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Summary. We study a coarsening model describing the dynamics of interfaces in the
one-dimensional Allen-Cahn equation. Given a partition of the real line into intervals of
length greater than one, the model consists in repeatedly eliminating the shortest interval
of the partition by merging it with its two neighbors. We show that the mean-field
equation for the time-dependent distribution of interval lengths can be solved explicitly
using a global linearization transformation. This allows us to derive rigorous results on
the long-time asymptotics of the solutions. If the average length of the intervals is finite,
we prove that all distributions approach a uniquely determined self-similar solution. We
also obtain global stability results for the family of self-similar profiles which correspond
to distributions with infinite expectation.

1. Introduction

Consider a domain D C R" which is divided into a large number of subdomains (or
cells) of different sizes, separated by domain walls, and assume that the system evolves
in such a way that the larger subdomains grow with time while the smaller ones shrink
and eventually disappear. In particular, the average size of the cells increases, so that
the subdivision of D becomes rougher and rougher. Such a coarsening dynamics is
observed in many physical situations, especially near a phase transition when a system is
quenched from a homogeneous state into a state of coexisting phases. Typical examples
are the formation of microstructure in alloy solidification [LiS61], [KoOO02] and the
phase separation in lattice spin systems [De97], [KBN97]. Closely related to coarsening
is the coagulation (or aggregation) process which describes the dynamics of growing
and coalescing droplets [DGY91], [PeR92], [Vo85]. In this case, the system consists of a
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large number of particles of different masses which interact by forming clusters. Again,
the total mass is preserved, so that the average mass per cluster increases with time.

Given a coarsening or a coagulation model, the main task is to predict the long-time
evolution of the size distribution of the cells, or the mass distribution of the clusters. In
many cases, experiments and numerical calculations show that this behavior is asymp-
totically self-similar: The system can be described by a single length scale £(¢), and the
distribution approaches the scaling form L&) 'O (x/L(t)) ast — 00. The profile ® and
the asymptotics of £(#) can sometimes be determined exactly [NaK86], [BDG94]. How-
ever, even in simple situations, it is very difficult to prove that the distribution actually
converges to a self-similar profile.

In this work, we consider a simple coarsening model related to the one-dimensional
Allen-Cahn equation d;u = a,%u + %(u —u?), where x € R. The equilibria of this system
are the homogeneous steady states u = £1, together with the kinks u(x) = = tanh(x/2)
which represent domain walls separating regions of different “phases.” If u is any bounded
solution of this equation, then for ¢ > 0 sufficiently large the graph of u(¢, -) will typically
look like a (countable) family of kinks separated by large intervals on which u ~ £1. If
we denote by x;(¢) the position of the j th kink and if we assume that X (@) —xj() > 1
forall j € Z,arigorous asymptotic analysis shows thatx; ~ F(xj41—x;)—F (x;—x;_1),
where F(y) = 24e™ [CaP89]. In other words, the positions of the domain walls behave
like a system of point particles with short-range attractive pair interactions. Thus, on an
appropriate time scale, only the closest pairs of kinks will really move; in such pairs,
kinks will attract each other until they eventually annihilate.

This kink dynamics suggests the following coarsening model [NaK86], [DGY91],
[CaP92], [BDGY4], [RuB94], [BrD95], [CaP00]. Consider a partition of the real line
R into a countable union of disjoint intervals /;, with £(f;) > 1 for all j € Z. In
the previous picture, the intervals I; correspond to regions where u is close to £1. A
dynamics on this configuration space is defined by iterating the following coarsening
step: Choose the “smallest” interval in the partition, and merge it with its two nearest
neighbors. This model clearly mimics the dynamics of the domain walls in the one-
dimensional Allen-Cahn equation. However, proving that the formal procedure described
above actually defines a well-posed evolution (e.g. for almost all initial configurations)
and investigating its statistical properties after many coarsening iterations is a nontrivial
task, which has not been accomplished so far. Instead, the coarsening model has been
studied in the mean field approximation, which consists in merging the minimal interval
not with its true neighbors, but with two intervals chosen at random in the configuration
{1;}jez. This approximation is valid provided the lengths of consecutive intervals stay
uncorrelated during the coarsening process; see [BDG94] for an argument indicating
that the correlations indeed disappear if the number of intervals tends to infinity.

Under this assumption, it is possible to write a closed evolution equation for the
distribution f (¢, x) (per unit length) of intervals of length x > 1 at time ¢ [CaP92].
Denoting by N (¢) = fooo f(t, x) dx the total number of intervals per unit length, and by
L(t) the length of the smallest interval, the equation reads

LW)fa, L
oft,x) = %

x—L(t)
X (/0 F@ ) f@, x—y—=L(1))dy — 2f(f,x)N(t)> . (LD
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for x > L(t), whereas f(t, x) = 0 for x < L(t) by the definition of £(¢). By construc-
tion, N (t) decreases with time, while the total length of the intervals fooo xf(t, x)dx is
conserved.

We prefer to work with the distribution density p (¢, x) = f (¢, x)/N (t), which satisfies
o(t, x) = O0forx < L(t) and the normalization fooo p(t, x)dx = 1forallz. The evolution
equation for p reads

. x—L(t)
dp(t,x) = LX1)p(t, ﬁ(l))/o p(t, y)p(t, x—y—=L(t))dy, forx > L(). (1.2)

Of course, systems (1.1) and (1.2) are equivalent. In particular, once the density p (¢, x)
is known, the total number N (#) can be recovered by solving the ordinary differential
equation N(t) = —le(t)p(t, L(t))N(t), and the distribution f(z, x) is then given by
N(@®)p(t, x).

It is important to note that equations (1.1), (1.2) are invariant under reparametrizations
of time. As a consequence, the minimal length £(¢) is not determined by the initial data,
but can be prescribed to be an arbitrary (increasing) function of time. In [CaP92], the
authors define an “intrinsic time” by imposing the relation f (z, L()L(t) = 1, which
means that the number of merging events per unit time is constant. We find it more
convenient to use the “coarsening time” defined by the simple relation £(#) = ¢. In other
words, we choose to parameterize the coarsening process by the length of the smallest
remaining interval, forgetting about how much physical time elapses between or during
the merging events. With our choice, equation (1.2) becomes

x—t
9, p(t, x) =p(t,t)/ p, y)pt,x—y—t)dy, forx >r1. (1.3)
0

Since we do not allow for intervals of length smaller than 1, we impose our initial
condition at time t = 1: p(1, x) = p;(x).

The aim of this paper is to show that the dynamics of (1.3) can be completely under-
stood using a global linearization transformation. As a consequence, we are able to prove
that solutions of (1.3) satisfying fooo xp(t, x) dx < oo approach a nontrivial self-similar
profile as t — oo. To achieve this goal, we first rewrite (1.3) in similarity coordinates
by setting

1
p(t,x)=;n(logt,x/t) or  n(r,y)=¢e"p(e",e"y),

where T =logt > 0and y = x/t € [1, co). Then the rescaled density 5(z, -) lies in the

time-independent space
o0
/ n(y)dy =1 } (1.4)
1

which is a closed convex subset of L'((1, 00)). Moreover, (1.3) is transformed into the
autonomous evolution equation

P= {n € L'((1,00),Ry)

y—2
dn(z, y) = dy(yn(z,y) +n(r, 1)/ n(, n(r, y—z—1)dz, fory >1. (1.5
1
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In Section 3 we show that, for all initial data ny € P, (1.5) has a unique global solution
n € C°([0, 00), P) with n(0) = no.
We now define a nonlinear map N: P — Llloc([l, 00), R;) by

N=F'lopoF,

where F is the Fourier transform and ¢ (z) = % log }fi If n(z, -) is a solution of (1.5)
in P, a direct calculation reveals that w(t, -) = N (5(t, -)) satisfies the linear equation

d:w(t,y) = d,(yw(t, y)). As a consequence,

T T 3 >
Wi,y = Sy = {0 =
0 ify <1,
where wy = N(n9). It follows that any solution n € C°([0, o), P) of (1.5) satisfies
N(n(r)) = S:N () for all T > 0. In other words, the nonlinear evolution defined by
(1.5) is conjugated (via the map N) to the linear semigroup (S;). Thus, the difficulty of
solving (1.5) is carried over to the study of the mapping A/ and of its inverse N’ ™! =
F~' o ¢! o F. Although the properties of these maps are not fully understood, it
possible to obtain some information on them using the analyticity properties of the
Fourier-Laplace transform.
In Section 4 we investigate the steady states of (1.5), which form a one-parameter
family {n;}ocr. Here n; = N’l(%w*), where w*(y) = y’ll{yil}. More explicitly, we
have

~ 0
n5(§) = (Fng)(§) = tanh (5 El(i$)> , for§ eR, (1.6)

where E; is the exponential integral [AS72]. We prove that ; € Pifandonlyifé e (0, 1].
Moreover, nj(y) decays exponentially as y — oo, while n;(y) ~ y I+ if0 <0 < 1.
In particular, n} is the only steady state for which the average length || 100 yni(y)dy is
finite.

Finally, Section 5 is devoted to the convergence results. If the initial data ny € P
satisfy y"no € L?((1, 00)) for some y > 3/2 (so that floo yno(y)dy < 00), we prove
that the corresponding solution of (1.5) converges exponentially to the steady state n7:

1y~ () = 1) 2 ((1oey = O™ 7727), for T — o0.

In terms of the original variables, this shows that the density p(z, x) asymptotically
approaches the self-similar solution t’lnj‘(x/t) of (1.3). Moreover, the remainder is
O(t~7=¥2), so that the convergence is very fast if y is large, i.e., the initial data decay
rapidly at infinity. Similarly, if 0 < 6 < 1 and if ny € P satisfies y” (no—vn;) €
L?((1, 00)) for some y > 6 + 1/2 and some v > 0, we prove that the solution of (1.5)
with initial data no converges to the steady state nj.

To conclude this section, we briefly comment on previous results and possible gener-
alizations. The mean field equations (1.1) and especially the self-similar solutions (1.6)
can be found in the physics literature [NaK86], [DGY91], [BDG94], [RuB94], [BrD95].
The first mathematical work is [CaP92], where the authors prove the existence of global
solutions to (1.1). They also show that the profile n} is a positive function (a crucial
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property that is often tacitly assumed!) and study its asymptotic behavior as y — oo.
Our main contribution is the introduction of the linearization transformation A/ which
allows us to prove the convergence results. We also extend the analysis of [CaP92] to
the equilibria n; with 0 < 6 < 1.

