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where t; x 2 R and u = u(t; x) 2 Rd. The system is called hyperbolic if C is diagonalizableand has only real eigenvalues. Hence, without loss of generality we assume that C isdiagonal, viz. C = diag(c1; :::; cd). The whole theory presented below can be generalizedfrom right{hand sides f(u) to f(t; x; u) where f : R2�Rd! Rd is measurable and globallyLipschitz continuous in u. However, for notational simplicity we restrict ourselves toright{hand sides depending solely on u.A solution u of (1.1) is a function in L1loc(R2;Rd) which satis�es (1.1) in the senseof distributions. Our interest lies in sequences (un)n2N of solutions which have a Youngmeasure (YM) limit � 2 YMc(R2;Rd), written as un YM�!�, see the beginning of Section2 for a short introduction to YMs.De�nition 1.1 A YM � is called a Young{measure solution of (1.1) if it is the YMlimit of a sequence (un)n2N of solutions of (1.1) which is bounded in L1loc(R2;Rd).A pair (�; �) 2 YMc(R2;Rd)�YMc(R;Rd) is called a YM solution of the Cauchyproblem for (1.1) if there exists a sequence (un)n2N of solutions of (1.1) which is boundedin L1loc(R2;Rd) and satis�es un YM�!� in YMc(R2;Rd) and un(0; �) YM�! � in YMc(R;Rd).This de�nition implies that the set of all YM solutions of (1.1) is closed with respect tothe weak� topology. There is also the notion of `measure{valued solution' due to DiPerna([DiP85]) which is the same as ours if it is used in the strong sense, as for instancein [EK91]. However, often the notion of measured{valued solutions is used in a muchweaker sense enforcing equations only for simple averages, see Remark 3.2. To avoidmisunderstandings we thus stay with our naming.The Cauchy problem in the sense of YM solutions is to �nd � for a given �. Onesuch � is easily constructed as follows: Choose a sequence vn 2 L1loc(R;Rd) with vn YM�! �,then there exist weak solutions un 2 L1loc(R2;Rd) of (1.1) with un(0; x) = vn(x). Thefundamental theorem for YMs guarantees the existence of � such that un YM�! �, afterextracting a subsequence. The following questions are in order:Q1: Is � uniquely determinded by � ?Q2: How is �(0; �) related to � ?Q3: Is there an evolution equation for � such that it can be calculated directly from �,without using sequences (un)n2N?Such evolution equations for � allows us to describe microscopic e�ects macroscopically,and they are important if the qualitative behavior of �(t) for t!1 is to be studied, see[Tar87, The96, The97].Similar questions were already treated in [MPT85, Tar87, FBS94]; however, there YMsolutions are described by studying the evolution of their momentsE(t; x; �) = D�(t; x;du);Qdj=1(uj)�jERd;� 2 Nd0. If all moments E(t; x; �), � 2 Nd0, are known, then the measure �(t; x) canbe uniquely reconstructed. Yet, useful evolution equations for the moments can only be2



obtained for certain polynomial right{hand sides. Our analysis is much closer to the workin [JMR93, JMR95], where equations from nonlinear optics are studied.To explain our main ideas and results we need the notion of marginal measures. Ifun YM�!� 2 YMc(R2;Rd), then the marginal measures �j 2 YMc(R2;R) are either de-�ned by unj YM�!�j or by h�j(dvj);  j(vj)ivj2R= h�(dv);  j(vj)iv2Rd. From the vector ofmarginals, � = (�1; :::; �d) 2 (YMc(R2;R))d, it is generally not possible to reconstruct thefull measure �, unless it is equal to the product measure 
dj=1 �j . Notice that our choiceC = diag(c1; :::; cd) implies that �j is the marginal measure associated to the Riemanninvariant uj of @tu+ C@xu = f(u).A partial answer to the questions Q1 to Q3 is given in Section 8 where we show that,for Lipschitz continuous f and initial conditions �j(0; �) = �j , system (1.1) always has aunique product{measure solution, that is �(t; x) = 
dj=1 �j(t; x). Moreover, the vector ofmarginals � solves the evolution equation@t�j + cj@x�j + @uj�j[f (�)j (t; x; uj)] = 0; �j(0; x) = �j(x); for j = 1; :::; d; (1.2)where f (�)j is obtained from fj(u) by averaging all variables uk except for uj, see (3.12).We call this system the nonresonance system associated to (1.1). It will be the organizingcenter of this work.Obviously, product{measure solutions generalize the classical solutions u(t; x) in themost natural way as classical solutions are YM solutions in the form �(t; x) = �u(t;x) andpoint measures are always product measures. In this sense (1.2) can be understood as agenuine generalization of (1.1). In light of [JMR95] and of our results one should thinkas the product{measure structure as the generic case, while other measures occur onlyin special resonant situations. There is also an entropy argument favoring the productmeasure solutions. Assume that � is either purely discrete or has a density, such that theinformation entropy is de�ned. Then, the information entropy of � is smaller than theinformation entropy of 
d1 �j with equality if and only if � is the product measure, see[Ash65, Thm.1.4.3]. In our Example 6.2 we make a small comparison of the informationentropy for a general YM solution to the product measure solution.Our existence and uniqueness results for (1.2), given in Section 4, avoids the use ofthe moments E(t; x; �) and is based on ideas from transport theory for Vlasov systems,see e.g. [BaR91]. A similar approach is employed in [The96, The97] to study the YMsolutions of certain regularizations of a non{monotone wave equation. Our solutions areconstructed iteratively such that �n+1 is obtained by solving (1.2) where f (�)j is replacedby gnj = f (�n)j . Thus, the problem for �n+1 is linear and easily solved by transporting �along the characteristics. The key feature in transport theory is that it is much easierto set up a contraction argument for the mapping gn 7! gn+1 in place of the mapping�n 7! �n+1, see the proof of Theorem 4.1. Adding up, we can associate with (1.2) a 
owgroup (St)t2R on (YMc(R;R))d such that St � S� = St+� and �(t) = St(�) is the uniquesolution of (1.2). Moreover, t 7! St(�) is weak� continuous.3



