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Infinite-dimensional trajectory attractors of elliptic
boundary-value problems in cylindrical domains

A. Mielke and S. V. Zelik

Abstract. This paper is a study of an abstract model of a second-order non-linear
elliptic boundary-value problem in a cylindrical domain by the methods of the theory
of dynamical systems. It is shown that, under some natural conditions, the essential
solutions of the problem in question are described by means of the global attractor of
the corresponding trajectory dynamical system, and this attractor can have infinite
fractal dimension and infinite topological entropy. Moreover, sharp upper and lower
bounds are obtained for the Kolmogorov e-entropy of these attractors.
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§ 0. Introduction

Spatial dynamical systems arise in the study of non-linear elliptic boundary-value
problems in cylindrical domains in which the spatial coordinate corresponding to
the axis of the cylinder plays the role of time. The use of the theory of dynamical
systems in the study of these problems was initiated by [20], where a local cen-
tre manifold for a quasi-linear elliptic equation in a strip was constructed. This
method of reducing an elliptic boundary-value problem to a dynamical system on
the spatial centre manifold, which was later called the Kirchgassner reduction, was
subsequently developed in [23], [24], [18], [17], [16], [5], [26], where it was used to
study diverse problems in mathematical physics arising, in particular, in hydro-
dynamics and non-linear elasticity theory. A special case of elliptic variational
problems was studied in [25], where the existence of a Hamiltonian structure was
proved for the reduced dynamical system on the spatial centre manifold.
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Methods using the qualitative theory of dynamical systems to study the global
structure of the set of bounded solutions for elliptic boundary-value problems in
cylindrical domains were developed in parallel, starting from [6], [27], [28]. The
main idea of these methods is to introduce an auxiliary elliptic problem in the
semicylinder Q4 := (0,00) xw ((¢, z) € Q) with an additional boundary condition
u‘ +—o = uo on the base of the cylinder, and to investigate from the dynamical point
of view the ‘evolution’ operator

Se:u(0, ) — u(t, x), (0.1)

where u(t, z) stands for a bounded solution of this problem. As is known, in this
case if a global attractor of the operator (0.1) exists, then it is generated by the
essential solutions of the original boundary-value problem in the entire cylinder
Q =R X w, that is, by the solutions that are defined and bounded on 2. This rela-
tionship enables one to study the ‘dynamics’ of the essential solutions by studying
the dynamical properties of the evolution operator (0.1) on its attractor.

Unfortunately, a bounded solution of the above auxiliary problem is not unique
as a rule, and therefore the semigroup (0.1) can be correctly defined only as a
semigroup of set-valued maps. One can avoid the appearance of set-valued maps
by using the so-called trajectory approach under which the set K+ of all bounded
solutions of the auxiliary problem (X7 is endowed with an appropriate topology)
is regarded as the (trajectory) phase space for the dynamical system generated by
the semigroup of positive shifts (Tp)n>0 along the axis of the cylinder, where the
semigroup is defined by the formula

(Tru)(t,z) =u(t+h,z) for any (t,z)€ Qy, h=0. (0.2)

If this semigroup admits a global attractor, then it is called the trajectory attrac-
tor of the original problem. If the trajectory attractor can be embedded in a
finite-dimensional invariant manifold, then this manifold is said to be an essential
manifold, because it contains all essential solutions of the problem in question; see
[28], [36], [7], [33]. (The above trajectory approach is also used to study diverse
evolution equations of mathematical physics such that the uniqueness problem for
their solutions is still open, for instance, for the three-dimensional Navier—Stokes
system of equations, non-linear wave equations with rapidly growing non-linear
terms, and so on; see [8].)

For second-order elliptic boundary-value problems there is another way to avoid
set-valued maps, based on replacement of the operator (0.1) by the following evo-
lution operator:

St (u(0), Ou(0)) — (u(t), dru(t)), (u(0), 0;u(0)) € KT, (0.3)

where KT is the set of all ‘initial data’ (u(0), d;u(0)) such that the auxiliary prob-
lem has a bounded solution. Then this solution is unique under some additional
assumptions, and hence the formula (0.3) correctly defines a continuous semigroup
in the phase space K [6]. However, we note that this semigroup turns out to
be homeomorphic to the semigroup of shifts (0.2) defined on the trajectory phase
space KV (see, for instance, §2 below).
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Another approach related to the direct investigation of the evolution opera-
tor (0.1) by using the corresponding generalization of the notion of global attractor
to the case of semigroups of set-valued maps was suggested in [2].

Other ideas and methods of the qualitative theory of dynamical systems have
also been applied to the study of elliptic boundary-value problems. For example,
exponential dichotomies were constructed in [32] to study bifurcations of solitary
waves. A Floquet-type theory in a neighbourhood of a spatially periodic solution
was developed in [27], [12]. The Conley index was used in [15] to prove the existence
of non-trivial heteroclinic solutions. For the case in which the auxiliary problem
has a unique solution and the original elliptic system admits a global Lyapunov
function, a description of the structure of the attractor was obtained in [37].

However, very little is known about the Hausdorff dimension and the frac-
tal dimension of attractors of elliptic equations, despite the existence of a well-
developed theory for estimating these dimensions for evolution equations (see, for
instance, [34]). In fact, at present we know of only two quite narrow classes of
elliptic boundary-value problems whose attractors are finite-dimensional. The first
is the case in which the auxiliary problem in the semicylinder is uniquely soluble,
and thus the elliptic problem in the semicylinder can be reduced to some evolution
equation on the section of the semicylinder [37], and the second is the case in which
an essential manifold exists, and hence the dimension of the attractor is naturally
majorized by the dimension of the essential manifold (see [28], [3]).

In the present paper we show that the dimension of the attractor can be infinite
for elliptic boundary-value problems not belonging to the above classes, and we
give a quantitative description of the ‘thickness’ of such attractors in terms of the
Kolmogorov e-entropy.

We consider the following abstract quasi-linear elliptic problem:

i —~yu— Au= F(u,u) for t>0,
(0.4)

u‘tzo = Uug.

Here u(t) stands for an element of some Hilbert space H with inner product (-,-).
The linear operator A: D(A) — H is assumed to be self-adjoint and positive definite
({(Au,u) > Ao|lul|? for some Ag > 1), and to have a compact inverse (the operator
A~! exists and is compact). Let us introduce a scale of Hilbert spaces (H®),cr
generated by the operator A by the formula H® = D(A%/?) with || - ||s = || - |ms =
| A%/2 . ||. We also introduce the spaces H* = H® x H*~! with the natural induced
Hilbert structure.

Moreover, it is assumed that + is a bounded symmetric operator on H and
that the non-linear function F satisfies the following conditions: there are positive
constants C and § (§ < 1) and monotone functions @, : Rt — R* defined for any
> 0 and such that

a) FeCYH?? x HY/?70 {),

b) Dy F(u,v) > —C — 3A,

) (F(u,v),u) = ~C = 5(|lull + ol*),

d) NF(u,0)lI* < Qullully2) + pllull3 + C(lullf + lv]l?).

(0.5)
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The choice of the specific form of the equation (0.4) is motivated by the following
elliptic boundary-value problem in a cylindrical domain 2, = R x w (w is a
bounded domain in R™):

{u—wwxu:ﬂu,mg(w) for (t,z) € 0, 05)

Ulgs gy =0 ulymg = w0,

where u = (ul,...,u*) € R¥, v = v* € L(R¥,R¥), and g € L?(w). Such a problem
arises, for instance, when studying solutions in the form of a traveling wave for the
corresponding evolution equation in an unbounded cylindrical domain 2 = R x w
(see, for instance, [6], [2], or [36]).

The existence of a bounded solution u(t), ¢ > 0, of the equation (0.4) for any
initial condition uy € H3/2 is proven in § 1. Moreover, in § 1 we derive a dissipative
estimate for the bounded solutions u € W2;(R™) (see Definition 1.1) of (0.4), which
plays the basic role in the trajectory approach described above.

In §2 we prove that the abstract equation (0.4) has a trajectory attractor A =
A2l that is, the semigroup (0.2) defined on the space KT of all bounded solutions
uEe ng(]R*‘) has a global attractor A that is generated by the essential solutions of
the equation (0.4), namely, A" = I, X, where X C W2 (R) is the set of all
essential solutions of (0.4) and II; is the operator restricting functions to the semi-
axis RT.

Moreover, if the non-linear function F satisfies the additional condition

Dy F(u, v) |1 + [ Do Fw, )| 5-m < Qulls/2 + llvll2)  (0.7)

(where @Q is some monotone function), then we prove that any bounded solution
u(t) of (0.4) is uniquely determined by a pair of initial values (u(0),d;u(0)) and
thus the semigroup (0.3) is correctly defined on the space K. This result is
based on estimates (similar to logarithmic convexity) for abstract elliptic equa-
tions; see [1] and [6]. In this section we also show that the natural projection
Ily: X — KT defined by the formula ITyu := (u(0), &;u(0)) is a Holder-continuous
homeomorphism, and hence the semigroup (0.3) can be defined by the formula

S, =Ty, (1) . (0.8)

This result ensures the existence of a global attractor A C KT for the semigroup
(0.3) and also proves the relation

A = A", (0.9)

In §3 we use the notion of Kolmogorov e-entropy to study quantitative charac-
teristics of the attractor A constructed in the previous section for the ellip-
tic problem (0.4). For a detailed exposition of the Kolmogorov entropy, see, for
instance, [21]; applications of this notion to evolution equations in mathematical
physics are treated in [9], [10], [38], [40], [11]. The main result of § 3 is the following
upper bound for the Kolmogorov e-entropy H. (Atraj|(0’T)) of the restriction of the
attractor A% to an arbitrary finite interval (0,7):

; R R
HE(‘AtraJ‘(O,T)) <C [T +log, ?O] log, ?0 , (0.10)



Infinite-dimensional trajectory attractors 757

where C' and Ry are positive constants independent of ¢ > 0 and 7" > 0, and
log_ 7z := max{log z,0}.