The “two-sided” coarsening model discussed in this introduction is clearly not the
most general system to which our analysis applies. For instance, we can consider the
“one-sided” variant in which the minimal interval is merged with only one of its neighbors
[CaP00]. More generally, we can assume that, for j = 1, ..., N, the minimal interval has
a probability p; of being merged with j of its neighbors, where p; +- - -+ py = 1. Inthe
mean field approximation, this leads to an evolution equation similar to (1.3), where the
quadratic convolution in the right-hand side is replaced by a more general convolution
polynomial. Except for a modified definition of the mapping /N, this extension does not
affect our analysis in any essential way. Therefore, in the rest of this paper, all results
will be stated and proved in this general situation.

2. The Coarsening Equation and Its Solution

As is explained in the introduction, we shall study a general coarsening model for which
the number of intervals involved in each merging event is not necessarily fixed. Instead,
we allow for some randomness by choosing nonnegative real numbers py, ..., py sat-
isfying p; + --- + pny = 1, where p; is interpreted as the probability for an interval of
minimal length to merge with j other intervals. We define the polynomial

N
Q@) =) piz,
j=1

which satisfies Q(1) = 1. The original coarsening model related to the Allen-Cahn
equation corresponds to the particular case where Q(z) = z°.
If p € LY(R), we set

N
Qlpl=Y_ pip*, (2.1)
j=1

where p*/ = p%p*---%p (j factors) and * denotes the convolution product in L' (R). In
particular, we have fooo Qlplx)dx = O( fooo p(x) dx). In what follows, we shall mainly
use the space [P of probability densities defined by (1.4). Any p € IP can be extended to
the whole real line by setting p(x) = 0 for x < 1. This natural extension, still denoted
by p, will be used in the sequel without further mention. As an example of this abuse of
notation, if p € P, we have Q[p] € P and supp(Q[p]) C [2, o0) (here and in the sequel,
we denote by supp(f) the support of a function f).

The problem we are interested in can now be stated as follows. Given p; € P, find
a density p: [1,00)> — R, satisfying p(1,x) = p;(x) for x > 1, p(t,x) = 0 for
1<x<t,and

dpt,x)=p, Qo )](x—1), forx>=1=>1 2.2
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If Q(z) = 72, the evolution equation (2.2) reduces to (1.3).

By assumption, the density p(¢, x) is nonzero only in the sector {(z, x) € R?2|1<
t < x}, where it satisfies (2.2). An important role will be played by the values of p on
the boundaries of this domain, namely the initial density p; and the trace of p on the
diagonal x = ¢, which we denote by «:

a(t) = p(t,t), fort>1.

Any sufficiently smooth solution of (2.2) satisfies p(f,-) € P for all t+ > 1 provided
p1 € P. Indeed, it is obvious from (2.2) that p stays nonnegative. Moreover, if m(t) =
ftoo p(t, x) dx, a direct calculation shows that

%m(t) =a()(Q@m()) —1), fort>1. 2.3)

Therefore, if m(1) = 1, then m(t) = 1 forall t > 1.
A very remarkable property of equation (2.2) is that it can be explicitly solved using
Fourier (or Laplace) transform. If p € PP, we define

/3(&):(?/))(5;):/1 e % p(x)dx, foré& eR.

Then p € CO(R, C) satisfies p(0) = 1, |p(€)| < 1 forall £ # 0, and p(§) — O as
& — +00. Moreover, p is a positive-definite function (in the sense of Bochner). Since
supp(p) C [1, 00), the Fourier transform p can be continuously extended to the lower
complex half plane

L™ ={eC|Imé& <0}

This extension (still denoted by p) is analytic in the interior of .~ and satisfies the bound
[p(&)] <e™é forall &€ € L.

Remark. The closely related Laplace transform is defined by

5(p) = (Lo)(p) = / e p(x)dr, for Rep =0,
1

so that o(p) = p(—ip). In the sequel, we prefer using the Fourier transform instead of
the Laplace transform because the inversion formula is more natural.

Applying the Fourier transform to (2.2) and using the fact that convolutions are turned
into multiplications, we find the equation

9p(t,8) =a(®)e ™ (Qp(1,§) = 1), forr=>1, 2.4)
where () = p(¢, t). To solve (2.4), we introduce the nonlinear complex transformation
¢ defined by

@' (2) = ¢(0) =0. (2.5)

_ 1
1-0(@)
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Remark that ¢'(z) = Z,ZO[Q(z)]k, so that ¢ has a power series expansion with non-
negative coefficients whose radius of convergence is equal to 1. In particular, the map
¢: [0,1) — [0, 00) is one-to-one and onto. Let ¢ = ¢’1 be the inverse map, which
satisfies

Y'(w)=1-0Ww)), ¥(0) =0. (2.6)
By construction, ¥ is analytic in a neighborhood of the real positive axis. In the particular
case where Q(z) = z?, one finds
I1+z
1—
Applying the nonlinear transformation ¢ simplifies equation (2.4) a lot. The function

w(t, &) = ¢(p(t, €)), which is defined at least for Im& < 0, satisfies the differential
equation

P(z) = % log and ¥ (w) = tanh(w).

dW(t, &) = —a(r)e ™, forr>1,

which has the explicit solution
t
w(t, &) =w(l, &) —/ a(s)e 5 ds, fort > 1and Imé& < 0. 2.7
1

Remark that |5(z, £)] < ¢'™¢ for all + > 1 and all & € L~, because p(t,-) € P
and supp(p(t,-)) C [¢t,00). Since ¢(z) = z + O(z|?) as z — 0, it follows that
|lw(t, &) = |p(p(,8))] = Oast — oo if Im& < 0. Thus, taking the limit t — oo in
(2.7), we find w(1, &) = floo a(t) e~ dt, which in turn implies

o0
w(t, &) =/ a(s)e ¥ ds, forsr > 1and Imé& < 0. (2.8)
t

This formula has a very nice interpretation. Let A/ be the nonlinear transformation
defined (at least formally) by

N=F'lopoF oo N '1=FloyoF. (2.9)

Setting ¢+ = 1 in (2.8), we obtain ¢ (p;) = &, that is « = A (p1). In other words, the
trace () = p(¢, t) is obtained from the initial density p; (x) = p(1, x) by applying the
nonlinear map A. Moreover, if U (¢) is the linear operator defined for t > 1 by

0 ifs <t,

w(s) ifs>t, (2.10)

U@w)(s) = Lsznw(s) = {
then (2.8) reads W(z, ) = ¢(p(t, ) = F(U(t)a), which means N (p(t, ) = U(t)a.
Therefore, the solution of (2.2) satisfies

N(p@, ) =U@®N(p), fort>1. (2.11)

This shows that the dynamics of the nonlinear system (2.2) is conjugated via the nonlinear
mapping N to the linear evolution U. Since A (p;) is the trace function defined by
a(t) = p(t, t), itis very natural that the evolution of « is obtained just by cutting off the
history in [1, 7).
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It is not difficult to show that the map A is well-defined on the space P, cf. (1.4):

Proposition 2.1. If p € P, then N(p) € Llloc([l, 00), R}), and the mapping p +—
N (p) is one-to-one.

Proof. For p € P we construct w = N(p) as follows. Define @w: L, — C by w(§) =
@ (p(§)), where L, = L~\{0} . We recall that 0 is continuous on L™, analytic in the
interior of I, and that |p(£)| < 1 for & # 0. Since ¢ is analytic in the unit disk of
C, it follows that w is continuous on L and analytic in the interior of ™. Moreover,
(&) < ¢(pE)]) < ¢p(e™F), and hence [(§)] = O(™) as Im§ — —oo. These
properties imply (see [Sch66], Ch. 8) that w is the Fourier transform of a uniquely
determined distribution w € D’(R) with support in [1, 00).

The injectivity of A/ follows from the facts that the mapping ¢: {z | |z] < 1} — C
is locally injective (as ¢'(z) = 1/(1—Q(z)) # 0) and that ¢: [0, 1) — R is globally
injective (as ¢'(s) > 1 for s € [0, 1)). If N'(p1) = N(p2), then, by the above, we
have ¢ (01(§)) = ¢(p2(§)) for § € L. This proves p1(—ip) = p2(—ip) for p > 0, as
pj(—=ip) € [0, 1). By continuity of p; and local invertibility we obtain p; = p, on L,
and hence p; = p».

To prove w = N (p) € LIIOC([I, 00)), choose any ¢ > 0 and consider the distribution
we: x > e w(x). It belongs to S’(R) (the space of tempered distributions) and its
Fourier transform satisfies

we(§) = w(E—ie) = ¢(p(5—ie)), for Im§ < 0.

Now we observe that p(§ —ig) = p, (&), where p.(x) = e ** p(x). Since || pe |l <e7 ¢ <

1, the series Z,fil 4’(2!(0) ,0;‘" converges in L' (R) to some function W, € L'([1, c0), R,).

(Here we use the crucial fact that $®(0) > 0 for all k € N.) By construction,

R NN
We®) =Y ¢k—,()(ﬁe(é))k = ¢ (p(s—ie)) = e (), for ImE <0,
k=1 .

giving w, = W, € Ll((l,oo),R+), and hence w: x — e w.(x) lies in LlloC
([1, 00), Ry). |

Remarks.

1. Under the assumptions of Proposition 2.1, one has that w = N (p) € S'(R), i.e., w
is a tempered distribution. In fact, there exists a constant C > 0 such that |w(§)| =
¢ (p(€))] < Cmax{l, —log|&]|} for & # 0; see the proof of Proposition 5.1 below. This
means that the singularity of w (&) at & = 0 is (not worse than) logarithmic.

2. More information on N can be extracted from the proof of Proposition 2.1. For
instance, if p € P, then A (p)(x) = p(x) for almost all x € (1, n+1), where

n=min{j € {l,...,N} | p; >0} >1 (2.12)
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is the largest integer such that |Q(z)| = O(|z|") as z — 0. Indeed, in view of (2.5), one
has ¢ (z) = z + O(|z]"t") as z — 0. It follows that

o0 ® 0
wo=pot Y O
k=n+1 :

where the second term in the right-hand side is supported in the interval [n+1, 00). Thus
W, = p. almost everywhere in [1, n+1], which proves the claim. Similarly, using the
observation that supp(,o:k) C [k, 00), it is easy to show that, if p: [1,00) — R, is
continuous, so is N'(p).

