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Deriving new evolution equations for microstructures
via relaxation of variational incremental problems q
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Abstract

We study material models for rate-independent inelasticity in situations where no internal length scale is given and

formation of microstructure for the deformation gradients and the internal variables may occur. We develop a rational

procedure for deriving consistent macroscopic models which allow for the computation of nontrivial effective quantities

without resolving the fine scales. The method involves the relaxation of variational incremental problems which are

derived from an elastic and a plastic potential. We use Young measures to describe the microscopic distribution of

the internal variables as well as the quasiconvexification of the elastic stored-energy density with respect to the defor-

mation gradient. The resulting model provides a new rate-independent model in terms of the deformation and the

Young measure. The approach is based on a derivative free, energetic formulation using one functional for elastic

energy storage and one for the dissipation distance. The latter is derived from a dissipation potential defining the dis-

sipation distance between internal states and hence the Wasserstein distance between Young measures. This approach is

strongly linked to an associated time-incremental problem which is a minimization problem of the type used for several

years now in the engineering literature. The update algorithm for the incremental problem is discussed in detail, and two

simple examples are given.

� 2004 Elsevier B.V. All rights reserved.
1. Introduction

The aim of this paper is to give a theoretical foundation to material models for elastic bodies which are

described by inelastic internal variables whose evolution is governed by a rate-independent evolution law of

the type of flow rules in plasticity. We refer to [55,23,63] for the general setup of such models for generalized
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standard materials. A special and important class of such models are those of elasto-plasticity,

[61,60,47,34,33]. Here we especially restrict our attention to models which can be described by purely ener-

getic consideration, i.e., there is an elastic potential which describes energy storage and there is a dissipation

potential which describes how energy is dissipated. Such energetic descriptions lead in a natural way to var-

iational incremental update by minimizing an update functional. This approach was studied extensively
within the last five years, having applications in elasto-plasticity [51,52,8,32,37,39,22,40], in shape-memory

alloys [27,20,50,30,19,59,46], in ferro-magnetism [56], and in damage models [16,24,26].

Of course, such variational, incremental updates where used in the setting of infinitesimal strains much

earlier, for instance in Hencky plasticity and in the mathematical existence theory of Moreau [45,25]. For

multiplicative plasticity the symmetry of the consistent tangent operators in the incremental problems was

also used a lot. Thus, it was more or less implicitly clear that these incremental problems are in fact Euler–

Lagrange equations to an update functional. In general one should only expect that the solutions are local

minimizers of such a functional. Only for the convex case local minimizers are also global minimizers. Our
theory is based completely on the global minimization of the update functionals. This is a major change in

the model which leads to certain principal advantages for the modeling and, especially, for the mathemat-

ical analysis.

Most prominently is the difficulty of finding a suitable definition for the term ‘‘local’’, a fact which is

already discussed in the classical theory of calculus of variations where ‘‘weak local minimizers’’ and

‘‘strong local minimizers’’ are quite different, see [44,12]. Since we want to describe the spontaneous forma-

tion of microstructure we certainly need a notion of locality which allows for jumps in the deformation gra-

dient which relates to strong local minimizers. Unfortunately, until now no theory of strong local
minimizers is developed. Moreover, the notion of locality should be motivated on physical grounds, for in-

stance through viscous regularizations. For first mathematical attempts in this direction we refer to [14],

however, there is still a long way to make this theory accessible to nonlinear continuum mechanics. Mean-

while, we use the more phenomenological approach using global minimization and a suitably chosen dis-

sipation potential, as in [50, Section 3.1] it was shown that for simple examples local minimization can be

replaced by global minimization if the dissipation is increased in a corresponding way. Nevertheless, the

equations derived here form a new set of equations which sometimes provide different solutions, see the

discussion in Section 2.2.
In recent years the occurrence and evolution of microstructure has attracted the attention of quite a

body of research, see e.g., [4,50,19] for work in the field of shape memory alloys. The present work was

mainly motivated by experimental and numerical observations in finite-strain elasto-plasticity, see

[51,52,8,32,37,39,22]. Our aim is to develop a rational procedure for the derivation of consistent macro-

scopic models which capture essential features of the microstructure and thus allow for the computation

of effective macroscopic quantities without resolving the small length scales. In particular, we hope that

our rather theoretical considerations help to understand the general structure behind the modeling of

microstructure evolution in rate-independent models. Thus, we expect that this work can help to make
numerical computations more efficient.

We restrict our treatment to models where no material length scale is given, i.e., the elastic stored

energy w depends solely locally on the deformation gradient F = Du and internal variables z 2 Z but

not on their derivatives: w ¼ ŵðx;F; zÞ. We allow for models which are fully nonlinear to include cases

like finite-strain elasto-plasticity where the plastic deformation Fp with detFp = 1 is part of the internal

variables; hence Z � Rm may be a nonconvex set such that simple averages of microstructures are

meaningless.

In addition to the elastic stored-energy density ŵ we postulate the existence of a dissipation potential
D ¼ bDðz; _zÞ which is homogeneous of degree 1 in the rate _z. This infinitesimal metric on Z defines a dissi-

pation distance D on Z such that D(z0,z1) is the minimal amount of energy dissipated when changing z from

z0 to z1 along a continuous path, see [40] for the first general description of this concept.
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The rate-independent model is described by the flow rule associated with the dissipation potential bD and

the elastic equilibrium condition. We will show that this is just the class of generalized standard materials as

defined in [23,21].

Using the global dissipation distance D it is possible to formulate the model in terms of a stability con-

dition (S) and the energy equality (E), see [48–50] for its first occurrence. This framework has the major
advantage that it does not make any assumption on the smoothness of the constitutive functions or of

the processes to be described. Hence, it is particularly suited to describe systems where formation of micro-

structure takes place. Moreover, there is a natural variational incremental problem, which is defined via

simultaneous minimization with respect to the deformation u 2 F and the internal state z 2 Z of the

sum of the Gibbs� energy and the dissipation distance. The relevance of variational incremental problems

was realized in several works independently, cf. [48,51,37,8].

The formation of microstructure is now seen in the nonattainment of minimizers of the variational

problem. The relaxation we propose relies on the well-developed theory of relaxation of one variational
problem. However several new features appear. First, the minimization is done here with respect to the

deformation whose gradient F = Du occurs in the elastic potential ŵ and the internal variable which ap-

pears in ŵ and D(zold, Æ) locally and without any derivatives. Second, the coupling of the internal states zold
and znew in one incremental step leads to a coupling of the microstructures between different time levels.

This is the only point where we make an additional modeling assumption. Our approach will account

only for dissipational losses if the distribution functions associated with the microstructure changes but

not if the distributions stay fixed while the texture of the micropattern changes, see Section 6.1. All the

other steps of our approach follows directly from mathematical considerations and do not need further
assumptions.

The underlying mathematical theory is that of Young measures where YM(X,Z) replaces the classical set
Z ¼deffz : X ! Z jz measurableg of internal states. A Young measure l is a map from X into the set Prob(Z)

of probability distributions on Z and hence can be seen as a function with takes distributed values occurring

in a mesoscopic representative volume elements. Hence, we consider the Young measure as a macroscopic

object. Our final model is then a formulation in terms of the macroscopic deformation u and the Young

measure l by suitably extending the elastic functional and the dissipation distance to F
YMðX; ZÞ.
Relaxations for one single minimization problem are well-established and there is a huge literature on

this subject, including possible numerical implementations, see e.g. [12,57,29,13,1,30,20,3]. However, there

are almost no results for the relaxation of time-dependent problems. Our approach follows that developed

for shape-memory alloys in [48,50]. A numerical implementation is given in [9,3]. Closely related rate-inde-

pendent models for ferro-magnetism are studied and used numerically in [56,59]. A similar approach was

applied in [16] to fracture in brittle materials.

A major point in our construction is that the relaxed problem on F
YMðX; ZÞ has again a natural

incremental variational problem. We give a detailed discussion of the update algorithm associated with

this incremental problem. The crucial part is the control of the correlations between the Young meas-
ures on subsequent time steps. Moreover, the Young measure for z corresponds to a gradient Young

measure for the microscopic deformation gradient which has to be taken into account. We show

how the calculation of all the correlations between different Young measures can be reduced as much

as possible. Nevertheless, even after discretization the remaining minimization problems remain extre-

mely complex.

Finally we provide two examples for our general abstract evolution law. The first is concerned with a

one-dimensional example of nonlinear elasto-plasticity involving the multiplicative split of the deformation

gradient. We will show that formation of microstructure occurs in this model. The second example is taken
from [10] and concerns two-dimensional rigid plasticity with a single slip system. For applications in N-

phase shape-memory alloys we refer to [50,9,19]. Numerical algorithms using similar ideas as proposed here

are implemented in two- and three-dimensional elasto-plasticity, see [51,22,37,39,42].
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2. Rate-independent material models

First we describe the general setup of our material models. They are given as the rate-independent

case of generalized standard materials described in terms of the deformation and additional inelastic

variables. Second we give a derivative-free energetic formulation, which is based on two functionals
and can be generalized to systems with microstructure. Third we provide a time-incremental problem

which consists of a sequence of minimization problem with respect to the deformation and the inelastic

variables.

2.1. Energy and dissipation functionals

The modeling concerns the two distinct physical effects of energy storage and energy dissipation. The

first is attributed to an elastic potential which may also include hardening or latent energies and the second
is attributed to frictional effects due to changes of the internal variables.

We consider a body X � Rd which undergoes a deformation u : X 7! Rd such that the deformation gra-

dient FðxÞ ¼ DuðxÞ 2 Rd
d lies in GLþðRdÞ ¼ fF 2 Rd
d jdet F > 0g. Additionally there is a vector-valued
internal variable z ¼ ðz1; . . . ; znÞ 2 Z � Rn which describes the internal state of the material. The elastic

properties are given by the dependence of the elastic potential w on (x,F,z) via w ¼ ŵðx;F; zÞ. For fixed
x and z we assume that the function ŵðx; 
; zÞ: GLþðRdÞ 7! ½0;1) is coercive (i.e., ŵðx;F; zÞ ! 1 if

(detF)�1 + jFj ! 1) and poly- or quasiconvex, see [12,57]. In addition, we describe boundary conditions

and external loadings such that the total energy of a given state ðu; zÞ : X 7! Rd 
 Rn at time t is given
by the functional
Eðt;u; zÞ ¼
Z

X

bwðx;DuðxÞ; zðxÞÞdx� h‘ðtÞ;ui;
where ‘(t) denotes the external loading and u lies in the set F of admissible deformations
F ¼ fu : X 7! Rd jujCDir
¼ uDir; DuðxÞ 2 GLþðRdÞ on Xg:
Throughout our notation is such that upper case calligraphic letters like E;F;Z; . . . associate with quan-

tities which are defined over the spatial domain X.
A basic assumption of our rate-independent model will be that a solution process has to be in a stable

elastic equilibrium for all t 2 [0,T], i.e. uðt; 
Þ : X 7! Rd is a (local) minimizer of Eðt; 
; zðt; 
ÞÞ on F.

Changes of the internal variables during a slow loading or unloading process will give rise to internal

friction which dissipates energy via the dissipation rate D P 0. We make the constitutive assumption
D ¼ bDðx; z; _zÞP0 where _zðt; xÞ ¼ o

ot
zðt; xÞ;
which also means that there are no other dissipation mechanisms in the model.

We call D :X · TZ # [0,1] the dissipation potential [63]. Rate-independency is obtained by assuming

homogeneity in _z of degree 1, namely bDðx; z; a_zÞ ¼ abDðx; z; _zÞ for a P 0. Furthermore, we assume thatbDðx; z; 
Þ : TzZ 7! ½0;1� is convex and that bD satisfies bDðx; z; vÞPc j v j for some c > 0. (Here TzZ denotes

the tangent space of Z in the point z.) Note that bDðx; z; vÞ ¼ 1 is allowed to forbid softening or to include

cases where _z has to lie in a strict subspace of TzZ, like for _PP�1 ¼ dev symQ.

For each x 2 X the dissipation potential bDðx; 
; 
Þ defines a distance metric on Z via
bDðx; z0; z1Þ ¼def inf Z 1

0

bDðx; zðsÞ; _zðsÞÞds
����z 2 C1ð½0; 1�; ZÞ; zð0Þ ¼ z0; zð1Þ ¼ z1

� �
:
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Often bDðx; 
; 
Þ : TZ ! ½0;1� is called an infinitesimal (Finsler) metric on Z whereas bD : Z 
 Z ! ½0;1� is
called the associated global metric or distance. To indicate the globality, we will subsequently use the name

dissipation distance for bD.
The set of internal states is given by Z ¼deffz : X ! Z jz measurableg. We define a (possibly unsymmetric)

dissipation metric D on Z via
(S)

(E)
Dðz0; z1Þ ¼
def

Z
X

bDðx; z0ðxÞ; z1ðxÞÞdx for z0; z1 2 Z:
From the above definition bD it follows that D satisfies the triangle inequality
Dðzold; znewÞ6Dðzold; zÞ þDðz; znewÞ for all z; zold; znew 2 Z: ð2:1Þ

Considering a process z : ½0; T � ! Z the dissipation on an interval [t0,t1] is usually defined by

Dissðz; ½t0; t1�Þ ¼
R t1
t0

R
XDðx; zðt; xÞ; _zðt; xÞÞdxdt. This notion relies on the differentiability with respect to t.