The estimate (0.10) is not sufficient to conclude that the fractal dimension
dimgae; (A) of the attractor is finite. Moreover, as is shown in §4, this dimen-
sion can really be infinite. In fact, we construct an example of an operator A and
a non-linear map F satisfying the conditions (0.5) and such that the Kolmogorov
entropy of the corresponding attractor admits the lower estimate

/

H. (A" o,1)) = C'Tlog,, % (0.11)

for some C’ > 0 and R > 0 independent of T' > 1 and € > 0. Moreover, it follows
from (0.11) (by arguments based on logarithmic convexity) that

1\ 3/2
H.(A) > 0" (1og+ ?(’) , (0.12)

which shows that the following dimensions are infinite:
dimprace (A7 (0,7)) = diMfrace (A) = oo.

Our example is based on the counterexample in [12] to the analogue of the Floquet
theory for linear elliptic equations with periodic coefficients. This counterexample
is of the form

U — Av = Ll(t)'l) + Lg(t)'l.),

where Ly and Lo are periodic with respect to ¢ € R and chosen in such a way that
there is a non-trivial solution v: R — H? decreasing more rapidly than any expo-
nential function as t — oo (||v(t)||2 < ce~). To construct this counterexample,
we need the conditions

L1 € Cper(R,L(H*™ H?®)) and Ly € Cper(R, L(H T, H?))

for some r; >1, 72 >0, and s>0. On the other hand, in our existence theorem for
a trajectory attractor (see (0.5) and (0.7)) it is assumed that 71 < 1 and ro < 0.
Thus, our example is exactly at the boundary of the domain of admissible values
of the parameters r; and 5.

In §5 we give a more detailed investigation of the dynamical properties of the
trajectory dynamical system corresponding to the example constructed in the pre-
vious section. In particular, we show that, in contrast to the dynamical systems
generated by ordinary differential equations and by most of the natural evolution
partial differential equations in bounded domains, the dynamical system in question
has infinite topological entropy. We describe the chaotic nature of this dynamical
system by means of a homeomorphic embedding of a Bernoulli scheme with infin-
itely many symbols. We also note that this type of chaotic behaviour turns out to
be very close to the behaviour of dynamical systems generated by evolution partial
differential equations in unbounded domains; see [39], [40].
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The elliptic boundary-value problem (0.6) on the entire cylinder 2 = R X w
can be interpreted, in particular, as an equation for finding the equilibria of the
corresponding system of reaction-diffusion equations in Q:

Opu =1 — vy + Ayu — f(u,u) — g(x), (t,z)€Q, n>0, u|n:0 =’ (0.13)
where ¢ remains a spatial variable, and the role of physical time is played by the
variable 7. As is known (see [4], [31], [14]), under natural conditions on the non-
linear function f and the external force g, this equation has a global attractor
Asleb ¢ W2, (R). Moreover, we have the obvious embedding

K C AP (0.14)

where X is the set of essential solutions of the elliptic boundary-value problem
(0.6). An analogue of the bounds in (0.10) and (0.11) for the e-entropy of the
global attractor A8'°P was obtained in [10], [38], [14]; for a more detailed discussion
of this analogy, see also §5.

In the next paper we shall study the problem of additional conditions ensuring
that the fractal dimension dimgact(A) and/or the topological entropy hiop(Sh, A)
are finite. At present this fact is known only if the spectrum of the operator A has
a gap ensuring the existence of an essential manifold [28] or if the condition v > id
holds, which ensures the uniqueness of a solution of the problem (0.4); see [7], [37],
and Remark 2.3 below.

The authors are grateful to M. A. Efendiev, D.V. Turaev, and M.I. Vishik for
some useful discussions.

§1. A priori estimates. Existence of solutions

In this section we derive some a priori estimates for solutions of the problem
(0.4) and, using these estimates, we prove the existence of bounded solutions of the
problem. To this end, we need the following function spaces.

Definition 1.1. For any —oco < 71 < T5 < +oo and | € RT we define the space
WY T, Ty) = L*(Ty, Tn), HY nWh2((Ty, Ty), H). (1.1)
For simplicity, we write W(T') below instead of W!(T, T + 1).

We denote by Wi .(RT) the Fréchet space generated by the seminorms || - ||y (7,
T € R*. Moreover, we also introduce the space

Wia(B") = {u € Woe(®) : Juluy = sup Julwiiry <o0}. (12
S

The spaces VVllOC(R) and Wlf,d(]R) are defined similarly by replacing T € R* by
T eR.

The main result of this section is the following theorem.
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Theorem 1.2. Let the conditions (0.5) be satisfied. Then for any ug € H3/? there
is at least one solution u € W2, (RT) of the problem (0.4). Moreover, there are
constants C,a > 0 and a monotone function Q: RT™ — RT such that any solution
u € W2 (RT) of (0.4) satisfies the estimate

lullwe, ry < Qluolls/2)e™*" + Cs for T >0. (1.3)

Proof. Let us first derive the a priori estimate (1.3). We then prove the existence
of a solution on the basis of this estimate.

Following [37], we take the inner product in H of the equation (0.4) and
a function p(t)u(t) and integrate over ¢ € [r,4+00). Here p: RT — (0,00) is a
weight function such that [; p(t)dt < oo and |p(t)| < ep(t) for any ¢ > 0. Inte-
grating the resulting equality by parts and using the fact that v is symmetric, we
see that

[ e+ aizloar + [Bouul - i, v

t=1

= /oo [, F(u, @) p = (u, i) p + (yu, u)p/2] dt

< 1 . .
</ [C+ 5 (lullz + llall®) + ellull il + <[y HUHZ}Pdt- (1.4)

Here we also used the condition (0.5)(c). By setting p(t) := e*(*~7) and choosing a
sufficiently small € > 0, we get that

d

d—Hu(T)H2 <O+ Cu(n)|]* for T>=0. (1.5)
-

The Gronwall inequality now implies the first a priori estimate for the H-norm of
the solution,
llu@®)]? < e ugl|? + et =1 for t>0. (1.6)

Of course, this bound is useful only for small ¢, because the right-hand side of (1.6)
increases exponentially as t — oo.

As the next step, we prove an analogue of the estimate (1.3) (for the W1(T')-norm
of a solution) in which the right-hand side does not grow as ¢ — oco. To this end, it
is necessary to pay special attention to the initial condition ug = u| +—o- Indeed, by
the abstract trace theorem, there is a bounded linear operator T: H3/2 — W?2(R*)
such that v = Tug satisfies the conditions

v(0) =up, suppv C[0,1], and |[v|lwz2(0) < Clluollz/2- (1.7)
Rewriting the equation (0.4) with respect to the new unknown function w = u — v,

we see that

{u)'ywAw_F(w+v,w+iz)h(t), 18

w|t:0 =0,
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where h = ¥ — y0 — Av. Hence,

supph € [0,1],  [|h[lz20) < Cilluolls/2. (1.9)
Taking the inner product in H of the equation (1.8) and the function p(t)w(t),

integrating with respect to t € RT, using the boundary condition w(0) = 0, and
arguing as in the proof of (1.4), we get that

| P + ] pa
:/oo {_<w,F(U+w7®+w)>—(w,h)—l—zﬁ[('yw,w)—Q(w,w)] pdt. (1.10)
0 14

The first summand on the right-hand side of (1.10), which contains the non-linear
function F', requires the most complicated estimate. To estimate it, we recall that
the functions v(¢) and h are non-zero only for ¢ € [0, 1]. Therefore, for ¢ € [0, 1] we
must use the weaker estimates (0.5)(b)+(d) of the non-linear function, whereas for
t > 1 we can apply the sharper bound in (0.5)(c). Thus, for non-zero v we get that

—(w, Flv+w,v+w)) = —(w, Flv+w,v+w) — F(v,0+w)) — (w, Fv,0+ w))
1 1 L
<Ol + Slwli + el + ol F(v, 6 + @)

1
< C@)wl + 5wl +aQu(lol/2)
+ apllol + aC (ol + s +w]?)

1 :
<C@wl® + Sl + Q1 (@) (lluolls/2) + 2aCw]*.

