Available online at www.sciencedirect.com
Computer methods

SCIENCE<dDIRECT® inapplied

mechanics and
engineering

EILSEVIER Comput. Methods Appl. Mech. Engrg. 193 (2004) 5095-5127

www.elsevier.com/locate/cma

Deriving new evolution equations for microstructures
via relaxation of variational incremental problems *

Alexander Mielke

Institut fiir Analysis, Dynamik und Modellierung, Universitdt Stuttgart, Germany

Abstract

We study material models for rate-independent inelasticity in situations where no internal length scale is given and
formation of microstructure for the deformation gradients and the internal variables may occur. We develop a rational
procedure for deriving consistent macroscopic models which allow for the computation of nontrivial effective quantities
without resolving the fine scales. The method involves the relaxation of variational incremental problems which are
derived from an elastic and a plastic potential. We use Young measures to describe the microscopic distribution of
the internal variables as well as the quasiconvexification of the elastic stored-energy density with respect to the defor-
mation gradient. The resulting model provides a new rate-independent model in terms of the deformation and the
Young measure. The approach is based on a derivative free, energetic formulation using one functional for elastic
energy storage and one for the dissipation distance. The latter is derived from a dissipation potential defining the dis-
sipation distance between internal states and hence the Wasserstein distance between Y oung measures. This approach is
strongly linked to an associated time-incremental problem which is a minimization problem of the type used for several
years now in the engineering literature. The update algorithm for the incremental problem is discussed in detail, and two
simple examples are given.
© 2004 Elsevier B.V. All rights reserved.

1. Introduction

The aim of this paper is to give a theoretical foundation to material models for elastic bodies which are
described by inelastic internal variables whose evolution is governed by a rate-independent evolution law of
the type of flow rules in plasticity. We refer to [55,23,63] for the general setup of such models for generalized
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standard materials. A special and important class of such models are those of elasto-plasticity,
[61,60,47,34,33]. Here we especially restrict our attention to models which can be described by purely ener-
getic consideration, i.e., there is an elastic potential which describes energy storage and there is a dissipation
potential which describes how energy is dissipated. Such energetic descriptions lead in a natural way to var-
iational incremental update by minimizing an update functional. This approach was studied extensively
within the last five years, having applications in elasto-plasticity [51,52,8,32,37,39,22,40], in shape-memory
alloys [27,20,50,30,19,59,46], in ferro-magnetism [56], and in damage models [16,24,26].

Of course, such variational, incremental updates where used in the setting of infinitesimal strains much
earlier, for instance in Hencky plasticity and in the mathematical existence theory of Moreau [45,25]. For
multiplicative plasticity the symmetry of the consistent tangent operators in the incremental problems was
also used a lot. Thus, it was more or less implicitly clear that these incremental problems are in fact Euler—
Lagrange equations to an update functional. In general one should only expect that the solutions are local
minimizers of such a functional. Only for the convex case local minimizers are also global minimizers. Our
theory is based completely on the global minimization of the update functionals. This is a major change in
the model which leads to certain principal advantages for the modeling and, especially, for the mathemat-
ical analysis.

Most prominently is the difficulty of finding a suitable definition for the term “local”, a fact which is
already discussed in the classical theory of calculus of variations where “weak local minimizers” and
“strong local minimizers” are quite different, see [44,12]. Since we want to describe the spontaneous forma-
tion of microstructure we certainly need a notion of locality which allows for jumps in the deformation gra-
dient which relates to strong local minimizers. Unfortunately, until now no theory of strong local
minimizers is developed. Moreover, the notion of locality should be motivated on physical grounds, for in-
stance through viscous regularizations. For first mathematical attempts in this direction we refer to [14],
however, there is still a long way to make this theory accessible to nonlinear continuum mechanics. Mean-
while, we use the more phenomenological approach using global minimization and a suitably chosen dis-
sipation potential, as in [50, Section 3.1] it was shown that for simple examples local minimization can be
replaced by global minimization if the dissipation is increased in a corresponding way. Nevertheless, the
equations derived here form a new set of equations which sometimes provide different solutions, see the
discussion in Section 2.2.

In recent years the occurrence and evolution of microstructure has attracted the attention of quite a
body of research, see e.g., [4,50,19] for work in the field of shape memory alloys. The present work was
mainly motivated by experimental and numerical observations in finite-strain elasto-plasticity, see
[51,52,8,32,37,39,22]. Our aim is to develop a rational procedure for the derivation of consistent macro-
scopic models which capture essential features of the microstructure and thus allow for the computation
of effective macroscopic quantities without resolving the small length scales. In particular, we hope that
our rather theoretical considerations help to understand the general structure behind the modeling of
microstructure evolution in rate-independent models. Thus, we expect that this work can help to make
numerical computations more efficient.

We restrict our treatment to models where no material length scale is given, i.e., the elastic stored
energy Y depends solely locally on the deformation gradient F = D¢ and internal variables z € Z but
not on their derivatives: y = y/(x, F,z). We allow for models which are fully nonlinear to include cases
like finite-strain elasto-plasticity where the plastic deformation F,, with detF, =1 is part of the internal
variables; hence Z C R” may be a nonconvex set such that simple averages of microstructures are
meaningless. .

In addition to the elastic stored-energy density i we postulate the existence of a dissipation potential
A = A(z,z) which is homogeneous of degree 1 in the rate z. This infinitesimal metric on Z defines a dissi-
pation distance D on Z such that D(zy, z;) is the minimal amount of energy dissipated when changing z from
zo to z; along a continuous path, see [40] for the first general description of this concept.
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The rate-independent model is described by the flow rule associated with the dissipation potential 4 and
the elastic equilibrium condition. We will show that this is just the class of generalized standard materials as
defined in [23,21].

Using the global dissipation distance D it is possible to formulate the model in terms of a stability con-
dition (S) and the energy equality (E), see [48-50] for its first occurrence. This framework has the major
advantage that it does not make any assumption on the smoothness of the constitutive functions or of
the processes to be described. Hence, it is particularly suited to describe systems where formation of micro-
structure takes place. Moreover, there is a natural variational incremental problem, which is defined via
simultaneous minimization with respect to the deformation ¢ € & and the internal state z € Z of the
sum of the Gibbs’ energy and the dissipation distance. The relevance of variational incremental problems
was realized in several works independently, cf. [48,51,37,8].

The formation of microstructure is now seen in the nonattainment of minimizers of the variational
problem. The relaxation we propose relies on the well-developed theory of relaxation of one variational
problem. However several new features appear. First, the minimization is done here with respect to the
deformation whose gradient F = D¢ occurs in the elastic potential 1/} and the internal variable which ap-
pears in Yy and D(zq,) locally and without any derivatives. Second, the coupling of the internal states z,q
and z,.w In one incremental step leads to a coupling of the microstructures between different time levels.
This is the only point where we make an additional modeling assumption. Our approach will account
only for dissipational losses if the distribution functions associated with the microstructure changes but
not if the distributions stay fixed while the texture of the micropattern changes, see Section 6.1. All the
other steps of our approach follows directly from mathematical considerations and do not need further
assumptions.

The underlying mathematical theory is that of Young measures where YM(, Z) replaces the classical set
4 déf{z : Q — Z|z measurable} of internal states. A Young measure u is a map from Q into the set Prob(Z)
of probability distributions on Z and hence can be seen as a function with takes distributed values occurring
in a mesoscopic representative volume elements. Hence, we consider the Young measure as a macroscopic
object. Our final model is then a formulation in terms of the macroscopic deformation ¢ and the Young
measure p by suitably extending the elastic functional and the dissipation distance to # x YM(Q,Z).

Relaxations for one single minimization problem are well-established and there is a huge literature on
this subject, including possible numerical implementations, see e.g. [12,57,29,13,1,30,20,3]. However, there
are almost no results for the relaxation of time-dependent problems. Our approach follows that developed
for shape-memory alloys in [48,50]. A numerical implementation is given in [9,3]. Closely related rate-inde-
pendent models for ferro-magnetism are studied and used numerically in [56,59]. A similar approach was
applied in [16] to fracture in brittle materials.

A major point in our construction is that the relaxed problem on # x YM(Q,Z) has again a natural
incremental variational problem. We give a detailed discussion of the update algorithm associated with
this incremental problem. The crucial part is the control of the correlations between the Young meas-
ures on subsequent time steps. Moreover, the Young measure for z corresponds to a gradient Young
measure for the microscopic deformation gradient which has to be taken into account. We show
how the calculation of all the correlations between different Young measures can be reduced as much
as possible. Nevertheless, even after discretization the remaining minimization problems remain extre-
mely complex.

Finally we provide two examples for our general abstract evolution law. The first is concerned with a
one-dimensional example of nonlinear elasto-plasticity involving the multiplicative split of the deformation
gradient. We will show that formation of microstructure occurs in this model. The second example is taken
from [10] and concerns two-dimensional rigid plasticity with a single slip system. For applications in N-
phase shape-memory alloys we refer to [50,9,19]. Numerical algorithms using similar ideas as proposed here
are implemented in two- and three-dimensional elasto-plasticity, see [51,22,37,39,42].
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2. Rate-independent material models

First we describe the general setup of our material models. They are given as the rate-independent
case of generalized standard materials described in terms of the deformation and additional inelastic
variables. Second we give a derivative-free energetic formulation, which is based on two functionals
and can be generalized to systems with microstructure. Third we provide a time-incremental problem
which consists of a sequence of minimization problem with respect to the deformation and the inelastic
variables.

2.1. Energy and dissipation functionals

The modeling concerns the two distinct physical effects of energy storage and energy dissipation. The
first is attributed to an elastic potential which may also include hardening or latent energies and the second
is attributed to frictional effects due to changes of the internal variables.

We consider a body @ ¢ R? which undergoes a deformation ¢ : Q — R? such that the deformation gra-
dient F(x) = Do(x) € R lies in GL, (R?) = {F € R“*‘|det F > 0}. Additionally there is a vector-valued
internal variable z = (z',...,2") € Z C R" which describes the internal state of the material. The elastic
properties are given by the dependence of the elastic potential  on (x,F,z) via y = n,b(x F,z). For fixed
x and z we assume that the function Y(x,-,z): GL,(R?) — [0,00) is coercive (i.e., ¥(x,F,z) — oo if
(detF)~' + |F| — o) and poly- or quasmonvex, see [12,57]. In addition, we describe boundary conditions
and external loadings such that the total energy of a given state (¢,z) : @ — R? x R" at time ¢ is given
by the functional

E(t.9.2) /wwq) ), 2(x)) dx — (£(1), ),

where /(f) denotes the external loading and ¢ lies in the set & of admissible deformations
={¢: Q= R|¢|;, = ¢pi, Do(x) € GL,(R’) on Q}.

Throughout our notation is such that upper case calligraphic letters like &, %, %, ... associate with quan-
tities which are defined over the spatial domain Q.
A basic assumption of our rate-independent model will be that a solution process has to be in a stable
elastic equilibrium for all ¢ € [0, 7], i.e. @(z,-) : Q — R is a (local) minimizer of &(t,-,z(t,-)) on Z.
Changes of the internal variables during a slow loading or unloading process will give rise to internal
friction which dissipates energy via the dissipation rate 4 > 0. We make the constitutive assumption

~

0
A= A(x,z,2) =20 where z(¢,x) = az(t,x),

which also means that there are no other dissipation mechanisms in the model.