In dimensions d � 2 the questions Q1 to Q3 can be answered completely. For d = 2and c1 6= c2 and f Lipschitz continuous, the YM � is uniquely determined by �, has theform � = �1 
 �2, and (�1; �2) solves (1.2). Moreover, �j(0; �) = �j implying �(0; �) 6= �in general. The product structure was already established in [Tar87, EK91, JMR93],and is a consequence of the div{curl lemma of Murat [Mur78] and Tartar [Tar79]. In[JMR95] the case d = 3 with wave speeds cj depending on (t; x) is treated: under certainnonresonance conditions (excluding the constant case) it is shown that � = �1 
 �2 
 �3by using `trilinear compensated compactness'.For d � 3 with constant cj the answer to question Q1 is no, in general. In Section6.2 we present a linear, uncoupled problem (f(u) = 0) where the marginals are uniquelydetermined, but � di�ers from the associated product measure on a bounded open set.This leads us to the restriction of our view to the marginals:Q1: Is � = (�1; :::; �d) uniquely determined by � = (�1; :::; �d) ?Q2: How is �(0; �) related to � ?Q3: Is there an evolution equation for � ?Theorem 3.5 answers question Q2 with �(0; �) = �, since the marginals of YM solutionsof (1.1) depend weak� continuous on time. Again using the div{curl lemma question Q1can be answered a�rmative if the right{hand side f satis�es the interaction conditionfj(u) = dXk=1 gj;k(uj; uk) for j = 1; :::; d: (1.3)Then, the evolution equation for � is again given by (1.2) and we have �(t) = St(�). Thisallows us, in particular, to solve all linear problems, see Section 6.1.Section 6.3 treats the well{known example (see [JMR93])(@t � @x)u1 = 0; @tu2 = 2u1u3; (@t + @x)u3 = 0; (1.4)which does not satisfy the interaction condition. We explicitly construct two YM solutions� and � for the same initial data � such that � and � are di�erent. Hence the answer toquestion Q1 is no, in general.In Section 7 we establish continuity properties of St as a mapping from (YMc(R;R))dinto itself. In the weak� topology continuity holds if the interaction condition (1.3) isvalid. However, there is another useful topology given by the Wasserstein distance forprobability measures: dW(�; �) = supf jh�; i � h�;  ij : Lip( ) � 1 g, see Section 2 formore deails. This distance is ideally suited for problems involving transfort of measures,for instance we obtaindistp(St(�);St(�)) � eLjtjdistp(�; �); distp(�; �) = �RRdW(�(x); �(x))pdx�1=p (1.5)where L is the Lipschitz constant of f . 4



Convergence in the Wasserstein metric distp implies weak� convergence but not viceversa. The interplay between these two topologies plays a crucial role in our existenceof product{measure solutions in Section 8. Considering initial data vnj (x) = Vj(x; n!jx)with Vj 2 C(R�T;R) we are able to show that vnj YM�! 
j and un YM�!� = 
d1 �j when-ever (!1; :::; !d) satis�es a nonresonance condition of small divisor type, cf. Lemma (8.2).Here h
j(x);  i = RT (Vj(x; z)) dz and h�j(x);  i = RT (eUj(t; x�cjt; z)) dz, where eU 2C(R2�T;Rd) solves the auxiliary system (8.3) which is a direct counterpart to the nonres-onance system (1.2). This weak� convergence follows by a direct and lengthy comparisonof unj (t; x) and eUj(t; x�cjt; n!j(x�cjt)); but now we can approximate general inital data� by a sequence 
m with 
m as above, such that dist1(
m; �) ! 0 for m ! 1. With(1.5) the associated YM solutions �m = 
dj=1 �mj converge to a limit �� which is again aproduct measure. In fact, to show �� = 
d1 ��j it is essential to have convergence in theWasserstein metric, since the set of product measures is not closed in the weak� topology.Acknowledgments. The author is grateful to J. Batt, F. Otto, G. Rein, and F. Theil forstimulating discussions. He is greatly indebted to L. Tartar for providing further insightsand motivations via [Tar96].2 Young measuresWe �rst give the main de�nitions and facts about Young measures (YM). Throughoutthis work we are concerned with sequences un : Rk ! Rd which are bounded in L1loc(Rk).That is, for each R > 0 there exists C = C(R) such that jun(y)j � C for all n 2 N andalmost every (a.e.) y with jyj � R (in the sense of the Lebesgue measure). Thus, we cansimplify the notion of YMs for our purposes. We refer to [Bal89] for a general treatmentand only give the de�nitions for our special case.Let M(Rd) be the set of (signed) Radon measures on Rd which is the dual space ofC00(Rd;R) (decaying continuous functions) equipped with the supremum norm. The dualpairing is written as h�; i = h�(du);  (u)iu2Rd = Zu2Rd  (u)�(du):A mapping � : Rk ! M(Rd) is called weak� measurable, if for each  2 C00(Rd;R) themapping x 7! h�(x);  i is (Lebesgue) measurable. By P(Rd) � M(Rd) we denote thesubset of probability measures, i.e. � is positive (h�; i � 0 for all  2 C00(Rd;R) with (y) � 0 for all y) and has mass 1 (h�; 1i = 1).Then, the set of YMs is de�ned asYMc(Rk;Rd) = f� : Rk ! P(Rd) : � weak� measurable ; diam[sppt(�(�))] 2 L1loc(Rk) g:The subscript c is used to denote the property of compact support. As usual � is identi�edwith the equivalence class of all mappings e� which satisfy e�(y) = �(y) almost everywhere.5