For t > 1 we can use the sharper bound (0.5)(c), because v = 0 in this case, and
thus

—(w, F(v 4w, b+ w)) = —(F(w, 0),w) <Cz + %(HwH% + @]

Substituting these estimates into (1.10), choosing sufficiently small constants
a and € := sup|p|/p, and using the inequality (1.6) to estimate the expression
C(a)||w(t)||? for t € [0,1], we derive the estimate

0o 1 0o
. 3.
[ it + tolloar < [ Qatlualyaloar+ [ ot 31l + ful] |oar
Setting p(t) := e~=I*=TI T > 0, for the weight function in this inequality, we have

T+1 0o
el ry = /T [Ill1* + ]3] dt < e° /0 [l + [T~V T dt

el 8 -
<4 s T Qallluolls/2) + G2 < 5Qallfuolls )™
te[0,1

n 10C, '
3
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Returning to the variable u=v+w and using the inequality (1.7) for the functionw,
we prove the following estimate:

lullw(r) < Qs(lluolls/2)e™" + Cs. (1.11)

We can now complete the proof of the a priori estimate for a solution in the
space W2(T). To this end, we use the regularity of a solution of the equation
7— Az = f with Dirichlet conditions on the boundary, an abstract elliptic boundary-
value problem. Let us consider the interval Jpr = (max{0,7 — 1},T7 + 1) and
introduce a truncating function ¢: R — [0,1] such that ¢(¢t) = 1 for ¢ € [0,1]
and ¥(t) = 0 for ¢ ¢ [-1,2]. We also set ¢r(t) = ¥(t — T) and wr = Yrw.
Then by (1.8), the function wr satisfies the equation

{ o — Awr = fr = (v + F(u, @) + h) + 20p + pw  for t € Jr,
wr=0 for te€oJr.
(1.12)

Applying the theorem on regularity of solutions to the linear elliptic equation (1.12)
and using the condition (0.5), we get that

wr 32y < C 0l gy HNRIT 2y F o F (@) |72 1))
< Q4(HU0||3/2)676T+C4+/J ClQullw(®)l1/2)+mpr (8)|Jw(t)[13] dt
T
< Qs([luollsj2)e " +Cs+Cullwrfy2 - (1.13)

Here we used the condition (0.5)(d) and the estimate (1.11). Choosing a sufficiently
small constant p in the estimate (1.13), we get that

w2y < Cllwrllwz(sr) < 2Qs(||uollsj2)e" +2Cs. (1.14)

Thus, the a priori estimate (1.3) is proved. To complete the proof of Theorem 1.2,
it remains to verify the existence of a solution u € W2;(R") of the problem under
consideration. To this end, we shall first construct for any N € N a solution uy(t)
of the following auxiliary problem of the form (0.4) on a finite interval:

{ uN *VQN*AUZF(UN,’QN) for te (O,N),

(1.15)
uN’t:O = Uo, uN’t:N =0,

after which we shall obtain a solution of the original problem by passing to the
limit as N — oo.

Literally repeating the proof of the estimate (1.3), we can see that any solution
uy € W2(0,T) of the problem (1.15) admits the estimate

lun lw2(r) < Q||uol|garz)e T +C, for T €[0,N—1], (1.16)

in which the function @ and the constants C, and « are as in the estimate (1.3),
and hence do not depend on N € N. We also note that, according to (0.5)(a) and
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the abstract trace theorem, the non-linear operator F': u — F(u, ) is a compact
and continuous map from W?2(0, N) into W°(0, N) for any finite N. Thus, the
existence of a solution uy of the problem (1.15) can be derived in the standard
way from the a priori estimate (1.16) by means of the Leray—Schauder fixed point
theorem (see, for instance, [36], [37]).

To construct a solution u of the original problem (0.4), we note that, by (1.16),
the sequence uy is uniformly bounded in W? (0,T) for any T > 0. Therefore,
since the space W2 (0,T) is reflexive, we can invoke Cantor’s diagonal procedure
and assume without loss of generality that uy converges weakly in the space
W2 (R:) to some function v € W2, (RT). Passing to the limit as N — oo in
the equation (1.15), we see that w is a solution of (0.4). Indeed, the passage
to the limit in the linear terms of (1.15) is obvious, and the non-linear function
presents no additional difficulties due to the condition (0.5)(a) and the strong
convergence

(un,in) — (u,i) in the space Cioc(H/27% x HY?79)
for any 6 > 0. This proves Theorem 1.2.

§2. The attractor

This section is devoted to the behaviour of solutions of the problem (0.4) as
t — co. We note that the conditions (0.5) ensure only the existence of a solution u
and not its uniqueness, and hence we cannot use the standard way of constructing
a dynamical system corresponding to (0.4). To avoid this difficulty, we use the
trajectory approach developed in [8] for the case of evolution problems without
the uniqueness property and in [36] for elliptic boundary-value problems.

Let us first define the phase space KT of the desired dynamical system as the
set of all solutions of (0.4) that are defined on R and bounded as t — oo, that is,

KT = {ue W(RT) : uis a solution of (0.4) for some ug € H*/?}.

Since our equation does not depend explicitly on ¢, it follows that the semigroup
(Th)n>o of shifts along the ¢ axis acts on K*:

T KT = KF, (Taw) () =ult+h),  h>0. (2.1)

Let us endow the set KT with the local topology induced by embedding KT in the
Fréchet space W2 _(R™). Since W2 _(R™) is metrizable, it follows that X is also a
metrizable topological space.

Definition 2.1. The set X+ endowed with the local topology is called the trajec-
tory phase space of the problem (0.4), the semigroup (T3)n>0 defined in (2.1) is
called the trajectory dynamical system generated by (0.4), and the global attractor
A of the semigroup (T3)n>0 acting on Xt is called the trajectory attractor of (0.4)
and is denoted by A2,

Remark 2.2. We recall that, by definition, the global attractor A of the semigroup
T in KT must attract bounded subsets of KT, although boundedness is a metric
property and can be a priori dependent on the choice of the metric in W2 (R™).
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However, as can readily be seen by using the estimate (1.3), a set B C X is
bounded in W2 _(R) in our case if and only if B is bounded in W}2;(R"), and hence
the ‘bounded’ subsets of KT are well defined.

Remark 2.3. Tt should also be noted that the topology in X+ can be chosen in such
a way that if the problem (0.4) has a unique solution that depends continuously on
the initial conditions ug (for sufficient conditions, see [7] and [37]), then the semi-
group T}, coincides up to a homeomorphism (and even up to a C L_diffeomorphism
under the assumptions of [37]) with the ‘ordinary’ semigroup Sj,: H%/? — H3/2,
Spug = u(h).

To state the next theorem, we need the notion of essential solution. By definition,
this is a solution of (0.4) that is defined for all ¢ € R and belongs to the space
W2, (R). We also denote by K C W2 (R) the essential set of (0.4) consisting of all
essential solutions (see [28]).

Theorem 2.4. Under the above assumptions the equation (0.4) has a trajectory
attractor A = A% that admits the following description:

where X C W2 (R) stands for the essential set of (0.4) and ILy for the operator
restricting a function to the semiaxis RT.

Proof. According to the existence theorem for an attractor of an abstract semigroup
(see, for instance, [4]), it suffices to show that:

(i) the set X is a complete metric space;
(ii) the operator Tp: X+ — K+ is continuous for any fixed h;
(iii) the semigroup T3 has a precompact absorbing set By in X7, that is, a set
such that for any bounded B C X' there is a number 7 = 7(B) such that
TwB C By for h > 7.

Let us verify these conditions. Indeed, since the space WI%C(R"') is complete,
the first condition holds because X+ is closed in W2 (R*). This property of X+ is
obvious, because a limit of solutions of (0.4) is also a solution with the corresponding
initial condition ug (see the end of the proof of Theorem 1.2). It is also clear that
the operator T, is continuous, because T, is a shift along the ¢ axis.

Thus, it remains to construct a precompact absorbing set By C K*. It follows
from the bound (1.3) that

.B,,< = {'LL S VVI(Q)C(RJF) . H'LL”ng(]R+) < 20*} N j<+ 7é %] (23)

is an absorbing set of T3, in XT. Hence, By = T B, is also an absorbing set of the
semigroup Tp. Let us show that this set is precompact in W2_(R*). To this end,
we use the regularity of solutions of elliptic equations.

According to Cantor’s diagonal procedure, it suffices to show that B.|ir,1741) =
{u|7,741] - w € B,} is a precompact set in W2(T) for any T > 1. Let (up)nen
be an arbitrary sequence in B,. Let us define the functions 27, = ¥7u,, where
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the truncating function 7 is as in the formula (1.12). Then the function zr, is a
solution of the equation

{ :Z:T,n - AZT,n - hT,n = wT(’Vun + F(una un)) + 2wTun + '&Tuna (2 4)

ZT’n(T — 1) = ZT,n(T + 2) =0.
Since the sequence (U, )nen is bounded in ng (RT), it follows from the condition
(0.5)(a) and the fact that the embedding W?2((T'—1,T+2)) € W279((T —1,T+2))
is compact that hz, — hr in the space L2((T — 1,T + 2)) (after passing to a
subsequence if necessary). Applying the regularity theorem now to the equation
(2.4), we see that 27, = ¢ru, — ur in W2((T — 1, T + 2)). Since 9(t) = 1 for
t € [T, T + 1], it follows that u, — u in W2(T). This proves Theorem 2.4.

