < (Cst +2C1v/E) Fo.
0

The convergence of the sequence {u;(t)}, 7 =1,2,--- can be established with
the use of estimates (2.10), (3.1) along the same lines as in [17]. Introduce the
notations Ko = |[uo|lec, Ko = Cs]|uo||leo and

Kj(T) = sup [[ujllee, K;(T)= sup t'/%|Vu|s,
te[0,T) t€[0,T7]

where Vu is the Jacobi matrix. From (2.10), (3.1) follows
|B(uj,u;)|loo < CsVTK;(T)? and hence

Kj1(T) < Ko+ (CsT + C4VT) Fy + CsTY? K, (T)2.

Therefore, if we take

. K, 1
To < mi
0 = il { 2C5F,’ 64(C5Ko)2 }

then for 0 <t < fo we have
K;(T)<2K, j=1,2,---.
In the same way we obtain the recurrence relation
K;1(T) < CsKo + VT CsFy + VTCs K;(T)K,(T),
and with

Cs5 Ky 1 }

To < mi { ,
0= M\ YR 64(Cs K )2

we arrive at _
K; <2C5Ky
for0<t<Ty= min{fo,ﬁ)}.
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Now it is easy to prove that the sequences {u;(t)}, j = 1,2, -+ and {t}/2Vu;(t)},

j=1,2,-- uniformly converge on [0,7p] in the L° norm.
Finally, we set Vp = (I —P)(V-(u ® u) — F'). The details of the proof can be
reconstructed from Theorem 1 in [17]. O

Note that the time T} of local existence in Theorem 3.4 only depends on the
force F' and the size Ky = ||ug||oo of the initial datum. Hence if we control the
maximal growth of ||u(t)||. we are able to establish global-in-time existence.

For this purpose we use the fact that for two dimensional flows the vorticity
w = Obuq — O1us satisfies a maximum principle and that u can be reconstructed
from w as follows. We use BUC!(0) to denote those functions in BUC(Q) whose
derivative Vu exists and lies in BUC(Q).

Proposition 3.5. For u € BUCY(Q) let w = rotu. Then there exists m € R?
with
u=m+ (=K *w,[(I-P)O K] *w)T.

The proof is obvious from the discussion in Section 2, which shows that 05K,
[[-P)0;K € LY(0). Clearly, the constant part m = (m,m2)" € R? is not seen
in w.

Since Vu € C([4,Tp], BUC(Q)) for any 6 > 0 we may set u(t) = u(t + 0).
Then @(t) is a solution with ﬁ|t:0 € BUC'(0) and V~ﬂ|tzo =0 . That is why we

consider from now on only solutions with «(0) € BUC!(Q). Our next aim is to
use the vorticity equation to get a pointwise estimate for the velocity.

Theorem 3.6. Let F' € C([0,00),L>°(0)) with rot F € C([0,00),L>(0)). Then
for each ug € BUC(Q) with V-ug =0 equation (3.3) has a global solution
u € C([0,00); BUC(Q)) N C((0, 00); BUC(0)).
In particular, if ug € BUCY(Q) we have an estimate
lu(®)||oo < (t) forall t>0, (3.4)

where § : [0,00) — R is explicitly given through the data as follows

&ﬂ=IWﬂm+ﬁﬂMM®wn®+«h+C®Owgww+ﬁﬂhmF®Mmd@
+@ﬁm%ww+ﬁhmﬂﬂ@w)m
+[m1(0)] [y ([« (0)[loo+ fy [ T0t F(7)]|o0 d7) ds.

If additionally F and rot F are in L>([0,00) x Q) then there exists C > 0 such
that

5(t) < C(1+1)°.

Proof. Since Vu e C([0, T]; BUC(0)) we may define the vorticity w(t, x) =rot u(t, z).
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For convenience we summarize all the corresponding relations in the system
Ow — Aw + (u-V)w = rot F, with w’ 1o = Totuo,
u (t

) =mu(t) — K xw(t), (3.5)
ug(t) = my(t) + [(I=P)01 K] * w(t),
8tu+V~(u®u)—|—Vp—Au+F, V-u=0.