We use the following notion of weak� convergence of YMs:�n ��!�1 () 9R 2 L1loc(Rk) : diam[sppt(�n(x))] � R(x)g for a.e. x, and�8� 2 C0c (Rk) 8 2 C00 (Rd) : RRk �(y)h�n(y);  i dy �! RRk �(y)h�1(y);  i dy�:Here Ckc (Rd;R) denotes the functions in Ck(Rd;R) with compact support. The notioncontains an unusual assumption on the support of the sequences which guarantees thatalso the limit �1 has locally bounded support. For the present purposes this notionof convergence is su�cient, and it should be possible to generalize our theory to YMswithout bounded support using results from [SpT97].Given a Caratheodory function � = �(y; u) 2 Rm (i.e. � is measurable in y for allu and continuous in u for a.e. y) the pull back of a YM � 2 YMc(Rk;Rm) to a YMb� = ��� 2 YMc(Rk;Rd) is de�ned ashb�(y;dw);  (w)iw2Rm = h�(y;du);  (�(y; u))iu2Rd for all  2 Cc(Rm;R):A function u 2 L1loc(Rk;Rd) de�nes a YM � via �(y) = �u(y) where �a is the Diracmeasure located at y = a, i.e. h�a;  i =  (a). For a sequence (un)n2N we say that unconverges to the YM � if �un ��!� and write shortly un YM�!�. Every YM � can beapproximated by L1 functions, i.e. there exists un 2 L1loc(Rk;Rd) such that un YM�!�. Ofcourse YM limits are only interesting if the sequence un converges weakly but not strongly,since un ! u1 implies that the associated YM limit is � = �u1. The most importantconsequence of the YM construction is the ability to control the convergence of nonlinearfunctions of un. For every Caratheodory function g = g(y; u) we haveun YM�!� =) g(�; un(�)) YM�! g��: (2.1)The fundamental theorem for Young measures (see [Bal89]) states that for every se-quence (un)n which is bounded in L1loc(Rk;Rd) there exists a subsequence (unm)m and aYM � 2 YMc(Rk;Rd) such that unm YM�!� for m!1. Here we see an advantage of ourmore restrictive notion of convergence, since we do not need to worry about mass leakingout to in�nity.A YM � 2 YMc(Rk;Rd) de�nes a distribution on Rk�Rd via C1c (Rk�Rd) 3 � 7!RRk h�(y; du);�(y; u)iu2Rddy 2 R. Thus, partial derivatives @yi� and @uj� are well{de�nedin the sense of distributions. A term Du�(y)[h(y; u)] is de�ned via application of testfunctions �(y; u) = �(y) (u) as�Zy2Rk �(y)h�(y;du));Du (u)[h(y; u)]iu2Rd dy:Here and further on it su�ces to use test funtions in product form (�(y; u) = �(y) (u))since the set of �nite linear combinations of such products is dense in C1c (Rk�Rd).6



We need the notion of marginal measures and product measures. If J = fj1; :::; jmg �f1; :::; dg we shortly write wJ for (wj1 ; :::; wjm) 2 Rm and the marginal measure MJ� isde�ned by h(MJ�)(dwJ );  (wJ)iRm = h�(dw);  (wJ)iRd for all  2 C0c (Rm):If J = fjg we shortly write �j for Mfjg� which is the YM of the uj{component alone,namely unj YM�!�j . If J = f1; :::; dg n fjg we shortly write � 63j. For measures �j 2 P(Rmj)the product measure b� = �1 
 :::
 �n 2 P(Rm1+:::+mn) is de�ned viahb�(d(w1; :::; wn));  1(w1) � ::: �  n(wn)iRm =Qnj=1 h�j(dwj);  j(wj)iwj2Rmjfor all functions  j 2 Cc(Rmj;R). (The set of linear combinations of functions  1(w1) �::: �  n(wn) is dense in Cc(Rm;R) de�ning b� uniquely.) Point measures �u(t;x) are simpleexamples of product measures since �u(t;x)(du) = �1u1(t;x)(du1)
 :::
 �1ud(t;x)(dud).Throughout this work, it is important to distinguish between the two spaces X1 =(YMc(Rk;R))d and X2 = YMc(Rk;Rd). The product 
 is a mapping from X1 into X2,and taking the one{dimensional marginals gives a mappingM : (YMc(Rk;Rd) ! (YMc(Rk;R))d� 7! (�1; :::; �d) (2.2)Note that M
 is the identity on X1, but 
M projects X2 onto the product measures.We use the short{hand notation � = M� 2 (YMc(Rk;R))d for the d{tuple of marginalswhich is not to be confused with the d{dimensional YM � 2 YMc(Rk;Rd).An important tool in our transport theory for YM is the Wasserstein distance dWbetween two probability measures. For measures �1; �2 2 Pc(Rd) it is de�ned viadW(�1; �2) = supf h�1;  i � h�2;  i : Lip( ) � 1 g:According to [Rac91, Sect. 5.3] this is equivalent to the de�nition using the Kantorovich{Rubinstein functional:dW(�1; �2) = inff 
�(du;dv); ju� vj2�(u;v)2R2d : � 2 P(R2d);M� = (�1; �2) g;where M extracts the two marginal measures with respect to u and v, respectively. Seealso [Ott95, The96] for other applications of the Wasserstein distance to nonlinear partialdi�erential equation.From the �rst de�nition we see that the Wasserstein distance is easy to handle andworks in particular well together with Lipschitz continuous functions, thus allowing us toderive Gronwall estimates for di�erences of YM solutions. The transport of measures iscontinuous in the Wasserstein distance but discontinuous in the norm topology, e.g. fort 7! �t we have dW(�t; �s) = jt� sj but k�t� �sk = 2 for t 6= s. Moreover, we have a simpleestimate for the Wasserstein distance of product measures.7