In the second part of this section we give another interpretation of the dynamical
system generated by the equation (0.4); this interpretation clarifies the nature of
non-uniqueness for solutions of (0.4). To this end, we need an additional condition
(0.7) concerning the non-linear function F' and some estimates for the difference
v(t) := u1(t) — ua(t) between arbitrary solutions u, us € Wi, (RT) of (0.4), which
satisfies the abstract linear elliptic equation

U — Av = Ll(t)v + Lg(t)i), (25)

where the operators L; are given by the formulae
1
Li(t) = / Dy F(us () + su(t), i1 (£) + s6()) ds,
0
1
Lo(t) i= 7+/ Dy, F (w1 () + s0(t), i (£) + s0(t)) ds.
0

Moreover, it follows from the conditions (0.7) and Theorem 1.2 that
1Lyl sb + [ Lol <M, tERT, (2.6)

where the constant M depends only on ||u1(0)||gs/2 and ||uz(0)||zs/2, and hence is
uniformly bounded on bounded subsets of K.
The following theorem holds for the solutions of (2.5).

Theorem 2.5. Let J = (0,T) and let v € W2(J) satisfy (2.5). Suppose that there
is an M > 0 such that

sup ||L1(t)HH1—>H < ]\47 sup HLQ(t)“H_)H < M. (27)
teJ teJ

(Recall that | L1 ||g1im = |LA™Y?||gom.) Let y(t) == |[v@®)|3 + ||[0(t)||>. Then
y: J — R satisfies the following two estimates for any t € J:

y(t) = y(0)e 2M* bt yhere b =AM — 4(A34v(0), AV4(0)) /y(0);
(2.8)
y(t) < [y(O)) T [y(T)]/ T M MHAIUT 1), (2.9)



Infinite-dimensional trajectory attractors 765
The existence of an embedding W2((0,T)) — C([0,T], H3/?) n C*([0, T], H/?)
ensures that the constant b in (2.8) is correctly defined.

Proof. The proof of this theorem is based on estimates (similar to logarithmic
convexity) obtained in [1]. Indeed, let us introduce the function

0 12y 112 1/2 1/2
€(t) = <®8fﬁl/§v8), € € Wiy(J)? C Coa(J, HV? x HY/?).  (2.10)

Then it follows from (2.5) that £ is a solution of the linear equation

£(t) — BE(t) = C(H)E(®), (2.11)

_[(=AY2 0 1 /Ci(t) Caft)
b= < o ae) CO=5e0) e))
with €, = Ly + L1 A~'/2 and @y = Ly — L1 A~'/2. Elementary manipulations show

that 2y(t) = [|€()||% = [|&1(®) |17 + ||€2(#)]|2. Moreover, it follows from the condition
(2.7) that the operator C(t) satisfies the estimate

where

C(t)Ell. < 2M|i¢]l. for any teJ. (2.12)

Suppose that y(r) > 0 for some 7 € J (otherwise there is nothing to prove).
Then it follows from (2.10) that there is a maximal relatively open interval J; in
[0, T for which 7 € J; and y(¢t) > 0 if ¢ € J;. Let us define a function a: J, — R
by the formula

t
a(t) = logy(t) — / ®(s)ds, where ®(l)= w L (213)
with (-, ), the inner product in H x H.

Differentiating (2.13) with respect to ¢ and using the definition of the function

®(t) and the equation (2.11), we get after simple algebra that

& = (B, &)+ /y, &=§[<n,n>*+(n,e£>*], where n:gg_%@

It now follows from the Cauchy—Schwarz inequality and the estimate (2.12) that

2
NCWEDI: 5 _sare for ve .

2y(t)
This inequality shows that the function J; 3 t — a(t) = a(t) + 2M?t? is convex.
The convexity, together with the assumption that y(7) > 0, shows immediately
that the interval J, coincides with J = [0, T].

Choosing 7 = 0 in the definition (2.13) and exponentiating the inequality a(t) >
a(0) + &(0)t, we get that

a(t)

Vv

y(t) > y(0)e M H(O)+[] (s)ds
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This inequality, together with the obvious estimates |®(s)| <4M and &(0) > —b,
proves the estimate (2.8). The estimate (2.9) can be derived similarly from the
inequality a(t) < (1 —¢/T)a(0) + (¢t/T)a(T). This completes the proof of Theo-
rem 2.5.

We now recall that H* = H* x H*~!, introduce a linear trace map by the formula
Mo: Wigo(RY) — B2, Tou = (u(0),4(0)), (2.14)

and define the set Kt = Iy Xt ¢ H?/2. It is clear that the set Kt is closed. By
Theorem 2.5, the map Ho‘x+i K+ — KT is a bijection. This means that, if the
conditions of Theorem 2.5 are satisfied, then the Cauchy problem

{ i —yu — Au = F(u, @), (2.15)

u(0) = up, ©(0) =wvp

has a unique solution u € W, (R™) for any (ug,vo) € K*, and hence the solving
semigroup
Sp: KT =K, Si(u(0),4(0)) = (u(h), u(h)), (2.16)

or, equivalently, Sy, = [T, (Ilp) "1, is correctly defined. Moreover, the following
corollary to Theorem 2.5 shows that the semigroup (2.16) is Holder continuous
on K+,

Corollary 2.6. Let the conditions of Theorem 1.2 hold together with the condi-
tion (0.7). Then the semigroup (2.16) is Holder continuous with arbitrary Holder
exponent « belonging to the interval (0, 1), that is,

2 _
HShzl — Shz2||]H[3/2 < CQEMD‘}L Hz1 — ZQH;HS/O;, 21,22 € K+, (217)

where the constants Co and M, depend on o and ||zi||ys/2, ¢ = 1, 2.

Proof. Indeed, by setting ¢ = h and T' = h/a in the estimate (2.9) and using the
fact that the solutions u; and us are bounded as t — oo, we get that

732 _
HShzl — ShZQHHI < C&eMO‘h Hz1 — ZQH]Il_Hla, 21,22 € K*. (218)

To derive the estimate (2.17) from (2.18), it suffices to note that the abstract
regularity theorem applied to the equation (2.5), together with the trace theorem,
implies the estimate

[o(P) ]l zrs/2 + 10 g1z < Cllvllwzny < Cullo(0)[lgrsr2 + Callvllw (n,pv2), (2-19)

in which the constants C' and C; depend only on the operator A, and the constant
Cy depends also on the constant M defined in (2.6). Combining the estimates
(2.18) and (2.19), we obtain the inequality (2.17). This proves Corollary 2.6.

Our next problem is to show that the dynamical system (Sp)n>0 on the space
KT and the trajectory dynamical system (T )n>0 on the space X are topologically
conjugate by means of the homeomorphism IIy. To this end, it suffices of course
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to prove that (ITp)~! is continuous. To verify the last assertion, we introduce the
following metric in the space K:

d(ut,uz) = sup e T luy — usllw2(r)- (2.20)
TeRt

On the one hand, one can readily see that the topology induced in X+ by the metric
(2.20) coincides with the topology induced by the embedding X+ < W2 _(RT)
(because K is bounded in W2, (R")), and on the other hand, it follows from the
estimate (2.17) that

d(ur, uz) < CL([[u1(0) = ua(0) | oz + [[i1(0) = 2(0)][ gra/2) "~ (2.21)
for any u1,us € KT and any 0 < o < 1. Here we also used the estimate

H””WQ(h) < CHUHC(h,hH;H3/2)ﬂCl(h,h+1;H1/2) (2.22)

for the solutions of (2.5); this is an elementary consequence of the abstract regularity
theorem and the estimate (2.6).

Thus, we have verified that the semigroups (2.16) and (2.1) are indeed topolog-
ically conjugate. Therefore, Theorem 2.4 gives the following result.

Theorem 2.7. Let the conditions of Theorem 1.2 hold together with the condi-
tion (0.7). Then the semigroup Sy, has a global attractor A in K that can be
described as follows:

A = TTpA™, (2.23)

§ 3. Kolmogorov entropy of an attractor and upper bounds for it

In this section we use the notion of Kolmogorov e-entropy to study the trajectory
attractor of (0.4) constructed in the previous section. We begin by recalling the
definitions of e-entropy and fractal dimension. For a detailed exposition of these
problems, see [21]. Applications of the notion of Kolmogorov entropy to evolution
equations of mathematical physics can be found in [9], [10], [38], [41], [42].

Definition 3.1. Let M be a metric space and let K be a precompact set in M. For
any € > 0 we denote by N (K) = N.(K, M) the least number of e-balls in M needed
to cover the set K (this number is obviously finite, because K is precompact). By
definition, the Kolmogorov e-entropy of the set K in M is the number

H.(K) = H.(K, M) = log N-(K). (3.1)

Example 3.2. Let K be a compact n-dimensional Lipschitz submanifold of M.
Then it is obvious that C1(1/e)" < N (K) < C2(1/e)", and hence H.(K) =
(n+ o(1)c—0) log(1/e).

This example justifies the following definition.
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Definition 3.3. By the fractal (entropy) dimension of a set K € M we mean the
number

H.(K)
dimract (K) = dimgact (K, M) = limsup —~—~ .

fa.ct( ) £) act( ) Y p log(l/s)
We note that the attractor A of (0.4) constructed above is compact only in
the local topology of the space VVIOC(]R“‘) and therefore we consider the e-entropy
of the restriction A! 0,7] of this attractor to a finite interval [0, 7] and study the

(3.2)

dependence of the entropy on the two parameters 7" and €. To this end, we need
weighted analogues of the spaces W}, (RT).