Recall that the function mo(t,z1) = Pus(t,x) is the transversal and mq(t) is
the axial mean flow. To find the governing equation for msy we have to go back
to the Navier—Stokes system and apply the averaging operator P to its second
component. We obtain

Oymo = P[—ul(w + 82u1) — %821;3 — Oap + A(U2+m2) + FQ}

= 812m2 + P[FQ — ulw]. (36)

The function m; is a constant which is defined by the initial data u;—o = ugp. To
demonstrate this, notice that the averaging over S' applied to the first component
of (2.4) implies

dymy — 92 my = P[P(F — V-(u®u)));. (3.7)

From (2.7) follows P[P(F — V-(u ® u))]; = 0 where [v]; denotes the j-component
of the vector v. It is left to observe that the divergence-free condition yields

Oz, M1 1= Oy, / uy dxy = —/ Oz, u2dze = 0,
st st

and hence (3.7) implies additionally d;mq(t) = 0. Thus, my (¢, z1) = m1(0).
Let us use system (3.5) to get an a priori estimate of the solution u(t,z). To
use the maximum principle for the vorticity equation

0w — Aw + (u-V)w =rot F,

note that @ with @(t,z) = w(t,z) — fot [lrot F(s)||co ds satisfies Oio — AL +
(w-V)w = rot F' — ||rot F'||oc < 0 which gives sup,cqw(t,z) < sup,cow(0,z) <
lw(0)||so. Similarly, one obtains the lower bound inf,cow(t,z) > —||w(0)]|c —
fot || rot F'(s)]|so ds. Thus we have proved

¢
[w(®)lloe < [[w(0)]loo +/O [0t F(s)]|oc ds- (3-8)
Now Lemma (2.3) and Proposition (3.5) provide estimates for u, namely
[u1(®)lloo < Ima(®)lloc + 102K # w(#)[loo < [ma(0)] + Col|w(t)]|oo- (3.9)
Similarly, we have

[uz2(B)lloo < [m2(t)lloc + (1 = P)OLE *w()]loo < [Ima2(t)lloc + Crllw(t)]loo- (3.10)
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However, ms has to be estimated via (3.6). From the Duhamel formula follows

Ima(®)l|oe < [Im2(0)[loot fo (lur(s)w(s) oo+ Fa(s)loc) ds
< Cy fy (lw(0) o+ fy | vot F(7) o dr)?ds

. (3.11)
Hlma(0) oot Jo 1F2(s)]loo ds
t
Hma (0)] fy (lw(0)loo+ fo [l x0t F(7)][oc dT) ds.
Collecting estimates (3.9), (3.10), (3.11) we arrive at the desired result. O

As a conclusion we get from the local existence and the estimate (3.4) the
statement on the global existence in time for the solutions of the Cauchy problem
with the initial data in BUC(O).

Remark 3.7. Notice that if [ [|F(s)||c + || ot F(s)] oo ds < 00, then we obtain
[u(t)lloo < C(1+1). (3.12)

We do not know whether estimates (3.11), (3.12) are sharp.

4. Special solution types
4.1. Shear flows in axial direction

As already mentioned A. N. Kolmogorov suggested to take the forcing term
F(t,z) = (Fi(t,22),0),

which gives V-F =0, i.e. PF = F. Then, there are exact solutions of (1.1) in the
form

u(t,z) = (uy(t, 22),0)".
The component u; has to satisfy the linear heat equation

Opuy (t, w9) — O3uq(t, x0) = Fi(t, x2) for 29 € S' and t > 0. (4.1)
If Fy is time independent and F(22) = > fre**2 we get the steady state solution
k20

(u1,0)T, p = const with 4 = Y, %é’“eikXZ. The explicit time dependent solution
of (4.1) is given via the one-dimensional heat kernel

up(t) = Hgi (t) * up(0) + /Ot Hgi (t—7) * Fy(7)dr.