Lemma 2.1 For �; � 2 (Pc(R))d we have dW(
�j ;
�j) �Pdk=1 dW(�k; �k).Proof: De�ne �(k) = [
k1 �j ] 
 [
dk+1 �l] implying �(0) = 
�l and �(k) = 
�j . For  2C(Rd;R) let  k=Ak 2 C(R;R) with  k(uk)=
[
k�1j=1 �j(duj)]
[
dk+1 �l(dul)];  (u)�u=2k .Now we estimatedW(
�j ;
 �l) �Pdk=1 dW(�(k); �(k�1))=Pdk=1 supf j
[
k�1j=1 �j]
 (�k � �k)
[
dl=k+1 �l];  � : Lip( ) � 1 g=Pdk=1 supf jh�k � �k; Ak i : Lip( ) � 1 g �Pdk=1 dW(�k; �k);where Lip(Ak ) � Lip( ) was used. �Since all YMs have locally bounded supports we can always restrict our view to a�nite ball BR = fu 2 Rd : juj � R g such that P(BR) � Pc(Rd). From [Rac91,Thm. 6.3.3] we know that (P(BR);dW) is a complete metric space. It contains the setfPn1 aj�uj : n 2 N; aj � 0; P aj = 1; uj 2 BR g as dense subset. We will use thefollowing helpful result.Lemma 2.2 The topology on P(BR) induced by the Wasserstein distance is identical tothe weak� topology of M(BR) restricted to P(BR).This is a direct consequence of the following general fact. Let X be a separable Banachspace such that the Banach space Y is densely and compactly embedded into X. Then,the weak� topology on the closed unit ball B in the dual space X 0 is identical to thetopology induced by the norm k � kY 0. To obtain Lemma 2.2 take X = C0(BR) andY = CLip(BR). See also [SpT97] for a more instructive direct proof.Using the Wasserstein distance we de�ne the Wasserstein metric on YMc(
;Rd) asfollows distp(�; b�) = �Zx2
(dW(�(x); b�(x)))pdx�1=p :Considering classical functions f; g 2 L1(
) as YMs we �nd distp(�f ; �g) = kf � gkLp.Convergence in this metric immediately implies weak� convergence but not vice versa. Inparticular, it is more di�cult to approximate a YM � in the metric distp(�; �) than in theweak� sense. We will need the following two approximation results.Lemma 2.3 Let 
 � Rm be open and bounded and � 2 YMc(
;Rd). Then, for each" > 0 there exists a continuous funtion g : 
�Rd! [0;1) such that dist1(�; 
) < " wherethe YM 
 is given by h
(x);  i = RRd g(x; u) (u) du.Proof: Choose R > 0 such that sppt(�(x)) � BR for a.e. x 2 
. Since x 7! �(x) 2P(BR) is weak� measurable, it is also measurable as a mapping into the metric space(P(BR);dW) due to Lemma 2.2. Hence, e��(x) = (vol(Bx;�))�1 RBx;� �(y) dy, where Bx;� =8



f y 2 
 : jx� yj < � g, exists in the sense of dW{convergence, lies in P(BR), and satis�eslim�!0 e��(x) = �(x) for a.e. x 2 
. Thus, we �nd � > 0 such that dist1(e��; �) < "=2.For � 2 (0; 1) we de�neg�(x; v) = he��(x);	�(u� v)iu2BR with 	�(w) = cd�d+1 maxf��jwj; 0g;where cd is chosen such that RRd	�dw = 1. Using g� as a density we obtain the YM
�. With j	�(v)�	�(w)j � cd��d�1jv�wj and continuity of x 7! e��(x) we concludecontinuity of g� in (x; u). Moreover,dW(e��(x); 
�(x)) = supf jhe��;  i � RBR g�(x; v) (v) dvj : Lip( ) � 1 g= supf jhe��(x);  � T� ij : Lip( ) � 1 gwhere T� (u) = RBR 	�(u� v) (v) dv. With jT� (u)�  (u)j =j R 	�(u� v)( (v)�  (u)) dvj � R 	�(u� v)Lip( )ju� vjdv = ecd�Lip( )we conclude dist1(e��; 
�) � ecd�vol(
). Thus, we �nd � > 0 such that dist1(�; 
�) �dist1(�; e��) + dist1(e��) < ". �The above results shows that YMs can be approximated by YMs having a densitywhich depends continuously on (x; u). The next result states that YMs can be approxi-mated by limits of fastly oscillating almost periodic functions in the following sense. LetV 2 C(R�T;R), with T= R=Z, and vn(x) = V (x; !nx) with ! 6= 0. Then, vn YM�! � withh�(x);  i = RT (V (x; z)) dz, see Proposition 8.4 for this result and a generalisation tohigher dimension.Proposition 2.4 For each � 2 YMc((a; b);R) and " > 0 there exists V 2 C([a; b]�T;R)such that dist1(�; �); " where � 2 YMc((a; b);R) is de�ned via h�(x);  i = RT (V (x; z)) dz.Proof: With Lemma 2.3 we �nd g 2 C([a; b]�[�R;R]; [0;1)) such that dist1(�; 
) < "=2where h
(x);  i = R g(x; v) (v) dv. For � 2 (0; 1) let g�(x; v) = �=(2R) + (1��)g(x; v),then the associated YM 
� satis�esdW(
(x); 
�(x)) � supfZjvj�R[�=(2R)+�g(x; v)]j (v)� (0)jdv : Lip( ) � 1 g � 2�R:We let � = 
� and obtain dist1(�; �) < " by choosing � su�ciently small.It remains to show that � can be represented by a suitable function V (x; z). To thisend use the distribution function G(x; v) = R v�R g�(x;w) dw which satis�es @vG(x; v) ��=(2R) for v 2 (�R;R). Hence, the inverse H(x; �) = G(x; �)�1 exists and satis�esH 2 C([a; b]�[0; 1]; [�R;R]). The desired function V is given by V (x; z) = H(x; j2z�1j)for z 2 [0; 1], where V (x; 0) = V (x; 1) allows us to take z 2 T. �9