However, using the dissipation distance D from above we have the alternative definition
Dissðz; ½t0; t1�Þ ¼def sup
XN
j¼1

Dðzðsj�1Þ; zðsjÞÞ
�����N 2 N; t06s0 < s1 < 
 
 
 < sN6t1

( )
; ð2:2Þ
which does not contain any derivative.

2.2. The derivative-free energetic formulation

As described above, our model is completely described by the elastic stored-energy density

w ¼ bwðx;F; zÞ, and the dissipation potential D ¼ bDðx; z; _zÞ, and the external loadings ‘(t).

Definition 2.1. A process ðu; zÞ : ½0; T � 7! F
Z is called a solution of the above rate-independent model,

if (S) and (E) hold:
[Stability] For all t 2 [0,T] we have

Eðt;uðtÞ; zðtÞÞ6Eðt; bu; ẑÞ þDðzðtÞ; ẑÞ for all ðbu; ẑÞ 2 F
Z:

[Energy equality] For all t0, t1 with 0 6 t0 < t1 6 T we have

Eðt1;uðt1Þ; zðt1ÞÞ þDissðz; ½t0; t1�Þ ¼ Eðt0;uðt0Þ; zðt0ÞÞ �
Z t1

t0

h _‘ðtÞ;uðtÞidt:
It should be noted here that this energetic formulation does no longer depend on the derivation of D
from the dissipation potential bD. It suffices to take any dissipation distance D : Z
Z ! ½0;1� which sat-
isfies the triangle inequality (2.1) and to define the dissipation of a process via (2.2).

Our energetic formulation using (S) & (E) is a weak form of the classical local flow rules for generalized

standard materials ([23]). If a solution of (S) & (E) is sufficiently smooth (i.e., u : ½0; T � ! F is continuous

and the rate _z is defined), then the flow laws are satisfied as well. The opposite is not true, see [40, Section

5.3] for a counterexample. Using the thermodynamically conjugate variables
T ¼def o

oF
bwðx;F; zÞ 2 Rd
d and q ¼def � o

oz
bwðx;F; zÞ 2 T�

z Z
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we find the local versions of (S) and (E):
ðSÞloc

R
XT : Dudx ¼ h‘ðtÞ; ui for all u with ujCDir

¼ 0;

qðt; xÞ 
 v6bDðx; zðt; xÞ; vÞ for all v 2 Tzðt;xÞZ:

(

ðEÞloc
Z

X

bDðx; zðt; xÞ; _zðt; xÞÞdx6
Z

X
qðt; xÞ 
 _zðt; xÞdx:
Here TzZ denotes the tangent space to Z in z and T�
z Z the dual space.

Defining the subdifferential of the convex function bDðx; z; 
Þ : TzZ 7! ½0;1Þ via
o
sub
v
bDðx; z; vÞ ¼ fq 2 T�

z Z j bDðx; z; vþ ~vÞPbDðx; z; vÞ þ q 
 ~v for all ~v 2 TzZg; ð2:3Þ

we obtain the dual form of the flow rule from (E)loc and the second equation on (S)loc:
qðt; xÞ 2 osubv
bDðx; z; _zÞ () 0 2 osubv

bDðx; z; _zÞ þ o

oz
bwðx;F; zÞ: ð2:4Þ
The elastic region is given via Qðx; zÞ ¼ ovbDðx; z; 0Þ � T�
z Z � Rn and the primal form of the flow rule takes

the form
_zðt; xÞ 2 o
subXQðx;zðt;xÞÞðqðt; xÞÞ ¼ Nqðt;xÞQðx; zðt; xÞÞ; ð2:5Þ
where XQ denotes the characteristic function of the set Q and NqQðx; zÞ � TzZ denotes the (outer) normal

cone. This is an equivalent, mathematical form of the other two well-known formulations of flow rules used

more often in continuum mechanics. First there is the variational inequality
h_zðt; xÞ; qðt; xÞ � q̂iP0 for all q̂ 2 Qðx; zðt; xÞÞ

and, second, there are the Karush–Kuhn–Tucker conditions
_z ¼ _k
o

oq
Uðz; qÞ; UðzÞ60; _kP0; _kUðz; qÞ ¼ 0;
where U : ðx; z; qÞ 7! R is the yield function defining the elastic domain Qðx; zÞ ¼ qjUðx; z; qÞ60f g.
The first obvious advantage of our energetic formulation for rate-independent material models is that

neither the functionals E and D (and hence ŵ and bD) nor the desired solutions have to be differentiable.

The only appearing derivative is that of the loading ‘.
The stability condition (S) has a clear mechanical interpretation. Letting ẑ ¼ zðtÞ we have DðzðtÞ; ẑÞ ¼ 0

and the condition implies that u(t) is the global minimizer of Eðt; 
; zðtÞÞ on F, which gives the elastic equi-
librium. Moreover, changing the internal variable from z(t) to ẑ (and adjusting bu optimally) the dissipation

must be at least as large as the elastic energy release. The internal variable z will change (and dissipate en-

ergy) as soon as the elastic energy release is large enough to compensate for the dissipation. Thus, (S) relates

to the ‘‘principle of maximal dissipation’’. The energy equality (E) has an obvious interpretation, since the

work of the external forces is given by the last term. This abstract setting has applications in many rate-

independent continuum models. We refer to [27,19,50] for applications to phase transformations in

shape-memory alloys.

2.3. The variational incremental problem

The second major advantages of the energetic formulation (S) & (E) is that it immediately gives rise

to a natural incremental algorithm where each step is realized as a variational minimization problem.

We discretize the time interval [0,T] via 0 = t0 < t1<
 
 
<tN = T and give a stable initial condition

ðu0; z0Þ 2 F
Z:



(IP) [Incremental Problem] For k =1, . . .,N find iteratively ðuk; zkÞ 2 F
Z such that

ðuk; zkÞ 2 arg min
ðu;zÞ2F
Z

ðEðtk;u; zÞ þDðzk�1; zÞÞ:
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Here ‘‘argminJ’’ denotes the set of all global minimizers of the functional J, i.e., with a ¼ minu2UJðuÞ we
def
have arg min J ¼ u 2 UjJðuÞ ¼ af g.
The fact that (IP) is very useful is manifested through the following result which states that incremental

solutions are always stable and satisfy a discretized version of the energy equality; for the simple proof see

[49,50].

Theorem 2.2. If ðu0; z0Þ 2 F
Z is stable, i.e., ðu0; z0Þ 2 arg minEð0; eu;~zÞ þDðz0;~zÞ and if

(uk,zk)k = 1, . . ., N is a solution of (IP), then for k = 1, . . .,N we have

(i) stability of (uk,zk) at time tk, i.e., Eðtk;uk; zkÞ6Eðtk; bu; ẑÞ þDðzk; ẑÞ for all ðbu; ẑÞ, and

(ii) the two-sided discretized energy estimate
Eðtk;uk; zkÞ � Eðtk�1;uk; zkÞ ¼
Z tk

tk�1

o

ot
Eðs;uk; zkÞds6Eðtk;uk; zkÞ � Eðtk�1;uk�1; zk�1Þ þDðzk�1; zkÞ

6

Z tk

tk�1

o

ot
Eðs;uk�1; zk�1Þds ¼ Eðtk;uk�1; zk�1Þ � Eðtk�1;uk�1; zk�1Þ:
For this theorem we just need that the (possibly unsymmetric) dissipation distance D satisfies the triangle

inequality (2.1).

An important feature of (IP) is the local occurrence of z (i.e. no gradients appear in the integrand defin-

ing EþD). This can be used to work out the minimization in z pointwise. We define the condensed poten-

tial Wcond and the update mapping bZ update
via
Wcondðzold; x;FÞ ¼
def

min
z2Z

½bwðx;F; zÞ þ bDðx; zold; zÞ�;
bZ updateðx;F; zoldÞ ¼

def
arg min

z2Z
½bwðx;F; zÞ þ bDðx; zold; zÞ�: ð2:6Þ
and choose z ¼ bZ updateðx;F; zold) such that this is a minimizer in the definition of Wcond. The new constitutive

function Wcond is uniquely defined by bw and bD and it contains the most important information on the com-

bined effect of the elastic storage and the dissipational behavior of the material. See Section 8 for an explicit

one-dimensional example and [40,41] for an explicit two-dimensional example. Now we have
Econd
zk�1

ðtk;uÞ ¼def min
z2Z

ðEðtk;u; zÞ þDðzk�1; zÞÞ ¼
Z

X
Wcondðzk�1ðxÞ; x;DuðxÞÞdx� h‘ðtkÞ;ui:
Thus, the kth step of (IP) is solved if we find a minimizer of Econd
zk�1

ðtk; 
Þ onF. If uk is such a minimizer, then

(uk,zk) with zkðxÞ ¼ bZ updateðx;DukðxÞ; zk�1ðxÞÞ is the desired minimizer in (IP).

The minimization problem for Econd
zk�1

ðtk; 
Þ has the standard form of a problem of nonlinear elasticity,

where Wcond(zk�1(x);x, Æ) plays the role of the elastic potential. Important features of ŵ and bD are inherited

by Wcond. For instance, if ŵ is frame indifferent, then so is Wcond, i.e. Wcond(zold;x,F) = Wcond(zold;x,RF) for

all R 2 SOðRdÞ. Similarly, material symmetries are inherited.
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However, other properties like the coercivity with respect to F are nontrivial and depend on hardening

properties. If coercivity fails, the solvability of (IP) is not guaranteed, and we have to expect fracture or

localization (shear bands), cf. [40]. Moreover, quasi- and rank-one convexity may no longer hold for

Wcond(z;x, Æ) and we have to expect the formation of microstructure in infimizing sequences, see [51,8].

If Wcond(z;x, Æ ) is not quasiconvex, then there is a loading t # ‘(t) such that (IP) and consequently (S) & (E)
does not have a solution, because of formation of microstructure.

It is this problem which is the reason for developing our theory below.

3. Two applications

We give two possible applications of the above theory which are well-known to give rise to the formation

of microstructure. The first is the case of shape-memory alloys, where the internal variable z is a phase indi-

cator taking values in the finite set of possible variants of phases. In the second application we treat a model

for finite-strain plasticity, where Z contains the matrix group of matrices with determinant 1. Other possible

applications involve damage models as treated in [16,24,26].

3.1. Shape-memory alloys

The phase transformations in shape-memory alloys can be described most easily by assuming that the

material can choose be be in one of n different phases which are characterized by the phase indicator

z 2 Z = {1, . . . ,n} and the associated stored energy densities w ¼ ŵðx;F; iÞ. For instance, in the case of a

cubic to tetragonal phase transformation we have n = 4 where one phase is the austenite and there are three

martensitic phases.

In addition to the elastic properties we also need to prescribe the dissipational behavior. Since the inter-
nal variables are discrete, we cannot prescribe an infinitesimal metric bD but have to give the dissipation dis-

tance bD : Z 
 Z ! ½0;1Þ directly. Hence, we have to give constants bDði; jÞP0 such that bDði; iÞ ¼ 0 and the

triangle inequality holds:
bDði; kÞ6bDði; jÞ þ bDðj; kÞ for all i; j; k 2 Z:
The value bDði; jÞ has the interpretation of an energetic threshold value which has to be overcome in order to
propagate an interface between phase i and j by a unit volume, see [50,19] for more details.

In particular, it is easy to obtain simple examples where Wcond is not quasiconvex. Obviously we have
Wcondði; x;FÞ ¼ minfŵðx;F; jÞ þ bDði; jÞ j j 2 Zg:

For instance, in the case ŵðF; jÞ ¼ ½E� ej� : C½E� ej� þ cj, where E ¼ 1

2
ðFþ F>Þ � I, rank-one convexity

does not hold whenever Wcond(i; Æ) is not identical ŵðx;F; iÞ.
In these two references a relaxed, macroscopic problem is studied which is based on phase fractions

hj 2 [0,1]. Thus, Z is replaced by the polyhedron
Pn ¼ h ¼ ðh1; . . . ; hnÞ 2 Rn hiP0;
Xn
j¼1

hj ¼ 1

�����
( )

: ð3:1Þ
We will show in Section 6.3 that this model is nothing as a special case of our general relaxation by Young

measures.
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3.2. Finite strain elasto-plasticity

In the case of elasto-plasticity we need to give specific constitutive assumptions, in particular for the

internal variables z 2 Z. We follow here the recent papers [51,38] and refer to [40] for more details.