We call 4:QxTZ— [0,00] the dissipation potential [63]. Rate-independency is obtained by assuming
homogeneity in z of degree 1, namely A(x z,0Z) = ocA(x z,z) for o > 0. Furthermore, we assume that
A(x,z,-) : T.Z = [0,00] is convex and that A satisfies A(x,z,v)=c | v | for some ¢ > 0. (Here T.Z denotes
the tangent space of Z in the point z.) Note that 4(x,z,v) = oo is allowed to forbid softening or to include
cases where z has to lie in a strict subspace of T.Z, like for PP = dev symQ.

For each x € Q the dissipation potential 4(x,-,-) defines a distance metric on Z via

~

D(x;zo,zl)définf{/o A(x,2(s), 2(s))ds|z € C'([0,1], 2), 2(0)220,2(1)221}.
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Often A(x,-,-) : TZ — [0, 0¢] is called an infinitesimal (Finsler) metric on Z whereas D : Z x Z — [0, o0] is
called the associated global metric or distance. To indicate the globality, we will subsequently use the name
dissipation distance for D.

The set of internal states is given by & déf{z : Q — Z|z measurable}. We define a (possibly unsymmetric)
dissipation metric & on & via

~

,@(zo,zl)déf/D(x;zo(x),zl(x))dx for zy,z; € Z.
Q

From the above definition D it follows that & satisfies the triangle inequality

D(Zold, Znew ) <D (Zold, 2) + D (2, Znew) for all z,zo, Zpew € Z. (2.1)
Considering a process z:[0,7] — Z the dissipation on an interval [fo,7;] is usually defined by
Diss(z; [to, t1]) = [; [,A4(x,2(t,x),%(t,x)) dxdz. This notion relies on the differentiability with respect to .

However, using the dissipation distance & from above we have the alternative definition

N

Diss(z; [to, 11]) & sup {Z @(z(f,_l),z(f,))’zv EN, f<to< T <+ < rNgtl}, (2.2)
J=1

which does not contain any derivative.

2.2. The derivative-free energetic formulation

As described above, our model is completely described by the elastic stored-energy density
¥ = ¥ (x,F,z), and the dissipation potential 4 = 4(x,z,z), and the external loadings ¢().

Definition 2.1. A process (¢,z) : [0,T] — F x Z is called a solution of the above rate-independent model,
if (S) and (E) hold:

(S) [Stability] For all ¢ € [0,7] we have
E(t,o(1),z(1)<E(t,9,2) + 2(z(t),z) forall (p,2) e F x Z.
(E) [Energy equality] For all 74,7, with 0 <79 <t; < T we have

&(t1, @(t),2(t1)) + Diss(z, [to, 11]) = &(to, @(t0),2(t)) — /tl ((t), (1)) dt.

fo

It should be noted here that this energetic formulation does no longer depend on the derivation of &
from the dissipation potential 4. It suffices to take any dissipation distance & : & x 2 — [0, oo] which sat-
isfies the triangle inequality (2.1) and to define the dissipation of a process via (2.2).

Our energetic formulation using (S) & (E) is a weak form of the classical local flow rules for generalized
standard materials ([23]). If a solution of (S) & (E) is sufficiently smooth (i.e., ¢ : [0, T] — Z is continuous
and the rate z is defined), then the flow laws are satisfied as well. The opposite is not true, see [40, Section
5.3] for a counterexample. Using the thermodynamically conjugate variables

def O = df 0~

el dxd @~ %
T= aFlp(x,F,z) ceR and ¢ aZzp(x,F,z) eTZ
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we find the local versions of (S) and (E):
s) JoT : Dudx = (¢(¢),u) for all u with u| = 0;
P\ g(t,x) - v<A(x, 2(t,x),v)  for all v € TaZ.

(E)loc /QZ(X,Z(I,X),Z(t,X))dxg[Zq(t,x) 'Z(I,x)dx.

Here T.Z denotes the tangent space to Z in z and T_Z the dual space.
Defining the subdifferential of the convex function A4(x,z,-) : T.Z — [0,00) via

ai”bZ(x,z, v)={qeTZ| Z(x,z,v + f))?Z(x,z, v)+q -0 forall o € T,Z}, (2.3)

we obtain the dual form of the flow rule from (E),, and the second equation on (S)je.:
q(t,x) € B A(x,z,2) <= 0 € FA(x,z,2) + § ¥ (x,F,z). (2.4)
z

The elastic region is given via Q(x,z) = 0,4(x,z,0) C T:Z C R" and the primal form of the flow rule takes
the form

z(t,x) € OS“b.%’”@(x,z(,‘x»(q(t,x)) = NyinQ(x, z(2,x)), (2.5)

where Z'g denotes the characteristic function of the set Q and N,Q(x,z) C T.Z denotes the (outer) normal
cone. This is an equivalent, mathematical form of the other two well-known formulations of flow rules used
more often in continuum mechanics. First there is the variational inequality

(z(t,x),q(t,x) — @) =0 for all g € Q(x,z(¢,x))

and, second, there are the Karush-Kuhn-Tucker conditions

£=hE0Ga), BE0, 120, J0q) =0
where @ : (x,z,q) — R is the yield function defining the elastic domain Q(x,z) = {¢|®(x, z,¢)<0}.

The first obvious advantage of our energetic formulation for rate-independent material models is that
neither the functionals & and & (and hence y and A4) nor the desired solutions have to be differentiable.
The only appearing derivative is that of the loading /.

The stability condition (S) has a clear mechanical interpretation. Letting z = z(¢) we have Z(z(¢),2) = 0
and the condition implies that ¢(¢) is the global minimizer of &(¢,-,z(¢)) on &, which gives the elastic equi-
librium. Moreover, changing the internal variable from z(¢) to Z (and adjusting ¢ optimally) the dissipation
must be at least as large as the elastic energy release. The internal variable z will change (and dissipate en-
ergy) as soon as the elastic energy release is large enough to compensate for the dissipation. Thus, (S) relates
to the “principle of maximal dissipation”. The energy equality (E) has an obvious interpretation, since the
work of the external forces is given by the last term. This abstract setting has applications in many rate-
independent continuum models. We refer to [27,19,50] for applications to phase transformations in
shape-memory alloys.

2.3. The variational incremental problem

The second major advantages of the energetic formulation (S) & (E) is that it immediately gives rise
to a natural incremental algorithm where each step is realized as a variational minimization problem.
We discretize the time interval [0,7] via 0 =1, <#<---<ty =T and give a stable initial condition
(¢9,20) € F X X
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(IP) [Incremental Problem] For k =1, ..., N find iteratively (¢,,z;) € # x Z such that
((pkazk) € arg min (é‘?(tka (072) + @(Zkfl 72))'

(pz)eF xZ

Here “arg man’ denotes the set of all global minimizers of the functional J, i.e., with o = min,c4J (1) we
have arg minJ & {u € U (u) = o}.

The fact that (IP) is very useful is manifested through the following result which states that incremental
solutions are always stable and satisfy a discretized version of the energy equality; for the simple proof see
[49,50].

Theorem 2.2. If (¢g,z0) € F x Z is stable, ie., (@y,z0) € argminé(0,¢,z)+ D(z0,2) and if
(@isZiic = 1..... N s a solution of (IP), then for k= 1,...,N we have

(i) stability of (@i.zx) at time ty, i.e., & (ty, @4, 21)<E (L, @, 2) + D (21, 2) for all (¢,2), and
(i) the two-sided discretized energy estimate

17 a
g(tkv (Pkazk) - g)(tkflv (lezk) = a
k-1 !

7% a
6 (S P15 Zk— 1)ds— (tk7‘Pk—1>Zk—l) _g(tk—laﬁok—bzk—l)'

E(s, 01, 2) As<E (1, 0y, 21) — E(ti1, @04 _15211) + D21, 21)

For this theorem we just need that the (possibly unsymmetric) dissipation distance & satisfies the triangle
inequality (2.1).
An important feature of (IP) is the local occurrence of z (i.e. no gradients appear in the integrand defin-

ing & + &). This can be used to work out the minimization in z pointwise. We define the condensed poten-
~update

tial ¥°°"¢ and the update mapping Z via

'Pcond (Zoldvx F) mln[!//(xa sz) + B(xazoldaz)]a
~update JE ~ (26)
(x, F,Zold) el arg min[y (x, F,z) + D(x, zo4,2)].

zeZ

~updat
and choosez = Z " e()c F,z,4) such that thls is a minimizer in the definition of ¥°™. The new constitutive

function ¥°°" is uniquely defined by lﬁ and 4 and it contains the most important information on the com-
bined effect of the elastic storage and the dissipational behavior of the material. See Section 8 for an explicit
one-dimensional example and [40,41] for an explicit two-dimensional example. Now we have

6 1) 2 min(6 (01, 9,2) + D(ai1,2)) = [ (050, D) v — (6(0). ).

Q

Thus, the kth step of (IP) is solved if we find a minimizer of é”j:j‘l"(tk, ) on Z . If ¢, is such a minimizer, then

(0 20) With z(x) = 2" (x, D, (x), z¢_1 (x)) is the desired minimizer in (IP).

The minimization problem for 5°°“d(tk, -) has the standard form of a problem of nonlinear elasticity,
where P°°"(z,_1(x); x,") plays the role of the elastic potential. Important features of y and 4 are inherited
by ¥°°". For instance, if w is frame indifferent, then so is ¥°°", i.e. ¥°°"(z 4; x,F) = Pz 14; x, RF) for
all R € SO(RY). Similarly, material symmetries are inherited.
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However, other properties like the coercivity with respect to F are nontrivial and depend on hardening
properties. If coercivity fails, the solvability of (IP) is not guaranteed, and we have to expect fracture or
localization (shear bands), cf. [40]. Moreover, quasi- and rank-one convexity may no longer hold for
peond 2 x ) and we have to expect the formation of microstructure in infimizing sequences, see [51,8].

If W (z; x, - ) is not quasiconvex, then there is a loading t — ((f) such that (IP) and consequently (S) & (E)
does not have a solution, because of formation of microstructure.

It is this problem which is the reason for developing our theory below.

3. Two applications

We give two possible applications of the above theory which are well-known to give rise to the formation
of microstructure. The first is the case of shape-memory alloys, where the internal variable z is a phase indi-
cator taking values in the finite set of possible variants of phases. In the second application we treat a model
for finite-strain plasticity, where Z contains the matrix group of matrices with determinant 1. Other possible
applications involve damage models as treated in [16,24,26].

3.1. Shape-memory alloys

The phase transformations in shape-memory alloys can be described most easily by assuming that the
material can choose be be in one of n different phases which are characterized by the phase indicator
zeZ=1{1,...,n} and the associated stored energy densities y = (x, F,i). For instance, in the case of a
cubic to tetragonal phase transformation we have n = 4 where one phase is the austenite and there are three
martensitic phases.