3 Partial di�erential equationsBefore going to the general case we give some notations for the case of one single velocity,that is C = c1I. The associated hyperbolic problem is@tu+ c1@xu = f(t; x; u); u(0; x) = v(x) 2 Rd: (3.1)Here we also allow f to be a Caratheodory function (measurable in (t; x) and continuousin u). If f is Lipschitz continuous in u, the solution is given in the form u(t; x) =�(t; x � c1t; v(x � c1t)), where � is de�ned such that �(t) = �(t; y; �0) is the uniquesolution of _� = f(t; y + c1t; �), �(0) = �0.Recall that � is called a YM solution of (3.1) if it is the YM limit of a sequence (un)nof (weak) solutions of (3.1) which is bounded in L1loc(R2;Rd).Theorem 3.1 Every YM solution � 2 YMc(R2;Rd) of (3.1) satis�es@t�+ c1@x�+Du�[f(t; x; u)] = 0: (3.2)If f is Lipschitz continuous, then every YM solution (�; �) of the Cauchy problem (3.1)satis�es �(t; x) = �(t; x� c1t; �)��(x� c1t); (3.3)where �(t; y; �) is the 
ow mapping associated to the ODE _� = f(t; y + c1t; �).Proof: To show the �rst assertion we use that for any  2 C1c (Rd;R) the functionwn(t; x) =  (un(t; x)) is a weak solution of @twn + c1@xwn = Du (un)[f(t; x; un)]. Thismeans for every test funtion � = �(t; x) 2 C1c (R2;R)Z(t;x)2R2 h(@t�+c1@x�) (un) + �Du (un)[f(t; x; un)]id(t; x) = 0:Using un YM�!� we can go to the limit in each of the terms and obtain exactly (3.2).The second assertion follows easily since un(t; x) = �(t; x�c1t; vn(x�c1t)) is the formof the weak classical solution. As � is a Caratheordory function we �nd, by (2.1), thatun(0; �) YM�! � implies �(t; x) = �(t; x�c1t)��(x�c1t). �Remark 3.2 The notion of measure{valued solutions, as introduced by DiPerna [DiP85]and used in [EK91], is the same as our YM solutions. However, often it is used only inthe following very weak sense. For a general (quasilinear) equation@t[a(u)] + @x[b(u)] = f(u); (3.4)a YM � is called a measure{valued solution if@th�(t; x;du); a(u)iRd + @xh�(t; x;du); b(u)iRd = h�(t; x;du); f(u)iRd (3.5)10



holds in the sense of distributions. This is only a statement on the averages of thefunctions a; b, and f with respect to the YM, whereas our de�nition is concerned withthe full information on the measure. For instance,�(t; x) = �(t; x)��1 + �(t; x)�0+ (1��(t; x)��(t; x))�1; �; �; 1���� � 0; (3.6)is a measure{valued solution of (@t + c@x)u = 0 if and only if (@t + c@x)[1�2���] = 0.For a YM solution we need more: (@t + c@x)� = (@t + c@x)� = 0.One might hope that adding entropy conditions to (3.5) restricts the set of measure{valued solutions. Here the entropy condition reads (@t+c@x)h�; gi � 0 for all convex g,and for our � this is equivalent to (@t + c@x)� � 0. Hence, the above notion of measure{valued solutions (even including entropy conditions) is much weaker than that of YMsolutions used here. The former notion is mainly intended for problems where (3.5) isjust an intermediate step, and subsequently it is shown that � is in fact a point measure�u(t;x). Then, it is immediate that the function u = u(t; x) is a solution of (3.4). �At �rst sight a generalization of (3.2) for case of di�erent wave speeds cj might be@t�+ C@x� +Du�[f(u)] = 0; (3.7)which, of course, needs a suitable interpretation in the sense of distributions, namelyZ(t;x)2R2 D�(t; x;du);�@t�+CT@x�� �  (u) + � �Du (u)[f(u)]Eu2Rd d(t; x) = 0 (3.8)for all test functions � 2 C1c (R2;Rd) and  2 C1c (Rd;Rd). However, this is far too muchto ask for; in fact, it does not even allow for all classical solutions. This is easily seen bytaking d = 2, c1 6= c2, and f � 0. Then, u(t; x) = (sin(x�c1t); sin(x�c2t)) is a classicalsolution, but (3.8) is violated for �(t; x) = �u(t;x) and  such that  (u) = (u2; 0) for juj � 2.The problem is that the test functions  should be such that CDu (u) = Du (u)C for allu. Only under this condition we know that for any weak solution u of (1.1) the functionw(t; x) =  (u(t; x)) solves @tw + C@xw = Du (u(t; x))f(t; x; u(t; x)).We now assume that the system matrix C is diagonal with C = diag(c1; :::; cd) withall wave speeds cj di�erent. Then CDu (u) = Du (u)C can only hold for all u, if  has the form ( 1(u1); :::;  d(ud)). The case of having some multiple wave speeds is com-pletely analogous, if we take the corresponding component uj lying in Rmj with associatedmarginal measures �j 2 YMc(R2;Rmj). For the sake of simple notations we restrict our-selves to mj = 1, but in the general case everything is the same, word by word. (Thatexplains why we chose to prove Theorems 3.1 and 5.1 in the vector{valued setting.)The restriction to scalar test functions leads to a system of d coupled equations, viz.ZR2 h�(du); (@t�+cj@x�) (uj) + � 0(uj)fj(u)iu2Rd d(t; x) = 0 for j = 1; :::; d (3.9)for all test functions � 2 C1c (R2;R) and  2 C1c (R;R). Using the same argument as forthe �rst assertion of Theorem 3.1 we obtain the following result.11