The formula (2.11) is very nice, but does not provide an effective method for solving
the Cauchy problem associated with (2.2). Indeed, Proposition 2.1 does not give a suf-
ficient characterization of the set A/(P), which is also the domain of A/~!. It is not even
clear a priori that this set is left invariant by the linear evolution U (¢). For this reason,
we shall use standard PDE techniques to prove the existence of solutions to (2.2) in the
next section. But the representation (2.11) will be very useful for finding self-similar
solutions of (2.2) in Section 4, and for studying their stability in Section 5.

3. The Cauchy Problem for the Rescaled System

The evolution equation (2.2) is not autonomous, and it is defined on the time-dependent
domain {x € R, | x > t}. These drawbacks are eliminated if we rescale the density
p(t, x) by setting

1
p(t,x) = ?n(logt,x/t), forx >t >1, 3.1

or equivalently,
n(t,y) =e'p(e’,e'y), fort>0,y>1 (3.2)

In what follows, we denote by T = log# and y = x/t the new time and space coordinates.
The rescaled density 1(z, -) now belongs to the fixed space P defined in (1.4). Moreover,
it satisfies the autonomous evolution equation

0:n(z,y) =3,(yn(r,y) + B(@Qn(r, H)I(y—1), fory=>1, (3.3)

where B(t) = n(r, 1) is the new trace which relates to «(¢) via () = e*a(e’). The
initial condition for (3.3) is n(0, y) = no(y), where ny = p; € P.
The nonlinearity in (3.3) has the form 8(7)T1Q[n ()], where T;: P — P is the shift
operator defined by
n(y—1 ify=2;
T = 34
(Tim)(y) 0 ity <2. (3.4)
In particular, for all n € P, the support of T7Q[#] is contained in [2, 00), or even in
[n+1, 00), where n > 1 is defined in (2.12). Thus, any solution of (3.3) satisfies the
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linear equation 9,7 = 9, (yn) in the strip {(z, y) | T > 0, 1 < y < 2}. It follows that
n(t,y) = e " ™n(rg, e’ ®y) forall T > 19 > Oand all y > 1 such that e*" ™y < 2.
Setting y = 1, we obtain the important relation

B(t) =™ n(ty, e’ ™), for0<rt—19<log2, (3.5)

which means that the trace () for t € [tp, 7o+ 1log?2] can be determined from the
solution 1 (o, -). This formula will be useful for defining the trace B8 properly when the
solution n(t, -) of (3.3) is not continuous. For instance, if n(z, -) € P forall ¢ > 0 and
if B satisfies (3.5), then 8 € Llloc([O, o0), Ry).

The main purpose of this section is to show that (3.3) defines a well-posed evolution

in the space P. To do this, we consider the associated integral equation

T
n(t) = Szno +/ B($)S:—sT1QIn(s)]ds, forz >0, (3.6)
0
where (S;);>¢ is the linear semigroup on P defined by
en(ety) ify=1;
(Sem(y) = . (3.7)
0 ify <1.

To formulate our convergence results in Section 5, we shall need some weighted L”
spaces, which we now introduce. For p € [1,00) and ¥y > 0, we denote by L)’/7 the
function space

LY = {w € Li,([1,00),R) | [[wll,, < oo}, (3.8)

where

oo lp
lwllp., = Iy wllzr = (/ o7 lw(n)D? dy) :
1

When y = 0, we simply write L? instead of Lg and ||wl|, instead of [|w], 0. Remark
that LY < L'ifand only if y > 1 — 1/p (when p > 1) or ¥ > 0 (when p = 1). In
what follows, we shall often restrict ourselves to such values of p, y.

We first give a few basic estimates on the semigroup (S;) and the nonlinearity Q
acting on L.

Lemma 3.1. Let p € [1,00) and y > 0. Then (3.7) defines a strongly continuous
semigroup (S;)r>o in L{,’, and

I1S:nll,, <e ", ,, (3.9)

foralln € LY and all T > 0. Moreover, equality holds in (3.9) if and only if n(y) = 0
foralmostall y € [1,e"].

Lemma 3.2. Let Q be the nonlinear map defined by (2.1).
(@) Ifn e L', then QIn) € L' and |Qnlllx < Q(linll). if n, 7 € L, then
1QIn] = QA < Q' )ln — ilh,
where r = max{||n|l1, |7|l1}. Finally, if n € P, then Q[n] € P.
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(b) Letp e [1,00)andy > 1—1/p.Ifn € LY, thenQ[n] € LY, and there exists C > 0
(independent of n) such that

1T QUn1llp., < CQ Ul - (3.10)

Ifn,ne Lje and R = maX{||7’l||p,y, “ﬁ”p,y}: then
1T1QLn] — TiQ[illp.,y < CO'(R) I — illp.y-

Proof. Estimate (3.9) is a straightforward calculation, and the proof of Lemma 3.2 will
be outlined in Appendix C. O

We are now ready to state the main result of this section:

Theorem 3.3. Foranyny € L'((1, 00), R) with ||noll1 < 1, equations (3.6), (3.5) have
a unique global solution n € C°([0, 00), L"), which satisfies |n(t)| < 1 forallt > 0.
In addition,

(1) ifno € P, then n(t) € P forall T > 0;
(2) ifno € LY for some p > 1 and some y > 1 — 1/p, then n € C°([0, o0), L}).

Proof. Fix ny € By, where By = {n € L' | ||n]li < 1}. Setting 7y = 0 in (3.5), we
obtain
B(t) =e"noe’), for0 <7 <log2. (3.11)

The first step is to show that (3.6),(3.11) have a unique solution n € C°([0, log2], L").
Letg = Q'(1) > 1, and let T = (log2)/m, where m € N* is sufficiently large so
that, forallk =1, ..., m,

kT 1
/ e'no(e’)ds < —. (3.12)
k—DT q

We introduce the Banach space X = C°([0, T, L") equipped with the norm

Inllx = sup [[n(D)].

0<t<T

Let B={ne X ||nllx <1},andlet F: X > X be the nonlinear map defined by

(F[nD(r) = S:no +/ B(s)S:—sT1Q[n(s)lds, for0<t <T,
0

where S(s) is given by (3.11). We claim that F(B) C B and that F is a strict contraction
in B. Indeed,

(a) Assume that n € B. Using Lemmas 3.1 and 3.2, we find, for all = € [0, T],

A

ICEMD@I = I1Szn0lly +/ IBINSz—sT1QIn(s)]ll1 ds
0

/ e no(e* )] dy + / BEITQI ) ds
1 0
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/ Ino(y)ldy+/0 e*Ino(e) QL ()11 ds (3.13)

T

IA

/ Ino(y)ldy+Q(Ilnllx)/1 mo(y)Idy < 1,

T

since Q(|Inllx) < Q(1) =1 and ||no|l1 < 1. This shows that F(B) C B.
(b)If n,n € B, then forall T € [0, T],

A

I(FInD@)—=FaD @ _/O IBOISz—s (T1QIn()]=T1 QL7 ()D 1 ds

/ e’ [no () QIn()]1-QLA(s) D1 ds
0

IA

fo€5|770(65)|Q/(1)||77(S)—77I(S)||1dS

T
q </0 eSlno(es)IdS) In—1llx-

In view of (3.12), this shows that F is a strict contraction in B.

Let n € X be the unique fixed point of F in the ball B. Then n satisfies (3.6), and
using Gronwall’s lemma it is readily verified that 5 is in fact the unique solution of (3.6)
in the whole space X = C°([0, T'], L'). Repeating the same argument m times (where m
is such that (3.12) holds), we conclude that equations (3.6), (3.11) have a unique solution
n € C°([0,log2], L"), which satisfies ||5(z)|; < 1 for all T € [0, log2]. Moreover, it
is clear that (3.5) holds for all 7y € [0, log 2] and almost all T € [1y, log 2].

For t € [0, log2], let E,: B; — B be the nonlinear map defined by E,19 = n(r),
where n(7) is the solution of (3.6) we have just constructed. Then it is easy to verify
that 8,1, = By 0 B, for 0 < 71 + 72 < log?2. It follows that the family (E;) can
be extended to a continuous semiflow (Z;);>¢. By construction, if ny € B; and if we
set n(t) = B.n for all T > 0, then n € C°([0, 00), L') is the unique solution of (3.6),
(3.5), and n(t) € By for all > 0. This proves the first part of Theorem 3.3.

Assume now that ny € P. Keeping the same notations as above, we define

IA

B={ne X |n(t)ePforalt e [0, T]}.

In particular, B is a closed subset of B,asPisclosedin B; c L'.If n e E’, it is clear that
(FnD)(z) € L'((1,00),R,) for all T € [0, T], and that all inequalities in (3.13) can
be replaced by equalities. Thus F(B) C B, and hence the solution € C°([0, 00), L")
of (3.6) satisfies n(r) € P for all t € [0, T']. Proceeding as above, we then show that
n(t) € P for all t € [0, log?2], and hence for all T > 0. This proves assertion (1) in
Theorem 3.3.

Finally, assume that 79 € L} forsome p > 1 and some y > 1—1/p, and that ||nol|; <
1. Using Lemmas 3.1 and 3.2 and a fixed point argument as before, it is straightforward
to show that the solution € C%([0, o), L') of (3.6) satisfies n € C°([0, T1, LY) for
some 7" > 0 (depending on 7). Let

T* =sup{T > 0| n e C°([0, T], L))} € (0, oc].
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We claim that 7* = oo. Indeed, assume on the contrary that 0 < T* < oo. Since
In(o)]ly < 1forall T > 0, it follows from (3.6), (3.9), (3.10) that

T
I llpy = nollp,y +C61/ BN Glp,yds, for0=<t<T"
0

Using Gronwall’s lemma and the fact that 8 € Llloc([O, 00)), we deduce that |n(7) |, <
C’ for all T € [0, T*). In view of (3.6), (3.10), this in turn implies that (7) has a limit
in Lf,’ ast 1 T* giving n € cO([0, T+, Lf,’). Since we have a local existence result
in L{,’, we conclude that n € C oo, 71, L’y’) for some T > T*, which contradicts the

definition of 7*. This proves assertion (2) in Theorem 3.3. O

The nonlinear map N introduced in the previous section can also be used to linearize
(3.3). Indeed, the Fourier transforms of p and 7 are related via (¢, §) = n(logt, t§),
so that (3.1) is just a rescaling of the Fourier variable £. As is clear from (2.9), this
transformation commutes with the action of A. Thus, if p is a solution of (2.2) with
initial data p; and if 7 is the corresponding solution of (3.3) given by (3.2), it follows
from (2.11) that

%N'(n(log t, N/t =N (x), forx>t>1, (3.14)

where 1o = p;. Setting T = log ¢ and y = x/t, we obtain the representation formula
N@n() = S: N(no), fort >0, (3.15)

where (S;) is the linear semigroup (3.7). The last result of this section shows that this
formula is indeed correct:

Proposition 3.4. Let g € P, and let n € C°([0, 00), P) be the solution of (3.6) given
by Theorem 3.3. Then N'(n(t)) = S; N'(no) for all T > 0.