In addition to the elastic properties we also need to prescribe the dissipational behavior. Since the inter-
nal variables are discrete, we cannot prescribe an infinitesimal metric 4 but have to give the dissipation dis-
tance D : Z x Z — [0, 00) directly. Hence, we have to give constants D(i, j) >0 such that D(i,i) = 0 and the
triangle inequality holds:

D(i,k)<D(i,j) + D(j,k) foralli,j k€ Z.

The value D(i, j) has the interpretation of an energetic threshold value which has to be overcome in order to
propagate an interface between phase i and j by a unit volume, see [50,19] for more details.
In particular, it is easy to obtain simple examples where ¥°°™ is not quasiconvex. Obviously we have

q,cond(i;x’ F) — min{lz(x, F,]) + 5(17])

JjE€Z}.

For instance, in the case /(F, j) = [E — g]: C[E —g]+y,, where E=1(F+ F') — I, rank-one convexity
does not hold whenever ¥°°"%(i;") is not identical y(x, F, ).

In these two references a relaxed, macroscopic problem is studied which is based on phase fractions
0; € [0,1]. Thus, Z is replaced by the polyhedron

a>m§:@=1}. (3.1)

Jj=1

m:{szwnﬁﬁeW

We will show in Section 6.3 that this model is nothing as a special case of our general relaxation by Young
measures.
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3.2. Finite strain elasto-plasticity

In the case of elasto-plasticity we need to give specific constitutive assumptions, in particular for the
internal variables z € Z. We follow here the recent papers [51,38] and refer to [40] for more details.

Multiplicative elasto-plasticity uses the splitting F = Do = F.F,,, where F, is an internal variable and
F. =FF, ! is the part which accounts for elastic energy and stresses. As internal variables we use

z=(P,p) € SL(RY) x R”, with P=F, and SL(RY)={P e R"|detP =1},

where p € R" denotes suitable hardening parameters. As shown in [40], P can be taken from any matrix
subgroup of GL(RY). In, particular, we consider GL(R') in Section 8.1 and {I + ye, ® e | y € R} in Section
8.2.

For the constitutive functions y and A we now specify the associated symmetry conditions. They involve
the material symmetry group S C SO(R?) and they are supposed to hold for all (F,P, p)c
GL_(RY) x SL(RY) x R™ (for notational simplicity we suppress the possible dependence on x € Q):

(Sy1) Frame indifference:
¥ (RF,P,p) = y(F,P,p) for all R € SO(R?);
(Sy2) Plastic indifference:
¥ (FG,PG,p) = y/(F,P,p), A(PG,p,PG,p) = A(P,p,P,p) for all G € SL(R');
(Sy3) Rate independency:
Z(P,p7 ocP,ocjy) = ocZI\(P,p,l.{p) for all «>0;
(Sy4) Material symmetry:
U(F,SP,tsp) = y(F,P,p) and 4A(SP,tsp,SP,1sp) = A(P,p,P,p) forall S € 5.

The special assumption for elasto-plasticity is the “plastic indifference” (Sy2) which leads to the multipli-
cative split in i/ as well as to the correct time rates in the flow rules. We find

U(x, F,P,p) = y(x,FP",p),  A(x,P,p,P,p) = A(x,p,PP"" p), (3.2)

and the thermodynamically conjugated forces take the form

J ~ ~
Q=5 V(xF.P.p) =P 'F (. FP~ pP~" € R,

OF,
= —EJ(X F,P,p) = —in(x FP' p) e R"
q - ap PR ap - ap I vp .

The elastic domain Q(x, P, p) associated to Z(x, P,p,-,-) is the set of all thermodynamic forces (Q, g) which

are not strong enough to overcome the dissipational friction: Q(x,P,p) = [a(P?p)Z(x,P, D, )](0,0), see
(2.3). Using (Sy2) and the Lie-group structure of SL(R?), which gives

V € TpSL(RY) <= & = VP! € sI(R)) ¥ T,SL(RY) = {& € R |trace¢ = 0},

leads us to the plastically indifferent form of the elastic domain:

(Q,q) € Qx, P, p) <= (QP",q) € Q(x,p) € Q(x,1,p). (3.3)
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The flow rule (2.5) takes the form
(PP71 7p) € ag'l//‘di(x,p)((DPTa Q) = N(QPT‘q)@(x7p)

which is the well-known associative flow rule of multiplicative elasto-plasticity. It contains the “plastically

indifferent” plastic rate PP " as well as the “plastically indifferent” conjugate force QP = F . % v (x,Fe,p).
In [8, Section 7] the following example for a condensed energy potential in the case of classical isotropic
von Mises plasticity with hardening is given. Let

W = ¥(F.,p) = h(detF,) + gtngFe + gpz with £(0) = 20%/4 — (3/2 + ) log d.

For the dissipation metric we choose
A=Ap,&p)=rlel forE=¢", =0 and p+&<0

and A(p, &, p) = oo else. Then, Peord((1,0); ) : R — R is not rank-one convex. In particular, the func-
tion o — P°"((I,0);I + an ® n) is nonconvex.

Thus, for this example the formation of microstructure is to be expected analytically. In [22] the occur-
rence and evolution of microstructure is observed numerically.

4. Relaxation

The general philosophy of relaxation (see [57]) is that of replacing a difficult (nonconvex) problem, which
may be unsolvable, by a more general problem, which can be solved easier than the original problem but
still maintains the essential features of the original problem. In particular, in problems developing micro-
structure one is interested in deriving macroscopic models for generalized objects such that their spatial
behavior is better and small scales do not need to be resolved. The mathematical process is abstract enough
to allow for the identification of new macroscopic quantities and, hopefully, for the derivation of evolution
laws for these new quantities. Thus, an efficient calculation of the macroscopic behavior of the essential
features is possible.

4.1. Basic ideas of relaxation

We illustrate the concepts of relaxation with the help of a simple example, which however relates to a
single, static problem. Afterwards we return to incremental problems and hence time-dependent problems.
More details can be found in [12,57].

Consider the minimization for I on the set # = H'((0,2)), where

2
10) = [ ftx000. () dx ~ ep(2)
0
1 \2
with f(x, ¢, F) = min{(F — 1)*, (F + 1)’} + (qo - Zﬁ) .
We first note that I does not have a minimizer, i.e., argmin / is empty. For this purpose we use the convex-
ification 1™ () = [T £°™ (x, p(x), ¢'(x)) dx — e@(2), where
L A2 F—l)2 for F>1,
O (x, 0, F) = (w —4x2> +40 for |FI<1,
(F+1) for F<—1.
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Since I°°" is strictly convex, it has a unique minimizer ¢* on % which is given by

e for x € [0, 1],
1

@ (x) = {Zx2+%(1 —e!™) forx € [l,2].

In particular, we have the identity I°°™ (%) = min,#I°"(¢).

However, we have also I°°"(¢*) = inf ,c#1(¢)SI(¢*). To see the first identity it suffices to construct a
suitable infimizing sequence (¢;),. in Z with I(¢;) — I°°™(¢*). One such sequence is obtained by letting
Pi(x) = p(x)* for x € [1,2] and taking ¢ (x) € [¢*(x), ¢ (x) + 1] with the additional restriction | ¢} (x) | =1
almost everywhere in (0, 1).

The point is that all function ¢ € Z satisfy I(p) > infI = I°°"(¢*). Each test-function stays above the
desired value, but one can get as close as one likes. To approach this infimum the functions have to develop
more and more structure. It can be shown that every infimizing sequence converges uniformly to ¢, i.e.,
Suppo.2|@a(x) — @*(x)| — 0 for k — co. However, the gradients ¢} (x) will oscillate wildly for x € (0, 1), since
we want to have simultaneously |@j(x)| ~ 1 and fxxf P (x)dx = @*(x2) — " (x1) =L (xs — x1).

A triple (F, #,1) is called a relaxation of (%), if the following conditions hold.
(rl) # is an embedding of & into [, such that #(%) is dense in F.

(12) J() = inf {liminfi ./ (9,)].7 (0) > ¥ }.

For a given problem there are many relaxations. In our above example I°°"" is the relaxation associated
with the choice F = % . In this case | = I°°" is simply called the lower semicontinuous envelope. This stand-
ard relaxation is especially useful if we are only interested in the macroscopic quantities of almost minimiz-
ers, since they are given via ¢*. However, if we need information on the microstructure other relaxations
are better.

One such relaxation is the Young measure relaxation which will be discussed in Section 5 in more detail.
For the present example we consider [F to be the set of pairs (¢, v) such that ¢ € & and v : [0,2] — Prob(R)
(set of probability measures on R) with the compatibility condition ¢'(x) = [ Fv(x,dF) (mean value).
Denoting by 6, € Prob(R) the Dirac distribution located in 4 € R (i.e., [,/ (F)d4(dF) = f(4)), we define
the embedding _# in the canonical way

{9&&
Lo (0,0y).

Moreover, we define the relaxed functional [ via

1(p.v)) = / [ 5 0(w), P, 0F) .

The important point is now that convergence in [ can lead to v-components which are no longer Dirac dis-
tributions, which may be thought of a functions with uncertain values. In particular, for the above problem
every infimizing sequence (¢,) has the property that it #(¢,) converges, namely

226 +226,, forx e (0,1),

F .
(@) = (@4, 0) S (0", v")  with v(x) =
F (@) = (04, 04;) = (7,v7)  with v'(x) {5(/)*,@) for x € (1,2).

Of course, we have (¢*,v*) € arg min I((¢,v)).
(p,v)eF
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The solution (¢*, v¥) to this relaxed problem contains information on the microstructure which is needed
to realize solutions ¢, which are almost minimizing. For x € (0,1) we see that in a microscopically small
neighborhood of x, i.e., [y — x| < 6 < 1 the gradients ¢} (y) have to be either close to —1 or to +1, where
the proportion for being close to —1 is % and that for +1 is %. It is exactly this kind of information whose
evolution we want to understand in the time-dependent setting.

4.2. Relaxation of incremental problems

We return to the abstract setting of inelasticity with the internal variable z € & and the energetic formu-
lation of the rate-independent model. Based on the associated incremental problem we formulate basic
properties of suitable relaxations. Formation of microstructure occurs, if minimization problems have
no solution, cf. [4,8]. This effect is due to material instabilities. We say that the incremental problem (IP)
has no solution, if the infimum

Oy = il’l_ (g(lk, (,072) + ;@(Zk_l,Z))
(p2)eF xZ
is not attained, i.e., there is no (¢,z) € # x Z with o = &(t, @,z) + Z(z4—1,z). In this situation we may
consider the following approximate incremental problem.

(AIP), Given ¢ > 0 and z, € Z, find (¢,z;) € # x Z with
E(te, 0, 2;) + Dz, z0)<e+ E(tk, 90,2) + D(z;_,,z) forall (p,z) € F x Z.

Obviously, this problem has solutions for all ¢ > 0. The difficult, remaining question is how the solutions
(¢%,z:) behave for ¢ — 0. As we have seen in the above example, we cannot expect pointwise convergence
but certain macroscopic quantities should have limits for ¢ — 0. To define an abstract notion of relaxation
we introduce a generalized convergence «%> on an enlarged space W. As above, this space is connected to
F x % via a continuous embedding # : # x & — W. Prototypes of such embeddings are convex locally
compact embeddings as given in [57,58]. Moreover, generalized functionals E:[0,7] x W —
Rand D: W x W — [0,00] replace the elastic functional & and the dissipation distance 2. We define
the associated incremental problem for the initial datum wy, € W and the time discretization
0=ty<H<---<ty=T as follows.