Multiplicative elasto-plasticity uses the splitting F = Du = FeFp, where Fp is an internal variable and
Fe ¼ FF�1

p is the part which accounts for elastic energy and stresses. As internal variables we use
z ¼ ðP; pÞ 2 SLðRdÞ 
 Rm; with P ¼ Fp and SLðRdÞ ¼ P 2 Rd
d�� detP ¼ 1
� �

;

where p 2 Rm denotes suitable hardening parameters. As shown in [40], P can be taken from any matrix

subgroup of GLðRdÞ. In, particular, we consider GLðR1Þ in Section 8.1 and fIþ ce2 � e1 j c 2 Rg in Section
8.2.

For the constitutive functions bw and bD we now specify the associated symmetry conditions. They involve

the material symmetry group S � SOðRdÞ and they are supposed to hold for all ðF;P; pÞ 2
GLþðRdÞ 
 SLðRdÞ 
 Rm (for notational simplicity we suppress the possible dependence on x 2 X):

(Sy1) Frame indifference:
bwðRF;P; pÞ ¼ bwðF;P; pÞ for all R 2 SOðRdÞ;

(Sy2) Plastic indifference:
bwðFG;PG; pÞ ¼ bwðF;P; pÞ; bDðPG; p; _PG; _pÞ ¼ bDðP; p; _P; _pÞ for all G 2 SLðRdÞ;

(Sy3) Rate independency:
bDðP; p; a _P; a _pÞ ¼ abDðP; p; _P; _pÞ for all aP0;
(Sy4) Material symmetry:
bwðF;SP; sSpÞ ¼ bwðF;P; pÞ and bDðSP; sSp;S _P; sS _pÞ ¼ bDðP; p; _P; _pÞ for all S 2 S:
The special assumption for elasto-plasticity is the ‘‘plastic indifference’’ (Sy2) which leads to the multipli-

cative split in bw as well as to the correct time rates in the flow rules. We find
bwðx;F;P; pÞ ¼ ~wðx;FP�1; pÞ; bDðx;P; p; _P; pÞ ¼ eDðx; p; _PP�1; _pÞ; ð3:2Þ
and the thermodynamically conjugated forces take the form
Q ¼ � o

oP
bwðx;F;P; pÞ ¼ P�>F> o

oFe

~wðx;FP�1; pÞP�> 2 Rd
d ;

q ¼ � o

op
bwðx;F;P; pÞ ¼ � o

op
~wðx;FP�1; pÞ 2 Rm:
The elastic domain Qðx;P; pÞ associated to bDðx;P; p; 
; 
Þ is the set of all thermodynamic forces (Q,q) which

are not strong enough to overcome the dissipational friction: Qðx;P; pÞ ¼ ½oð _P; _pÞbDðx;P; p; 
; 
Þ�ð0; 0Þ, see
(2.3). Using (Sy2) and the Lie-group structure of SLðRdÞ, which gives
V 2 TPSLðRdÞ () n ¼ VP�1 2 slðRdÞ ¼def TISLðRdÞ ¼ n 2 Rd
d ��tracen ¼ 0
� �

;

leads us to the plastically indifferent form of the elastic domain:
ðQ; qÞ 2 Qðx;P; pÞ () ðQP>; qÞ 2 eQðx; pÞ ¼def Qðx; I; pÞ: ð3:3Þ
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The flow rule (2.5) takes the form
ð _PP�1; _pÞ 2 oX ~Qðx;pÞðQP>; qÞ ¼ N ðQP> ;qÞ
eQðx; pÞ
which is the well-known associative flow rule of multiplicative elasto-plasticity. It contains the ‘‘plastically

indifferent’’ plastic rate _PP�1 as well as the ‘‘plastically indifferent’’ conjugate forceQP> ¼ F>
e

o
oFe
ewðx;Fe; pÞ.

In [8, Section 7] the following example for a condensed energy potential in the case of classical isotropic

von Mises plasticity with hardening is given. Let
w ¼ ewðFe; pÞ ¼ hðdetFeÞ þ
l
2
trF>

e Fe þ
a
2
p2 with hðdÞ ¼ kd2=4� ðk=2þ lÞ log d:
For the dissipation metric we choose
D ¼ eDðp; n; _pÞ ¼ rknk for n ¼ n>; trn ¼ 0 and _p þ knk60

and eDðp; n; _pÞ ¼ 1 else. Then, WcondððI; 0Þ; 
Þ : Rd
d ! R is not rank-one convex. In particular, the func-

tion a # Wcond((I, 0); I + an � n) is nonconvex.

Thus, for this example the formation of microstructure is to be expected analytically. In [22] the occur-

rence and evolution of microstructure is observed numerically.
4. Relaxation

The general philosophy of relaxation (see [57]) is that of replacing a difficult (nonconvex) problem, which

may be unsolvable, by a more general problem, which can be solved easier than the original problem but

still maintains the essential features of the original problem. In particular, in problems developing micro-

structure one is interested in deriving macroscopic models for generalized objects such that their spatial
behavior is better and small scales do not need to be resolved. The mathematical process is abstract enough

to allow for the identification of new macroscopic quantities and, hopefully, for the derivation of evolution

laws for these new quantities. Thus, an efficient calculation of the macroscopic behavior of the essential

features is possible.

4.1. Basic ideas of relaxation

We illustrate the concepts of relaxation with the help of a simple example, which however relates to a
single, static problem. Afterwards we return to incremental problems and hence time-dependent problems.

More details can be found in [12,57].

Consider the minimization for I on the set F ¼ H 1ðð0; 2ÞÞ, where
IðuÞ ¼
Z 2

0

f ðx;uðxÞ;u0ðxÞÞdx� euð2Þ;

with f ðx;u; F Þ ¼ minfðF � 1Þ2; ðF þ 1Þ2g þ u � 1

4
x2


 �2

:

We first note that I does not have a minimizer, i.e., argmin I is empty. For this purpose we use the convex-

ification IconvðuÞ ¼
R 2
0
f convðx;uðxÞ;u0ðxÞÞdx� euð2Þ, where
f convðx;u; F Þ ¼ u � 1

4
x2


 �2

þ
ðF � 1Þ2 for FP1;

0 for jF j61;
ðF þ 1Þ2 for F6� 1:

8><>:
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Since Iconv is strictly convex, it has a unique minimizer u* on F which is given by
A t

(r1

(r2
u�ðxÞ ¼
1
4
x2 for x 2 ½0; 1�;

1
4
x2 þ 1

2
ð1� e1�xÞ for x 2 ½1; 2�:

(

In particular, we have the identity I convðu�Þ ¼ minu2FIconvðuÞ.

However, we have also I convðu�Þ ¼ infu2FIðuÞ'Iðu�Þ. To see the first identity it suffices to construct a

suitable infimizing sequence ðukÞk2N in F with I(uk)! Iconv(u*). One such sequence is obtained by letting

uk(x) = u(x)* for x 2 [1, 2] and taking ukðxÞ 2 ½u�ðxÞ;u�ðxÞ þ 1
k� with the additional restriction j u0

kðxÞ j ¼ 1

almost everywhere in (0,1).
The point is that all function u 2 F satisfy I(u) > inf I = Iconv(u*). Each test-function stays above the

desired value, but one can get as close as one likes. To approach this infimum the functions have to develop

more and more structure. It can be shown that every infimizing sequence converges uniformly to u, i.e.,
sup[0,2]juk(x) � u*(x)j ! 0 for k ! 1. However, the gradients u0

kðxÞ will oscillate wildly for x 2 (0,1), since

we want to have simultaneously ju 0
k(x)j � 1 and

R x2
x1

u0
kðxÞdx � u�ðx2Þ � u�ðx1Þ ¼ x2þx1

2
ðx2 � x1Þ.
riple ðF;J; IÞ is called a relaxation of ðF; IÞ, if the following conditions hold.

) J is an embedding of F into F, such that JðFÞ is dense in F.

) JðwÞ ¼ inf lim infk!1JðukÞjJðukÞ!
F

w
n o

.

For a given problem there are many relaxations. In our above example Iconv is the relaxation associated

with the choice F ¼ F. In this case I ¼ I conv is simply called the lower semicontinuous envelope. This stand-
ard relaxation is especially useful if we are only interested in the macroscopic quantities of almost minimiz-

ers, since they are given via u*. However, if we need information on the microstructure other relaxations

are better.

One such relaxation is the Young measure relaxation which will be discussed in Section 5 in more detail.

For the present example we consider F to be the set of pairs (u,m) such that u 2 F and m : ½0; 2� ! ProbðRÞ
(set of probability measures on R) with the compatibility condition u0ðxÞ ¼

R
R
F mðx; dF Þ (mean value).

Denoting by dA 2 ProbðRÞ the Dirac distribution located in A 2 R (i.e.,
R
R
f ðF ÞdAðdF Þ ¼ f ðAÞ), we define

the embedding J in the canonical way
J :
F ! F;

u 7! ðu; du0 Þ:

�

Moreover, we define the relaxed functional I via
Iððu; mÞÞ ¼
Z 2

x¼0

Z
F2R

f ðx;uðxÞ; F Þmðx; dF Þdx:
The important point is now that convergence in F can lead to m-components which are no longer Dirac dis-
tributions, which may be thought of a functions with uncertain values. In particular, for the above problem

every infimizing sequence (uk) has the property that it JðukÞ converges, namely
JðukÞ ¼ ðuk; du0
k
Þ!F ðu�; m�Þ with m�ðxÞ ¼

2�x
4

d�1 þ 2þx
4

dþ1 for x 2 ð0; 1Þ;
du�0ðxÞ for x 2 ð1; 2Þ:

(

Of course, we have ðu�; m�Þ 2 arg min

ðu;mÞ2F
Iððu; mÞÞ.
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The solution (u*,m*) to this relaxed problem contains information on the microstructure which is needed

to realize solutions uk which are almost minimizing. For x 2 (0,1) we see that in a microscopically small

neighborhood of x, i.e., jy � xj 6 d � 1 the gradients u0
kðyÞ have to be either close to �1 or to +1, where

the proportion for being close to �1 is 2�x
4
and that for +1 is 2þx

4
. It is exactly this kind of information whose

evolution we want to understand in the time-dependent setting.

4.2. Relaxation of incremental problems

We return to the abstract setting of inelasticity with the internal variable z 2 Z and the energetic formu-

lation of the rate-independent model. Based on the associated incremental problem we formulate basic

properties of suitable relaxations. Formation of microstructure occurs, if minimization problems have

no solution, cf. [4,8]. This effect is due to material instabilities. We say that the incremental problem (IP)

has no solution, if the infimum
(AI

ðR
Le
ak ¼ inf
ðu;zÞ2F
Z

ðEðtk;u; zÞ þDðzk�1; zÞÞ
is not attained, i.e., there is no ðu; zÞ 2 F
Z with ak ¼ Eðtk;u; zÞ þDðzk�1; zÞ. In this situation we may

consider the following approximate incremental problem.
P)e Given e > 0 and z0 2 Z, find ðue
k; z

e
kÞ 2 F
Z with

Eðtk;ue
k; z

e
kÞ þDðzek�1; zekÞ6e þ Eðtk;u; zÞ þDðzek�1; zÞ for all ðu; zÞ 2 F
Z:
Obviously, this problem has solutions for all e > 0. The difficult, remaining question is how the solutions

ðue
k; z

e
kÞ behave for e ! 0. As we have seen in the above example, we cannot expect pointwise convergence

but certain macroscopic quantities should have limits for e ! 0. To define an abstract notion of relaxation

we introduce a generalized convergence ‘‘!W ’’ on an enlarged space W. As above, this space is connected to

F
Z via a continuous embedding J : F
Z 7! W. Prototypes of such embeddings are convex locally

compact embeddings as given in [57,58]. Moreover, generalized functionals E : ½0; T � 
W !
R and D : W
W ! ½0;1� replace the elastic functional E and the dissipation distance D. We define

the associated incremental problem for the initial datum w0 2 W and the time discretization
0 = t0 < t1< 
 
 
 <tN = T as follows.
IPÞ [Relaxed incremental problem]

t w0 2 W be given. For k = 1, . . .,N find iteratively wk 2 W such that

wk 2 arg min
w2W

ðEðtk;wÞ þDðwk�1;wÞÞ:
We do not ask for the conditions DðJð0; z0Þ;Jð0; z1ÞÞ ¼ Dðz0; z1Þ and Eðt;Jðu; zÞÞ ¼ Eðt;u; zÞ. Hence,
in general the relaxation will not be an extension.