Proof. We establish the formula by returning to the unscaled variables (¢, x) and by
showing that the formal steps of Section 2 can be made rigorous for the solutions of (3.3).
Define p: [1, 00)> — R, by p(t, x) = %n(logt,x/t) if x >t > 1and p(¢t,x) = 0if
1 < x <t.Then p € C°([1, ), P), and rescaling (3.6) we find

p() =U() (m +/ a(S)TsQ[,O(S)]dS> , forr=1, (3.16)
1

where p; = np € P,a(t) = }ﬂ(log 1), U(t) isthe linear operator (2.10), and T is the shift
operator defined as in (3.4). To simplify the notation, we set f (s, x) = (T,Q[p(s)])(x).
Then f € C°([1, 00), L"), so that (s, x) — a(s) f(s, x) € Llloc([l, 00), L'"). By con-
struction, the trace « satisfies the identity

a(t) = p1(t) +/ a(s)f(s,t)ds, foraa.t>1.
1
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We now apply the Fourier transform to (3.16). Forany £ € L™ and any ¢ > 1, we find

ot &) = /°° o1 (x)e 6" dx +/°° {/ a(s)f(s,x)ds} e X gy
t t 1

Since p; € P, the first term in the right-hand side is absolutely continuous with respect
to ¢, and

o0
3,/ p1(x)e % dx = —p()e !, fora.a.r > 1.
t

The second term can be decomposed as h (¢, §) — hy (¢, &), where
hi(t, &) =/ {/ a(s)f(s,x)ds}eifxclx = f a(s)f (s, £)ds,
| 1 |

hy(t, &) = f {/ (x(s)f(s,x)ds} e 6% dx.
1 1

Clearly, h (¢, &) is absolutely continuous with respect to ¢, and

hi(t,€) = a(t) f(1,6) = a()e ™ Q(p(1, §), foraar> 1.
Next, since f (s, x) = 0 for x < s, we have flt a(s) f(s,x)ds = flx ao(s) f(s,x)ds, and

this expression is a locally integrable function of x. It follows that &, (, &) is absolutely
continuous with respect to 7, and

t
a,hz(t,g)ze—if’/ a(s)f(s,t)ds, foraa.r>1.
1

Summarizing, we have shown that, for any & € L™, the Fourier transform p(z, &) is
absolutely continuous with respect to ¢ and satisfies

Pt &) = —e ¥ (pl(r)+ /1 a(s)f(s,nds) +a(t)e ¥ Q(p(t, )

= a() e ¥(Q(p(t, &) — 1), foraa.r> 1.

This gives (2.4). Now, proceeding exactly as in Section 2, we deduce that (2.8) holds
forall > 1if Im& < 0, and this in turn is equivalent to (2.11). Finally, using the
transformation (3.14) we obtain (3.15). O

4. Properties of the Steady States

This section is devoted to the time-independent solutions of (3.3) in the space P defined
by (1.4).

Definition. We say that 1 € Pis asteady state of (3.3) if the solution 7 € C°([0, 00), P)
of (3.6) given by Theorem 3.3 satisfies n(t) = no for all T > 0.
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The steady states of (3.3) will also be called equilibria or stationary solutions.

Lemma 4.1. Ifny € Pisasteady state of (3.3), there exists B > O such that no(y) = B/y
foralmost all y € [1,2].

Proof. If n(t) = no, (3.6) implies that ny(y) = e"no(e’y) for all T € [0, log2] and
a.a. y € [1, 2e77], because the nonlinearity in (3.6) vanishes identically for such values
of 7, y. We define F: x fle no(y) dy > 0 and obtain

F(x+y)=Fx)+ F(y), forx,y>0andx+y <log2.

Since F is continuous, we conclude that F(x) = Bx for some 8 > 0. Differentiating
implies 8 = e*no(e*) for a.a. x € [0, log 2] which gives the desired result. O

Let ny € P be a steady state. Since 7, coincides almost everywhere in [1, 2] with a
continuous function, the constant 8 in Lemma 4.1 can be identified with ny(1). Clearly,
the trace function defined by (3.5) satisfies B(t) = B for all ¢ > 0. In particular, the
integral equation (3.6) reduces to

no = Seio + /3/ SsT1Qlnolds, fort = 0. 4.1
0

From ny € P we now conclude that 8 > 0.

On the other hand, if 59 € P and w = N (), it follows from Propositions 2.1 and
3.4 that 5 is a steady state if and only if S;w = w for all 7 > 0. In view of (3.7), this is
the case if and only if there exists 8’ € R such that w = 'w*, where

0 ify<I. 42

Iy ify>1,
w*(y) = { b
But since w(y) = no(y) for a.a. y € [1, 2] (see Remark 2 after Proposition 2.1), we
necessarily have 8/ = 8 = no(1).
Finally, since equilibria are time-independent solutions of (3.3), we certainly expect
them to solve the ordinary differential equation

o' +BMQAMD () =0, fory =1, n(l) =B (4.3)

Remark that the initial value 8 also appears as a parameter in front of the nonlinear term.
It is not difficult to show that (4.3) has global solutions:

Lemmad4.2. For any B € R, equation (4.3) has a unique global solution n:
[1,00) — R.

Proof. Foranyk € N,let [, = [kn+ 1, (k+1)n+ 1], where n € N, is defined in (2.12).
Foranyn € Llloc([l , 00), R), the nonlinear term (77Q[n]) (y) depends only on the values

of n(z) for z < y — n. In particular, (T;Q[n])(y) = 0 for y < n + 1, so that any solution
of (4.3) satisfies n(y) = B/y for y € Iy = [1, n + 1]. Using this information, one can
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compute (T7Q[n])(y) explicitly for y € I = [n + 1, 2n + 1], and then solve (4.3) on
this interval to determine n(y) for y € I;. By construction, n is smooth on both I, and
I,, but n has a discontinuity of order n at y = n + 1, in the sense that the derivatives
n®(y) are continuous for k = 0, ..., n — 1, whereas " (y) has different limits to the
left and to the right at y = n + 1 (if 8 # 0). Iterating this procedure, we find that (4.3)
has a unique global solution n € C"~"!([1, c0), R), which satisfies n € C*(I}) for all
keN. |

The following result shows that equilibria of (3.3) indeed correspond to solutions of
the differential equation (4.3).

Proposition 4.3. Ifno € Pand B > 0, the following assertions are equivalent:

(a) no is a steady state of (3.3) with no(1) = B.
(b) no coincides almost everywhere with the solution of (4.3).

(©) N(no) = pw*.

Proof. We already proved that (a) < (c). If ny € P is a steady state with no(1) = B, it
follows from (4.1) that

Stno — 7o
T

Iy / S,7iQlno] ds = 0,
T Jo

forall T > 0. Using (3.7), it is not difficult to verify that the first term converges to (yno)’
in D'((1, 00)) as T — 0, while the second one tends to ST,Q[1g] in L' ((1, 00)). This
shows that (after modification on a set of measure zero) ny is absolutely continuous on
(1, oo) and satisfies the differential equation (4.3) for almost all y > 1. It follows easily
that 7 is the solution of (4.3) in the sense of Lemma 4.2. Thus (a) = (b).

Conversely, assume that 19 € P satisfies (4.3). Applying the semigroup S; to (4.3)
and integrating over t, we immediately obtain (4.1), which implies that 7 is a steady
state. This proves that (b) = (a). O

The main goal of this section is to determine for which values of 8 > 0 the solution
n of (4.3) belongs to P. Our strategy is to use the characterization (¢) in Proposition 4.3.
Therefore, we are led to study the image of Bw* under the map N ~', and this requires
very precise information on the complex transformations (2.5) and (2.6). The following
quantities, related to the polynomial Q(z), will play an important role in the sequel:

: _ ! q
g=0'(H)=>1 and K_exp<f0 <I_Z—1_Q(Z))dz>§l. 4.4)

Lemma 4.4. Let

D) =1-—e79  forlz] <1,

where ¢ is defined in (2.5). Then ® can be extended analytically to a neighborhood of
the real positive axis R . This extension satisfies ®(z) > 0 and ®'(z) > 0 forall z > 0.
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Moreover, ®(0) = 0, ®'(0) = g, (1) = 1, ®'(1) = «, and ®(z) - Rasz — 0,

where
R=1+ex </2< L el )d—/de) (4.5)
T U= T oo T 1m0 ) '

Note that R = 00 if Q(z) = z, and 1 < R < 00 otherwise.