Definition 3.4. For a given weight function ¢ € C(R, (0,00)) we define the space

Whao(®) = {u € Wio(®) < Jullas = sup {6(Dullwir)} < oo (3.3
€

Following [31], [29], [13], [30], [42], we also introduce a class of admissible weight
functions.

Definition 3.5. A function ¢ € L% (R) is said to be a weight function of growth
order i > 0 if there is a C' > 0 such that

oz +y) < Ce'lo(y),  ¢(z) >0 (3.4)
for any z,y € R.

It can readily be seen that the conditions (3.4) also imply the inequality
p(z +y) = C~te+*lg(y) for any z,y € R.
The main result of this section is the following theorem.

Theorem 3.6. Let the conditions of Theorem 1.2 hold. Then

Ry

raj R
H. (A" (o 1), W4((0,T))) < C{T—&—log+ - }long - (3.5)

in which log, v := max{0,log~y} and the constants C and Ry do not depend on T
and €.

The proof of this theorem is based on a series of intermediate results and will be
completed after Lemma 3.9.

Proposition 3.7. Let X C W2, (R) be the essential set of (0.4) defined in Theo-
rem 2.4. For any a > 0 there is a constant C' = C(«) such that the estimate

lur — uallwzery < Csuﬁ{e_alT_t‘Hul — uzllwoee) } (3.6)
te

holds for any two solutions ui,us € X and any T € R.

Proof. Indeed, let us introduce the function v(t) = ua(t) — u1(t). Then v satisfies
the equation (2.5). Moreover, it follows from the abstract interior estimate applied
to this equation that

||UHW2(T) < C”h’UHWO(Tfl,TJrQ)a where hv = L1 (t)v + Lg(t)’l}, (37)
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and C does not depend on T € R. Multiplying (3.7) by e~*T=M| and taking the
supremum over 1" € R, we derive the following analogue of the regularity theorem
in the weight spaces ng omalT—M|"

sup{e_o“T_M| [vllwer } < Ch Sup{e_o‘IT_M| | hollwo(r) }s (3.8)
TeR TER

where the constant Cy does not depend on M. Thus, it remains to estimate the
right-hand side of (3.8). To this end, we note that the condition (0.5)(a) and
the boundedness of X in W2, (R) imply the estimate

I L2l z2/2 1 + [ Lo /2 < R, (3.9)

where R, does not depend on ¢ and uy,us € XK. Hence, by (3.9) and the interpola-
tion inequalities (see [35]) we have

1B (D)llwory < CoRullvllwsra(ry < pllvliwz(a) + Cullvllwo ), (3.10)

where p > 0 is arbitrary and C,, > 0 is a constant depending on p and independent
of T and w1, uz € XK. Choosing the value u = 1/(2C1) in the inequality (3.10) and
substituting it into (3.8), we see that

sup{e_alT_M‘HvHWZ(T)} <20C4C, sup{e_alT_M‘HvHWO(T)}. (3.11)
TeR TER
The obvious inequality
HUHWQ(M) <e @ sup {67Q|T7M‘||’UHW2(T)} (3.12)
TeR

completes the proof of Proposition 3.7.

Let us now consider the family of weight functions

1 for |t| < R,

¢R(t) = { eR*It\ for ‘t| > R, (313)

where R € RY. These functions certainly satisfy the inequality (3.4) with the
constants ¢ = 1 and Cy = 1, which are thus independent of R.

Corollary 3.8. Let X C W2;(R) be the essential set of (0.4). Then there is a
constant Cq > 0 such that the estimate

llur —uallwe, , @) < Cxllur —u2llzz, @ (3.14)

holds for any ui,us € K and R > 0.

Indeed, setting o = 2 in the inequality (3.6), multiplying it by ¢r(T"), and passing
to the supremum supycg, we obtain the estimate (3.14) after simple manipulations
(see [42]). Moreover, since the functions ¢ satisfy the condition (3.4) uniformly
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with respect to R > 0, it follows that the constant C in (3.14) is also independent
of R.

We note that the weight functions ¢ are chosen in such a way that
vl llwz,(0.r)) < ||U|\ng)¢R(R) (3.15)
for any v € W2;(R), and hence
H. (A 0,1y, W24 (0, R))) < Ha (K, Wy ., (R)). (3.16)

Thus, following [42], to estimate the entropy of the set A|(0’ Ry We shall find an
upper bound for the entropy of the essential set K of (0.4) in the weighted spaces
W§d7 o (R). To this end, we need the following lemma, whose proof is based on the
estimate (3.14) and the fact that W2,(R) is compactly embedded in L%d, on(R).

Lemma 3.9. The entropy of the essential set X of (0.4) admits the recursion
estimate

/

R
H. (X, Wi 4, (R)) <L|R+1+log, ?0 + H (K, Wiy 4, (R)), (3.17)

in which the constants L and Ry do not depend on R > 0 and € > 0.

Proof. Let {B(u',e, Wy 4,) : % =1,...,N:} be an e-covering of the set KX (here
and henceforth, B(v, u, X) stands for the ball of radius p centred at a point v with
respect to the metric of the space X). We note that K N B(u?, Ce, Wde,q&R (R)) is a
compact set in L§d7 sn(R), and hence each of these sets can be covered by finitely
many &/(2Cx)-balls {B(u",¢/(2Cx), L1 4,,(R)), j = 1,..., Mi(e)}, where Cx is
the same as in (3.14) and

Mi(e) = Nejacn) (KN B(u', e, Wiq 4, (R)), Lia g, (R)).- (3.18)

It now follows from the estimate (3.14) that the system {B(u"7,¢/2, W, 5 (R)) :
t=1,...,N;, 5=1,...,M;(2)} of balls is an £/2-covering of X, which leads to the
recursion estimate

He /2 (K, Wig 9, (R)) < max logMi(e) + He (XK, Wiy 4, (R)). (3.19)
Thus, it remains to estimate the quantities M;(¢) introduced in (3.18). To this end,
we note that [|u|wz &) < Cx for any u € K by (1.3), and hence

€ 4C.Cx
”unig(T) < 0o for |T|>T.=R+log, a— (3.20)
Therefore,
Mi(e) < Nejacy) (KN B(u'e, ng,qﬁR(R))a L%d,qu((*Ta» T.)))

Nejaco) (B(u', e, Wia 4, (< T, T2))), Lig 6, (-T2, T2)) )
N1jac) (B(0, 1, Wiy 4, (-T2, T0))), Lig 4, (T2, T2))). - (3:21)

NN N
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In the first inequality we used the estimate of the ‘tails’ in (3.20), in the second
inequality we deleted the symbol X N, thus increasing the value of N, ey (.- ),
and in the third inequality we used the invariance of the family of balls in a Banach
space under homotheties and translations.

Thus, it remains to estimate the entropy of the embedding operator

Wi (=T, T)) C Ly 4, (=T, T)). (3.22)

To this end, we introduce a smooth analogue ¥r € C*°(R) of the weight function
¢r such that

max{[Yr(t)], [0r(t)|} < ¢r(t) and C'ér(t) < ¥r(t) < C"or(D),

where the constants C’ and C” do not depend on R. In this case it can readily
be seen that the map Fr: u — w}%/ %4 realizes a linear isomorphism of the Banach

pairs
B(T) = (Wia(=T, 7)), Lpa (=T, 7)),
Br(T) = (Wa g (1. 7)), Lpa 4, (=T, T7)))-
Moreover,
IFlIB(T)—Br(T) + IF5 B2 (m)—B(T) < C2) (3.23)
where Cy does not depend on T" and R (see [42]). Thus,

logMi(g) < Hl/(4Cg<) (B(Oa 1, Wl?d,qu((_TE, Ts)))a L%d,q&R((_TE,TE)))
< Hl/(4Cg<C§) (3(07 1, Wl?d((_TE? TE)))v L%d((_TE’ TE)))' (3'24)

The obvious estimate

HH (B(07 1, ng((_Tv T)))7 L%d((_Tv T)))
< (2T + 1)H,,2(B(0,1, Wig((-1,1))), La((=1,1)))

now completes the proof of Lemma 3.9.

Completion of the proof of Theorem 3.6. By (1.3), H¢, (X, ng,qu (R)) = 0 for any
R > 0. Iterating the estimate (3.17) k times, we get that

Rl2k71
Hyo o, (K, Wiy 4, (R)) < L(R+1+10g+ Oc >k; for any keN. (3.25)

*

For a given € > 0 let k be such that 27%C, < ¢ < 27%+1C,. Substituting this k
in (3.25), we obtain the estimate (3.5). This completes the proof of Theorem 3.6.

We conclude this section by applying Theorem 3.6 to the study of the elliptic
boundary-value problem (0.6) in a cylindrical domain 24 = R* x w, where w € R
is a smooth bounded domain. For simplicity, we formulate the conditions on the
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non-linear function f(u,) only in the case n < 3. These conditions are of
the following form:

(1) fe€ CHR* x RF RF),

(2) flu,v) -uz=-C, Dy f(u,v) = —C,

(3) |f(u,v)| + | Dy flu, )] < C(L+[ul™) (1 + [v]*),
(4) Dy flu,v)] <O+ [ul*),

(3.26)

3
where 0 < ks <land 0 < k1 < n—+1(1 — ko). We note that if f does not depend

explicitly on d;u (and hence ke = 0), then we obtain the standard conditions on
the growth of the non-linear function f(u) that are stated in [2].