Theorem 3.3 Every YM solution of (1.1) satis�es (3.9), respectively (3.10) below.The main problem with system (3.9) is that it is generally not enough to determinethe temporal evolution of YM solutions, even if suitable initial conditions are provided. Infact, (3.9) is no longer su�cient to determine the set of all YM solutions of (1.1) uniquely.Using the marginal measures � = (�1; :::; �d) = M� we can write (3.9) in a compactmanner: @t�j + cj@x�j = �@uj �Q(�)63j [fj(�)]� j = 1; :::; d; (3.10)where Q(�)63j [g(�)](t; x) is the measure on R de�ned by  7! h�(t; x;du);  (uj)g(u)iu2Rd,and thus is exactly the average of g with respect to the conditional measure of � underthe condition uj.The formulation of (3.10) shows the obvious problem that the left{hand side onlycontains the marginals �j whereas on the right{hand side the full measure � is neededwhich generally cannot be reconstructed from the vector of marginals � = (�1; :::; �d).Moreover, we must recall that (3.10) necessarily holds for any YM solution � of (1.1).However, Theorems 5.1 and 5.3 show that in cases with d � 2 the validity of (3.10) is notsu�cient for � being a YM solution.Thus, we propose an alternative to the correct system (3.10). This is found by assum-ing that � is the product measure 
 �j. Whence, the closure problem of going from themarginals � to the full measure � disappears. The arising system is called the nonreso-nance system, and the question arises how the solutions of this system are related to thecorrect solutions. The nonresonance system reads@t�j + cj@x�j + @uj�j[f (�)j (t; x; uj)] = 0; j = 1; :::; d; (3.11)holds, where the functions f (�)j are de�ned viaf (�)j (t; x; uj) = � 
k 6=j �k(t; x;duk); fj(u)�u63j2Rd�1: (3.12)The function f (�)j is thus the average of fj with respect to all variables except for uj, andthe following result holds by a simple comparison of the de�nitions of the terms.Lemma 3.4 If � = 
dj=1 �j then Q(�)63j [fj(u)] = f (�)j (uj)�j.For general YM solutions � this formula does not hold, see Example 6.3.The nonresonance system (3.11) governs the marginals � =M� in the case when � isa product measure, see also [JMR93, JMR95]. However, its importance reaches further,and we summarize some of it here:(1) We can prove existence and uniqueness of solutions if initial conditions � are added.We can de�ne a 
ow St on (YMc(R;R))d such that �(t) = St(�), see Section 4.12



(2) Every solution of (3.11) de�nes a YM solution � = 
d1 �j of (1.1), even if there areother YM solutions which are not in product form. This fact, which is proved in Section 8,cannot be deduced from (3.10) since this is only a necessary condition for a YM solution.(3) Under certain interaction conditions on f (see (5.3)), the marginals � =M� of everyYM solution � automatically satisfy the nonresonance system (3.11), even if � itself isnot a product measure.We now make explicit in what sense a YM solution � attains initial conditions.Theorem 3.5 Let � be a YM solution of (1.1). Then for all j = 1; :::; d the mappingst 7! �j(t; �) 2 YMc(R;R) are weak� continuous.Proof: If � is a YM solution then there exists a sequence un of solutions such thatun YM�!� and in particular unj YM�!�j .Take any test functions �; 2 C10(R;R), then (@t+cj@x)unj is essentially bounded overn 2 N on the support of �. Denote this bound by K. Thus, we �nd��� Rx2R�(x) (unj (t; x)) dx� Rx2R�(x) (unj (t+�; x)) dx���� ��� Rx2R�(x)h (unj (t; x))�  (un(t+�; x+cj� ))idx���+��� Ry2Rh�(y�cj� )� �(y)i (unj (t+�; y)) dy���� k�kL1k 0kL1Kj� j+ k�0kL1k kL1jcj� jSince the last term does not depend on n we can go to the limit n!1 in the �rst termand obtain RR�(x)h�j(t+�; x);  i dx = RR�(x)h�j(t; x);  i dx + O(j� j) for di�erentiabletest functions. By density of C1 in C0 and boundedness of t 7! RR�(x)h�j(t; x);  i dx thecontinuity holds for all test functions. �This results allows us to prescribe initial conditions in the form �j(0; �) = �j 2YMc(R;R). It is not clear whether a similar continuity results holds for the full measure�. Yet, the sequence un(t; x) = (cos(n(x+t)); sin(n(x�t))) provides a simple examplefor a sequence such that un YM�!� 2 YMc(R2;R2) and un(0; �) YM�! � 2 YMc(R;R2) wheret 7! �(t; �) is weak� continuous but �(0; �) 6= �. In fact, � is a product measure, which isindependent of (t; x), and � is the x{independent measure of uniform distribution on thecircle u21+u22 = 1.4 Existence and uniquenessWe prove existence and uniqueness for the nonresonance system (3.11).Theorem 4.1 Assume that f : Rd! Rd is bounded and globally Lipschitz continuous u.Then, for any given � 2 (YMc(R;R))d there exists a unique solution � 2 (YMc(R2;R))dof system (3.11) satisfying the initial condition �(0; �) = �.13