(RIP) [Relaxed incremental problem]
Let wy € W be given. For £k =1,..., N find iteratively w; € W such that

wy € arg min(E(#, w) + D(wi_1, w)).
weW

We do not ask for the conditions D(,#(0,z), #(0,z,)) = P(z0,21) and E(¢, #(@,z)) = (¢, ¢,z). Hence,
in general the relaxation will not be an extension.

Definition 4.1. A 4-tuple (W, ¢, E, D) as defined above is called a lower (or upper) incremental relaxation of
(F x Z,8,9) if the following four conditions hold:

(R1) [Solvability] For each wy € W the relaxed incremental problem (RIP) has a solution.
(R2) [Approximation] #(F x %) is dense in W.
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,,,,,

versa, if (wp)r=1. v satisfies w, = #(¢,,z) and solves (RIP), then (¢x,z1)x=1....n solves (IP).
(R4),,y, [for a lower incremental relaxation] For each solution (wy)x = 1.y of (RIP), there exist solutions
(R4)pp [for an upper incremental relaxation] If # ((p,i,zlg)ﬂwk and (¢,2),_,  solves (AIP), then
Wik = 1. solves (RIP).

Our definition implies that the relaxed problem has to be of the same energetic kind as the original one;
we just give up the clear distinction between ¢ € # and z € 2. Condition (R1) forces us to consider only
useful relaxations, namely those which have solutions. If the original problem is already solvable, then we
can choose W =% x &, E = & and D = &, since no relaxation is necessary. Condition (R2) says that the
new state space W should not be unnecessarily big in the sense that every w € W can be approximated by a
sequence (¢°,z%),>0 of classical elements in # x Z, i.e., (¢ z") %W for & — 0. Condition (R3) is very
important as it says that the relaxation must maintain classical solutions, if they exist for (IP) or if they
are found by solving (RIP). Conditions (R4),, and (R4),,, link the rate-independent evolution of
(F X Z,8,9) to that of (W, E, D) via the approximate incremental problem (AIP),.

4.3. The relaxed time-continuous problem
Moreover the relaxed incremental problem (RIP) can be interpreted as the incremental problem associ-

ated to the following relaxed energetic formulation of a rate-independent time-continuous problem: The
function w : [0, T] — W is called a solution of the relaxed problem (W, E, D), if (S) and (E) are satisfied:

(S) Stability For all 7 € [0, 7] and all w € W we have
E(z, w(1))<E(z, w) + D(w(z), w).
(E) Energy equality For all 0 < ¢, <1, < T we have

E(t1, w(ty)) + Dissge (w; [t1, 12]) = E(t1, w(t))) — /t2 <€(s), D(w(s)))ds.

15}

Here ¢ = ®(w) is the macroscopic deformation ¢ associated to the generalized limit w € W. The relaxed
dissipation is given by Diss. (w; [to,11]) = sup 27:1 D(w(t;-1), w(t;)) where the supremum is taken over all
N and all discretizations 7o < 79 <---< 17y < 1.

A further desirable property for relaxations is the consistency for the time continuous problem:

(R5) [Time-continuous consistency] If (¢,z) : [0, T] — ZF x & solves (S) & (E), then #(¢,z) : [0,T] — W
solves (S) & (E); and vice versa, if w: [0, T] — W satisfies w(¢t) = #(9(¢),z(¢)) and solves (S) & (E),
then (¢,z) : [0,7] — F x Z solves (S) & (E).

Another way to define relaxations for rate-independent problems of the type (S) & (E) is proposed in
[62]. This definition avoids totally the usage of incremental problems but needs instead a sequence of
approximation operators &, : W — % x & such that:

(R.i) For all (¢,z) € # x Z we have %, (7(9,2)) — (@,z) for n — cc.
(R.ii) For all ¢t € [0, 7] and all w € W we have &(¢,.%,(w)) — E(¢,w) for n — oo.

(R.iil) For all woig,Whew € W we have Z(F,(Woid)y &n(Wnew)) — D (Wold, Whew) fOr n — oco.

An application of this theory to phase transformations is given in [62].
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5. Young measures

A special relaxation can be given by using Young measures which were introduced into the field of
continuum mechanics in [4] and were further developed in the last 15 years, see e.g., [57]. One particular
instance of the relaxation developed below was studied in [48,19,50], where phase transformations in
shape-memory alloys were studied. In our terminology of micro-, meso- and macroscopic scales we con-
sider the Young measure as macroscopic object which is obtained by averaging microscopic fluctuations
over mesoscopic representative volume elements, see the discussion in the paragraph after (5.2). After intro-
ducing the main notations for Young measure, we introduce the so-called Wasserstein distance on measures
which measures the minimal dissipation distance between two Young measures. Finally we will study gra-
dient Young measures which arise as Young measures for the deformation gradient.

5.1. Basic notations for Young measures

We begin by recalling the definition and properties of Young measures, for more details see [57,35]. Re-
call that Z is assumed to be a closed subset of R” (which is not necessarily convex, like SL(R?) ¢ R**?) and
let 27 = {z € I’(Q)|z(x) € Z a.e.} for p > 1. We consider sequences of functions (/). with 2/ € 27, which
may be obtained from an infimizing sequence in some incremental problem. In general we may only expect
weak convergence, i.e., there exist z° € L#(Q, R") such that for all # € Cy(Q, R") we have

/ /(x) dx—>/ x)dx for j — oo. (5.1)

A major problem with weak convergence is that it is not compatible with nonconvexity of Z. In general the
weak limit z> does not lie in 27. For instance, detP = 1 does not imply detP™ = 1.

Weak limits are obtained by simple averages over mesoscopic test regions x, + ¢Q, where Q = (0,1), and
the subsequent limit j — oco. In particular, (5.1) is equivalent to the following convergence: for all xy € Q
and &> 0 small enough we have [ 2/(x)dx — [ z*(x)dx for j — co.

The Young measure does not average over these test regions but rather measures how the values z(x) are

distributed throughout the test regions xy + ¢Q. Denote by Prob(Z) the set of all probability measures on Z
(contained in the set of Radon measures Co(Z)" = Lin(Co(Z), R)):

Prob() {vmeasureonZ|v>0/ —1}.

The Young measures on Q with values in Z are given by

YM(Q,Z) def{u Q — Prob(Z)|p is weakly measurable}.

We say that the sequence (zf) . generates the Young measure y (written z/ w ,u) if for each x, € Q2 and suf-
ficiently small ¢ and every functlon g € Cy(Z,R) we have

/ g(Z(x d)c%/ / u(x, dz)dx for j — oc. (5.2)
X()+éQ Xo+eQ

A function x — z(x) can be considered as a Young measure by letting u(x) = 6.y where J, denotes the
point mass in a, i.e. §,(4) =1 if a € 4 and 0 else.

In the above considerations we consider the small cubes x + ¢Q as mesoscopic representative volume ele-
ments which have side length ¢ > 0. On the one hand, the value ¢ > 0 is bigger than the microscopical fluc-
tuations which appear in the sequence z/: Q — Z for j sufficiently large. On the other hand ¢ is smaller than
the typical length scale on which the Young measure p(x) € Prob(Z) varies with the macroscopic variable
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x€Q. In mathen&&tical terms this is expressed in the fact that the limit j — oo has to be done before the
limit ¢ — 0. If z/ — u we have, for all measurable W C Z and almost every x € Q, the identity

u(x, W) = / (x, dz) = lim e lim vol({y € x + £Ql#'(y) € 7).
zeW &= J—oo

In the sequel we will often consider probability measures on a product space Z; x Z, which then is de-
noted by Prob(Z; x Z,) (or even Prob(Z, x Z, x Z3) for a triple product space); the associated set of YMs is
denoted by YM(Q2,Z, X Z,). A measure v € Prob(Z; X Z,) denotes a joint distribution of the two variables
21 € Zy and z; € Z,. Often it is necessary to extract the so-called marginal distributions v; = M ;v € Prob( i)
which give the simple distribution of z; € Z; neglecting the correlations to z;_;. Explicitly v, is deﬁned via its
action on test functions g : Z; — R, i.e.,

/ g(zl)vl(dzl) :/Z ; g(Zl)V(le,dZQ) for gc Co(Zl, R)

Z)

Similarly v, = .#,v € Prob(Z,) is defined via integrating out the variable z;. We may also use the more intu-
itive form

My =y = / v(-,dz;) and Mrv=v,= / v(dzy, ).
20€Zy z1€Z)

Clearly .#; can be seen as a projection on the space of all measures. For a linear combination of Dirac
masses v =, 0x0 ) we simply obtain v; = > 0Ok
J

5.2. The Wasserstein distance between measures

Given a (dissipation) metric D:ZxZw— [0, oo] we want to generalize it to a metric D on the space of
Young measures which satisfies D(,,,0.,) = Z(z,z1) for all zp,z; € . Moreover, it should fit to the
microscopic observation that microscopic changes from z; to z; can be arranged in the mesoscopic region
Xo + €0 in an optimal way. Here optimality is meant in the sense of minimal dissipation. Assume that at
time level 7,_; at a macroscopic point x € Q the microscopic distribution of z is given via py_(x) € Prob(Z)
and that this distribution has to be changed into u(x). Assuming that both distributions are realized on the
mesoscopic region x + ¢Q via functions z;_|,z; : x + ¢Q — Z, we have a lot of freedom to choose these func-
tions to make the dissipation minimal. Note that the dissipation only depends only the distribution of the
values z} inside of Z but not on the microstructural arrangement of z; as a function from x + ¢Q into Z.

This leads directly to the so-called Wasserstein distance between two probability measures. By DV we
denote the Wasserstein metric on Prob(Z) which associates to D:
DW"‘SS(L Vo, V1> = inf {/ E(X,Zo,Zl)V](dZo,le) ne PI'Ob(Z X Z), Vo = %111, vy = %27]} (53)

For given vy, v, € Prob(Z) we have to transport the mass from the start distribution vy to the final distribu-
tion v;. Here n € Prob(Z x Z) is a probability measure such that #(dzy,dz;) gives the amount of mass which
from a neighborhood of z; is transported into a neighborhood of z;. We have to infimize the associated
dissipation D with respect to n under the given initial and final distributions.

We illustrate this by calculating the distance between two measures which have mass only in finitely
many points, i.e., v; = >/ %} 52, with z, € Z, o, >0 and 3}” &, = 1. For the distance the associated trans-
port measures take the form y = Z”’O Z B léz,v A where f, e [0, 1] is the mass which is transported from
) to z}. Thus, we find ‘
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Bri =0, Zﬂkz—“z: Zﬁkl—o‘ }

Thus, calculating the Wasserstein distance is a classical linear programming problem for the case of meas-
ures with finitely many mass points.