Definition 4.1. A 4-tuple ðW;J; E;DÞ as defined above is called a lower (or upper) incremental relaxation of

ðF
Z;E;DÞ if the following four conditions hold:

(R1) [Solvability] For each w0 2 W the relaxed incremental problem ðRIPÞ has a solution.

(R2) [Approximation] JðF
ZÞ is dense in W.
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(R3) [Incremental consistency] If (uk,zk)k=1,. . .,N solves (IP), thenJðuk; zkÞk¼1;...;N solves ðRIPÞ; and vice
versa, if (wk)k=1,. . .,N satisfies wk ¼ Jðuk; zkÞ and solves ðRIPÞ, then (uk,zk)k=1,. . .,N solves (IP).

(R4)low [for a lower incremental relaxation] For each solution (wk)k = 1,. . .,N of ðRIPÞ, there exist solutions
ðue

k; z
e
kÞk¼1;...;N of (AIP)e with Jðue

k; z
e
k Þ!

W
wk for e ! 0.

(R4)upp [for an upper incremental relaxation] If Jðue
k; z

e
k Þ!

W
wk and ðue

k; z
e
kÞk¼1;...;N solves (AIP)e, then

(wk)k = 1,. . .,N solves ðRIPÞ.
Our definition implies that the relaxed problem has to be of the same energetic kind as the original one;

we just give up the clear distinction between u 2 F and z 2 Z. Condition (R1) forces us to consider only
useful relaxations, namely those which have solutions. If the original problem is already solvable, then we

can choose W ¼ F
Z, E ¼ E and D ¼ D, since no relaxation is necessary. Condition (R2) says that the

new state spaceW should not be unnecessarily big in the sense that every w 2 W can be approximated by a

sequence (ue,ze)e>0 of classical elements in F
Z, i.e., Jðue; zeÞ!W w for e ! 0. Condition (R3) is very

important as it says that the relaxation must maintain classical solutions, if they exist for (IP) or if they

are found by solving ðRIPÞ. Conditions (R4)low and (R4)upp link the rate-independent evolution of

ðF
Z;E;DÞ to that of ðW; E;DÞ via the approximate incremental problem (AIP)e.

4.3. The relaxed time-continuous problem

Moreover the relaxed incremental problem ðRIPÞ can be interpreted as the incremental problem associ-

ated to the following relaxed energetic formulation of a rate-independent time-continuous problem: The

function w : ½0; T � 7! W is called a solution of the relaxed problem ðW; E;DÞ, if ðSÞ and ðEÞ are satisfied:
ðSÞ Stability For all t 2 [0,T] and all ew 2 W we have

Eðt;wðtÞÞ6Eðt; ewÞ þDðwðtÞ; ewÞ:
ðEÞ Energy equality For all 0 6 t1 < t2 6 T we have

Eðt1;wðt2ÞÞ þDissrelðw; ½t1; t2�Þ ¼ Eðt1;wðt1ÞÞ �
Z t2

h _‘ðsÞ;UðwðsÞÞids:
Here u = U(w) is the macroscopic deformation u associated to the generalized limit w 2 W. The relaxed

dissipation is given by Dissrelðw; ½t0; t1�Þ ¼ sup
PN

j¼1Dðwðsj�1Þ;wðsjÞÞ where the supremum is taken over all

N and all discretizations t0 6 s0 <
 
 
< sN 6 t1.

A further desirable property for relaxations is the consistency for the time continuous problem:

(R5) [Time-continuous consistency] If ðu; zÞ : ½0; T � 7! F
Z solves (S) & (E), then Jðu; zÞ : ½0; T � 7! W

solves ðSÞ & ðEÞ; and vice versa, if w : ½0; T � 7! W satisfies wðtÞ ¼ JðuðtÞ; zðtÞÞ and solves ðSÞ & ðEÞ,
then ðu; zÞ : ½0; T � 7! F
Z solves (S) & (E).

Another way to define relaxations for rate-independent problems of the type (S) & (E) is proposed in

[62]. This definition avoids totally the usage of incremental problems but needs instead a sequence of

approximation operators Sn : W 7! F
Z such that:

(R.i) For all ðu; zÞ 2 F
Z we have SnðJðu; zÞÞ!W ðu; zÞ for n ! 1.

(R.ii) For all t 2 ½0; T � and all w 2 W we have Eðt;SnðwÞÞ ! Eðt;wÞ for n ! 1.
(R.iii) For all wold,wnew 2 W we have DðSnðwoldÞ;SnðwnewÞÞ ! Dðwold;wnewÞ for n ! 1.

An application of this theory to phase transformations is given in [62].

t1
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5. Young measures

A special relaxation can be given by using Young measures which were introduced into the field of

continuum mechanics in [4] and were further developed in the last 15 years, see e.g., [57]. One particular

instance of the relaxation developed below was studied in [48,19,50], where phase transformations in
shape-memory alloys were studied. In our terminology of micro-, meso- and macroscopic scales we con-

sider the Young measure as macroscopic object which is obtained by averaging microscopic fluctuations

over mesoscopic representative volume elements, see the discussion in the paragraph after (5.2). After intro-

ducing the main notations for Young measure, we introduce the so-called Wasserstein distance on measures

which measures the minimal dissipation distance between two Young measures. Finally we will study gra-

dient Young measures which arise as Young measures for the deformation gradient.
5.1. Basic notations for Young measures

We begin by recalling the definition and properties of Young measures, for more details see [57,35]. Re-

call that Z is assumed to be a closed subset of Rn (which is not necessarily convex, like SLðRdÞ � Rd
d) and

letZp ¼ z 2 LpðXÞjzðxÞ 2 Z a:e:f g for p > 1. We consider sequences of functions ðzjÞj2N with zj 2 Zp, which

may be obtained from an infimizing sequence in some incremental problem. In general, we may only expect

weak convergence, i.e., there exist z1 2 LpðX;RnÞ such that for all h 2 C0ðX;RnÞ we have
Z
X
zjðxÞ 
 hðxÞdx!

Z
X
z1ðxÞ 
 hðxÞdx for j! 1: ð5:1Þ
A major problem with weak convergence is that it is not compatible with nonconvexity of Z. In general the

weak limit z1 does not lie in Zp. For instance, detPj � 1 does not imply detP1 � 1.

Weak limits are obtained by simple averages over mesoscopic test regions x0 + eQ, where Q = (0,1)d, and

the subsequent limit j ! 1. In particular, (5.1) is equivalent to the following convergence: for all x0 2 X
and e > 0 small enough we have

R
x0þeQz

jðxÞdx!
R
x0þeQz

1ðxÞdx for j ! 1.

The Young measure does not average over these test regions but rather measures how the values z(x) are

distributed throughout the test regions x0 + eQ. Denote by Prob(Z) the set of all probability measures on Z

(contained in the set of Radon measures C0ðZÞ� ¼ LinðC0ðZÞ;RÞ):
ProbðZÞ ¼def m measure on ZjmP0;

Z
Z

mðdzÞ ¼ 1

� �
:

The Young measures on X with values in Z are given by
YMðX; ZÞ ¼def l : X 7! ProbðZÞjl is weakly measurablef g:

We say that the sequence ðzjÞj2N generates the Young measure l (written zj !YM l) if for each x0 2 X and suf-

ficiently small e and every function g 2 C0ðZ;RÞ we have
Z
x0þeQ

gðzjðxÞÞdx!
Z
x0þeQ

Z
Z
gðzÞlðx; dzÞdx for j! 1: ð5:2Þ
A function x # z(x) can be considered as a Young measure by letting l(x) = dz(x) where da denotes the

point mass in a, i.e. da(A) = 1 if a 2 A and 0 else.

In the above considerations we consider the small cubes x + eQ as mesoscopic representative volume ele-

ments which have side length e > 0. On the one hand, the value e > 0 is bigger than the microscopical fluc-

tuations which appear in the sequence zj :X ! Z for j sufficiently large. On the other hand e is smaller than
the typical length scale on which the Young measure l(x) 2 Prob(Z) varies with the macroscopic variable
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x 2 X. In mathematical terms this is expressed in the fact that the limit j ! 1 has to be done before the

limit e ! 0. If zj !YM l we have, for all measurable W � Z and almost every x 2 X, the identity
lðx;W Þ ¼
Z
z2W

lðx; dzÞ ¼ lim
e!0

e�d lim
j!1

vol y 2 xþ eQjzjðyÞ 2 Wf gð Þ:
In the sequel we will often consider probability measures on a product space Z1 · Z2 which then is de-

noted by Prob(Z1 · Z2) (or even Prob(Z1 · Z2 · Z3) for a triple product space); the associated set of YMs is

denoted by YM(X,Z1 · Z2). A measure m 2 Prob(Z1 · Z2) denotes a joint distribution of the two variables
z1 2 Z1 and z2 2 Z2. Often it is necessary to extract the so-called marginal distributions mj ¼ Mjm 2 ProbðZjÞ
which give the simple distribution of zj 2 Zj neglecting the correlations to z3�j. Explicitly m1 is defined via its
action on test functions g : Z1 ! R, i.e.,
Z

Z1

gðz1Þm1ðdz1Þ ¼
Z
Z1
Z2

gðz1Þmðdz1; dz2Þ for g 2 C0ðZ1;RÞ:
Similarly m2 ¼ M2m 2 ProbðZ2Þ is defined via integrating out the variable z1. We may also use the more intu-

itive form
M1m ¼ m1 ¼
Z
z22Z2

mð
; dz2Þ and M2m ¼ m2 ¼
Z
z12Z1

mðdz1; 
Þ:
Clearly Mj can be seen as a projection on the space of all measures. For a linear combination of Dirac

masses m ¼
Pn

k¼1akdðzk
1
;zk
2
Þ we simply obtain mj ¼

Pn
k¼1akdzkj .
5.2. The Wasserstein distance between measures

Given a (dissipation) metric bD : Z 
 Z 7! ½0;1�, we want to generalize it to a metric D on the space of

Young measures which satisfies Dðdz0 ; dz1Þ ¼ Dðz0; z1Þ for all z0; z1 2 Z. Moreover, it should fit to the

microscopic observation that microscopic changes from z0 to z1 can be arranged in the mesoscopic region
x0 + eQ in an optimal way. Here optimality is meant in the sense of minimal dissipation. Assume that at

time level tk�1 at a macroscopic point x 2 X the microscopic distribution of z is given via lk�1(x) 2 Prob(Z)

and that this distribution has to be changed into lk(x). Assuming that both distributions are realized on the

mesoscopic region x + eQ via functions zek�1; z
e
k : xþ eQ! Z, we have a lot of freedom to choose these func-

tions to make the dissipation minimal. Note that the dissipation only depends only the distribution of the

values zej inside of Z but not on the microstructural arrangement of zej as a function from x + eQ into Z.

This leads directly to the so-called Wasserstein distance between two probability measures. By DWass we

denote the Wasserstein metric on Prob(Z) which associates to bD:

DWassðx; m0; m1Þ ¼ inf

Z
Z
Z

bDðx; z0; z1Þgðdz0; dz1Þ����g 2 ProbðZ 
 ZÞ; m0 ¼ M1g; m1 ¼ M2g

� �
: ð5:3Þ
For given m0,m1 2 Prob(Z) we have to transport the mass from the start distribution m0 to the final distribu-
tion m1. Here g 2 Prob(Z · Z) is a probability measure such that g(dz0,dz1) gives the amount of mass which

from a neighborhood of z0 is transported into a neighborhood of z1. We have to infimize the associated

dissipation bD with respect to g under the given initial and final distributions.

We illustrate this by calculating the distance between two measures which have mass only in finitely

many points, i.e., mj ¼
Pmj

k¼1a
j
kdzj

k
with zjk 2 Z, a

j
kP0 and

Pmj
k¼1a

j
k ¼ 1. For the distance the associated trans-

port measures take the form g ¼
Pm0

k¼1
Pm1

l¼1bk;ldz0k ;z1l , where bk,l 2 [0,1] is the mass which is transported from

z0k to z
1
l . Thus, we find



1 F

defined
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DWassðx; m0; m1Þ ¼ min
Xm0

k¼1

Xm1

l¼1
bk;l bDðx; z0k ; z1l Þ

�����bk;lP0;
Xm0

k¼1
bk;l ¼ a1l ;

Xm1

l¼1
bk;l ¼ a2m

( )
:

Thus, calculating the Wasserstein distance is a classical linear programming problem for the case of meas-

ures with finitely many mass points.

The Wasserstein metric has a dual representation (which is well-known in probability theory) using

Lipschitz continuous functions, cf. [54,35]:
DWassðx; m0; m1Þ ¼ sup

Z
Z
gðzÞm1ðdzÞ �

Z
Z
gðzÞm0ðdzÞ

����g 2 C0ðZ;RÞ;LipD̂ðgÞ61
� �

;

where LipD̂ðgÞ ¼ supz1;z22Z j gðz1Þ � gðz2Þ j =bDðx; z1; z2Þ. Hence, DWass can be understood as the restriction of

a Banach-space norm to the convex set Prob(Z). This definition of the norm is very useful in theoretical

considerations but is less useful for the actual computation of the distance.
For two Young measures l0,l1 2 YM(X,Z) we define the dissipation distance via
Dðl0; l1Þ ¼
Z
x2X

DWassðx; l0ðxÞ; l1ðxÞÞdx;
which is an integral over a function which is local in the macroscopic variable x 2 X.