For the proof we set up an iteration scheme of Banach{Picard type as is usually donefor semilinear wave equations. However, this is not possible in the space of YM sincethe norm in the space of measures is much too strong. We therefore use an idea well{known in the theory of transport equations of Vlasov type, see [BaR91]. This idea saysthat iterations should better be done on the characteristic curves along which the massis transported. For the present result we will in fact iterate the right{hand sides f (�)j ina suitable function space. If convergence to a limit f�j occurs, then the desired solutions��j are found by Theorem 3.1.Proof: To set up the iteration procedure de�ne the mapping � = S(g) (the notion gindicates that g is a d{tuple of scalar funtions of the form (g1(u1); :::; gd(ud))T ) whichassociates with g the unique solutions � of (3.11) with right{hand sides gj and initialconditions �j . Moreover, we de�ne g = R(�) by averaging the �xed function f accordingto (3.12).We start by letting �(1)(t; �) = �, then f (n) = R(�(n)) and �(n+1) = S(f (n)) de�nes theiteration. Instead of studying the mapping �(n+1) = S �R(�(n)) in the space of YM, it ismuch more convenient to consider the mapping f (n+1) = T (f (n)) with T = R �S which iseasier to handle since d scalar functions are iterated.We de�ne a function space Z such that T is well de�ned on Z = Zd:Z = f g : R2�R! R : g measurable ; jg(t; x; �)j � C;and jg(t; x; �)� g(t; x; �)j � Lj�� �j for a.e. t; x and all �; � g;where C and L is the L1{norm and the Lipschitz constant of f . The space Z is a completemetric space (closed subset of a Banach space) when the normkg � hkZ = supf jg(t; x; �)� h(t; x; �)je�3Ljtj : t; x 2 R; � 2 Rd gis used.For each � 2 (YMc(R2;R))d the function g = R(�) lies always in Z, since averagingdoes neither increase the L1{bound nor the Lipschitz constant which are given from f .Moreover, for each g 2 Z the 
ow mappings �j associated with (3.11) are globally wellde�ned such that the mapping S : Z ! (YMc(R2;R))d exists. Thus, T = R � S maps Zinto itself. Our aim is to show that T is a contraction. For g; h 2 Z we want to estimateT (g) � T (h). To that end we solve for each j and y 2 R the ODEs_� = gj(t; y + cjt; �); �(0) = 
0; _� = hj(t; y + cjt; �); �(0) = 
0:The associated 
ow maps are called �j and 	j, respectively. A Gronwall estimate givesj�j(t; y; 
)�	j(t; y; 
)j = j�(t)� �(t)j � e3Ljtj2L kgj � hjkZ; (4.1)since jgj(t; z; �)� hj(t; z; �)j � Lj� � �j+ e3Ljtjkgj � hjkZ.14



The two measures solving (3.11) with initial condition � and nonlinearity g and hare denoted by �g and �h, respectively, such that �gj = �j ��j and �hj = 	j ��j . Hence,bg = T (g) has the formbgj(t; x; uj) = � 
k 6=j �k(y;dwk); fj(�1(t; y; w1); :::; uj; :::;�d(t; y; wd))�Rd�1; y = x�cjt;and the analogous expression for bh = T (h) holds. Employing (4.1) and the Lipschitzcontinuity of fj in uk, k 6= j, leads us tojbgj(t; x; uj)� bhj(t; x; uj)j � Le3Ljtj2L kgj � hjkZfor a.e. (t; x) and all uj. But this is the desired result kT (g)� T (h)kZ � 1=2 kg � hkZ.The unique �xed point f� de�nes a unique YM �� = S(f�), which is the solution ofour problem. �Thus, we have obtained global existence and uniqueness of solutions for the nonreso-nance system (3.11). Together with the continuity result in Theorem 3.5 we are able tode�ne the 
ow mapping (St)t2R associated with (3.11) bySt : ((YMc(R;R))d ! (YMc(R;R))d� 7! �(t; �): (4.2)Then, St has the group property St �S� = St+� for all t; � 2 R. In Section 7 we study thecontinuity properties of St with respect to the argument �. From Theorem 3.5 we knowthat the map t 7! St(�) 2 YMc(R;R) is weak� continuous; now we can say more.Proposition 4.2 The mapping t 7! �j(t; x�cjt; �) 2 M(R) is continuous in the Wasser-stein distance, that is dW(�j(t; x�cjt); �j(s; x�cjs)) = O(jt�sj) for t! s.Proof: From jfj(u)j �M we deduce j�j(t; x�cjt; uj)��j(s; x�cjs; uj)j � jt�sjM . Thus,dW(�j(t; x�cjt); �j(s; x�cjs)) =supLip( )�1 jh�j(0; x);  (�j(t; x�cjt; �))�  (�j(s; x�cjs; �))i �M jt�sj;where h�(0; x); gi � kgk1 was used. �At the end of this section we provide an estimate on the variance Var(�j) of themarginals �j . For any measure � 2 M(R) we haveVar(�) = h�;w2iw2R� (h�;wiw2R)2 = D�(dv); 
�(dw); 12(v�w)2�w2REv2R:With Lj;j = supf j@ujfj(u)j : u 2 Rdg we obtain the following result.15



Proposition 4.3 For each j and t 2 R we have the estimatee�2Lj;jjtjVar(�j(0; x)) � Var(�j(t; x� cjt)) � e2Lj;jjtjVar(�j(0; x)): (4.3)Proof: We recall that �j(t) is just the pull back of �j with respect to the 
ow mapping�j, namely �j(t; x) = �j(t; x�cjt; �)��j(x�cjt). Hence,Var(�j(t)) = 
�j(t;dv); 
�j(t;dw); 12(v�w)2��= 
�j(dv); 
�j(dw); 12(�j(t; v)� �j(t; w))2��;where the argument x�cjt was suppressed for notational convenience. Now the resultfollows from the Lipschitz continuity of �j(t; �) and �j(t; �)�1 with Lipschitz constanteLj;jjtj. �As in [FBS94] we say that �j has microstructure in the point (t0; x0) if it lies in thesupport of the function Var(�j(�; �)). The above proposition shows that microstructure istransported along characteristics and can neither be generated nor be destroyed in �nitetime. This is of course due to our assumption that the oscillations in each characteristicdirection are nonresonant.5 Convergence resultsWe are now asking under what conditions the marginals � of a general YM solutions � of(1.1) solve the nonresonance system (3.11). Some results of this section are well{known(see e.g. [Tar87, JMR93]), however we state and prove them for completeness. To thisend we use the theory of compactness through compensation in the form of the div{curllemma in [Mur78, Tar79]. The basic observation for our semilinear hyperbolic problem isthat oscillatory behavior of unj can only occur perpendicular to the characteristics givenby x = y + cjt. Thus, if we have just two di�erent wave speeds, the oscillations occur inlinearly independent directions and the YM limit has to be a product measure.Theorem 5.1 Consider vn 2 L1loc(R2;Rk) and wn 2 L1loc(R2;Rm) and assume that thereexists b; c 2 R such that the sequences vn; wn; (@t+b@x)vn, and (@t+c@x)wn are boundedin L1loc(R2). Moreover, assume vn YM�! � 2 YMc(R2;Rk), and wn YM�!! 2 YMc(R2;Rm).Then, if b 6= c, we have (vn; wn) YM�! � 
! 2 YMc(R2;Rk+m).Proof: The result is equivalent toRR2 �(t; x) 1(vn(t; x)) 2(wn(t; x)) d(t; x)! RR2 �(t; x)	1(t; x)	2(t; x) d(t; x);where 	1(t; x) = h�(t; x;dev);  1(ev)iRk; 	2(t; x) = h!(t; x;dew);  2(ew)iRm (5.1)16