Corollary 3.10. Let v = v* € L(RF,RF), let g € L?(w), let n < 3, and let the
non-linear function f satisfy the conditions (3.26). Then the equation (0.6) satisfies
all the conditions of Theorem 3.6, and hence has a trajectory attractor A% whose
entropy admits an upper estimate of the form (3.5).

Proof. Let us rewrite the equation (0.6) in the abstract form of (0.4). Indeed, in
this case we have H = L?(w), A = —A, (with Dirichlet boundary conditions),
and F(u,v) := f(u,v) + g. Hence, we must prove that the operator F'(u,v) thus
defined satisfies the conditions (0.5). To this end, we recall that the space H® :=
D((—A,)~%/?) satisfies the embedding H* C H*(w) for s > 0, where the H*(w) are
the classical Sobolev spaces (see, for instance, [35]). We also note that for n < 3
we have the embedding H3/2 ¢ L? for any p < 0o, and hence for any fixed p < oo
there is a § = §(p) > 0 such that H3/29 C L».

Let us verify the condition (0.5)(a). Indeed, it follows from (3.26)(3) and the
Holder inequality that

S ON+ [l (1 + [v]*2)]0] o

k k
< (L [II7E) A+ el 5, ok 174 /a-ka)
< QU rsra-s + l[vll2) 10 Fra/2-s

1D F(u, v)6]|7-

if § > 0 is sufficiently small. The estimate
[ Do F(u, v)0]| < QUullgra/2-s + [0l r1/2-5) 10| zr1/2-5

can be proved similarly. The operators F', D, F', and D, F' are continuous, as can
be proved in the standard way from the condition (3.26)(1). Thus, the condition
(0.5)(a) is verified. The conditions (0.5)(b) and (0.5)(c) are immediate consequences
of the assumption (3.26)(2). Therefore, it remains to derive the condition (0.5)(d)
from (3.26)(3). Indeed, by the Holder inequality and the Sobolev embedding theo-
rem we have

1F (u,0)[[Z2 < CA A+ [Joll22) + lullp, < COA+ [lv]2) + Crllully. ), (3:27)

where p := 2k /(1 — k3) and 1/p = 1/2 — s/n. If s < 1/2, then the condition
(0.5)(d) follows immediately from (3.27). Suppose that s > 1/2. Then

2s—1)/3 4—2s)/3
oyl (3.28)

lull 2y < o] (4 20/
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by the interpolation inequality. We note that the condition (0.5)(d) follows from
(3.27) and (3.28) if p(2s—1)/3 < 2. Therefore, it suffices to verify the last inequality.
We note that p < 2(n 4+ 3)/(n — 1) by our assumptions, and hence s < 2n/(n + 3),
which implies that p(2s —1)/3 < [2(n+3)/3(n —1)] - [3(n — 1)/(n+ 3)] = 2. Thus,
the condition (0.5)(d) is also verified. This completes the proof of Corollary 3.10.

§4. Entropy of an attractor: an example of a sharp lower bound

In this section we construct an example of an equation (0.4) for which the entropy
estimate (3.5) is sharp in a sense. Moreover, the fractal dimension of the corre-
sponding attractor A turns out to be infinite. This example makes heavy use of the
counterexample (constructed in [27], [12]) to the analogue of the Floquet theory for
abstract elliptic boundary-value problems in cylindrical domains.

Let us consider the following linear elliptic equation in the strip Rxw = Rx (0, 7):

i + 0%u = Ly (t)u + Lo(t)u, 0. (4.1)

u|]R>< dw
Here L1 (t) and Lo(t) stand for linear operators that are T-periodic with respect to ¢.
The main idea of the above counterexample is to construct operators L; and Lo
in such a way that the equation (4.1) admits a solution u that decreases more
rapidly than any exponential function as t — +o0o. This fact certainly contradicts
the Floquet theory; if this theory were valid, then any solution would be a linear
combination of products of exponential functions and periodic functions. More
precisely, the following result was proved in the monograph [12] (see Appendix A,
pp. 261-262).

Theorem 4.1. There are T-periodic operators L;(t) satisfying the conditions
Ly € O35 (R, L(HSY H?)) and Lo € C5(R,L(H®, H®)) for any s € R (4.2)

and the condition Lj(t +T) = L;(t) for any t € R and such that the equation (4.1)
has a solution u € W2(R) which admits the estimate

Cre " < Ju(t)|| 12wy < Cae™®  for tE€R (4.3)

for some positive constants B, C1, and Cs. Moreover, the Fourier coefficients
un(t) = [y u(t,z)sin(nz)dz of this solution are compactly supported in R. (Here
the symbol H® stands for the scale of spaces generated by the Laplacian in w with
Dirichlet boundary conditions.)

We note that not only the function u but also the functions obtained from u by
the shifts by kT, k € Z (that is, Tpru: t — u(t + kT')) are linearly independent
solutions of the equation (4.1), and hence the kernel of the linear elliptic operator
defined in L?(R x w) by (4.1) is infinite-dimensional. We introduce the set

L= {v = ZakaTu tap € R, sup|ag| < oo} (4.4)
kez kez

The following assertion holds.



774 A. Mielke and S. V. Zelik

Lemma 4.2. Let u be the solution constructed in Theorem 4.1 and let I be defined
by the formula (4.4). Assume also that the support of the first Fourier coefficient

tt fo u(t,z)sinz dz of the function u satisfies the condition & # suppu; C
[r r+ N| for somer € R and N € (0,T). Then

Crsup Jar| < ol x) < Casup o (4.5)
S

for any v € L.

Proof. Indeed, the left-hand inequality in (4.5) follows from the fact that the sets
supp Trru1 are disjoint for distinct values of k.

To prove the right-hand inequality, we note that the estimate (4.3) and the
regularity of solutions of elliptic equations imply the estimate

ullwe(ry < Coe™™ /2 (4.6)

for the solution u. Thus,

vlweiy < Y larlllullwar—rr) < Y lakCoe™ ™ KDY L Osuplagl.  (4.7)
kez kez kez

This proves Lemma 4.2.

Replacing the period T by IT (I € N) if necessary, we can assume that the
condition of Lemma 4.2 concerning the support suppu; holds for the function u
introduced in Theorem 4.1.

Lemma 4.3. Let the conditions of Lemma 4.2 be satisfied and let
Lr={veL:|v|wz wr < R} (4.8)

Then there are positive constants C(R), My, and ¢ such that the lower estimate
1
H. (Lr|(0,a1): Wia((0, M))) = C(R)M log - (4.9)

holds for M > My and € € (0, &p).

Proof. Without loss of generality we can assume that suppu; C [0,T]. Let L% =
{velg:v(t) = Zle aru(t —iT)}. Then the estimate

[0 = 02 llwz o,y = 10" = Voo, (krryry. oy = K sup laj —ai| (4.10)

[RRRE]

holds for any v',v? € L%, where K = llu1lle (o, > 0.

For any sufficiently large M we choose k = kjs as the solution of the inequal-
ity (k+1)T > M > kT. In this case the right-hand estimate in (4.5) ensures
that the function v € L belongs to Lp if all the coefficients satisfy the inequality
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ar| < R/Cs. Moreover, by (4.10), two function v; and vy in L%, are e-distinguishable
Y R g

if |a} — a?| > ¢/K for at least one index i € {0, ..., k}. Hence,
PR KR k
N2 (L, Wig ([0, M])) > { 2 Coe | T L) (4.11)

Since k ~ M, the inequality (4.11) proves Lemma 4.3.

We can now construct an equation (of the form (0.4)) satisfying the conditions
of Theorem 3.6 and such that its attractor A contains the set I, L for sufficiently
small R. Then Lemma 4.3 gives the needed lower bound for the e-entropy of the
attractor.