5.3. Gradient Young measures

There is a special case of Young measures, namely those which are generated by sequences which are

gradients of functions, like the deformation gradients in continuum mechanics Fj ¼ Duj 2 Rd
d . The

Young measures obtained as limits from gradients form a subset of all Young measures and are called gra-

dient Young measures (GYM). They are characterized as follows (cf. [28,57]):
c 2 GYMðX;Rd
dÞ ()
There exists u : X 7! Rd such that for almost

everyða:e:Þ x 2 X we have cðxÞ 2 ProbgradDuðxÞðR
d
dÞ;

(
ð5:4Þ
where
ProbgradðRd
dÞ ¼def m 2 ProbðRd
dÞ
���� for all quasiconvex h : Rd
d 7! R we have h

Z
Rd
d

GmðdGÞ

 ��

6

Z
Rd
d

hðGÞmðdGÞ
�

and
ProbgradF ðRd
dÞ ¼def m 2 ProbgradðRd
dÞ
���� Z

Rd
d
GmðdGÞ ¼ F

�
:

�

We shortly write c 2 GYMuðX;Rd
dÞ if cðxÞ 2 ProbgradDuðxÞðR

d
d) for a.e. x 2 X. 1

The above condition cðxÞ 2 ProbgradDuðxÞðR
d
dÞ is essential as it reflects the information of compatibility of

different gradients. For instance, m = hdA + (1 � h)dB with h 2 (0,1) and A;B 2 Rd
d if and only if rank(A �
B) 6 1. In contrast to ProbðRd
dÞ and YMðX;Rd
dÞ, the sets ProbgradðRd
dÞ and GYMðX;Rd
dÞ are no long-
er convex which makes calculations with GYM much more difficult than those with simple YM. However,

for fixed F the set Prob
grad
F ðRd
dÞ is convex, and consequently GYMuðX;Rd
dÞ is convex for fixed u.
or mathematical reasons the above definitions have to be made more precise, such that the integrals
R
Rd
d hðGÞmðdGÞ are well-

. For instance, one can restrict to measures m such that
R
Rd
d 1þ j GjpmðdGÞ < 1 and then considers only quasiconvex functions

jh(G)j 6 C(1 + jGjp).
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A welcome feature of GYM is that the the condition cðxÞ 2 ProbgradDuðxÞðR
d
dÞ is local in the macroscopic

space variable x. The only coupling between the different measures c(x) occurs through the mean value

Du(x) which has to be a gradient. Moreover, all sets Prob
grad
F ðRd
dÞ can be obtained by translating

Prob
grad
0 ðRd
dÞ, i.e., ProbgradF ðRd
dÞ ¼ T FProb

grad
0 ðRd
dÞ where (TFm)(A) = m(A � F) for all A � Rd
d . This

can be used in finite-element calculations, since most computations can be done parallel in each element.
A major problem is that the set of quasiconvex functions appearing in the definition of Probgrad is not

well-understood. The construction of approximating sequences with classical functions or other approxima-

tions are rather easy for usual YM, but very difficult and not really understood for GYM, see [28,57]. This is

due to the fact that the set of quasiconvex functions h : Rd
d ! R is not understood at the first place.

5.4. Sequential laminates

There is one nontrivial construction for GYM which are called sequential laminates. It is known that the
closure of the set of sequential laminates (infinite sequential laminates) is a strict subset of all GYM. How-

ever, so far it is the only set which is computationally accessible. Moreover, experimental observations show

that almost all observed microstructures have the form of sequential laminates with one up to three levels of

laminates.

The basic lamination construction works as follows. For j = 1,2 consider lj 2 GYMujðX;Rd
dÞ such
that rank(Du1(x) � Du2(x)) 6 1. Then, for all functions h 2 L1(X, [0, 1]) the YM l = hl1 + (1 � h)l2 lies
in GYMuðX;Rd
dÞ, where u = hu1 + (1 � h)u2. To show this one has to combine the two different micro-

structures in a laminated fashion to form a new microstructure. Using F1(x) � F2(x) = a(x) � n(x), one
forms on mesoscopic patches fine laminates with normal vector n(x) and relative volumes h(x) and

1 � h(x). The condition F1(x) � F2(x) = a(x) � n(x) is needed to guarantee compatibility.

Starting with a trivial GYM of the form lj = dDuj
and applying this process several times leads to more

and more complicated GYMs. This process is called sequential lamination. It is known that this procedure

does not yield all possible GYM, however, the reachable set seems to be sufficiently rich for applications.

We refer to [4,29,51,52,1,20,19] for more details.

Finally, we indicate how this procedure can be used for measures which have mass only at finitely many

points. Obviously we have dF 2 Prob
grad
F ðRd
dÞ and for each a 2 (0,1), a 2 Rd and n 2 Rd with jnj = 1 the

two matrices
F1 ¼ Fþ ð1� aÞa� n and F2 ¼ F� aa� n
are compatible since F1 � F2 = a � n. This splitting procedure of dF into adF1 þ ð1� aÞdF2 2 ProbgradF ðRd
dÞ
is called branching in [52]. Replacing F1 and F2 by similar laminates we reach a GYM which has mass in

four points, also called leaves. After finitely many steps we reach a general measure m ¼
PN

1 akdFk which lies

in Prob
grad
F ðRd
dÞ. Moreover, such sequential lamination can be associated with a tree, where every branch
Fig. 1. A lamination tree with four leaves and the associated sequential laminate.
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point corresponds to a replacement of one gradient by a compatible pair. Since ProbgradF ðRd
dÞ is a convex
set, we may also take convex combinations of several lamination trees associated with F, see Fig. 1.

For a given F a tree with k branchings lies in a 2kd-dimensional manifold, since at each branch-point the

weight a 2 (0,1) and the vectors a; n 2 Rd with jnj = 1 can be chosen freely. The construction of such meas-

ures is embedded in minimization problems arising from the incremental problems; hence it will be of
importance to understand how the trees can be modified by changing the weights a, the jump vector a

and the normal vector n as well as by adding further branches or, to keep complexity as small as possible,

by cutting of branches (called pruning) if their weight is too small, see Section 7.4.
6. Separate relaxation

6.1. Abstract separate relaxation

Whereas relaxation of single minimization problems is a standard tools nowadays, the relaxation of

time-dependent or incremental problems is not developed as much. There are rather ad hoc methods in cer-

tain fields, but no general strategy seems to be available. We refer to [53,6,7,50] for such results.

Here we suggest a formal mathematical approach, which has the advantage that it is relatively simple

and stays in the framework of variational incremental problems associated with energetic formulations.

In particular, when this approach is made concrete within the field of Young measures, it leads to the mod-

els treated by engineers [51,52,39,42].
The separate relaxation is obtain by embeddingF
Z viaJ densely into a larger spaceW. The relaxed

functionals E andD are abstractly defined as relaxation of E andD, respectively, in the sense of Section 4.1:
Eðt;wÞ ¼ inf lim inf
m!1

Eðt;um; zmÞ
���Jðum; zmÞ!

W
w

n o
;

Dðw0;w1Þ ¼ inf lim inf
m!1

Dðz0;m; z1;mÞ
���Jðu; z0;mÞ!

W
w0; Jðu; z1;mÞ!

W
w1

n o
:

We call this separate relaxation, since in the relaxation process the energy storage and the energy dissipa-

tion are treated completely separately from each other. These functionals are given as the smallest possible

limit of all sequences of classical functions producing the correct limit in W.

This abstract setting is not very useful for practical purposes unless the form of E and D is made more
specific. However, we obtain a general result in terms of relaxation.

Theorem 6.1. If for all z0; z1 2 Z we have DðJð0; z0Þ;Jð0; z1ÞÞ ¼ Dðz0; z1Þ and if further technical

assumptions hold, then the relaxation defined via W, J, E and D satisfies the properties (R1)–(R3) in
Definition 4.1 as well as (R5).

Proof. The existence of minimizers for the incremental problem Eðt; zÞ þDðzold; zÞ ! min is solvable since

by construction Eðt; 
Þ and Dðzold; 
Þ are weakly lower semicontinuous. Suitable assumptions give coercivity
as well, hence infimizing sequences have a weak limit which is a minimizer.

The consistencies (R3) and (R5) follow from the fact that the relaxation satisfies
inf Eðt;u; zÞ þDðzold; zÞjðu; zÞ 2 F
Zf g ¼ inf Eðt;wÞ þDðJð0; zoldÞ;wÞjw 2 Wf g

for all t 2 [0,T] and zold 2 Z. Hence, stability in F
Z already implies stability in W. h

Amajor problem in the theory is that we do not understand under what conditions the separate relaxation

also satisfies the properties (R4)low or (R4)upp. The problems arise from the fact that, depending on the choice
of W, we lose some or more information on the microstructure in step k � 1 and just remember wk�1 2 W.

For instance, ifW is the Young measure relaxation discussed in the next subsection, we only remember mes-
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oscopic volume fractions of the infimizing sequence ðzek�1Þe>0 and lose information of their microscopic

arrangements (micropattern). Hence, our generalized dissipation distance D may underestimate the dissipa-

tion if the distribution of the fluctuation changes only little but the micropattern changes a lot. However, in

situations we have in mind (elasto-plasticity or shape-memory alloys) there is strong evidence that changes of

the micropattern are always dominated by changes in the mesoscopic distribution. For instance laminates
will not rotate with given phase portions they rather grow by changes in the relative phase portion.

Hence, we believe that the separate relaxation is a reasonably good model. In [62] it is proved mathemat-

ically for a two-phase shape-memory model that the separate relaxation is an exact relaxation satisfying

(R4)low.

6.2. Separate Young-measure relaxation

The abstract separate relaxation can be make explicit by choosing W suitably. We propose a relaxation
which uses the weak convergence inF � W1;pðX;RdÞ and the Young measures l 2 YM(X,Z) to replace the
states z 2 Z. Hence, in the abstract setting we let
w ¼ ðu; lÞ 2 F
YMðX; ZÞ ¼: W and Jðu; zÞ ¼ ðu; dzÞ:
For the convergence in W we choose the definition ðuj; ljÞ!W ðu1; l1Þ if and only if
uj * u1 in W1;pðX;RdÞ and

8g 2 C0ðZÞ :
R
Z gðzÞljðdzÞ *

R
Z gðzÞl1ðdzÞ in L1ðXÞ:

(

The convergence lj !YM l1 as defined above is also called Young measure convergence and it makes the set

dzjz 2 Zf g dense in YM(X,Z), cf. Section 4.1 and [11,2,57].

The relaxed functionals are abstractly defined as Young-measure relaxation separately for E and D:
Eðt;u;lÞ ¼ inf lim inf
m!1

Eðt;um; zmÞ
���Jðum; zmÞ!

W ðu;lÞ
n o

;

Dðl0; l1Þ ¼ inf lim inf
m!1

Dðz0;m; z1;mÞ
���dz0;m !YM l0; dz1;m !

YM
l1

n o
:

This relaxation is useful since it allows for integral representations of the relaxed functionals. These follow

from abstract results as given in [11,57,50].

Theorem 6.2. Under suitable technical assumptions the relaxed functionals have the form
Eðt;u; lÞ ¼
Z

X
Wrelðx;DuðxÞ; lðxÞÞdx� h‘ðtÞ;ui;

Dðlold; lnewÞ ¼
Z

X
DWassðx; loldðxÞ; lnewðxÞÞdx;
with DWass from (5.3) and the relaxed potential Wrel is given by
Wrelðx;F; mÞ ¼ inf

Z
ð0;1Þd

bwðx;FþDuðyÞ; zðyÞÞdy
�����u 2 W1;1

0 ðð0; 1ÞdÞ;
(

mðAÞ ¼ volðfy j zðyÞ 2 AgÞ for all A � Z

)
: ð6:1Þ



5114 A. Mielke / Comput. Methods Appl. Mech. Engrg. 193 (2004) 5095–5127
Moreover, for each l0 2 YM(X,Z) the relaxed incremental problem
ðRIPÞ ðuk; mkÞ 2 arg min
ðu;lÞ2F
YMðX;ZÞ

Eðtk;u; lÞ þDðlk�1; lÞ
is solvable, i.e., the solutions ðuk; mkÞ 2 F
YMðX;ZÞ exist for k = 1, . . . ,N.