Proof. Since the polynomial 1 — Q(z) has the unique real positive root z = 1, which is
a simple root because Q'(1) = g # 0, it is clear that the function

z 1 q e 99
7) = ex — dr ) = , for|z| <1,
1@ p</0 (l—t 1—Q(t)) ) -2 .

can be extended to an analytic map in a neighborhood of the real positive axis R,.. More-
over, x(0) = 1, x(1) = «, and using z—1 = exp(— f; %) shows that (z—1)x(z) —
R—1forz — o0, where R is defined in (4.5). Since ®(z) = 1 —(1—2z) x (z), we conclude
that the function @ has the desired properties. In particular,

’ -z
D'(z) = qX(Z)l——Q(z)’

so that ®'(z) > Oforall z > 0. O

It follows from Lemma 4.4 that the map ®: [0, co) — [0, R) is one-to-one and onto.
Let ¥ = &~ !: [0, R) — [0, co) be the inverse map. Then ¥ (0) = 0, V' (0) = 1/q,
W(l)=1,¥'(1) = 1/k,and ¥'(u) > 0 for all u € [0, R). By construction,

W) =y (—é log(l—u)) , forO<u<1. (4.6)

Lemma 4.5. The function V: [0, R) — [0, 00) is absolutely monotone, i.e., o () >
0 for all k € N and all u € [0, R). In particular, ¥ can be extended to an analytic
function on the disc |\u| < R, and there exist nonnegative coefficients (\Vy)ien, such that

o0
W(u) = Z\Dkuk, for |u| < R.
k=1

Proof. Since W = ®~!, we already know that W is analytic in a neighborhood of [0, R).
We first show by induction that, for all n € N,, there exists a polynomial P, such that

P (W (1))

W)= 2" forO<u<1l. 4.7
q" (1-u)"
Indeed, differentiating (4.6) and using (2.6), we obtain
1— QW
W(u) = M for0 <u < 1. 4.8)

q (1—u)
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Thus (4.7) holds for n = 1 with P;(z) = 1 — Q(z). On the other hand, differentiating
(4.7) and using (4.8), we find, for0 < u < 1,

P 1 (W ()

\IJ(VH-l) u) = ,
( ) qn+1 (l_u)n-H

with P, 41(2) = P,(2)(1-Q(2)) + ngPy(z). (4.9)

Therefore, (4.7) is established.
We next show that, for all n € N,, there exists a polynomial R, (z) with nonnegative
coefficients such that

Py(z) = (1-0(2)(1-2)"" Ry (2). (4.10)

Obviously, (4.10) holds for n = 1 with R;(z) = 1. Combining (4.9) and (4.10), we
obtain the recursion relation

Ri11(2) = A1(D)R,(2) + A2(2)Ru(2) + (n—1DA3(2) R, (2),

where the coefficient functions A; are given by

1— LA
M) = 1Dy, it

1—z jzlp]l—z’
q-0@ . 1-7!
A = T = 2
j=2
L
q 1-0G@) &K &z
A = — = ; .
@ = T TGy ,;p’k:ll—z

Because of p; > 0 all A, A;, A3 are polynomials (in z) with nonnegative coefficients.
Thus, the same property holds for R, by induction over .

Since 0 < W(u) < 1and 0 < Q(¥(u)) < 1 forall u € (0, 1), it follows from (4.7)
and (4.10) that W™ () > Oforalln € Nandall u € (0, 1), and hence also foru € [0, 1].
By a classical result of Bernstein (see [Fe71], Section 7.2), the power series

o0

1
> Wk, where W = F\1/<k>(0) >0, 4.11)
k=1 .

converges absolutely and uniformly for |u| < 1, and defines an analytic continuation
of W to the unit disk. Moreover, if R; > 1 denotes the radius of convergence of the
series (4.11), it is well known (see for instance [Ru87], exercise 16.1) that the analytic
function defined by (4.11) has a singularity at u = R;. Since W(u) — ocoasu /' R, it
follows that R = R;. This concludes the proof. O

Example. To conclude this study of the mappings ® and W, we give an explicit ex-
ample of a nonlinearity Q for which these functions can be calculated explicitly. Let
0(z) = (1—a)z +az?, where a € [0, 1]. The value a = 1 corresponds to the coarsening
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equation (1.3), while @ = 0 is a particular case of a model studied in [CaP0O]. Then
g=1+a=1k,R=1+1/a,and

1 1+ az 1 —e ™™
) = ——1 , =—.
¢(2) T a 8T v (w) T
The auxiliary functions ®, W are
(I4+a)z
D(z) = , Vu) = ——7-.
@ 1+4+az @) 14+a —au

We are now ready to state and prove the main result of this section.

Theorem 4.6. (Steady states of (3.3))
Fix 0 > 0 and let ng: [1, 00) — R be the solution of (4.3) with B = 0/q. Then

(@) n; e Pifand only if0 <0 < 1.

(b) If 6 € (0,1], n; € P is positive and strictly decreasing, so that yn;(y) — 0 as
y — o0.

() If0 <0 < 1, then

RE

kT (1-6)’
where T is the Gamma function and yg = —T'(1) ~ 0.577216 is Euler’s constant.

(d) If6 =1, then

lim "0 () = (4.12)

00 . eVE
/ yni(y)dy = o 4.13)
1
Moreover, if deg Q > 1, there exists A > O such that

. logni(y)
m —— =

li —A. (4.14)
y—)OO y
For Q(z) = z, we have
1 *
Jim 08O _ (4.15)
y—>oo ylogy

Remark. It follows from Theorem 4.6 and Proposition 4.3 that (3.3) has a unigue steady
state n} € IP such that floo yni(y)dy < oo.

Proof. We first show that n; € Pif 0 < 6§ < 1. According to Proposition 4.3, it
is sufficient to prove that there exists an element of IP (still denoted by 7;) such that

N = Blg)w*. Since N™! = F~1 oy o F and ¢ (w) = W(1—e~ ) by (4.6), this
relation is equivalent to
iy = w(l—e"""), (4.16)

where 7; = Fn; and w* = Fw*. In view of (4.2),

R oo efiéy
w*(§) :/1 y dy =E(i§), (4.17)
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where E; is the exponential integral, see [AS72]. It is well known that
Ei(z) = —logz —ye + x(2), forlargz| <, (4.18)

where x: C — Cisan entire function with x (0) = 0 and x'(0) = 1. Thus, w* is analytic
in the interior of L™, where L.~ = {§ € C | Im& < 0}. Moreover, Re(®*(§)) — oo as
& — O within ™.

In Appendix A, we prove that |1 —e %" ®| < 1 forall& € L~\{0}andall® € (0, 1];
see also Figure 2. From Lemma 4.5, we also know that W is analytic in the disk of radius
R > 1 centered at the origin. Therefore, the map 7; defined by (4.16) is continuous over
L~ (with #;(0) = 1) and analytic in the interior of ™. In addition, since |W ()| < |u|
whenever |u| < 1, we have the bound

s < [1—e " ®| < 2010*(£)|, for& € L7\{0}.

In particular, [75(&)] = O(e'™¢) as Im& — —oo. By the Paley-Wiener Theorem (see
for instance [Ru87]), we conclude that n; = ]-"‘lf;;,‘ e L2((1, 00)).

To prove that 7y is nonnegative, we argue as in [CaP92]. Consider the Laplace trans-
form 7 = Ln}, which satisfies 7;(p) = #;(—ip). As is well known (see [Fe71],
Section 13.4), positivity of 7 is equivalent to complete monotonicity of 7}, namely
(=D*75® (p) > 0 for all k € Nand p > 0. Recall that

n(p) = W(l—e Py = w(l—eB®)  for p > 0. (4.19)
We apply Lemma 4.7 below with

]GO, — R, . J0,00) — (0, 1),
Yy e wiew ™ gl'{ p > e,

By Lemma 4.5, f; is completely monotone, thus it remains to show that g/ is completely
monotone. Observe that g; = f> o g», where f>: R — Ris defined by f>(w) = 0e™"
and g;: (0, 00) — R by

82(p) = 0E1(p) —log(=E}(p)) = 0E1(p) + p + log p.

Clearly, f is completely monotone, thus (again by Lemma 4.7) it remains to prove that
g, is completely monotone. This follows from the representation

/ e’ 1 1 ! -,
P =—0—+1+—=1+1-0)—+0 | e 7ds.
P P P 0

Thus, we have shown that }; € L?((1,00),Ry).Since fj(p) — las p \ 0, we conclude
that ny € L' and [ n5(y)dy = L,ie., n; € P.

Now, fix 6 > 1 and assume that n; € P, where n; is the solution of (4.3) with 8 = 6/q.
According to Proposition 4.3, N'(n}) = (6/q)w*, so that (4.19) holds. Thus, in view of
(4.18), the Laplace transform of n; satisfies

n(p) =Wl — p? fVETXP)y = 1 — 71 pf e L O(p!t?),  for p N\ 0. (4.20)
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Since 6 > 1, it follows that floo yna(y)dy = —(77;)'(0) = 0, which clearly contradicts
the hypothesis n; € IP. This proves (a).

Next, fix 6 € (0, 1]. To prove that nj is strictly decreasing, it is sufficient to show
that 5 (y) > 0 for all y > 1, since y(n;) (y) + n;(y) < 0 by (4.3). Assume on the
contrary that there exists yo > 1 such that ;(y) = 0and n;(y) > Ofor1 <y < yo. It
is clear that yy > n+1, where n is defined in (2.12). Thus, (71Q[n])(yo) > 0, and hence
ny'(yo) < 0 by (4.3), which contradicts the fact that n;; € IP. This proves (b).

Assume now that 0 < 6 < 1. In Appendix B, we prove that the limit in the left-hand
side of (4.12) exists. Let L(0) denote this limit, and let

oo
Hy(y) =/ ny(x)dx, fory > 1.
y

Clearly, y? Hy(y) — L(6)/0 as y — oo. Thus, the Laplace transform of Hy satisfies
0
~ o0 t t Lo
p =" Hy(p) =/ e 't7? <—) H, (—) dr — F(l—@)%, as p \, 0.
p p

p
Since 75 (p) = e 7 — pHy(p) = 1 — p’T(1=0)L(0)/6 + o(p?) as p \| 0, it follows
from (4.20) that ' (1—0) L(6)/0 = e%"E/k. This proves (4.12).

Finally,let6 = 1. Then (4.19), (4.20) show that the Laplace transform 7 is analytic in
the half-plane {p € C | Re p > —A}, where A > 0 is the unique real root of the equation
1 — e BEi=% = R (if O(z) = z, then R = oco; hence also A = c0.) In particular, ni(y)
decays exponentially as y — oo, and

~x/ * ES eyE
i (0) =/ i)y ="
1

If degQ > 1, then A < oo, and the arguments given in [CaP92] (in the particular
case Q(z) = z*) show that (4.14) holds. If Q(z) = z, then A = oo and n}(y) =
po(y — 1)/y, where p: [0,00) — R is the Dickmann function studied in [CaPO0O0].
From the asymptotics of p given there, we deduce that (4.15) holds. This concludes the
proof. O

The following lemma was used in the proof of Theorem 4.6. For its proof see [Fe71],
Section 13.4.

Definition. Let / C R be an open interval, and let f € C°°(I, R). The function f is
called completely monotone if (—1)* f® (x) > Oforall x € I and all k € N.

Lemma 4.7. (Composition lemma) Let I, J C R be open intervals. If f: J — R is
completely monotone and g: I — J has a derivative g’ which is completely monotone,
then f o g: I — R is completely monotone.

Remarks. The (generalized) steady states n; with& > 1 will not be studied in this paper,
because they do not lie in our function space P. We just mention here a few properties
that can be established using the techniques developed in the proof of Theorem 4.6.
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Fig. 1. The steady state n}; of the coarsening equation (3.3) with Q(z) = z? is represented for four
values of the parameter 6. The first two graphs (6 = 0.5 and 6 = 1.0) illustrate the conclusions of
Theorem 4.6, and the other two (¢ = 2.0 and 6 = 3.5) illustrate the remarks after Lemma 4.7. The
pictures were produced using the explicit formula (1.6) and a FFT routine to compute the Fourier
transforms.