Let the operators L; and Lo be the same as in Theorem 4.1. Since these
operators are T-periodic (for simplicity, we assume below that T = 2r), it fol-
lows that there are smooth families of operators L € C™ (R%, L(H**L H®)) and
Ly € C®(R2, L(H*, H*)) such that

Zl(’UJl,’LUQ) = Ez(wl,wz) =0 for |w1\2 + |w2|2 >2 (4.12)
and N R
L1 (t) = Li(cost,sint), Ls(t) = La(cost, sint). (4.13)

Moreover, the pair w(t) = (cost,sint) can be obtained as a solution of the system
of ordinary differential equations

~ 2(JwPw — 3w)

D —w = 4.14
R E D (4.14)

Let ¢r(z): R — R be a truncating function such that ¢ = 1 for |z| < R? and
¢r = 0 for |z| > 2R%. We consider the system

{ = w = 2wl — 3w)/(1+ ), (4.15)

i+ 02u = O (|[ul3 ) + 1113 2(.) (L1 (wr, wo)u + Lo (wr, wo)i].
Then, on the one hand, the embedding W2, (R) C Cha(R, H') N CEy(R, H) implies

the inequality
a3 + (@) 3 < P2ulls g (4.16)

for some positive constants P, and hence the essential set K of this system contains
the product {(cost,sint)} x Lg/p as a subset. On the other hand, this equation
satisfies (0.5) and (0.7) with H = R? x L?(w), A = diag{1,1, -2}, v =0, and

F_( 2(wl?w - 3w)/(L+ |wlt) )
=\ onlul3 o) + 220y (L1 (wr, wo)u + Lo(wn, woya] )

Indeed, it follows from the definition of the operators Ei, i =1,2, that

[ L1 (w1, wo)ul[ Lz + [ La(wr, w2)il 2 < C(|lullas + [[all ),
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where the constant C' does not depend on w, and hence ||F'(w, u, 4)||r2 < Cf, where
C%, does not depend on w, u, and . Thus, the conditions (0.5)(c) and (0.5)(d) are
verified. Similarly, it follows from the smoothness of L; with respect to w and the
choice of the truncating function ¢ that

H Dw F(w7 U, u)”RzﬁH + H Du F(w) U, u)HH1~>H + || Dy F(’U)7 U, U)HHOAH < C}%:
where C7 does not depend on w, u, and 4. Therefore, the conditions (0.5)(a)
and (0.7) are also satisfied. It remains to note that the condition (0.5)(b) follows
immediately from the last estimate.

Thus, we have proved that the non-linear function F(w,u,%) indeed satis-
fies (0.5) and (0.7), and hence the equation (4.15) satisfies the assumptions of
Theorems 2.7 and 3.6. In particular, combining Theorem 3.6 and Lemma 4.3, we
obtain the following two-sided estimate for the e-entropy of the attractor.

Theorem 4.4. The equation (4.15) has the trajectory attractor A¥® . and there
are positive constants Ty, g, C1, and Co such that the e-entropy of A" satisfies

1 : 1 1
afmg<mmmwﬂwﬁmﬂm<@@wwg)mg (4.17)

forT > Ty and € € (0, &9).

We note that the left-hand inequality in (4.17) is sharp for T' > log(1/¢) but is
far from being optimal for 7" < log(1/¢). In particular, (4.17) gives no information
concerning the entropy of the global attractor A on the section. The next theo-
rem gives a lower bound for the entropy of the global attractor provided that the
trajectory attractor satisfies the estimate (4.17).

Theorem 4.5. Let the conditions of Theorem 2.7 hold and let the e-entropy of the
attractor A% of (0.4) satisfy (4.17). Then there are positive constants C and &g
such that the entropy of the global attractor A constructed in Theorem 2.7 admits
the estimate

3/2
H. (A, H?) > C(log %) for €€ (0,¢e). (4.18)

Proof. Indeed, since the solutions belonging to A are uniformly bounded, that
is, ||(w(t), u(t))|lm < Bk, it follows from the estimate (2.9) that

[[(ur = w2, @1 — )| o 0,061
< [1(ua(0) — uz(0), 1 (0) — 1tz (0)) 3 /7 BY/ T MM H4/TIAT 1)

for any t < T. By setting T' = 2t in this estimate and assuming (without loss of
generality) that ¢, M > 1, we get that

H#(C‘) (Atraj’ C([Oa t]? Hl)) < HE (Aa Hl)a where M(E) = 51/2Bi/2e20M2t2.

After replacing ¢ by T and applying the lower estimate (4.17) to the left-hand side
of the resulting inequality, we obtain the inequality

1, 1 1
H.(A,HY) > C1Tlog u(e) = ClT(5 log = — 5 log B. — 20M2T2).

Maximizing the right-hand side of this inequality with respect to T' (that is, setting
T := (10M)'(log(1/€))*/?), we derive the estimate (4.18). This completes the
proof of Theorem 4.5.
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§ 5. Chaos in spatial dynamical systems

In this section we interpret the results of the previous sections in the spirit of
the theory of dynamical systems. To this end, we must recall some quantitative
characteristics of dynamical complexity used in the theory of dynamical systems.
We begin with the classical notion of topological entropy (see, for instance, [19]).

Definition 5.1. Let (M,d) be a compact metric space and let Sp: M — M,
h € RT, be a continuous semigroup acting on M. For any R > 0 we introduce a
new metric dg in M as follows:
dr(my, mg) := Zup d(Spmy, Spma), my,mg € M. (5.1)
<R
It is clear that (M, dg) is also a compact metric space. By the topological entropy
of the semigroup Sp, in M we mean the number

o 1
htop(Sh, M) := ggré)llglj;p EHs(M, dg), (5.2)
where the symbol H.(M,dg) stands for the e-entropy of M with respect to the
metric (5.1).

As is known [19], the topological entropy (5.2) does not depend on the choice of
the metric d in M but depends only on the topology of the space M.

To apply the general Definition 5.1 to the study of the trajectory dynamical
system (2.1), we must fix some metric in A, To this end, we need the following
simple proposition.

Proposition 5.2. Let a weight function ¢ € Cha(R) be such that limy o0 ¢(t) = 0
and ¢(t)>0. Then the topology induced in A™™ by the embedding A% C ng@(R*‘)
coincides with the local topology induced by the embedding A™ C W2 _(R4).

Indeed, Proposition 5.2 is immediate, because A% is a bounded set in ng(RJr).
Let us now fix an arbitrary weight _function ¢ satisfying the conditions of Propo-
sition 5.2 and define a metric in A% by the formula

d¢(u1,u2) = ||u1 — u2HW§d,¢(R+)’ U, Uz € Atraj_ (53)

Then it follows from Theorem 2.4 and Proposition 5.2 that (A2 de) is a compact
metric space, and one can define the topological entropy hiop(Th, A%®) of the tra-
jectory dynamical system (2.1) by the formula (5.2). The next proposition gives a
more convenient formula for computing the entropy.

Proposition 5.3. The topological entropy hiop(Th, A™™) does not depend on the
choice of the weight function ¢ and can be computed by the formula

Rtop(Thy A™) = lim lim sup lHE (A" o 1), W4 (0,T)). (5.4)
e—=0 7400 T

The proof of the formula (5.4) is more or less obvious; it can be found, for
example, in [39].

We now note that, in contrast to classical dynamical systems generated by
ordinary differential equations and by most of the natural partial differential equa-
tions in bounded domains (see, for instance, [34]), the topological entropy can be
infinite in our case. In particular, this is so for the system (4.15).
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Corollary 5.4. The topological entropy of the dynamical system (T, A%), gen-
erated by the equation (4.15) is infinite:

Rtop(Th, A™) = oco. (5.5)

Indeed, the formula (5.5) follows immediately from (5.4) and (4.17).

We recall that dynamical systems with infinite topological entropy arise natu-
rally when studying the spatial and dynamical complexity of the attractors Agl°P
of evolution partial differential equations in unbounded domains, in particular, for
equations of the form (0.13) (see, for instance, [39], [40]). Thus, with regard to the
embedding (0.14), it is natural to apply the methods developed in [39] and [40] to
the study of the trajectory dynamical system (2.1). We begin with the formula-
tion of one of the possible generalizations of the notion of topological entropy (see
22], [39)).

Definition 5.5. Let (M, d) be a compact metric space and let S,: M — M be

a semigroup on M. Then the modified topological entropy of the semigroup S}, is
defined by

e—=0 R—o0

~ 1\ 1
htop(Sh, (M, d)) := lim sup(log E) lim sup EHE(M7 dr), (5.6)

where the metric dg is defined by the formula (5.1). Moreover, following [22], we
introduce the mean topological dimension dim,p, by the formula

dimyop(Sh, M) := inf hiop(Sh, (M, d)), (5.7)
d

where the infimum is taken over all metrics d in M that generate the topology on M
induced by d.

In contrast to the topological entropy, the expression (5.6) is preserved only
under Lipschitz homeomorphisms (as is the fractal dimension). This is the reason
for introducing the quantity (5.7), which is a topological invariant (as is the
case for the classical topological entropy).

Thus, fixing a weight function ¢ satisfying the conditions of Proposition 5.2
and defining the metric d, on A% by the formula (5.3), we can define the mod-
ified topological entropy ﬁtop(ﬂ';“ (A% dy)) and the mean topological dimension
dimygop (Th, A™) of the trajectory dynamical system (2.1) by the formulae (5.6)
and (5.7). (We stress that the infimum in (5.7) is taken over all metrics on A'"2J
defining the local topology rather than only over those of the form (5.3).)

The next assertion is an analogue of Proposition 5.3.

Proposition 5.6. The modified topological entropy of the trajectory dynamical
system (2.1) does not depend on the choice of the weight ¢ and can be computed by
the formula

- . 1\ ! 1 )
oy (T (A7, de)) = timsup1og ) Himsup 7L (4|1, W0 7).
e—0 € Tooo 1
(5.8)
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The proof of (5.8) is similar to that of (5.4) (see [39]).

The expression on the right-hand side of (5.8) was interpreted in [10] as the (frac-
tal) dimension of the attractor per unit volume (see (3.2)). In [10], [39], [41], [42],
[14] it was proved that this quantity is finite and positive for the attractors .A8'°P
in a broad class of evolution partial differential equations in unbounded domains.
The following result shows that this quantity can be strictly positive also for the
attractors of equations of the form (0.4).