The computational results presented in [51,52,33,32,39,42] are based on incremental problems of a very

similar type as ðRIPÞ, the major difference being that the dissipation distance D is approximated by a semi-

implicit exponential ansatz. In [9] a careful numerical treatment of ðRIPÞ is given in the case small-strain
model for a two-phase shape-memory alloys. For a mathematical analysis of some special cases we refer to

[50,46].

As given in the Section 4.3 there is now a time-continuous, energetic rate-independent evolutionary

problem ðSÞ & ðEÞ associated to the function space W ¼ F
YMðX; ZÞ and the generalized functionals

E and D. It is of the same type as the previous problem for E and D defined on the space F
Z. We only

have replaced the (nonconvex) space Z by the convexification YM(X,Z) and generalized the potentials

accordingly. (This corresponds to a locally compact convexification in the sense of [57,58].) However,

the solvability of ðSÞ & ðEÞ is much more complicated than that of ðRIPÞ. Having solvability of the latter
for a sequence of time steps tending to 0, one tries to show convergence (of a subsequence) of the time-dis-

crete, incremental solutions towards a solution of ðSÞ & ðEÞ. This convergence question will not be ad-

dressed here, and we refer to [50,46,43] for first results in this direction.

It should be noted that it would have been possible to define a larger relaxation by including the fluc-

tuations of the deformation gradient as well. We will see later that our smaller relaxation is in fact equiv-

alent, since we need to calculate the combined measure of the gradient Du and z anyway in order to find the

relaxed potential Wrel. However, since the only coupling between the time levels in the incremental problem

occurs via the internal variable z, it suffices to keep track only of the Young measure m as given above.
It remains the question how the relaxed incremental problem ðRIPÞ
ðuk; lkÞ 2 arg min
ðu;lÞ2W

Z
X

WrelðDuðxÞ; lðxÞÞ þ DWassðlk�1ðxÞ; lðxÞÞ
� �

dx� h‘ðtkÞ;ui ð6:2Þ
can be solved algorithmically. Here again the locality of the integrand will play a crucial rôle. For ðRIPÞ the
important Theorem 2.2 for the relevance of the incremental problem holds in exactly the same fashion.

Unfortunately the definition of Wrel is rather complicated. In particular, it is not obtained by integrating

w(x,F,z) with respect to m(dz). We always have WrelðF; mÞ6
R
ZŵðF; zÞmðdzÞ, and for nontrivial measure m we

have strict inequality in most cases. This becomes clear if we realize that F is the macroscopic strain while m
relates to microscopic fluctuations of z 2 Z, which have a counterpart in microscopic fluctuations of the

strain. The definition of Wrel shows that minimization with respect to the combined microscopic arrange-

ments in (the representative volume element) (0,1)d of the internal variable z and the fluctuation strain

Du is necessary. We illustrate this in the following example.

Example 6.3. Consider the case d = 1, Z ¼ R, and ŵðF; zÞ ¼ ðF� zÞ2. We obtain WrelðF; mÞ ¼
½F�

R
R
zmðdzÞ�2, since in (6.1) we may choose any z : ð0; 1Þ 7! R generating m and then define u via u(0) = 0

and u0ðyÞ ¼ zðyÞ �
R 1
0
zðsÞds. Using

R 1
0
zðsÞds ¼

R
R
zmðdzÞ the result follows. Moreover, we have
WrelðF; mÞ ¼
Z
R

ŵðF; zÞmðdzÞ �
Z
R

z2mðdzÞ �
Z
R

zmðdzÞ
� �2 !
which shows that Wrel is strictly less than the ‘‘averaged’’ energy density, if m is not a Dirac mass.
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Using the notion of gradient Young measures as introduced in the previous section we may rewrite the

relaxed elastic potential as
Wrelðx;F; mÞ ¼ inf

Z
Rd
d
Z

bwðx;G; zÞqðdG; dzÞ
����q 2 PF;m

� �
; where

PF;m ¼def
�

q 2 ProbðRd
d 
 ZÞ
����M1q 2 ProbgradF ðRd
dÞ; M2q ¼ m

�
:

ð6:3Þ
See [57] for the equivalence of (6.1) and (6.3). This construction is still very involved, and it is necessary to

find suitable algorithms to approximate Wrel. Since the sets PF;m are convex this is a classical linear convex

programming problem, yet in infinite dimensions. We will discuss this further in Section 7.4.

Remark 6.4. The minimizing measure q in (6.3) can be used for a post-processing to find the microscopic

pattern associated with the Young measures (these are the patterns one expects to see in infimizing

sequences as well as in experiments). Having the macroscopic solutions ðuk; lkÞ 2 F
YMðX; ZÞ of ðRIPÞ
we may consider the associated ck 2 GYMuk ðX;Rd
dÞ which is obtained via ckðxÞ ¼ M1qkðxÞ from the

minimizer qk(x) in (6.3) for calculating Wrel(x,Duk(x),lk(x)). In the case that ck(x) is a sequential laminate

the micropattern can be reconstructed as explained in Section 5.4.

Often in computations one needs to replace the exact relaxed potential Wrel by an approximate function;

then it is important to keep its most important features, particularly its convexity properties.

Proposition 6.5. The relaxed potential Wrel is cross-quasiconvex, i.e. for all ðF; mÞ 2 Rd
d 
 ProbðZÞ we have
Z
ð0;1Þd

WrelðFþDuðyÞ; lðyÞÞdyPWrelðF; mÞ
for all u 2 W1;1
0 ðð0; 1ÞdÞ and l 2 YM((0, 1)d,Z) with

R
ð0;1ÞdlðyÞdy ¼ m.

In particular, this implies that Wrelð
; mÞ : Rd
d ! ½0;1� is quasiconvex for each m and that

Wrel(F, Æ ) :Prob(Z) ! [0,1] is convex for each F.

Cross-quasiconvexity is a special case of the more general A-quasiconvexity, see [17]. The proof of these

results follows closely those in [15,31].

An important feature of the update algorithm discussed below is that the calculation of the relaxed

stored-energy density Wrel and the calculation of the Wasserstein distance DWass(mold,mnew) have to be done

simultaneously. And therefore it is especially useful to employ the condensed energy density Wcond, cf. Re-
mark 7.2(1).
6.3. Relaxation of the shape-memory model

We close this section by returning to the rate-independent model for shape-memory alloys with n phases

as introduced in Section 3.1. The finite set Z = {1, . . . ,n} for the values of internal variables is just used to

indicate in which phase the material is at a certain microscopic point. With Pn defined as in (3.1) we obtain
ProbðZÞ ffi Pn and YMðX;ZÞ ffi L1ðX; PnÞ:
Hence a Young measure l 2 YM(X,Z) can be identified with a function h : X ! Pn where hj(x) 2 [0,1] now

gives the phase fraction (probability) of the jth phase in the mesoscopic representative volume element
x + eQ.
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The relaxed energy potential Wrel has the form w = Wrel(x,F,h), where Wrelðx; 
; 
Þ : Rd
d 
 Pn ! ½0;1� is
cross-quasiconvex in the usual sense of [31]. In [50,19] the form of Wrel is specified in more detail under the

additional assumption that the stored-energy densities ŵðx; 
; jÞ : Rd
d ! ½0;1� are given via linearized elas-
ticity in the form
ŵðx;F; jÞ ¼ 1
2
CðxÞ½E� TjðxÞ�
� �

: ½E� TjðxÞ� þ cjðxÞ with E ¼ 1
2
Fþ F>� �

� I;
where the elasticity tensor CðxÞ is independent of the phase j 2 Z. Then, one finds
Wrelðx;F; hÞ ¼
Xn
j¼1

hjŵðx;F; jÞ þ wmixðhÞ;
where the mixture term wmix :Pn ! (�1, 0] is a convex function with wmix(ej) = 0, see [19] for more details.

Finally we also indicate that the Wasserstein distance associated to the metric bD in Z, which is given viabDðj; kÞP0, can be calculated explicitly. One obtains the surprising result that
DWassðhold; hnewÞ ¼ hðhnew � holdÞ

for a suitable function h : Rn

 ! ½0;1Þ which is convex and homogeneous of degree one (see Prop. 4.7 in

[50]). Here Rn
 ¼ h 2 Rnj

Pn
1hj ¼ 0

� �
.

Thus, the relaxed function space W ¼ F
YMðX; ZÞ takes here the form of the classical function space

W ¼ H 1
CðXÞ 
 L1ðX; PnÞ. Moreover, the relaxed time-continuous problem ðSÞ & ðEÞ takes the form of a

classical standard generalized material. However, we emphasize that the relaxed energy Wrel (also called

mixture function in [50] and free-energy of mixing in [19]) as well as the dissipation potential h are derived

on purely mathematical grounds from abstract coarse-graining principles. For this process no further phys-

ical or mechanical knowledge about phase mixtures are needed.

Denoting by u = u � id the displacement, the relaxed energy E and the relaxed dissipation distance D

take the form
Eðt; u; hÞ ¼
Z

X
Wrelðx; IþDu; hÞ � fextðt; xÞ 
 uðxÞdx and Dðh0; h1Þ ¼

Z
X
hðh1ðxÞ � h0ðxÞÞdx:
The flow formulation (cf. (2.4)) of the associated relaxed problem was first derived in [50] and is imple-

mented in [18]. It takes the form
�divoFWrelðx; IþDu; hÞ ¼ fextðt; xÞ;
0 2 osubhð _hÞ þ ohWrelðx; IþDu; hÞ þ N hPn:

�
in X:
In the case n = 2 and in certain cases also for n P 3 we have wmix(h) = �B:M(h) with B = B> P 0 and

M(h) = diagh � h � h, see [36,19].
7. Algorithms for updating the Young measures

In this section we want to address the question how the incremental problem associated to ðRIPÞ can be
solved. For this purpose we cannot use the abstract form using E and D nor the more concrete version (6.2)

which still uses Wrel(x, F,mnew) and DWass(mold,mnew). The definition of the relaxed elastic potential Wrel in-

volves the joint fluctuation measure q 2 ProbðRd
d 
 ZnewÞ and the definition of the Wasserstein distance

DWass involves a transport measure g 2 Prob(Zold · Znew). Here Zold = Znew = Z and the subscripts just

indicate what time level is associated with the corresponding internal variable z.
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The calculation of all these measures must be part of the algorithm for solving ðRIPÞ. However, we al-
ways assume that the original constitutive functions ŵ and the (global) dissipation distance bD can be cal-

culated directly (in the latter case this might be difficult if only the infinitesimal metric bD is given, cf. [38,40]

for exact results and [42] for semi-implicit approximations). Later on, we will assume that also the two de-

rived constitutive functions are available, namely the condensed potential Wcond(zold;x,F) and the update
function znew ¼ bZ updateðx;F; zold).

This means that we assume that everything which is needed for a numerical calculation of classical solu-

tions (i.e., without microstructure) is easy to calculate and already available. This does not mean that these

algorithm are simpler or easier. Here we only study what we have to do additionally to be able to calculate

the evolution of microstructures described by YMs.
7.1. Calculation of the full YM of F, znew and zold

We start with the formulation of ðRIPÞ which is formulated in terms of the joint measure

s 2 ProbðRd
d 
 Zold 
 ZnewÞ which contains the joint distributions of F, zold and znew. In particular, s in-

cludes the transport measure g ¼ M2;3s ¼
R
G2Rd
d sðdG; 
; 
Þ, which is needed to calculate the dissipation dis-

tance between the old and the new distribution of the internal variable, and the joint distribution of present

gradients and internal variables q ¼ M1;3s ¼
R
zold2Zold

sð
; dzold; 
Þ which is needed to calculate Wrel(x,F,m)
with m ¼ M3s. It is essential for deriving a reasonable evolution for the microstructure to maintain the full

generality that s contains all the correlations between these distributions of F = Du, znew and zold.

Algorithm for the relaxed incremental problem ðRIPÞ.
Start: Choose l0 2 YM(X,Zold), e.g., let l0ðxÞ ¼ dz0ðxÞ.
Iterate for k = 1,2, . . . ,N:

(i) Find a minimizer ðuk; skÞ 2 F
YMðX;Rd
d 
 Zold 
 ZnewÞ of the functional
I

M

M

ðtk;u; sÞ ¼
def �h‘ðtkÞ;ui þ

Z
X

Z
Rd
d
Zold
Znew

½bwðx;G; znewÞ þ bDðx; zold; znewÞ� sðx; dG; dzold; dznewÞdx
amongst all ðu; sÞ 2 W 1;pðX;RdÞ 
YMðX;Rd
d 
 Zold 
 ZnewÞ satisfying
1s ¼
Z
Zold
Znew

sð
; 
; dzold; dznewÞ 2 GYMuðX;Rd
dÞ ðcf : ð5:4ÞÞ;

2s ¼
Z
Rd
d
Znew

sð
; dG; 
; dznew; Þ ¼ lk�1 2 YMðX; ZoldÞ:
ð7:1Þ
(ii) Let lkðxÞ ¼
R
Rd
d
Zold

skðx; dG; dzold; 
Þ, i.e., lk ¼ M3sk 2 YMðX; ZÞ
(iii) If k = N exit, else increase k and return to (i).