There exists a critical value 6, € (1, oo] such that

(1) If1 <6 <6, thennj € L'((1, %), R) and floo n5(y) dy = 1. However, n; is not
a positive function. In particular, ||n;]l; > 1, so that n; does not belong to the unit
ball of L' where the existence of global solutions is known from Theorem 3.3.

(2) If 6 > 6,, then n} ¢ L'((1, o0), R).

Moreover, 0, = oo if Q(z) = z, whereas 6, < oo if deg O > 1. In the particular case
where Q(z) = z2, one has 6, & 3.24826. These statements are illustrated in Figure 1.

5. Global Convergence Results

In this final section, we use the explicit representation formula (3.15) to study the long-
time behavior of the solutions of (3.3). In particular, we obtain global stability results
for the steady states n; with0 < 6 < 1.

Since the nonlinear map A, which allows us to linearize (3.3), has a simple expression
in Fourier variables, it is convenient to use L2-based function spaces instead of the L e
based function spaces which are more natural for the existence theory. Our basic space
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will be
2
P, =IP’DLy, fory >0,

where P is defined in (1.4) and Lf, in (3.8). Remark that P, is a closed subspace of LJZ/
if y > 1/2, since L}z, — L

The image of P, under the Fourier transform F can be characterized completely. Let
HY be the space of all functions z: L™ — C satisfying the following three conditions:

(i) z is analytic in the interior of .7,

(ii) for each & < 0, the map &; — z(&; + i&;) lies in the Sobolev space H” (R),

(iii)

mngyﬂMA%mm®<m. (5.1)
(In (5.1), the supremum over & < 0 is always attained at &, = 0.)

Then 5 € L} if and only if ) = Fn € H] (when y = 0, this is just the Paley-Wiener
theorem, see [Ru87]; the general case follows using the Fourier characterization of the
Sobolev space HY (R).) Moreover, the map n +—> ||ﬁ||H1V = |17l @) is a norm on LJZ/
which is equivalent to |||z, . If in addition € P,, then 7#(0) = 1 and & — 7(§;) is a
positive-definite function on R (in the sense of Bochner). Furthermore, |7(£)| < 1 for
all £ e L™\{0}.

Assume now that n € P, for some y > 1/2, and let w = N (1)), namely W(§) =
¢ (N(&)). Since ¢ is analytic in the unit disk, it is clear that w is analytic in the interior of
L. Moreover, the fact that ¢ (z) = z + O(|z|?) as z — 0 guarantees that W (£) has the
same decay properties as 77(£) as |§| — 0o. However, since 77(0) = 1 and since ¢ (z) has
asingularity at z = 1, we see that w (&) necessarily has a singularity at & = 0. This is why
the nonlinear transformation A does not map P, into itself. To handle this difficulty, our
strategy is to subtract from w(&) a suitable function with the same singularity at & = 0
and whose inverse Fourier transform is explicitly known.

If y > 3/2, anatural candidate for this counterterm is éﬁ)*(é ) = ¢ (17(£)), where n}
is the unique steady state of (3.3) that belongs to L2; see Theorem 4.6. We recall that
w* is defined in (4.2).

Proposition 5.1. Let y > 3/2and n € P,. Then N'(n) = gw* +dwithd € L?_,.
Proof. We first show that N'(7) € L? = L*((1, 0)). As explained above, it is sufficient
to prove that w = ¢ (1)) satisfies (5.1) with ¥ = 0. Choose a > 0 sufficiently small so
that |¢ (z)| < 2|z| for all z € C with |z| < a. Since n € LJZ/, there exists b < 0 such that
[7(&)| < a whenever Im& < b. Thus

sup e 2|l (- +i&)ll2 < 2supe 2 [ + &)l 2 < oo,

&<b &<b

On the other hand, by a variant of the Riemann-Lebesgue lemma, there exists ¢ > 0
such that |77(§)| < a for all § € L.~ with |[Re&| > c. Arguing as before, we thus get

wpf [ (&1 +i&)]* d&) < o0.
b<&<0J|&|>c
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It remains to verify that
/ |0 (&) +i&)|>d&; < C  uniformly in & € [b, O]. (5.2)
[&1]<c

Since w: I~ — C is continuous except at the origin, it is sufficient to establish (5.2) for
b, c sufficiently small. Now, as & — 0 in L™, we have the expansion

O ify > 5/2,

nE)=1—iu& +ri &), withri ()= O(EIP~"2) if312 <y <572,

where 1 = floo yn(y)dy > 1. Using the representation ¢ (z) = —(1/g) log(1 — ®(z))
together with the properties of & listed in Lemma 4.4, we thus obtain

1 1
wE) = ~y log(1 = @(7(§))) = ~y log(ix ug +r2(§)),

where k = ®'(1) and r,(£) satisfies the same bounds as r;(¢). This expansion immedi-
ately implies (5.2) if b, ¢ are sufficiently small. Thus, we have shown that A/(n) € L>.
Since obviously éw* € L?, we deduce that d = N () — éw* e L2, too.

2
y—1
tion argument, it is sufficient to show thatd € H?~!((—c, c)) for some ¢ > 0 sufficiently
small. If £ € R, || < ¢, we use the representation

To prove thatd € L it remains to verify that d e H'(R). Again, by a localiza-

dE) = o)) —

1 1 (1 - d’(ﬁ(E))>. (5.3)

—_— Nk —_— ——
q w (E) - q log e_,b*@)

From (4.18), we know thate " ® = ige”Ee %8 where y is an entire function vanishing
at the origin. It follows that c?(’g‘) = —(1/q)log(D(§)/€), where D € H”((—c,c))
satisfies D(0) = 0 and D’(0) = kxue YE. The claim is now a direct consequence of
Lemma 5.2 below. This concludes the proof of Proposition 5.1. |

Remark. 1t follows immediately from the proof of Proposition 5.1 that

[e¢]

. o 1
d(0)=/] d(y)dy = 5()/‘15—10%('(!0)7 Whereu=/l yn(y)dy. (5.4)

Lemma 5.2. Lety > 1, and let I C R be an open interval containing 0. There exists
a constant C(I,y) > 0 such that, for each f € HY(I) with f(0) = 0, there exists
g € H'"'(I) such that f(x) = xg(x) forall x € I and

lgllmr—1ay < CU, I Sfllar (-
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Proof. 1t is sufficient to prove the claim for / = R (the general case can be reduced to
this one using a bounded extension operator). If f € H” (R) and f(0) = 0, the Fourier
transform f has zero mean and satisfies )J’f e L*(R), where () = (14+£2)2. Define
g € L*(R) by its Fourier transform

& 0
i§(§)=/ f(s)ds:—/ f(s)ds, for& eR.
Then xg(x) = f(x) for (almost) all x € R. Moreover, since

J& M fs)ldsifg =0,

METE® =y . _
S M) f(9)lds if € <0,

it follows from Theorem 328 in [HLP59] that |[AY 18], < 2||)J’f||Lz, which is the
desired bound. O

We next show that the inverse map N ! is well defined in a neighborhood of éw*
in L)z/.

Proposition 5.3. Let y > 1/2. There exists ¢ > 0 such that, for all d € L]z, with

dll2,, < &, the function NI (5w*+d) is well defined and lies in L?,. Moreover, there
exists C > 0 such that

INT Gw+d) = il < Clidll2,y

where n} = N’l(éw*).

Proof. Throughout the proof, we denote by || - ||, instead of || - ”HT the norm on HY

defined by (5.1). We first remark that the space H is an algebra if y > 1/2: There exists
Ci > O such that |rs||, < Cillrll,|lsll, forallr,s € H’l/. Moreover, as is well known

(see for instance Section 1 in [Esc88]), there exists C, > 0 such that, for all integers
k>1,

1751, < Gk e s il (5.5)
where [[7]l = sup{|r(&)| | £ e L7} < C|rll,.

Assume that d € L12/ for some y > 1/2, so that dec H)l' For all £ € L™, we define

rE)=1—e®  and  s(&) =e VO (1_e9d®), (5.6)

From (4.17), (4.18), it is easy to see that » € H}, and we prove in Appendix A that
|7]loc < 1.On the other hand, since H} is an algebra, it is clear thato = 1—e™%¢ € HY,
and hence s = (1-r)o € HT. In addition, if ||d||>,, < & for some ¢ < 1, there exists
C3 > O such that ||s||, < C3||d|l2,, < Cse. In particular, ||s|l < Ce.
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We now fix R; € (1, R), where R > 1 is defined in (4.5), and we assume that ¢ < 1
is sufficiently small so that |||« < R; — 1. We then define 1 € Hll/ by

A=y it +d) = U(1—e 10D = W),

where W is given by (4.6). From Lemma 4.5, we know that W is analytic in the disk
{u € C| |lul < R}, with the expansion W(u) = ), _, Wk, Since r + 5 € ]HIJI/ and
7 + slloo < R1 < R, it follows from (5.5) that the series W (r-s) converges in HY, so
that /j € H} . By construction, 7j = F7 for some 1 € L3, with N'() = iw* +d.

It remains to show that ||) — 77|, < C||d|l2,,, where 77 = W (r); see (4.19). For all
k > 2, we have

I(r+8)* = r*ll, < Cy sup{llk(r+65) "1l | 6 € [0, 11} [Is]l, -
Using (5.5), we deduce that there exists C4 > 0 such that, for all k > 1,
I(r )¢ = r¥ll, < Cak? 2R Is - (5.7)
Since

n—07=Yr+s) — V(@) = Z‘I"k((r-I—S)k — by,
k=1

it follows that

o0
I3 = Al < Cq (Z k”zwf‘l) Isll, < Cslldll.y-
k=1
This concludes the proof. |

Remark. Unlike N, the inverse mapping A/~ is not positivity preserving. However, if
in Proposition 5.3 we assume in addition that n = N ~!( éw*—i—d) is a positive function,

then y — yn(y) € L'((1, 0o0)) and

(o]

o 1
/ yn(y)dy = —e’E74%  where dy = / d(y)dy. (5.8)
1 K 1

Indeed, on the one hand the Laplace transform 7j(p) = 5n(—ip) satisfies

1—7 1 i 1
n(p) = (1= W(l—peExW=ad)yy _, — =% for p \ 0,
- D K

and on the other hand, using n(y) > 0, we find

1—np) _
p

oo 1 —e» bl
/ yn(y) P dy — f yn(y)dy = linlli,1, for p (0,
1 1

by Lebesgue’s monotone convergence theorem.
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In addition to Lemma 3.2, the following bounds on the nonlinearity Q[#] will be used
to prove our convergence results:

Lemma 5.4. Fixy > 3/2. For any M > 0, there exists C > 0 such that the following
estimates hold:

(a) Foralln € P, with ||nll2,—1 = M and |nlli,1 < M,

IT1QIll2,y < qlinll2, +C. (5.9)

(b) If y = 2, then forall n, n € P, with |nll2,, <M and ||7j|l2,, < M,
1T\ QI-T1QI71ll2,, < qlin—1ll2y + Clin—7ll2,y-1. (5.10)
Proof. See Appendix C. O

We are now ready to state the main result of this section, which shows that all solutions
of (3.3) in P, with y > 3/2 converge towards the limiting profile n7j.