From this expression we have the exponential convergence to a steady state
i1 = ur(t)l|oc < e [luollco-

Nevertheless the Kolmogorov flow becomes unstable in BUC(Q) for sufficiently
large Grashof numbers for perturbations that depend on both z; and x5, see
(22, 20, 2].
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4.2. Shear flows in transverse direction

Inequality (3.11) gives a hint how to construct nontrivial examples of solutions
with a linear growth in time. We first mention that exact shear flows are included
in our function space. Assume that the forcing has the form

F(t,z) = (0, Fy(t,x1))" (which gives divF =0, i.e., PF = F).
Then, there are exact solutions of (1.1) in the form
u(t,z) = (0,uz(t,z1))".
The component us has to satisfy the linear heat equation
Orug(t, 1) — Ofug(t,x1) = Fo(t, 1) for 21 € R and ¢ > 0. (4.2)

Again, the explicit solution is given via the one-dimensional heat kernel

UQ(t) = H]R(t) * 1,1,2(0) —|—/0 HR(t—S) * F2(S) ds.

It is now easy to see that a constant forcing of the type Fy(x;) = Atanhx; and
the initial condition u9(0) = 0 lead to solutions which satisfy lim, o ua(t, 1) =
+t, since for very large |z1| the flow is accelerated uniformly in space and time.
For this example we obtain the lower bound

[ug(D)[loe = At = ]| F2|oo-

Moreover, there is the upper bound for all initial data with u; = 0 and bounded
forces

lu2(®)]loo < [lu2(0) o0 + / 1Fa(s) o ds.

The cubic bound given in Theorem 3.6 may correspond to solutions with u; # 0
and therefore is still realistic. If the vorticity is bounded (for instance this happens
when rot F' = 0), then estimate (3.4) is reduced to the sharp linear form. Note,
however, that from the physical viewpoint it is expected that vorticity behaves
worse (is less regular) than velocity and therefore it will be interesting to get the
growth faster than linear in time.

4.3. Flows on T?

Flows on T2 are widely known to have an absorbing ball. This is true if we suppose
that sz Fdxy day := (f1, f2) = 0 or if we allow for a compensation of the mean
force f = (f1, f2) by the pressure gradient Vp = (f1, f2). With these conditions
the problem on T? is imbedded into the frame of the problem on @ and the estimate
(3.4) is still valid. The temporal growth of the L> norm of solutions on T? can
be abandoned by the additional periodicity which leads to the obvious changes in
the definitions of the fundamental solution and the Helmholtz projection.
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4.4. Solutions with arbitrary temporal growth

As we have seen in (2.6), it is very easy to construct solutions with arbitrary
growth in time, even with finite-time blow up. For our problem on Q with forcing
F =0 we immediately see that for each ¢; € C*(R,R) the pair (u,p) with

u(t,z) = (=¢1(t),0)" and p(t,z) = ¢/ (t)z

is a solution for the Navier—Stokes system. Hence, ||u(t)|~ can have arbitrary
growth or finite time blow up, if we allow for large pressure gradients. Similarly,
one can construct solutions (u, p) on all of R™ which are not related to the extended
Galilean symmetry group and for which u is linear in z and p is quadratic, see
[25, 9]. They have the form

u(t,z) = (S)+Q2(t)z and p(t,x) = %(B(t)x) -z, (4.3)

where S = ST, B = BT and Q = —QT. Then, the Navier-Stokes equations are
satisfied if and only if

S+S524+02+B=0, Q+850+Q5=0, trS=0.

Thus, we may choose arbitrary S : t — S(t) satisfying S(t) = S(t)7 and the
divergence free condition tr.S(¢) = 0. Then, we solve the linear equation for (t)
and finally we adjust the pressure matrix B(t) to fulfill the first equation. Again
there is no uniqueness.
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