The Wasserstein metric has a dual representation (which is well-known in probability theory) using
Lipschitz continuous functions, cf. [54,35]:

DY(x, v, v1) = sup { | gem) - | g(Z)Vo(dZ)‘g € Cy(Z.R), Lipb<g><1},

z z

my  my

DV%5(x, vy, v) = min {Z Zﬁk D(x,20,2})

k=1 I=1

where Lip;(g) = sup, ..., | g(z1) — g(z2) | / D(x,z1,2,). Hence, D™** can be understood as the restriction of
a Banach-space norm to the convex set Prob(Z). This definition of the norm is very useful in theoretical

considerations but is less useful for the actual computation of the distance.
For two Young measures o, it; € YM(Q,Z) we define the dissipation distance via

Dy, 1) = / DM, ) 1)

which is an integral over a function which is local in the macroscopic variable x € Q.
5.3. Gradient Young measures

There is a special case of Young measures, namely those which are generated by sequences which are
gradients of functions, like the deformation gradients in continuum mechanics F/ = D¢/ € R”*?. The
Young measures obtained as limits from gradients form a subset of all Young measures and are called gra-
dient Young measures (GYM). They are characterized as follows (cf. [28,57]):

There exists ¢ : Q — R? such that for almost

) 5.4
every(a.e.) x € Q we have y(x) € Probg(‘;‘zx)([l%dx"), (54)

7 € GYM(Q, R <= {

where

Prob®d(R™¥) = o {v € Prob(R")

Gv(dG))

for all quasiconvex 4 : R”*? — R we have h(

< /R h(G)v(dG)}

Rdxd

and

PrOb%rad(RdXd) déf {V c Probgrad<Rd><d)

Gv(dG) = F}

We shortly write y € GYM,,(Q, R?) if y(x) € ProbgDr;‘gx>([RdXd) for ae. x € Q.

The above condition y(x ) € Probgrad ) R/} is essential as it reflects the information of compatibility of
different gradients. For instance, v = 05 4+ (1 —0)55 with 0 € (0,1) and 4, B € R if and only if rank(4 —
B) < 1. In contrast to Prob([RdXd) and YM(Q, R™*“), the sets Probgrad(RdXd) and GYM(Q, R*?) are no long-
er convex which makes calculations with GYM much more difficult than those with simple YM. However,
for fixed F the set Prob$™* (R?*¢) is convex, and consequently GYM,, (2, R**?) is convex for fixed .

Rdxd

! For mathematical reasons the above definitions have to be made more precise, such that the integrals [g..«/(G)v(dG) are well-
defined. For instance, one can restrict to measures v such that [p..« 1+ | Gf’v(dG) < oo and then considers only quasiconvex functions
h with |i(G)| < C(1 + |G]).
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A welcome feature of GYM is that the the condition y(x) € Problg)r;‘(jx)([RdXd) is local in the macroscopic
space variable x. The only coupling between the different measures y(x) occurs through the mean value
De¢(x) which has to be a gradient. Moreover, all sets Prob%rad(RdXd) can be obtained by translating
Probg™!(R¥?), i.e., Prob&*!(R™*¢) = TgProbf™ (R**?) where (Tv)(A) = (A — F) for all 4 ¢ R™“. This
can be used in finite-element calculations, since most computations can be done parallel in each element.

A major problem is that the set of quasiconvex functions appearing in the definition of Prob&™? is not
well-understood. The construction of approximating sequences with classical functions or other approxima-
tions are rather easy for usual YM, but very difficult and not really understood for GYM, see [28,57]. This is

due to the fact that the set of quasiconvex functions /# : R**Y — R is not understood at the first place.
5.4. Sequential laminates

There is one nontrivial construction for GYM which are called sequential laminates. 1t is known that the
closure of the set of sequential laminates (infinite sequential laminates) is a strict subset of all GYM. How-
ever, so far it is the only set which is computationally accessible. Moreover, experimental observations show
that almost all observed microstructures have the form of sequential laminates with one up to three levels of
laminates.

The basic lamination construction works as follows. For j= 1,2 consider x; € GYM,, (2, R such
that rank(De¢(x) — D¢,(x)) < 1. Then, for all functions 0 € L>(Q,[0,1]) the YM p = 0u; + (1 — O)u, lies
in GYM,,(Q, R”?), where ¢ = 0¢, + (1 — 0)@,. To show this one has to combine the two different micro-
structures in a laminated fashion to form a new microstructure. Using F(x) — F»(x) = a(x) ® n(x), one
forms on mesoscopic patches fine laminates with normal vector n(x) and relative volumes 0(x) and
1 — 0(x). The condition F;(x) — F»(x) = a(x) ® n(x) is needed to guarantee compatibility.

Starting with a trivial GYM of the form y; = op,, and applying this process several times leads to more
and more complicated GYMs. This process is called sequential lamination. It is known that this procedure
does not yield all possible GYM, however, the reachable set seems to be sufficiently rich for applications.
We refer to [4,29,51,52,1,20,19] for more details.

Finally, we indicate how this procedure can be used for measures which have mass only at finitely many
points. Obviously we have dp € Prob¥®(R?*?) and for each « € (0,1), a € R? and n € R with |n| = 1 the
two matrices

FiI=F+(l-0)a®n and F,=F—-o0a®n

are compatible since F| — F, = a ® n. This splitting procedure of d into adg, + (1 — a)dg, € Prob™ (R¥*?)
is called branching in [52]. Replacing F and F, by similar laminates we reach a GYM which has mass in
four points, also called leaves. After finitely many steps we reach a general measure v = ZJ;] o0, which lies
in Prob&*!(R?). Moreover, such sequential lamination can be associated with a tree, where every branch

F
F, F, F,
(07 11—« P e N, —
%2 By
[e%) 1—as
Fy
Fz’

Fig. 1. A lamination tree with four leaves and the associated sequential laminate.
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point corresponds to a replacement of one gradient by a compatible pair. Since Probl‘%‘“d(R" *“d) is a convex
set, we may also take convex combinations of several lamination trees associated with F, see Fig. 1.

For a given F a tree with k branchings lies in a 2kd-dimensional manifold, since at each branch-point the
weight o € (0, 1) and the vectors a,n € R? with |n| = 1 can be chosen freely. The construction of such meas-
ures is embedded in minimization problems arising from the incremental problems; hence it will be of
importance to understand how the trees can be modified by changing the weights «, the jump vector a
and the normal vector n as well as by adding further branches or, to keep complexity as small as possible,
by cutting of branches (called pruning) if their weight is too small, see Section 7.4.

6. Separate relaxation
6.1. Abstract separate relaxation

Whereas relaxation of single minimization problems is a standard tools nowadays, the relaxation of
time-dependent or incremental problems is not developed as much. There are rather ad hoc methods in cer-
tain fields, but no general strategy seems to be available. We refer to [53,6,7,50] for such results.

Here we suggest a formal mathematical approach, which has the advantage that it is relatively simple
and stays in the framework of variational incremental problems associated with energetic formulations.
In particular, when this approach is made concrete within the field of Young measures, it leads to the mod-
els treated by engineers [51,52,39,42].

The separate relaxation is obtain by embedding # x % via # densely into a larger space W. The relaxed
functionals E and D are abstractly defined as relaxation of & and &, respectively, in the sense of Section 4.1:

w
j(‘pnﬂzm) _>W}7
D(wp,w;) = inf {liminf@(zo_ym,zl‘m) F(@,20m) ﬂwo, J(0,z1m) ﬂwl}.

m— 00
We call this separate relaxation, since in the relaxation process the energy storage and the energy dissipa-
tion are treated completely separately from each other. These functionals are given as the smallest possible
limit of all sequences of classical functions producing the correct limit in W.
This abstract setting is not very useful for practical purposes unless the form of E and D is made more
specific. However, we obtain a general result in terms of relaxation.

Theorem 6.1. If for all zy,zy € & we have D(#(0,z), 7(0,21)) = Z(z0,21) and if further technical
assumptions hold, then the relaxation defined via W, ¢, E and D satisfies the properties (R1)-(R3) in
Definition 4.1 as well as (R5).

E(t,w) = inf {nm inf &(t, @,, 2n)

Proof. The existence of minimizers for the incremental problem E(z,z) + D(z,4,z) — min is solvable since
by construction E(z, -) and D(z.yq, -) are weakly lower semicontinuous. Suitable assumptions give coercivity
as well, hence infimizing sequences have a weak limit which is a minimizer.

The consistencies (R3) and (R5) follow from the fact that the relaxation satisfies

inf {&(¢,0,2) + D(zow,2)|(@,z) € F x Z} = inf {E(t,w) + D(F(0,z04),w)|w € W}
for all # € [0, 7] and z,4 € Z. Hence, stability in & x & already implies stability in W. [

A major problem in the theory is that we do not understand under what conditions the separate relaxation
also satisfies the properties (R4);oy, or (R4),,p. The problems arise from the fact that, depending on the choice
of W, we lose some or more information on the microstructure in step &k — 1 and just remember w;_; € W.
For instance, if W is the Young measure relaxation discussed in the next subsection, we only remember mes-
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oscopic volume fractions of the infimizing sequence (z;_,),., and lose information of their microscopic
arrangements (micropattern). Hence, our generalized dissipation distance D may underestimate the dissipa-
tion if the distribution of the fluctuation changes only little but the micropattern changes a lot. However, in
situations we have in mind (elasto-plasticity or shape-memory alloys) there is strong evidence that changes of
the micropattern are always dominated by changes in the mesoscopic distribution. For instance laminates
will not rotate with given phase portions they rather grow by changes in the relative phase portion.
Hence, we believe that the separate relaxation is a reasonably good model. In [62] it is proved mathemat-
ically for a two-phase shape-memory model that the separate relaxation is an exact relaxation satisfying

(R4)1ow.-

6.2. Separate Young-measure relaxation

The abstract separate relaxation can be make explicit by choosing W suitably. We propose a relaxation
which uses the weak convergence in # C W'?(Q, RY) and the Young measures u € YM(Q, Z) to replace the
states z € Z. Hence, in the abstract setting we let

w=(p,u) €F xYM(Q,Z) =W and J(¢,z) = (9,0.).
For the convergence in W we choose the definition (¢/, /) ﬂ((p“’, w>) if and only if

¢ — ¢= in W”(Q RY) and
Vg € Co(2) : [,g(z)w/(dz) — [,g(z)u(dz) in L'(Q).
The convergence 1/ e u* as defined above is also called Young measure convergence and it makes the set

{0.|z € Z} dense in YM(Q, Z), cf. Section 4.1 and [11,2,57].
The relaxed functionals are abstractly defined as Young-measure relaxation separately for & and Z:

I (@ 2m) W>((p7#)},

5 YM 5 YM
z0m 7 Moy Oz, = My (-

E(t, @, 1) = inf {nm inf &(t, @, 2)

D(:u()? :u]) = lnf {llﬂgf 9(Zo,ma Zl,m)

This relaxation is useful since it allows for integral representations of the relaxed functionals. These follow
from abstract results as given in [11,57,50].

Theorem 6.2. Under suitable technical assumptions the relaxed functionals have the form

E(r, . 1) = / W, (x, Dp(x), 1(x)) dx — (£(1), ).