Theorem 5.5. Assume that no € P, for some y > 3/2, and let n € ([0, 00), P,) be
the solution of (3.6) given by Theorem 3.3. Then 1 is bounded in L)z, and there exists
C > 0 such that

In(t) = nilla,—1 < Ce” Y27 forz > 0. (5.11)
Moreover, if y > 2, then

In(t) = nill, < C+1)e Y7 fort > 0.

Remarkably, the faster the initial data decay at infinity, the faster the solution converges
to the steady state. For compactly supported data, it should be possible to obtain faster
decay than exponential.

Proof. We first prove (5.11) using the representation formula (3.15). By Proposi-
tion (5.1), N(n9) = éw* + d for some d € Li—l' Since the semigroup S; is lin-

ear and leaves Lw* invariant, we have S; N () = éw* + S:d. By Lemma (3.1),
d|l2.,—1 < e VT 2,1, SO that $;d — 0 1n _,a8T — oQ. us, when t

1S-dll2,, =327)14)| y hat S;d 0i Lf, , Th h

is sufficiently large, we can apply Proposition 5.3, which gives

@) = 1ill2y-1 = INT'Gu+Sed) = njllay—1 < Cre” V32T,

for some C; > 0. This estimate holds in fact for all ¢ > 0 with a possibly larger constant
C1, which proves (5.11). Remark that, since n(t) is nonnegative and | S;d||; — O, it
follows from (5.8) that [|(t)[|;,; — L e”E as T — oo.

We next show that [|(7)]|2,, is uniformly bounded for all T > 0. We already know
that [|7(t)|l2,,—1 and |[[(7)]l1,1 remain bounded. Thus, using the integral equation (3.6)
together with the bounds (3.9) and (5.9), we obtain

In()ll2, <e " nolla, + / B(s)e” TP (g ln(s) o,y + C)ds,
0
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for some C > 0. Remark that 8(t) = n(z, 1) = N(n(r))ly:I = é + e*d(e"). Since
d e Li_l, it follows that B(t) = é + e(r) with ¢ € L'(R,). Setting H(r) =
e”=27In(z) 2., , we thus find

T
H(z) < H(0) +/ (14+qle(s)DH(s)ds + Ce~"7  fort > 0,
0

for some C > 0. Since y — 1/2 > 1 and ¢ € L' (R,), it follows from Gronwall’s lemma
that H(t) < C,e” =127 for some C, > 0; hence ||1(z)ll2,, < C, forall T > 0.

Finally, if y > 2, we show that n(z) converges to n} in le,. To do this, we consider
the integral equation satisfied by r(t) = n(r) — n], namely,

t 1
r(z) = S:r(0) +/ Se—s {S(S)TlQ[n(S)] + a(TlQ[ﬂT-i-r(S)] - Tl@[n’f])} ds.
0
In view of (5.11) and Lemma 5.4, there exists C;3 > 0 such that

IT1QIn() M2, < Ca, ITiQIn+r()1=T1QM 12y < qlir(s)lla, +C3e” 325,

Using Lemma 3.1 again, we find that R(t) = |7 (7)||»,, satisfies the integral inequality

T
R(x) <e " 12ITR(0) + / e VT Chle(s)| + R(s) + Cze Y35} ds.
0

Since g(7) = e’d(e?) withd € Lifl, we have

v T 12

T € [
/ eV e(s)| ds = f yy-“2|d(y>|dys</ ydy) Idll2.y—1 < e dlla, -1,
0 1 0

and hence there exists C4 > 0 such that

R(t) < Cqe” =327 4 / ’ e~ 1= p(s) ds.
0

Using Gronwall’s lemma, we conclude that R(t) < Cs5(147) e~ =327 for some Cs >

0, which is the desired result. O

We now argue that the convergence towards the steady state 1} cannot be faster than
e~ =327 i the norm of L}z,, so that the result of Theorem 5.5 is optimal. To see this,
we study the linearization of (3.3) around nj. Setting n(r) = nj + b(r), we obtain the
linearized equation d,b = Ab, where

1 / * *
(AD)(y) = (yb)'(y) + <5T1 Q71 b) + b(UﬂQ[m]) ).
Since we are interested in solutions n(tr) € P,, we study this operator in the space

/1 b(y)dy:O}.

Xy={beL§
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Proposition 5.6. Ify > 3/2, the operator A on X,, has 0 = —(y —3/2) in its spectrum.

Proof. For § > y+1/2 we define a Lipschitz function b5 € X,, by

-1 for y € [1, Ys],
bs(y) = { —14+ A+Ys+1D)°)(y — ¥5) forye (Y5, Y5+ 1),
y3 fory > Y5 + 1,

where Y; is chosen such that b5 has mean 0. Note that Y5 has a finite limitas § \, y+1/2.
Our aim is to show that Abs+ (y —3/2)b; stays bounded in X, as § N\ y+1/2, while bs
is unbounded. For this purpose, we compute the asymptotic behavior of Abs as y — o0.
Since n} decays faster than e for some A > 0 and since /i ]oo ni(y)dy = 1, we obtain
(Q'[n}1%bs)(y) = qbs(y) + Oy~ asy — oo, where g = Q'(1). It follows that

(=8+D)y + (=D + OO + O@E™)
(=64+2)y 7 + Oy, fory — oo,

(Abs)(y)

where the remainder term is uniform in é for § ~ y+1/2. This implies the estimate
|Abs + (y =3/2)bs |2y = =y —=1/D)|bsll2y + C = 2C,

as § N\ y+1/2, since ||bsll2,, =~ 1/{/—y—1/2. This proves the claim. O

To conclude this section, we also give a global stability result for the steady states n;
with0 <0 < 1.

Theorem 5.7. Let0 < 0 < 1 and 0+1/2 < y < min{3/2, 20+1/2}. Assume that the
initial value ny € P satisfies no—vn; € LJZ, for some v > 0, and let n € C°([0, 00), P)
be the solution of (3.6) given by Theorem 3.3. Then there exists C > 0 such that

In(t) — n}lla,—e < Ce” Y0711 for ¢ > 0. (5.12)

Remarks.

1. From (4.12), we know that n;(y) ~ y 7% as y — o0, so that ng € L)Z,, if and
only if ¥’ < 6+41/2. Thus, the assumption y > 6-+1/2 guarantees that the difference
no—vn, decays faster than »; at infinity (otherwise, we could just choose ng = ny, for
some 6’ < 6, in which case n(t) = n}, for all T > 0, so that (5.12) certainly fails.) For
instance, if o € P N L? is such that

C 1
no(y) = W-’_O(W)’ for y — oo,

where C > 0 and ¢ > 0, then the assumptions of Theorem 5.7 are satisfied for some v
and y. On the other hand, the hypothesis y < 26+1/2 ensures that n; and hence 7 lie

in LifG’ so that n(7) € Lf,fg for all T > 0.
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2. Setting formally & = 1 in (5.12), we recover (5.11). However, the main difference
between the two results is the upper bound y < 3/2 in Theorem 5.7 which limits the
decay rate in time of the perturbations. Even for compactly supported perturbations, the
convergence in (5.12) is not faster than O(e~°7), where § = min{6, 1—6}.

Proof. The proofis quite similar to that of (5.11), so we just indicate the main differences

here. Proceeding as in the proof of Proposition 5.1, we first show that NV (ng) = 3w*+d

for some d € Lf,f(,. In analogy with (5.3), we find

5 1 1 — ®(10(§))

The crucial point is the behavior of d (§) as &€ — 0, which we now analyze. By as-

sumption, 1y = vn, + ¢ for some ¢ € L)Z, with floo ¢(y)dy = 1—v. From (4.16), we
have

5 () = W(1—e @) =1 — e O HE ),

where H: 7z — (1—W(1—z))/z is analytic in a neighborhood of zero, with H(0) =
W'(1) = 1/k. We recall that e 7" ® = (i&)?e?7Ee 0% where x is entire; see (4.18).
Since y < 260 4 1/2, we deduce that r;: & — H(e’%*@)) belongs to H"?((—c, ¢)) for
some ¢ > 0, and that ;(0) = 1/k. Next, we observe that g:(é) = 1—v — (&), where
ry € H”((—c,c)) and r,(0) = 0. Since 6 + 1/2 < y < 3/2, the analog of Lemma 5.2
(cf. Theorem 1.4.4.4 in [Gri85]) implies that the function & +— r,(£)/(i€)? belongs to
H?~%((—c, ¢)) and vanishes at the origin. In particular, r,(£) = e 7 ©r3(£), where
r3 € H?((—c, ¢)) and r3(0) = 0. Summarizing, we have shown

0(§) = vits () + € = 1= (= +1©)).

where r4, € H”%((—c, ¢)) and r4(0) = 0. We now apply the inverse map & = ¥~!
which is analytic in a neighborhood of 1 with ®'(1) = «. Using the fact that H” % is an
algebra, we obtain

D(fo(§) = 1 —e " O +r5(8)),
where s has the same properties as r4. Since 0?(5) = —é log(v+75(£)), we conclude
thatd € HY~%((—c, ¢)) with d(0) = —1logv.
Now, from (3.15) we have N (1(1)) = S,(sw*—i—d) = gw*+Srd,and [1Scdll2.y—6 <
e~ "=0=1271d |5, o for all T > 0. Moreover, it is easy to check that Proposition 5.3
and its proof remain valid if we replace everywhere w* with 6w*, n} with nj, and y

with y’ = y —6 < 6+1/2 (as is explained above, this inequality ensures that 1 € L?,, J)
Thus, we conclude that

@ =15ll2-0 = INT'Cw*+S:d) = 0jll2y-0 < ClISedll2y -0 = O(e™7~0712),

as T — 00, which is the desired result. O
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Fig. 2. (a) The region D c C delimited by the dotted line contains the curve {w*&) | £ € R}
(solid line). (b) The curve {1 — e ""® | £ € R} (solid line) is contained in the unit disk of C.