The memory of the microstructure distribution lk�1 is implemented in the second condition on sk in (7.1)

and the new distribution lk is transported to the next step via (ii) and (iii). Note that we have written

YM(X,Z) in (ii) while our notation would give M2sk 2 YMðX; ZnewÞ. However, in the next time step, the

present Znew will be identified with the future Zold.
7.2. Calculating the reduced YM for F and zold

The complexity of this minimization problem can be reduced by minimizing internally with respect to the

variable znew. For this, it is essential to have a good algorithm to calculate the condensed potential
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Wcond : Zold 
 X 
 Rd
d ! ½0;1Þ and the update function bZ update
: X 
 Rd
d 
 Zold ! Znew. Note that these

functions are classical function whose arguments are finite-dimensional, not involving any measure. We

find the following reduced form for one time step of ðRIPÞ. For its formulation we recall the definition

PF;m � ProbðRd
d 
 ZÞ from (6.3).

Proposition 7.1. Using Wcond and bZupdate
(cf. (2.6)) the steps (i) and (ii) in the algorithm for (see (RIP) (7.1))

can be replaced by the following equivalent algorithm:

fðiÞ Find a minimizer ðuk; rkÞ 2 F
YMðX;Rd
d 
 ZoldÞ of the functional
eIðtk;u; rÞ ¼def Z
X

Z
Rd
d
Zold

Wcondðzold; x;GÞ rðx; dG; dzoldÞdx� h‘ðtkÞ;ui
amongst all ðu; rÞ 2 W1;pðX;RdÞ 
YMðX;Rd
d 
 ZoldÞ satisfying rðxÞ 2 PDukðxÞ;lk�1ðxÞ for a.e. x 2 X.fðiiÞ Let lkðxÞ ¼ bZ update
ðx; 
; 
Þj�rkðxÞ.

Here the push forward em ¼ Uj�m 2 ProbðV Þ of a measure m 2 Prob(U) by a measurable mapping

U :U ! V is defined via emðAÞ ¼def mðU�1ðAÞÞ for all measurable subsets A � V. In particular, for

m ¼
Pn

j¼1hjduj we obtain em ¼
Pn

j¼1hjdvj with vj = U(uj).

Proof. The essential point is the minimization of the inner integral in the definition of Iðtk;u; sÞ with respect
to s. Thus, we keep x 2 X fixed and suppress it in the remainder of the proof. The minimum is attained for

some s2s 2 ProbðRd
d 
 Zold 
 ZnewÞ satisfying the constraints
R
Rd
d
ZnewsðdG; 
; dznewÞ ¼ lk�1ðxÞ andR

Zold
Znewsð
; dzold; dznewÞ 2 Prob
grad
DukðxÞ

ðRd
dÞ. First assume that s is a finite convex combination of Dirac

masses: s ¼
Pn

i¼1kidðGi;z
ðiÞ
old

;zðiÞnewÞ
. After adding suitable points with mass 0 we may write s in the form
s ¼
Xm
j;l¼1

hj;ldðGj;z
ðlÞ
old

;zðj;lÞnew Þ
with hj;lP0 and

Xm
j;l¼1

hj;l ¼ 1:
Minimizing a ¼def
R
Rd
d
Zold
Znew ½

bwðx;G; znewÞ þ bDðx; zold; znewÞ�sðdG; dzold; dznewÞ with respect to zðj;lÞnew , while

keeping hj,l, Gj, and z
ðlÞ
old fixed, leads to
a ¼
Xm
j;l¼1

hj;lW
condðzðlÞold;GjÞ and zðj;lÞnew ¼ bZ updateðGj; z

ðjÞ
oldÞ:
With r ¼def M1;2s ¼
Pm

j;l¼1hj;ldðGj;z
ðlÞ
old

Þ 2 PDukðxÞ;lk�1ðxÞ we find
a ¼
Z
Rd
d
Zold

Wcondðzold;GÞ rðdG; dzoldÞ and lkðxÞ ¼
Xm
j;l¼1

hj;ldẐupdateðGj;z
ðlÞ
old

Þ ¼ bZ updatej�r:
Thus, the desired forms of a and lk(x) are established if s consists of finitely many Dirac masses. Using the
density of such measures the general result follows. h

To solve the minimization in fðiÞ it is not possible to decompose the problem into alternating minimiza-

tion with respect to uk and rk due to the restriction
R
Zold

rkð
; dzoldÞ 2 GYMuk
ðX;Rd
dÞ. However, concep-

tually we may define the following condensed relaxed potential Wcond
rel and obtain a reduced, purely

macroscopic minimization problem for uk which is a classical minimization problem for nonlinear

elasticity.
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For fixed F = Du(x) and mold = lk�1(x) we define the condensed relaxed energy density
Wcond
rel ðmold; x;FÞ ¼def min

r2PF;mold

Z
Rd
d
Z

Wcondðzold; x;GÞ rðdG;dzoldÞ: ð7:2Þ
If Wcond
rel ðmold; x; 
Þ is known, then uk can be obtained by solving the classical (pseudo-) elastic minimization

problem
uk 2 arg min
u2F

Econdðtk;uÞ with

Econdðt;uÞ ¼
Z

X
Wcond

rel ðlk�1ðxÞ; x;DuðxÞÞdx� h‘ðtÞ;ui:
ð7:3Þ
However, we recall from step fðiiÞ that lk�1 and uk are not enough to find lk. Instead, we need a minimizer
r ¼ bRðx;F; moldÞ 2 PF;mold , i.e.,
bRðx;F; moldÞ 2 arg min

r2PF;mold

Z
Rd
d
Z

Wcondðzold; x;GÞ rðdG; dzoldÞ: ð7:4Þ
Having a minimizer bRðx;F; lk�1ðxÞÞ a the macroscopic deformation uk as solution of (7.3) we define rkðxÞ ¼bRðx;DukðxÞ; lk�1ðxÞÞ and obtain lk via step
fðiiÞ in Proposition 7.1, i.e., lkðxÞ ¼ bZ updateðx; 
Þj�rkðxÞ. This fin-

ishes the construction of the solution for the kth step.

Remark 7.2.

(1) Finding a minimizer bR is in fact a simultaneous relaxation and calculation of the Wasserstein distance

from mold. However, we have contracted the effort to the minimal information needed for realizing the

relaxed incremental problem ðRIPÞ.
(2) The minimization in (7.4) can�t be decomposed into minimizations with respect to Dirac masses for zold.

More precisely, assume mold ¼
Pm

j¼1hjdzj and that rj ¼ bRðx;F; dzjÞ 2 PF;dzj
are known. Then,er ¼

Pm
j¼1hjrj lies in PF;mold ; however, in general it is not a minimizer, cf. Example 6.3. The point is that

the measures rj may be associated with different macroscopic gradients Fj as long as they are compat-

ible and have the correct average.
7.3. First and second derivative of the incremental potential

For solving the macroscopic problem (7.3) we need Wkðx;FÞ ¼def Wcond
rel ðlk�1ðxÞ; x;FÞ as well as its first and

second derivatives. They can be obtained if the minimizing Young measure bRðx;F; lk�1ðxÞÞ is known.

(Within a finite-element method we need this only for a finite number of nodes xj 2 X and a finite number

of strains Fl 2 Rd
d .) To simplify the subsequent formulae we shift this measure in the G-component by its

mean value F. Let TF : (G,z)# (G + F,z) and define rF
k ðxÞ 2 P0;lk�1ðxÞ via rF

k ðx; SÞ ¼
def bRF

k ðx;F; lk�1ÞðT FSÞ for
all measurable subsets S of Rd
d 
 Z. Note that the Young measures rF

k ðxÞ have mean value 0 in the G-

component.

Proposition 7.3. With the above notations we have the following formulae:
Wkðx;FÞ ¼
Z

Rd
d
Z
Wcondðzold; x;FþGÞrF

k ðx; dG; dzoldÞ;

DFWkðx;FÞ ¼
Z

Rd
d
Z
DFW

condðzold; x;FþGÞrF
k ðx; dG; dzoldÞ:

ð7:5Þ
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If rF
k ðxÞ depends sufficiently smoothly on F (as a distribution on Rd
d 
 ZÞ, then for all F;H 2 Rd
d we have
D2
FWkðx;FÞ½H;H� ¼

Z
Rd
d
Z

D2
FW

condðzold; x;FþGÞ½H;H�rF
k ðx; dG; dzoldÞ

þ
Z
Rd
d
Z

DFW
condðzold; x;FþGÞ½H�DFr

F
k ðx; dG; dzoldÞ½H�

¼
Z

Rd
d
Z
D2

FW
condðzold; x;FþGÞ½H;H�rF

k ðx; dG; dzoldÞ

�
Z
Rd
d
Z

Wcondðzold; x;FþGÞD2
Fr

F
k ðx; dG; dzoldÞ½H;H�: ð7:6Þ
We refer to [5] for a rigorous proof of the second formula in (7.5).

Here the distributional derivatives DFbr½H� and D2
Fbr½H;H� of a measures br with respect to F in the direc-

tion H are again measures and are defined via the derivatives of the linear functional

f 7! Lf ðFÞ ¼
def R

Rd
d
Zf ðG; zÞbrðdG; dzÞ as follows:
Z
Rd
d
Z

f ðG; zÞDFbrðdG; dzÞ½H� ¼def DFLf ðFÞ½H�;Z
Rd
d
Z

f ðG; zÞD2
FbrðdG; dzÞ½H;H� ¼def D2

FLf ðFÞ½H;H�;
for all sufficiently smooth test functions f : Rd
d 
 Z ! R.
These relations are best understood by assuming that the measure is given as a linear combination of

Dirac masses, i.e., rF ¼
Pm

j¼1KjðFÞd~GjðFÞ;~zjðFÞ. Then, we have Lf ðFÞ ¼
Pm

j¼1KjðFÞf ðeGjðFÞ;ezjðFÞÞ and obtain
DFLf ðFÞ½H� ¼
Xm
j¼1

ðDFKj½H�f ðeGj;ezjÞ þ KjDðG;zÞf ðeGj;ezjÞ½ðDeGj½H�;Dezj½H�Þ�Þ;
where all functions Kj; eGj and ezj and their derivatives are evaluated at F. An analogous formula holds for

the second derivative; it involves first and second derivatives of the functions f ;Kj; eGj and ezj.
7.4. Updates using sequential laminations

Altogether we have reduced the incremental problem ðRIPÞ to finding the minimizer r ¼ bRðx;F; mÞ 2
PF;m of (7.4). At present there is no easy method for solving this problem. However, the procedure called
sequential lamination (see [29,1,20,19] and Section 5.4) seems to provide sufficiently good approximations of

minimizing gradient Young measures. Its usage in incremental problems was first highlighted in [51,52]. We

indicate how this procedure can be adapted to the present context where we have to find probability meas-

ure r in PF;m, and thus have to take care of the additional internal variable.

Assume that m has the form
PJ

j¼1hjdzj . A general r 2 PF;m which is a convex combination of finitely many

Dirac masses has the form r ¼
PK

k¼1skdðGk ;~zkÞ. However, m ¼ M2r implies ~zkjk ¼ 1; . . . ;Kf g � zj
��j ¼�

1; . . . ; Jg. Hence, we can use the ansatz
r ¼
XJ
j¼1

XLj
l¼1

sl;jdðGl;j;zjÞ with sl;jP0 and
XLj
l¼1

sl;j ¼ hj for j ¼ 1; . . . ; J : ð7:7Þ
We have to guarantee that c ¼
PJ

j¼1
PLj

l¼1sl;jdGl;j lies in Prob
grad
F ðRd
d), which is the most difficult restriction

and is now replaced by the somewhat stronger restriction that c is a convex combination of sequential lam-
inates, as defined in Section 5.4.



Fig. 2. A measure in PF;m with four leaves: r ¼ adðF1 ;z1Þ þ ð1� aÞ½a2 a2;1dðF2;1;1 ;z2;1;1Þð1� a2;1ÞdðF2;1;2 ;z2;1;2Þ
� �

þ ð1� a2ÞdðF2;2 ;z2;2Þ�.
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The major difficulty here is that the partial measures cj ¼
PLj

l¼1
sl;j
hl

dGl;j need not lie in Prob
grad
Fj

ðRd
dÞ.
Thus, the compatibility of the microstructural deformation gradients can be achieved by using different
internal variables zk, see Example 6.3.