D(Moldnunew) :/QDwass(xv:uold(x)munew(x))dxa

with D" from (5.3) and the relaxed potential ¥ is given by

¢ € W ((0, 1)),

Y (x,F,v) = inf { , ¥ (x,F + Do(»),z(»)) dy
0.1)

v(4) = vol({y | z(v) € A}) for all A C z}. (6.1)
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Moreover, for each py € YM(Q, Z) the relaxed incremental problem

(RIP) (@, vi) € argmin  E(t, @, 1) + D(py_y, 1)
(p,n)EF XxYM(Q,Z)

is solvable, i.e., the solutions (@, vi) € F x YM(Q,Z) exist for k=1,...,N.

The computational results presented in [51,52,33,32,39,42] are based on incremental problems of a very
similar type as (RIP), the major difference being that the dissipation distance D is approximated by a semi-
implicit exponential ansatz. In [9] a careful numerical treatment of (RIP) is given in the case small-strain
model for a two-phase shape-memory alloys. For a mathematical analysis of some special cases we refer to
[50,46].

As given in the Section 4.3 there is now a time-continuous, energetic rate-independent evolutionary
problem (S) & (E) associated to the function space W = % x YM(Q,Z) and the generalized functionals
E and D. It is of the same type as the previous problem for & and & defined on the space # x Z. We only
have replaced the (nonconvex) space & by the convexification YM(L, Z) and generalized the potentials
accordingly. (This corresponds to a locally compact convexification in the sense of [57,58].) However,
the solvability of (S) & (E) is much more complicated than that of (RIP). Having solvability of the latter
for a sequence of time steps tending to 0, one tries to show convergence (of a subsequence) of the time-dis-
crete, incremental solutions towards a solution of (S) & (E). This convergence question will not be ad-
dressed here, and we refer to [50,46,43] for first results in this direction.

It should be noted that it would have been possible to define a larger relaxation by including the fluc-
tuations of the deformation gradient as well. We will see later that our smaller relaxation is in fact equiv-
alent, since we need to calculate the combined measure of the gradient D and z anyway in order to find the
relaxed potential ¥ .. However, since the only coupling between the time levels in the incremental problem
occurs via the internal variable z, it suffices to keep track only of the Young measure v as given above.

It remains the question how the relaxed incremental problem (RIP)

(91 1) € arg min /Q (Pra(De(x), p(x)) + DV (y_ (x), u(x))) dx — (€(te), ) (6.2)
.)€
can be solved algorithmically. Here again the locality of the integrand will play a crucial role. For (RIP) the
important Theorem 2.2 for the relevance of the incremental problem holds in exactly the same fashion.
Unfortunately the definition of ¥, is rather complicated. In particular, it is not obtained by integrating
¥(x,F, z) with respect to v(dz). We always have ¥, (F,v)<[ pr(F ,z)v(dz), and for nontrivial measure v we
have strict inequality in most cases. This becomes clear if we realize that F is the macroscopic strain while v
relates to microscopic fluctuations of z € Z, which have a counterpart in microscopic fluctuations of the
strain. The definition of ¥ shows that minimization with respect to the combined microscopic arrange-
ments in (the representative volume element) (0, 1) of the internal variable z and the fluctuation strain
D¢ is necessary. We illustrate this in the following example.

Example 6.3. Consider the case d=1, Z=R, and W(F,z)=(F—z)>. We obtain ¥ (F,v)=
[F — f sz dz smce in (6.1) we may choose any z : (0,1) — R generating v and then define ¢ via ¢(0) =0
and o'(y fo s)ds. Using fo s)ds = [zv(dz) the result follows. Moreover, we have

P (F,v) = /[Rx/}(F,z)v(dz) — </R Zv(dz) — [/sz(dz)} 2)

which shows that ¥ is strictly less than the “averaged” energy density, if v is not a Dirac mass.
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Using the notion of gradient Young measures as introduced in the previous section we may rewrite the
relaxed elastic potential as

W (x, F,v) = inf { / 7 (x, G.2)p(dG, dz)
R %z

pE 9’“}, where
(6.3)

def

Py, = {p € Prob(R™ x Z)ltﬂlp € Prob¥* (R, trp = v}.

See [57] for the equivalence of (6.1) and (6.3). This construction is still very involved, and it is necessary to
find suitable algorithms to approximate V... Since the sets 2, are convex this is a classical linear convex
programming problem, yet in infinite dimensions. We will discuss this further in Section 7.4.

Remark 6.4. The minimizing measure p in (6.3) can be used for a post-processing to find the microscopic
pattern associated with the Young measures (these are the patterns one expects to see in infimizing
sequences as well as in experiments). Having the macroscopic solutions (¢, ) € # x YM(Q,Z) of (RIP)
we may consider the associated 7, € GYM,, (Q, R¥*?) which is obtained via y,(x) = .#p;(x) from the
minimizer p,(x) in (6.3) for calculating ¥ (x, De(x), ux(x)). In the case that y,(x) is a sequential laminate
the micropattern can be reconstructed as explained in Section 5.4.

Often in computations one needs to replace the exact relaxed potential ¥, by an approximate function;
then it is important to keep its most important features, particularly its convexity properties.

Proposition 6.5. The relaxed potential V.., is cross-quasiconvex, i.e. for all (F,v) € R™¢ x Prob(Z) we have
/( . ¥:a(F + Do(y), u(y)) dy=Pa(F, v)
0,1

for all @ € Wy ((0,1)') and u € YM((0, )%, Z) with f(ojl)d,u(y)dy =
In particular, this implies that W (-,v): R — [0,00] is quasiconvex for each v and that
Y.a(F, ) :Prob(Z) — [0,00] is convex for each F.

Cross-quasiconvexity is a special case of the more general 4-quasiconvexity, see [17]. The proof of these
results follows closely those in [15,31].

An important feature of the update algorithm discussed below is that the calculation of the relaxed
stored-energy density ¥, and the calculation of the Wasserstein distance DV (1014, Vnew) have to be done
simultaneously. And therefore it is especially useful to employ the condensed energy density ¥<°"9, cf. Re-
mark 7.2(1).

6.3. Relaxation of the shape-memory model

We close this section by returning to the rate-independent model for shape-memory alloys with n phases
as introduced in Section 3.1. The finite set Z = {1,...,n} for the values of internal variables is just used to
indicate in which phase the material is at a certain microscopic point. With P, defined as in (3.1) we obtain

Prob(Z) =P, and YM(Q,Z)=L'(Q,P,).
Hence a Young measure u € YM(£, Z) can be identified with a function 0 : Q@ — P, where 04(x) € [0, 1] now

gives the phase fraction (probability) of the jth phase in the mesoscopic representative volume element
x+¢eQ.
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The relaxed energy potential ¥, has the form y = ¥,(x,F,0), where ¥y (x,-,-) : R x P, — [0, 00] is
cross-quasiconvex in the usual sense of [31]. In [50,19] the form of ¥ is specified in more detail under the
additional assumption that the stored-energy densities i (x, -, /) : R¥*¢ — [0, 00] are given via linearized elas-
ticity in the form

Y(x,F,j) = HC)[E-T;x)]) : [E—T;(x)] +¢;(x) withE=LF+F") -1,
where the elasticity tensor C(x) is independent of the phase j € Z. Then, one finds

Py (x, F, 0) = Z eil;(xv F, /) + wmix (0),
=1
where the mixture term wp,x: P, — (—00,0] is a convex function with wy(e;) = 0, see [19] for more details.
__ Finally we also indicate that the Wasserstein distance associated to the metric D in Z, which is given via
D(j, k) >0, can be calculated explicitly. One obtains the surprising result that

DWass(OO1 a5 Onew) = H(Onew — Oo1a)

for a suitable function % : R? — [0, 0c0) which is convex and homogeneous of degree one (see Prop. 4.7 in
[50]). Here R! = {0 € R"[}_10;, = 0}.

Thus, the relaxed function space W = # x YM(Q, Z) takes here the form of the classical function space
W = HL(Q) x L'(2,P,). Moreover, the relaxed time-continuous problem (S) & ([F) takes the form of a
classical standard generalized material. However, we emphasize that the relaxed energy ¥, (also called
mixture function in [50] and free-energy of mixing in [19]) as well as the dissipation potential / are derived
on purely mathematical grounds from abstract coarse-graining principles. For this process no further phys-
ical or mechanical knowledge about phase mixtures are needed.

Denoting by u = ¢ — id the displacement, the relaxed energy E and the relaxed dissipation distance D
take the form

E(t,u,0) = / P (r, 1+ Du, 0) — foxe(£,%) -u(x)dx and D(6p,0;) = / h(04(x) — O (x)) dx.

The flow formulation (cf. (2.4)) of the associated relaxed problem was first derived in [50] and is imple-
mented in [18]. It takes the form

—divOp e (x, I + Du, 0) = foy (¢, x), } s
. m £2.
0 € O™ h(H) 4 0y ¥yei(x, I+ Du, 0) + NyP,.

In the case n =2 and in certain cases also for n > 3 we have wyx(0) = —B:M(0) with B=B' > 0 and
M(0) = diagh — 0 ® 0, see [36,19].

7. Algorithms for updating the Young measures

In this section we want to address the question how the incremental problem associated to (RIP) can be
solved. For this purpose we cannot use the abstract form using F and D nor the more concrete version (6.2)
which still uses Prei(x, F, vpew) and DV (vo1q, vnew). The definition of the relaxed elastic potential ¥, in-
volves the joint fluctuation measure p € Prob([RR“’X" X Zyew) and the definition of the Wasserstein distance
DY involves a transport measure 5 € Prob(Zog X Znew). Here Zoiq = Znew = Z and the subscripts just
indicate what time level is associated with the corresponding internal variable z.
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The calculation of all these measures must be part of the algorithm for solving (RIP). However, we al-
ways assume that the original constitutive functions l,b and the (global) dissipation distance D can be cal-
culated directly (in the latter case this might be difficult if only the infinitesimal metric 4 is given, cf. [38,40]
for exact results and [42] for semi-implicit approximations). Later on, we will assume that also the two de-
rived constitutive flalnctlons are available, namely the condensed potential ¥°°"4(z.1q;x,F) and the update
function zpey = Z (x, F,zo1)-

This means that we assume that everything which is needed for a numerical calculation of classical solu-
tions (i.e., without microstructure) is easy to calculate and already available. This does not mean that these
algorithm are simpler or easier. Here we only study what we have to do additionally to be able to calculate
the evolution of microstructures described by YM:s.

7.1. Calculation of the full YM of F, z,.,, and z,,

We start with the formulation of (RIP) which is formulated in terms of the joint measure
7 € Prob(R™ x Zu4 X Zyew) Which contains the joint distributions of F, zoq and z,e. In particular, t in-
cludes the transport measure n = .#,3t = [ crixaT(dG, -, -), which is needed to calculate the dissipation dis-
tance between the old and the new distribution of the internal variable, and the joint distribution of present
gradients and internal variables p = #1371 = f i ldf(',dZolm -) which is needed to calculate W (x,F,v)
with v = .#57. It is essential for deriving a reasonable evolution for the microstructure to maintain the full
generality that © contains all the correlations between these distributions of F = D¢, z,¢,, and zyq.