Corollary 5.7. If the conditions of Theorem 2.4 are satisfied, then the modified
topological entropy of the trajectory dynamical system (2.1) is finite:

Biop(Th, A1) < €' < oo, (5.9)
Moreover, this quantity is strictly positive for the equation (4.15):
0 < Cy < hyop(Th, A™) < C < oo. (5.10)

Indeed, the estimate (5.9) follows immediately from (5.8) and (3.5), and the
estimate (5.10) from (4.17).

We recall that in the classical theory of dynamical systems the topic of chaotic
dynamics is usually studied with the help of homeomorphic embeddings of Bernoulli
schemes in the dynamical system in question (see [19] and the references therein).
However, it should be noted that the classical Bernoulli schemes with finitely many
symbols have finite topological entropy, and hence cannot be regarded as an ade-
quate model when studying the case of infinite entropy. In this case it is natural to
use Bernoulli schemes with infinitely many symbols.

Definition 5.8. Let M := [~1,1]% be the compact metric space with the pro-
duct topology. We recall that M consists of the functions v: Z — [—1, 1], and the
topology in M is generated by the standard metric

d(vi,v) = Y 27y (i) — va(4)]- (5.11)

Let us define the model dynamical system (77, M) of shifts in M by the formula

(T0) (@) :==wv(i + 1), ,0e€Z, veM. (5.12)

As is known, hop (7T, M) = 0o and ﬁtop(Tl, (M, d)) = dimyep(T7, M) = 1.
The next theorem gives an embedding of the dynamical system (J;, M) in the
trajectory dynamical system generated by the equation (4.15).

Theorem 5.9. Let X be the essential set of (4.15). Then there is a homeomorphic
embedding k: M — K such that

Trik(v) = £(Tiv), leZ, veM, (5.13)
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where T > 0 is the period introduced in Theorem 4.1 (and fized by the condition
T := 27 in (4.13)). Moreover, this embedding is Lipschitz in the following sense:

Cr Y e Moy () — va(3)]

i=—00
oo

<r(en) = r(2)lwe @y <Co > e o) vl (5.14)

1=—00

Proof. By the construction of the equation (4.15), the set Lr defined in (4.4) and
(4.8) is contained in X for some R > 0. Hence, it suffices to construct an embedding
Kk: M — Lgr. We claim that such an embedding is given by the formula

K)(t) =R Y v(u(t—iT), veM, (5.15)

i=—00

where u(t) is the solution constructed in Theorem 4.1. Indeed, the formula (5.13)
follows immediately from (5.15). Thus, it remains to verify the estimates (5.14).
The proof of the estimate

@) lweiry <C Y Jo@)e™ T2 for TR

i=—00

is similar to that of (4.7). The right-hand inequality in (5.14) follows immediately
from this inequality. To verify the left-hand inequality in (5.14), we recall that the
first Fourier coefficient u;(¢) of the solution u(t) has compact support suppu; C
[0,T] by Theorem 4.1. Therefore,

[e@)lw2 ) 2 [[(6(), en)llwz (rr11) = [v([T/TD] - lwallwz 0,1y = Clo(ir/T])]-
This estimate readily implies the left-hand inequality in (5.14), which completes

the proof of Theorem 5.9.

We recall that the equation (4.15) satisfies the conditions of Theorem 2.7, and
therefore the trajectory dynamical system (2.1) is topologically conjugate on the
section to the dynamical system (Sp,K) defined by the formula (2.16). The next
result is an analogue of Theorem 5.9 for this dynamical system.

Corollary 5.10. Let A = TIy A" be the global attractor of (4.15). Then there is
a homeomorphic embedding k: M — A such that

Srik(v) = Rk(Tv) for any 1 €Z and veM. (5.16)
Moreover, this homeomorphism preserves the quantities (5.6) and (5.7), that is,

Rtop(Sh, RM)) = T~ heop(T2, M),

. . (5.17)
dimgop (Sp, K(M)) = T~ dimyep (T7, M).
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Proof. By Corollary 2.6, the trace operator Ilp: X — A defines a Holder-continuous
homeomorphism whose Holder exponent is as close to 1 as desired for an appropriate
choice of the weight function in X (see (2.21) and (2.22)). Let us introduce the
homeomorphism & := IIj o . Then (5.16) follows immediately from (5.13). Since
the mean topological dimension is a topological invariant, it follows that the second
equality in (5.17) is obvious. The factor T~ appears because of the ‘time’ rescaling
(the semigroup (J;, M) is conjugate to (T1;, K) by means of k). To verify the first
equality of (5.17), we recall that x is Lipschitz in the sense of (5.14). Therefore,
since the modified topological entropy is invariant under Lipschitz homeomorphisms
and the formula (5.6) does not depend on the choice of the weight function ¢
satisfying the conditions of Proposition 5.2 with respect to the metric (5.3), it
follows that N R

Rtop(Thy £(M)) = T~ hiop(T7, M). (5.18)

Similarly, since Il is a Holder-continuous homeomorphism whose Holder exponent
is as close to 1 as desired, we have hop(Th, £(M)) = hiop(Sp, K(M)). This proves
Corollary 5.10.

Corollary 5.11. The mean topological dimension of the dynamical system gener-
ated by the equation (4.15) is strictly positive:

dimyop(Th, AT™) = dimep (S, A) = T~ > 0. (5.19)

Indeed, as is known [22], we have dimop(T;, M) = 1. Therefore, the esti-
mate (5.19) follows from (5.17).

The next result shows that any finite-dimensional dynamics can be realized, up
to a homeomorphism, by restricting Sy to the corresponding invariant set of the
attractor A of the equation (4.15).

Corollary 5.12. Let A be the global attractor of (4.15), let K C RN be an arbi-
trary compactum, and let F: K — K be an arbitrary homeomorphism. There is a
homeomorphic embedding 7: K — A such that

Snyrot(k)=7(Fk) for any k€ K. (5.20)

Proof. Indeed, by Corollary 5.10, it suffices to embed the dynamical system (F, K)
in (77, M). Moreover, without loss of generality we can assume that K C [—1,1]V.
In this case the desired embedding is given by the formula

7(k)(@) == (F™(k);, i=mN+j mji€Z 0<j<N-1, (521

where F(™ stands for the mth iteration of the map F and (k); for the jth coor-
dinate of a point & € [~1,1]N. Then the map 7 := &K o 7 obviously satisfies all
conditions of the corollary.

Remark 5.13. We recall that an abstract elliptic equation (0.4) can be formally
interpreted as a second-order evolution equation. Moreover, this interpretation is
partially justified (under the assumptions of Theorem 2.7) by constructing the con-
tinuous dynamical system (S, K) from the equation (0.4). However, in contrast to
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the case of evolution equations, the dynamical systems generated by elliptic equa-
tions are not Lipschitz in general (which means that we cannot set « = 0 in (2.18))
but only Hélder continuous, with Holder exponent as close to 1 as desired (as is
the case of the equation (4.15)). Since these systems can be non-Lipschitz, they
can have infinite-dimensional attractors with infinite topological entropy. More-
over, one can show by standard arguments that, if some equation satisfying the
conditions of Theorem 2.7 also admits the Lipschitz property

[Sh(21) — Sh(z2)llm < Qnlllz1llms/2 + [l22llms/2)ll 21 — 22|m1, z €K,

then the global attractor of this equation has finite fractal dimension, and hence
its topological entropy is also finite (as is the case for evolution equations).

Remark 5.14. We note that, as in the case of classical dynamical systems, our
embedding of a Bernoulli scheme in the trajectory dynamical system generated
by the equation (4.15) is based on finding an appropriate homoclinic orbit.
Indeed, the solution ¢ — (sint,cost, u(t)), where u(t) is the function constructed
in Theorem 4.1, is a homoclinic orbit with respect to the 2m-periodic solution
t + (sint,cost,0). However, in contrast to the classical case, in our situation we
can sum spatial shifts of the original homoclinic orbit with coefficients not only
in {0, 1} but also in the interval [—1,1] (see (5.15)). Moreover, Theorem 5.9 shows
that the periodic orbit (sint,cost,0) is ‘infinitely degenerate’. Indeed, in a neigh-
bourhood of this orbit we have a one-parameter family of 27-periodic orbits that is
parametrized by the constants v. € M, € € [—1, 1] (that is, v. (i) = e for i € Z). Sim-
ilarly, there is a two-parameter family of 4m-periodic solutions, a three-parameter
family of 6m-periodic solutions, and so on. The closure of this vast family of peri-
odic orbits defines the embedding (constructed in Theorem 5.9) of the Bernoulli
scheme (77, M).

Remark 5.15. Homeomorphic embeddings of the model dynamical system (77, M)
in the spatial dynamical system (J7,.A®8°P) acting on the attractor were construc-
ted in [39], [40] for a rather broad class of systems of reaction-diffusion equations
of the form (0.13). Moreover, it follows from the construction suggested there that
the image of M belongs to the strongly unstable manifold (with respect to the vari-
able of evolution) of some spatially homogeneous equilibrium state of the evolution
equation in question. Theorem 5.9 shows that (for some evolution equations in
unbounded domains) the spatially chaotic behaviour of this type can also happen
on the set K of equilibrium states, which is a priori much smaller than AP,
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