Since the condition on c being a gradient YM is the most severe one, a typical algorithmical approach is

the following. One assumes that the minimum defining Wcond
rel ðm; x;FÞ is attained at a measure r 2 PF;m such

that c ¼ M1r is a single lamination tree and to each leaf there is associated a single value of zj, see Fig. 2. In

practical application it is of course sufficient, that the minimum over the restricted class is very close to the

true minimum. (However, it is to be expected that in general situations the minimal measure is a more com-

plex measure which consists of several independent lamination trees or of a tree which has more than two

branches coming out of one gradient, like two different sub-laminates.)
To start the minimization in this class, it is common to construct a candidate in this class from the data

of the previous iteration step. Since this candidate is not a minimizer, we have to adjust the parameters in

the lamination tree to make it minimal. However, the freedom in the lamination tree is restricted by the

condition M2r ¼ m ¼
PJ

1hjzj. Since, only one of the values zj is associated to each leaf, we obtain J condi-

tions on the weights in the branches of the tree. Thus, we need more branchings than the number J to be

able to modify the weights. Recall that a lamination tree with m branchings contains m + 1 leaves and m

weights. Thus, the weights are restricted, whereas the m lamination normals nq 2 Sd�1 and jump vectors

aq 2 Rd are free to be modified.
During the minimization process one has to test for each leaf whether it is advantageous to replace this

leaf by a simple laminate. This process is then called branching. After this process the two new leaves will

have the same value of z. The opposite of branching is called pruning, i.e., we replace two leaves by one. This

can be done if the weight of one of the leaves is very small or if the jump vector a is small and the two values

of z are the same. In exceptional cases, even a longer branch may be pruned because its weight is very small.

Now, assume that the minimization is finished, i.e., we have found rk 2 PDukðxÞ;lk�1ðxÞ in the form (7.7) as

a lamination tree with m ¼
PJ

1Lj leaves. Then, lk(x) has to be defined as in fðiiÞ of Proposition 7.1, namely

lkðxÞ ¼
PJ

1

PLj
1 sl;jdẐupdateðGl;j;zjÞ

. One problem is now that in general the number of values attained in lk is

actually m, the number of leaves, and is, hence, much bigger than J, the number of values in lk�1(x). Thus,
in a post-processing step one has to reduce the number again to keep the complexity of the problem in a

reasonable range.

We refer to [52,42] for implementations of quite similar algorithms.
8. Examples

Here we present two examples which can be treated analytically. For further applications we refer to
[48,18,50,9,19,46], where models for N-phase shape-memory alloys are studied. Numerical algorithms using
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similar ideas as proposed here are implemented in two- and three-dimensional elasto-plasticity, see

[51,22,37,39,42].
8.1. A one-dimensional example

To illustrate the above concepts we consider a one-dimensional example with X ¼ ð0; 1Þ � R, i.e., d = 1

in the above. For the internal variables we use z ¼ ðP; pÞ 2 Z ¼defð0;1Þ 
 R and let in accordance with Sec-

tion 3
ŵðF;P; pÞ ¼ W ðFPÞ þ hðpÞ and bDðP; p; _P; _pÞ ¼ eDð _P=P; _pÞ:

The hardening energy is h(p) = e4p�p for p P 0 and h(p) = 1 + 3p for p 6 0, moreover
W ðFeÞ ¼
1
4
ðF4

e þ F�4
e � 2Þ for Fe > 0;

1 for Fe60;

(
and eDðn; vÞ ¼

j n j for vP j n j;
1 else:

�

We apply external forcing by imposing the boundary conditions u(t, 0) = 0 and uðt; 1Þ ¼ UDirðtÞ ¼def t þ 1 and

let ‘(t) = 0 for the loadings. As initial conditions for the plastic parameters we choose (P0,p0) � (1,�1).
For the elastic domain eQðpÞ ¼ P>QðP; pÞ we find eQðpÞ ¼ ðg; qÞj j g j þq61; q60f g and the dissipation

distance bD : Z 
 Z 7! ½0;1� reads
bDððP0; p0Þ; ðP1; p1ÞÞ ¼
logðP1=P0Þj j for p1Pp0 þ logðP1=P0Þj j;
1 else:

�

From this and the special choice of the elastic potential W and the hardening function h the condensed
potential can be derived explicitly. We have
WcondððP0; p0Þ;FÞ ¼ eWcondðp;FP0Þ with eWcondðp;FeÞ ¼ eWcondðp;F�1
e Þ and

eWcondðp;FÞ ¼

W ðFÞ þ hðpÞ for 16F4
6F�4 þ bpsp;

W ðF�Þ þ 4 logðF=F�Þ þ hðpÞ for F4
�6F4

6spF
4
�;

1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ bpF

4

q
� 1
 
� p for F4Ps2pðF

�4 þ bpÞ;

8>>><>>>:

where bp = 4e4p, sp = max{1, e�4p} and F� ¼ ð

ffiffiffi
5

p
þ 2Þ1=4 � 1:435 is the unique solution of F4

� ¼ F�4
� þ 4.

(For more details of the calculation and related examples we refer to [40].)

The most important feature of this model for our present purposes is that the condensed poten-

tial eWcondðp; 
Þ is not (quasi-) convex in F for p < 0 on the interval [F*, e
�pF*]. Thus, the system may develop

microstructure since the hardening in the corresponding regime is not strong enough. Note that the loss of

quasiconvexity occurs only for F > 1, whereas convexity holds for F 2 (0,1). This manifests the typical fea-

ture of nonlinear elasticity that compression and extension behave differently.

An important role in the analysis will be played by the convexification of eWcondðp; 
Þ. It coincides witheWcondðp; 
Þ outside of an interval which is a strict superset of [F*, e
�pF*]. For p = �1 this interval is given

by [F0,F1] with F0 � 1.22 < F* < eF* � 3.90 < F1 � 5.6. On this interval the convexification is given by

the segment connecting the two points ðF0; eWcondð�1;F0ÞÞ and ðF1; eWcondð�1;F1ÞÞ, which is the tangent

to eWcond
at both points, see Fig. 3. We define ðP1; p1Þ ¼ bZ update

ðF1; ðP0; p0ÞÞ which is the unique pair for

which eWcondðp0;F1Þ ¼ W ðF1P1Þ þ hðp1Þ þ bDððP0; p0Þ; ðP1; p1ÞÞ.



Fig. 3. The function eWcondð�1; 
Þ (full line) and its convexification (broken line).
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We look for a spatially homogeneous Young-measure solution w(t) = (u(t),m(t)) with a trivial macro-

scopic deformation u(t,x) = UDir(t)x and mðtÞ 2 ProbðR2Þ. Using the times t0 and t1 given by UDir(tj) = Fj

the solution can be described a follows:

t 2 [0, t0]: No plastic flow occurs, the solution has no microstructure: m(t) = d(1,�1).

t 2 (t0, t1): Microstructure develops such that F(t) is a mixture of F0 and F1. We have the solution

m(t) = [1 � h(t)]d(1,�1) + h(t)d(P1,p1)
with h(t) = (t � t0)/(t1 � t0).

t 2 [t1,1): The microstructure has disappeared and the solution is again classical: m(t) = d(P(t),p(t)) with
ðPðtÞ; pðtÞÞ ¼ bZ update

ðð1;�1Þ;UDirðtÞÞ.

We note that for this one-dimensional problem the solutions of ðSÞ & ðEÞ are highly nonunique. Choose
any function H : [t0, t1] · X ! [0,1] such that for all x the function t # H(t,x) is decreasing and such thatR

XHðt; xÞdx ¼ hðtÞ ¼ ðt � t0Þ=ðt1 � t0Þ. Then, for t 2 [t0, t1] the pair (u(t,Æ),l(t,Æ)) with
uðt; xÞ ¼
Z x

0

ð½1� Hðt; yÞ�F0 þ Hðt; yÞF1Þdy and lðt; xÞ ¼ ½1� Hðt; xÞ�dð1;0Þ þ Hðt; xÞdðP1;p1Þ
defines a solution as well.

8.2. The rigid plasticity model of CONTIONTI & THEILHEIL

In [10] a model for plasticity is presented which is fully nonlinear and can be analyzed analytically in

quite some detail. It is motivated by [51] where microstructure formation in crystal plasticity was stud-

ied for the first time. We describe the model in our notation of Section 3.2 and give the results which

concern our theory. In particular, the example treated in [10, Section 4] provides a special case of our

relaxation in Section 4 where (R1) to (R5) can be proved rigorously. For more details see the original
paper.

We consider a body X 2 R2 (related results are also obtained for d = 3). The set Z of internal variables a

one-dimensional subgroup of GLðR2Þ which corresponds to slip in a single slip system. For simplicity we

choose the slip system as S = e1 � e2, i.e.,
Fp ¼ Pb ¼ Iþ bS 2 Z ¼def
1 a

0 1


 �����a 2 R

� �
� SLðR2Þ:
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There is no hardening assumed, the dissipation potential is DðPb; _PbÞ ¼j _b j which gives the simple dissipa-

tion distance bDðPa;PbÞ ¼ j b � a j. The stored-energy density is such that it has infinitely hard elastic re-

sponse, i.e., Fe = DuP�1 must lie in SOðR2Þ.
ŵðF;PÞ ¼ 0 for FP�1 2 SOðRdÞ;
1 else:

(

This defines the full model if we additionally specify suitable loadings and boundary conditions. For sim-

plicity we stay with the example given in [10] which imposes time-dependent homogeneous boundary con-

ditions u(t,x) = UDir(t)x for all x 2 oX for a given curve UDir : ½0; T � ! GLðR2Þ. Moreover, we impose the
initial condition P(0,Æ) = I on all of X.

With these definitions the incremental problem (IP) is well-defined. The formulation of the time-contin-

uous problem (S) & (E) is somewhat more complicated here since on the one hand the space of admissible

deformations FðtÞ is time dependent via UDir(t) and on the other hand ŵ is not continuous. Note that the

energy functional satisfies
Eðt;u;PbÞ ¼
0 if u 2 FðtÞ and FP�1

b 2 SOðR2Þ a:e: in X;

1 else:

(

The condensed energy potential and the update function take the form
ðWcondðPb;FÞ; bZ update
ðF;PbÞÞ ¼

ðj b � a j;PaÞ for FPa 2 SOðR2Þ;
ð1; ;Þ else:

(

The separately relaxed functionals E andD onWðtÞ ¼ FðtÞ 
YMðX; ZÞ can also be calculated explicitly as
stated in Theorem 6.2. For this we introduce
M ð2Þ ¼def RPajR 2 SOðR2Þ; a 2 R
� �

¼ Gj det G ¼ 1; j Ge1 j¼ 1f g and

N ð2Þ ¼def Gj det G ¼ 1; j det G j 61f g # M ð2Þ:
The relaxed energetic potential Wrel now takes the form
WrelðF; mÞ ¼
0 if F 2 N ð2Þ and m 2 NðFÞ;
1 else;

(

where NðFÞ ¼def m 2 ProbðZÞj9 c 2 ProbgradF ðM ð2ÞÞ : m ¼ Rj�c

n o
, where R : M ð2Þ ! Z is defined via

RðGÞ ¼ Pb with b = (Ge1) Æ (Ge2). It is shown in [10] that N(2) is the quasiconvexification of M(2), hence

NðFÞ is nonempty for each F 2 N(2). The Wasserstein distance D is easy, since D is simply the distance

on the straight line Z � R2
2.

Without going into detail with all the other constructions presented above, we now study a particular

shear experiment, which shows that microstructure occurs through simple laminates. For this consider

the Dirichlet boundary conditions defined via UDir(t) = I + tK with K ¼ 1
1

� �
� �1

1

� �
for t2[0,1] (which is ex-

actly the interval for which UDir(t)2N(2) holds). Defining F1 = I = UDir(0) and F2 = I + K = UDir(1), we

immediately have
Fj 2 M ð2Þ; F2 � F1 ¼ 2K ¼ a� n and UDirðtÞ ¼ ð1� tÞF1 þ t F2
Thus, the simple laminate c(t) = (1�t)dF1
+ tdF2

lies in Prob
grad

UDirðtÞðM
ð2ÞÞ and mðtÞ ¼ Rj�c lies in NðUDirðtÞÞ

which implies EðUDirðtÞ; mðtÞÞ ¼ 0. Since RðF2Þ ¼ P�2 we find D(F1,F2) = 2 and the Wasserstein distance
gives, for 0 6 t1 < t2 6 1, the identity
Dðmðt1Þ; mðt2ÞÞ ¼ Dissrelðm; ½t1; t2�Þ ¼ 2 j t1 � t2 j :
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It is shown in [10] that this solution is the unique Young measure limit of our approximate incremental

problem (AIP)e of Section 4.2, whereas the classical incremental problem (IP) has no solution. Moreover,

it is also the solution of the relaxed time-continuous problem ðSÞ & ðEÞ, and thus provides, in addition to

[62], another nontrivial example where the separate relaxation leads to a useful relaxed problem satisfying

(R4) of Section 4.2.
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