Algorithm for the relaxed incremental problem (RIP).
Start: Choose ,uo € YM(Q Zoi), e.8., let py(x) = .9

Iterate for k = LNV
(i) Find a minimizer (¢,, 1) € # x YM(Q, R X Zgq ¥ Zyew) of the functional
def
I](tkv ®, T) = / /d , x G Znew) (x Zoldvznew)] T(x; de dZoId, dZnew)dx
RUXZ 1d ><Znew

amongst all (@, 1) € W' (Q,R?) x YM(Q, R X Zgg X Zyew) satisfying

M1t :/ (5, dZoid, AZnew) € GYM,(Q, R)  (cf. (5.4)),
Zoldxznew

Myt = / 1(+;dG, -, dzneyw, ) = Uy € YM(Q, Zo1d).
RO s 7o

(i) Let p(x) = [, , (6 dG, dzou, -), L€, gy = M31 € YM(Q,2)
(iii) If k = N exit, else increase k£ and return to (i).

The memory of the microstructure distribution p_; is implemented in the second condition on 7 in (7.1)
and the new distribution p, is transported to the next step via (ii) and (iii). Note that we have written
YM(LQ,Z) in (ii) while our notation would give .#,1, € YM(Q, Z,.w). However, in the next time step, the
present Z,.,, will be identified with the future Z4.

7.2. Calculating the reduced YM for F and z,,

The complexity of this minimization problem can be reduced by minimizing internally with respect to the
variable z,.,. For this, it is essential to have a good algorithm to calculate the condensed potential



5118 A. Mielke | Comput. Methods Appl. Mech. Engrg. 193 (2004) 5095-5127

cond dxd . Zyupdate dxd
Y 1 Zoig X Q x R — [0, 00) and the update function Z 1 QX R X Zola — Znew. Note that these
functions are classical function whose arguments are finite-dimensional, not involving any measure. We
find the following reduced form for one time step of (RIP). For its formulation we recall the definition
Pr, C Prob(R™? x Z) from (6.3).

Proposition 7.1. Using ¥ and Z (cf- (2.6)) the steps (1) and (i) in the algorithm for (see (RIP) (7.1))
can be replaced by the following equivalent algorithm:

~update

() Find a minimizer (¢,,0;) € F x YM(Q, R x Zy4) of the functional
W00 [ [ s 6) ol 4G dzaa) dx — (10).0)
R XZ 14

amongst all (¢,0) € W'7(Q,RY) x YM(Q, R x Zyq) satisfying a(x) € Py, (x4
(i) Let () = 2" (e, o0 ).

Here the push forward vV = @|'v € Prob(V) of a measure v € Prob(U) by a measurable mapping
®:U— V is defined via v(4)&v(®'(4)) for all measurable subsets 4 C V. In particular, for
v=7>,0,0, weobtain v =737 ,0;0, with v; = &(u).

) for a.e. x € Q.

k— l

Proof. The essential point is the minimization of the inner integral in the definition of 1(#, ¢, 7) with respect
to 7. Thus, we keep x € Q fixed and suppress it in the remainder of the proof. The minimum is attained for

some 7€t € Prob(R? x Zyi4 X Znew) satisfying the constraints [pi,, ©(dG,-,dznew) = iy (x) and
/ chdxzmwr(-,dzold,dznew) € Probgrad ([R{dXd) First assume that 7 is a finite convex combination of Dirac

n

masses: 7= 1/1,5( 00 s After adding suitable points with mass 0 we may write 7 in the form

i o1d new

I_ZO,,a 0 oy With 0,,>0  and Z(),,_l

Zhe

Minimizing % J [R‘JX’[XZOMXZ“W [/xﬁ(x G, Znew) +5(x,zold,znew)]r(dG, dzod, dzpew) With respect to zU), while

new >

keeping 0;;, G;, and zold fixed, leads to

Aupdate

m i (1 .
a= Z 019" (ZgllﬁGj) and dew) = (Gﬂzold)'
. def m
With ¢ = Myt = Ziﬁ’ﬂ@j”é((}hziﬁ) S QDW(XLM;{,](X) we find

~update ,
a= / P (z4; G) 6(dG,dzeg) and gy (x Z 07,10 yupase o) = AR
RdXdXZ 1 ]

Thus, the desired forms of @ and p(x) are established if t consists of finitely many Dirac masses. Using the
density of such measures the general result follows. [

To solve the minimization in ( ) it is not possible to decompose the problem into alternating minimiza-
tion with respect to ¢, and oy due to the restriction [ Zoldak -, dzoq) € GYM,, (2, R?*4). However, concep-
tually we may define the following condensed relaxed potential ‘Pf;“d and obtain a reduced, purely
macroscopic minimization problem for ¢, which is a classical minimization problem for nonlinear

elasticity.
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For fixed F = De(x) and v1q = tx—1(x) we define the condensed relaxed energy density

'Pcond(vold; X, F) déf min / chond (Zold; X, G) O-(de dZOld)' (72)
Rdxtlxz

rel P
TEP Ko

If ‘I’i;’lnd(vold;x, -) is known, then ¢, can be obtained by solving the classical (pseudo-) elastic minimization

problem

¢, € arg min E*" (¢, ) with

pcF

(1, ) = / P (4 (x); x, Dep(x)) dx — (£(1), ).

(7.3)

However, we recall from step (ii) that p_; and ¢, are not enough to find . Instead, we need a minimizer
g = Z(X,F, Vold) € QF“YOM, 1e.,

Z(x, F, Vold) € arg min / lpcond (zold;x, G) G(dG, dZold)~ (74)
Rdxdxz

7
UE-,)FA‘,O] d

Having a minimizer 2 (x, F, i, (x)) a the macroscopic deformation ¢, as solution of (7.3) we define oy (x) =
—~ ~update

2 (x, D, (x), i, (x)) and obtain s via step (ii) in Proposition 7.1, i.e., j,(x) = Z (x, )[*ox(x). This fin-
ishes the construction of the solution for the kth step.

Remark 7.2

(1) Finding a minimizer 3 is in fact a simultaneous relaxation and calculation of the Wasserstein distance
from v, 4. However, we have contracted the effort to the minimal information needed for realizing the
relaxed incremental problem (RIP).

(2) The minimization in (7.4) can’t be decomposed into minimizations with respect to Dirac masses for zjq.
More precisely, assume voq = Z?Zlojézf and that ¢; = X(x,F,0.) € #g; are known. Then,
G =" 00 liesin Py, ,; however, in general it is not a minimizer, cf. Example 6.3. The point is that
the measures ¢; may be associated with different macroscopic gradients F; as long as they are compat-
ible and have the correct average.

7.3. First and second derivative of the incremental potential

For solving the macroscopic problem (7.3) we need ¥, (x,F) = V5
second derivatives. They can be obtained if the minimizing Young measure X (x,F,u, ,(x)) is known.
(Within a finite-element method we need this only for a finite number of nodes x; € Q and a finite number
of strains F; € R**?.) To simplify the subsequent formulae we shift this measure in thAeFG-component by its
mean value F. Let T§:(G,z) — (G + F,z) and define o} (x) € 2y, ) via a} (x;5) &t X, (x,F, ey )(TgS) for
all measurable subsets S of R**‘ x Z. Note that the Young measures o} (x) have mean value 0 in the G-

component.

& yeond () (x); x,F) as well as its first and

Proposition 7.3. With the above notations we have the following formulae:
'Pk(x, F) = / ?’c‘md(zold,x,F + G)af(x, dG,dZold),
RddeZ

DF‘Pk(x, F) = / DF‘I/CO"d(zold,x7 F + G)af(x, dG7 dZold)'

Ri*d 7
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If ¥ (x) depends sufficiently smoothly on F (as a distribution on R™? x Z), then for all F,H € R we have

D2, (x, F)[H, H] = / DA™ (e F o+ G)[H, o} (x, 4G, dzy)
R4 xZ
+ / Dg?°°™ (214, x, F + G)[H]Dgo} (x, dG, dzy) [H]
Rdxd 7
— / D% ‘I’C"“d(zold,x, F + G)[H, H]o,f(x, dG, dzy)
[Rdxd 7

- / eord (24, x, F + G)Diat (x, dG, dzyq) [H, HJ. (7.6)
Rdxd z

We refer to [5] for a rigorous proof of the second formula in (7.5).

Here the distributional derivatives Dpg[H] and D36 [H, H] of a measures ¢ with respect to F in the direc-
tion H %rfe again measures and are defined via the derivatives of the linear functional
f = Li(F)= [poa, ,f (G,2)3(dG, dz) as follows:

[ . S(G.2Di(dG, d=) 1] Dy ()],

< DL, (F)[H, H],

/ £(G,z)Di5(dG, dz)[H, H] =
Rdxd
for all sufficiently smooth test functions f : R”*? x Z — R.

These relations are best understood by assuming that the measure is given as a linear combination of
Dirac masses, i.e., 6" = Y7 4,(F)o G,F)z,F)- 1hen, we have L, (F) = S AE)f (G (F),z;(F)) and obtain

DiL; (F)[H] = ) (DeA;[Hf (G}, %) + 4D/ (G}, Z))[(DG,[H], DZ;[H]))),
=1

where all functions 4,, G; and Z; and their derivatives are evaluated at F. An analogous formula holds for
the second derivative; it involves first and second derivatives of the functions f, 4;, G; and z;.

7.4. Updates using sequential laminations

Altogether we have reduced the incremental problem (RIP) to finding the minimizer ¢ = 2 (x,F,v) €
P, of (7.4). At present there is no easy method for solving this problem. However, the procedure called
sequential lamination (see [29,1,20,19] and Section 5.4) seems to provide sufficiently good approximations of
minimizing gradient Young measures. Its usage in incremental problems was first highlighted in [51,52]. We
indicate how this procedure can be adapted to the present context where we have to find probability meas-
ure o in Zf,, and thus have to take care of the additional internal variable.

Assume that v has the form Z l0 0-,. A general ¢ € 2y, which is a convex combination of finitely many

Dirac masses has the form ¢ = Zk 1sk5 (Giz)- However, v = /4,0 implies {Z|k=1,...,K} C {Zj’j =
l,...,J}. Hence, we can use the ansatz
J L; Lj
=3 518,z withs;;>0 and Y s, =0;forj=1,....J. (7.7)

=1 =1

~

Jj=1

We have to guarantee that y = EJJ.ZIZfils, 0, lies in Prob§™!(R?*?), which is the most difficult restriction
and is now replaced by the somewhat stronger restriction that y is a convex combination of sequential lam-
inates, as defined in Section 5.4.
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Fig. 2. A measure in 2y, with four leaves: 6 = 0, -,) + (1 — @)[o2 (05271(5(1:‘21];21»])(1 — 062'1)5(]7112':2]‘2)) + (1 = 02)0Fy, .20

The major difficulty here is that the partial measures y; = o 7.06,; need not lie in Probgrad(ﬂ%"“’)
Thus, the compatibility of the microstructural deformation gradlents can be achieved by using different
internal variables z;, see Example 6.3.