A. Bounds on the Exponential Integral

Let ©*(§) = E;(i§), where E; (z) = [;~ y~'e™® dy is the exponential integral. The goal
of this section is to prove that

1—e?"®| <1, ford e (0,1]and & € L™\{0}. (A.1)

For & = 1 and £ € R, this property is illustrated in Figure 2.

Fix 0 < 0 < 1, and define Fy: L= — Cby Fy(0) = 1 and Fy(§) =1 —e " for
& € L7\{0}. Then Fjy is continuous on L™ and analytic in the interior of .”. Moreover,
Fy is uniformly bounded, because |Fy(§)| < 1 + exp(—6 Re(w*(§))) and

® cos(t)

1
Re(0*(§)) = / — Y cos(&;y)dy > / dr ~ —0.472,
1 y g

n I
for all £ = & +i&, with & € R and & < 0. Finally, since |[w*(§)| < E;(—&) — O as
& — —oo, itis clear that |Fp(§)| — 0 as & — —oo, uniformly in & € R. Thus, by
the maximum modulus principle and the Phragmen-Lindelof theory (see e.g. [Ru87],
Thm. 12.9), it is sufficient to show that (A.1) holds for all £ € R\{0}.

Let D C C be the open region defined by

D ={x+iy e C||y| < #/2, x +log(2cos(y)) > 0};

see Figure 2. As is easily verified, w € D implies |I—e™| < 1. Thus, all we need to
show is that 9w* (&) € D for all § € R\{0}. Since 0 € D and D is convex, it is sufficient
to prove this property for 6 = 1.

For & > 0 we define

x(€) = / ) Coi(t) dt and () = / h Sint(t) dr. (A2)
& &

Then w*(§) = E;(i§) = x(§) —iy(§) for § > 0, and w*(§) = x(|§]) +iy(|§]) for
& < 0. Moreover, |y(§)| < m/2 for all £ > 0. Thus, it is enough to verify that K (§) > 0
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for all £ > 0, where

K (&) = x(§) +log(2cos(y(§))), for& >0.

We first observe that K(§) > 0 if £ > 0 is sufficiently small. Indeed, in view of
(4.18), we have the expansions

X(E) = —logf —yg+OFE?)  and  y(&) = % —E+O@EY), forg \0,

and hence K (§) — log2 — 5 > 0as & \( 0.

We next show that K(§) > 0 for 0 < & < m/2. If not, there would exist £ €
(0, /2] such that K(§) = 0 and K'(§) < 0. In view of (A.2), K'(¢§) < 0 if and
only if sin(€) sin(y(§)) < cos(§) cos(y(£)). Since 0 < y(§) < m/2, this is equivalent
to & + y(&) < m/2, or cos(y(§)) > sin(§). Therefore, & € (0, w/2] should satisfy
x(&)+log(2sin(§)) < K (&) = 0.Butthisis impossible, because x (§)+log(2 sin(§)) —
log2 — yg > 0as & \( 0, and

d (x(§) + log(2sin(£))) = § —sin®) 0, for0<§& <m/2.

dg & tan(§)
It remains to show that K (§) > O for & > 7/2. Let
X = —x(m/2) ~0.472 and y = max{y(7/2), —y(7)} = —y(w) ~ 0.281.

(See [AS72] for rigorous bounds on x (&), y(£).) Using the definitions (A.2), it is easy
to show that |x(§)| < x and |y(§)| < y forall & > 7/2. Thus x(£) +1og(2 cos(y(§))) >
—Xx 4+ log(2 cos(y)) > 0 for & > m/2. This concludes the proof.

B. Asymptotic Behavior of the Steady States

Fix 6 € (0,1), and let n = n;: [1,00) — R be the solution of (4.3) with 8 = 6/q.
By Theorem 4.6, 7 is positive, strictly decreasing, and | loo n(y)dy = 1. The aim of this
section is to prove that the limit

L) = lim y"n(y) (B.1)
y—>00

exists (and is finite). This is especially easy in the particular case where Q(z) = z.
Indeed, since g = 1 and Q[#n] = 7 in this case, it follows from (4.3) that

0=yn'y)+n) +0n(y—1 = yn'(y) + (1+0)n(y), fory > 2,

and hence y > y'*7(y) is decreasing (and positive) for y > 2. In the general situation

where N = deg O > 1, we need the following estimate:

Lemma B.1. Forally > N,

yIN
Q(y) = n(y» Q' (/1 n(x) dX> . (B.2)



Convergence Results for a Coarsening Model Using Global Linearization 343

Proof. The only property of 1 that will be used in this proof is that 7 is nonnegative and
nonincreasing. Thus, by linearity and monotonicity, it is sufficient to prove (B.2) in the
case where Q(z) = z/ forsome j € N, j > 2. Fora > 1, we denote

Dj(a) = {(x1,...,x)) | 1 <x1,...,x; <a}=[l,al,
Si(a) = {(x1,...,x) |1 <x1 <+ <x; < al}.

Then, for y > j, we have

Qlnl(»)

[ st e = ) dx
D;(y+1-j)

j!/ M) N + e+ 1 — ) dix,
Si(y+1—j)

where § denotes the Dirac measure. To obtain a lower bound, we replace n(x;) with n(y)
in the last integral, and we perform the (trivial) integration over x;. We obtain

Qnlky) = (j!)n(y)/R nGx) - d 7y,

i—1(y)

where Rj_i(y) = {(x1, ..., xj—1) | (Xx1,...,xj—1, y—=x1—--- —xj_1) € S;(y+1-/)}.
Now, it is straightforward to verify that R;_;(y) D S;—1(y/j). Thus
QI = (Hny) nxp) - -m(xo) d 7
Si—1(v/j)
= jn(y)/ nxp) - -omxo) d
Dj_1(y/})
yli j-l vl
— 0y (f n(x)dx) — (0’ (f n(x)dx) .
1 |
This concludes the proof. O

Combining (4.3) and Lemma B.1, we obtain the inequality
y—1

(2] ~
yn'(y) +n(y) + an(y—l) o’ (/ n(x)dx> <0, fory>N+1,
1

where 1(y—1) may also be replaced by 1(y). It follows that

i(y‘”’%(y))sey@“n(y) l—lQ/ /Tnu)dx , fory> N+1.
dy 2 gq 1

Since floo n(y)dy = 1 and ¢ = Q’'(1), the right-hand side becomes negative for y
sufficiently large. This shows that

sup y' 21 (y) < oo. (B.3)

y=l1
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Similarly, for y > N+1,

d
d—(y‘+"n<y>) <y"n(»0y).
y

with ©(y) = Q (1 — lQ/ (/T r;(x)dx)) > 0. (B.4)
y q 1

It follows from (B.3) that 1 — fl(y_l)/N n(x)dx = O(y~?) for y — oo, which yields
O(y) = O(y~'"%2) and hence ® € L'((N+1, 00)). Thus, the differential inequal-
ity (B.4) implies that the limit (B.1) exists.

C. Bounds on the Nonlinearity

In this section, we sketch the proofs of Lemmas 3.2 and 5.4. Without loss of generality,
we assume here that Q(z) = z” for some m € N, (the general case follows by linearity).
To bound the convolution products, we repeatedly use Young’s inequality || f * gll, <
I £llpllglls where f € L” and g € L.

Proof of Lemma 3.2.

(@ Ifn € L', then Q[n] = n* € L' and |Qnllly < Inl7 = QdInll). Ifn,7 € L',
then

QM —QIRl=m—n) *xn*---kn+---+Qx*x---x(n—1)) (C.1)

(m terms of m factors), and hence ||Q[n] — Q[illi < mr Yn — {4l =

o'Mlim —1lh.
(b) Assume now thatn € L} < L'. Forally > 1,

Y (MQMD(y) = /Rm n(xy) -+ n(xm)
xA4+xi+-+x)" 80 +x1+--+x, —y)d'x,

where § denotes the Dirac measure. Due to the support property of 1, only the values
X1, ..., X, > 1 contribute to the integral. For such values, we have the estimate

(xi+ )’ < CGf ++ o 4a)), (C2)

where C > Odepends onm, y. Thus, |y” (T1Q[#n])| is bounded by a sum of m convolution
products of the form |y | *|n|*®~ . Taking the L? norm and using Young’s inequality,
we obtain

I QL1 < Cmlinll? = inllyy = CQ'Unli)Inllp,y -

Finally, using the decomposition (C.1) and proceeding as above, we find

ITiQIn — T1Q[Al,y < Cn™ i —iillp,, +m@m—Dr"Rln — i)

=
< C(Q'() +RA" ) ln —iillp.y,
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where R = max{[[nl,., [7ll,.,} andr = max{[|n|l1, [I7]l:}. Sincer < Rand RQ"(R) <
CQ'(R), this is the desired result. O

Proof of Lemma 5.4. The proof follows the same lines, except that (C.2) is replaced
with a different estimate, which can be established by induction over m. If y > 1 and

m € N,, there exists C > 0 such that, for all xy,...,x,, > 1,
(I4x14+ - +x,)" < Z (xly + fo_l ij> .
i=1 i

(@If y > 3/2and n € P,, then
IT1QInl2y < mllnlly ™ 02y + Clinll}y 12,y -1
= Q' nll2y + CO'UnITTHlInlzy-1-

) Ifn,n € Py, let M = max{||nll2,,, I7ll2,,}, r1 = max{lnlli,1, 7]} < M, and
r =max{|Inll;, |7ll;} = 1. Then

IA

IT1Q] — TiQI7lll2, < mr™ iy — fllay, +m@m—1r""2M|ln — 7ll;
+ CmrP M = fillay—1 + Cm(m—1)r" 2 M| — 72,1
O’ (Wlln = iilla, + Q" (MMIIn — il

+ CO'(r)lln = ill2y—1 + CQ"(r)MIn — 7ill2,1.

If y > 2, the last three terms in the right-hand side can be bounded by CQ'(M)
7 — 1ll2,—1- O
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