Since the condition on y being a gradient YM is the most severe one, a typical algorithmical approach is
the following. One assumes that the minimum defining ¥ (v; x, F) is attained at a measure ¢ € Z§, such
that y = .#,0 is a single lamination tree and to each leaf there is associated a single value of z;, see Fig. 2. In
practical application it is of course sufficient, that the minimum over the restricted class is very close to the
true minimum. (However, it is to be expected that in general situations the minimal measure is a more com-
plex measure which consists of several independent lamination trees or of a tree which has more than two
branches coming out of one gradient, like two different sub-laminates.)

To start the minimization in this class, it is common to construct a candidate in this class from the data
of the previous iteration step. Since this candidate is not a minimizer, we have to adjust the parameters in
the lamination tree to make it minimal. However, the freedom in the lamination tree is restricted by the
condition .#,6 = v = 310,z;. Since, only one of the values z; is associated to each leaf, we obtain J condi-
tions on the weights in the branches of the tree. Thus, we need more branchings than the number J to be
able to modify the weights. Recall that a lamination tree with m branchings contains m + 1 leaves and m
weights. Thus, the weights are restricted, whereas the » lamination normals n, € S*"' and jump vectors
a, € R’ are free to be modified.

During the minimization process one has to test for each leaf whether it is advantageous to replace this
leaf by a simple laminate. This process is then called branching. After this process the two new leaves will
have the same value of z. The opposite of branching is called pruning, i.e., we replace two leaves by one. This
can be done if the weight of one of the leaves is very small or if the jump vector a is small and the two values
of z are the same. In exceptional cases, even a longer branch may be pruned because its weight is very small.

Now, assume that the minimization is finished, i.e., we have found o, € Zp, ()4, _, ) in the form (7.7) as

a lamination tree with m = 3_{L; leaves. Then, j(x) has to be defined as in (i) of Proposmon 7.1, namely
we(x) = Z{Z?S;Jézupdme €z)" One problem is now that in general the number of values attained in gy is
: 2

actually m, the number of leaves, and is, hence, much bigger than J, the number of values in p;_;(x). Thus,
in a post-processing step one has to reduce the number again to keep the complexity of the problem in a
reasonable range.

We refer to [52,42] for implementations of quite similar algorithms.

8. Examples

Here we present two examples which can be treated analytically. For further applications we refer to
[48,18,50,9,19,46], where models for N-phase shape-memory alloys are studied. Numerical algorithms using
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similar ideas as proposed here are implemented in two- and three-dimensional elasto-plasticity, see
[51,22,37,39,42].

8.1. A one-dimensional example

To illustrate the above concepts we consider a one-dimensional example with Q@ = (0,1) C R, i.e.,d=1
in the above. For the internal variables we use z = (P, p) € Z délF(O, o0) x R and let in accordance with Sec-

tion 3
Y(F,P,p) = W(FP) + h(p) and 4(P,p,P.p) = A(P/P,p).
The hardening energy is A(p) = e*”—p for p = 0 and h(p) = 1 + 3p for p < 0, moreover

W(F,) = %(Fg+F;4_2) for F, > 0, |&] forv>=|¢E|,
¢ 00 for F.<0; oo else.

and  A(&v) = {

We apply external forcing by imposing the boundary conditions ¢(¢,0) = 0 and ¢(¢, 1) = @p;,(¢) 4 1and
let 4(r) = 0 for the loadings. As initial conditions for the plastic parameters we choose (Py,po) = (1, —1).

For the elastic domain Q(p) = PTQ(P, p) we find Q(p) = {(n,9)| | n | +¢<1, ¢<0} and the dissipation
distance D : Z x Z + [0, oo] reads

[log(P;/Py)| for p,=p, + [log(P;/Py)],

D((Py, py), (P1,py)) = {oo else.

From this and the special choice of the elastic potential ¥ and the hardening function / the condensed
potential can be derived explicitly. We have

~ cond

peond(Py p ) F) = P (0, FPy)  with " (p,F.) = " (p,F') and
W (F) + h(p) for 1<F*'<SF™* + b,s,,
o (:F) W(F.) + 4log(F/F.) + h(p) for F!<F*<s,F?,

%(\/m_ 1) 4 for F“;SE(F*4 +b,);

where b, = 4e”, 5, =max{l,e ¥} and F, = (v/5 + 2)"/* ~ 1.435 is the unique solution of F* = F.* + 4.
(For more details of the calculation and related examples we refer to [40].)

The most important feature of this model for our present purposes is that the condensed poten-
tial " (p;-) is not (quasi-) convex in F for p < 0 on the interval [F.,e ”F,]. Thus, the system may develop
microstructure since the hardening in the corresponding regime is not strong enough. Note that the loss of
quasiconvexity occurs only for F > 1, whereas convexity holds for F € (0, 1). This manifests the typical fea-
ture of nonlinear elasticity that compression and extension behave differently.

~ cond
An important role in the analysis will be played by the convexification of ¥ (p;-). It coincides with
~ cond . . . . . .. . .
P (p; ) outside of an interval which is a strict superset of [F,,e ”F.]. For p = —1 this interval is given

by [Fo,F] with Fy~ 1.22 <F, <eF,.~3.90 <F; = 5.6. On this interval the convexification is given by
the segment connecting the two points (Fy, lf’md(—l;Fo)) and (Fy, g’md(—l;Fl)), which is the tangent
to ¥ at both points, see Fig. 3. We define (Py,p,) = Zupdale(Fl, (Po, py)) which is the unique pair for

~ cond

which ¥ (po;Fl) = W(Flpl) +h(P1) +ﬁ((P07p0)’ (Pl’pl))'
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1 Fy F;

Fig. 3. The function g’md(—l; -) (full line) and its convexification (broken line).

We look for a spatially homogeneous Young-measure solution w(z) = (¢(¢),v(¢)) with a trivial macro-
scopic deformation @(t,x) = ®p;(¢)x and v(¢) € Prob(R?). Using the times ¢, and ¢, given by Ppi(t) = F;
the solution can be described a follows:

t € [0,t9]: No plastic flow occurs, the solution has no microstructure: v(f) = dq,_1).

t € (tp,11): Microstructure develops such that F(z) is a mixture of Fy, and F;. We have the solution
V([) = [1 — 9([)]5(1,,1) + 6([)5(1)“1,]) with H(t) = (f — [0)/(11 — [0).

t € [t;,0): Thﬁ:ugit(e:rostructure has disappeared and the solution is again classical: v(#) = dp(),p(ry) With
((1,=1), Ppir(1)).

(P@0),p(1)) =2

We note that for this one-dimensional problem the solutions of (S) & (E) are highly nonunique. Choose
any function @ :[f, 1] X Q — [0, 1] such that for all x the function ¢ +— ©(t, x) is decreasing and such that
JoO(t,x)dx = 0(t) = (t—10)/(t — to). Then, for ¢ € [to, #;] the pair (o(z,), u(z,")) with

(P(tax) = /Ox([l - @(tvy)]FO + @(tvy)Fl)dy and .u(tvx) = [1 - @(t’x)}é(li)) + @(t7x)5<P1~p])

defines a solution as well.
8.2. The rigid plasticity model of ConTr & THEIL

In [10] a model for plasticity is presented which is fully nonlinear and can be analyzed analytically in
quite some detail. It is motivated by [51] where microstructure formation in crystal plasticity was stud-
ied for the first time. We describe the model in our notation of Section 3.2 and give the results which
concern our theory. In particular, the example treated in [10, Section 4] provides a special case of our
relaxation in Section 4 where (R1) to (R5) can be proved rigorously. For more details see the original
paper.

We consider a body Q € R? (related results are also obtained for ¢ = 3). The set Z of internal variables a
one-dimensional subgroup of GL(R?) which corresponds to slip in a single slip system. For simplicity we
choose the slip system as S = e; ® e, i.e.,

def 1«
Fp:P[g:I—FﬁSEZ: 0 1

A [R} C SL(R?).
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There is no hardening assumed, the dissipation potential is A(P,;, P;) =| B | which gives the simple dissipa-
tion distance D(P,, P,,») =| f — o |. The stored-energy density is such that it has infinitely hard elastic re-
sponse, i.e., F. = DoP~' must lie in SO(R?).

-1 d
JE.P) = {o for FP~' € SO(RY),
oo else.

This defines the full model if we additionally specify suitable loadings and boundary conditions. For sim-
plicity we stay with the example given in [10] which imposes time-dependent homogeneous boundary con-
ditions @(t,x) = @p;(t)x for all x € 0Q for a given curve ®py; : [0, 7] — GL(R?). Moreover, we impose the
initial condition P(0,)) =1 on all of Q.

With these definitions the incremental problem (IP) is well-defined. The formulation of the time-contin-
uous problem (S) & (E) is somewhat more complicated here since on the one hand the space of admissible
deformations Z (¢) is time dependent via ®p;(f) and on the other hand 1} is not continuous. Note that the
energy functional satisfies

£t Py) = {0 if o€ Z(¢t) and FP/}l € SO(R?) a.e. in Q,
oo else.

The condensed energy potential and the update function take the form

2
(B, ), 27 (5, B,)) = { (|p—al|,P,) for FP, € SO(R?),
(00, 0) else.

The separately relaxed functionals E and D on W(¢) = Z (¢) x YM(Q, Z) can also be calculated explicitly as
stated in Theorem 6.2. For this we introduce

{RP,|R € SO(R?),x € R} = {G|det G=1,| Ge; |= 1} and
d:ef{G|detG:17|detG\<1}DM

The relaxed energetic potential ¥, now takes the form

def

0 ifFeN? andve A (F),

oo else,

lPrel(F, V) = {

where A(F )def{v € Prob(Z)|3 y € Probf*(M?) : v = 92|*y}, where #:M® — 7 is defined via
2(G) = Py with ff = (Gey) - (Gey). It is shown in [10] that N® is the quasiconvexification of M®, hence
A(F) is nonempty for each F € N The Wasserstein distance D is easy, since D is simply the distance
on the straight line Z ¢ R*.

Without going into detail with all the other constructions presented above, we now study a particular
shear experiment, which shows that microstructure occurs through simple laminates. For this consider
the Dirichlet boundary conditions defined via @p;(r) =1+ /K with K = (}) ® (7;') for 7€[0,1] (which is ex-

actly the interval for which ®p;(f)eN® holds). Defining F; = I = &p;,(0) and F,=1+K = &p;(1), we
immediately have

F,eM® F,—-F =2K=a®n and &p,(t)=(1—-0)F +¢F,

Thus, the simple laminate y(r) = (1—#)dg, + ¢y, lies in Probg”d< \(M @y and v(r) = 2"y lies in N (Ppy (1))
which implies E(®p; (), v(¢)) = 0. Since Q(Fz) P_, we find D(F|,F,) =2 and the Wasserstein distance
gives, for 0 < 71 < 1, < 1, the identity

D(V(tl),\)(tz)) = DiSSrel(V, [ll,lz]) =2 ‘ Hh—1t ‘ .
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It is shown in [10] that this solution is the unique Young measure limit of our approximate incremental
problem (AIP), of Section 4.2, whereas the classical incremental problem (IP) has no solution. Moreover,
it is also the solution of the relaxed time-continuous problem (S) & (E), and thus provides, in addition to

[62], another nontrivial example where the separate relaxation leads to a useful relaxed problem satisfying
(R4) of Section 4.2.
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