for all test functions �,  1 and  2. The convergence of vn and wn towards � and !,respectively, just means that  1(vn) ��!	1 and  2(vn) ��!	2. The desired result (5.1)is equivalent to having  1(vn) 2(wn) ��!	1	2. We let gn = ( 1(vn); b 1(vn))T and hn =(c 2(wn);� 2(wn))T such that divgn = (@t + b@x) 1(vn) = Dv 1(vn)[(@t + b@x)vn] andcurlhn = Dw 2(wn)[(@t + c@x)wn] are bounded in L1. Now, the div{curl lemma assertsthat the scalar product gn �hn = (c�b) 1(vn) 2(wn) converges weak� to the scalar productof the weak� limits of gn and hn, namely (c�b)	1	2. This is the desired result. �Since for every weak solution un which is bounded in L1loc the functions (@j + cj@x)unjare equal to fj(un(t; x)) and thus also bounded in L1loc, Theorem 5.1 states that for everyYM solution � of (1.1) the two{dimensional marginals Mfj;kg� are, because of cj 6= ck,always product measures, namely Mfj;kg� = �j 
 �k: (5.2)This fact was found already in [Tar87, EK91, JMR93]. In [JMR95] the generaliza-tion Mfj;k;lg� = �j 
 �k 
 �l is shown for cases of generic nonconstant wave speedscj(t; x); ck(t; x); cl(t; x). Additionally, a generalization of the following theorem to `tripleinteractions' is given there.Theorem 5.2 Assume that f is continuous and that � is a YM solution of (1.1). If allcj are di�erent and if the functions fj satisfy the interaction conditionfj(u) = dXk=1 gj;k(uj; uk); j = 1; :::; d; (5.3)with continuous funtions gj;k, then � =M� 2 (YMc(R2;R))d is a solution of (3.11).Under the additional assumption that f is Lipschitz continuous, the marginals � of anyYM solution � of (1.1) are uniquely determined by the initial conditions � 2 (YMc(R;R))dand have the form �(t) = St(�).This result does not say that (5.3) implies � = 
�j. The importance is that even without� being a product measure we still can conclude that (3.11) is true. In particular, all linearsystems satisfy (5.3) and, thus, can be solved explicitly, see Section 6.1. In Section 6.2 wepresent an example with f � 0 such that (3.11) trivially holds but still � is not a productmeasure. In [JMR95, Sect.5.1] condition (5.3) is called `propagation of compactness'.Proof: Since (3.10) holds for every YM solution, the only thing we have to show is that,under the given assumptions, the identity @ujQ(�)63j [fj(u)] = @uj�j [f (�)j (uj)] holds (compareto Lemma 3.4). Since fj =Pk gj;k it su�ces to show the identity for each term separately:h�(du);  0(uj)gj;k(uj; uk)iRd = 
(Mfj;kg�)(d(uj; uk));  0(uj)gj;k(uj; uk)�R2= 
�j(duj);  0(uj)h�k(duk); gj;k(uj; uk)iR�R= D�j(duj);  0(uj)g(�)j;k (uj)ER;17



where we have used (5.2) for the second identity. �Since condition (5.3) is trivially satis�ed for d � 2 we have proved that the 
owmapping St of (4.2) describes the general YM solutions of (1.1). For dimension d � 3 nosuch description of all YM solutions exists (note however the generalizations in [JMR95]to the case cj(t; x)). Nevertheless, it is possible to give some nontrivial restrictions onYM solutions by using a tool which generalizes YM and is called H{measure in [Tar90]and defect measure in [Ger91]. We give a short introduction in Appendix A.Theorem 5.3 Let � 2 YMc(R2;Rd) be a YM solution of (1.1). Take any three im 2f1; :::; dg such that cin 6= cim for n 6= m. Then for all �m 2 C00(R;R),m = 1; 2; 3, and a.e.(t; x) we have��
�;Q3m=1(�m(uim)� E�m)��� � 1p2Q3m=1 h�m; (�m(um)� E�m)2i1=2; (5.4)for a.e. (t; x), where E�m(t; x) = h�im(t; x); �m(uim)i.In the case of four components with ci1 6= ci2 and ci3 6= ci4 we have��
�;Q4m=1(�m(uim)� E�m)��� �Q4m=1 h�im ; (�m(uim)� E�m)2i1=2: (5.5)These estimates follow from Theorems A.2 and A.3 respectively, when we apply them tothe sequences wnim = �m(unim) � E�m where un YM�! �. Note that application of H�older'sinequality only gives ��
�;�N1 (�m(uim)�E�m)��� � �N1 
�im ; (�m(uim)�E�m)N�1=N , whichhas worse exponents for N � 3.The interaction condition (5.3) can be reformulated for f 2 C2 by usingKj;k;l = supf j@uk@ulfj(u)j : u 2 Rdg:Then, (5.3) is equivalent to Kj;k;l = 0 for (k; l) 2 Rj = f(k; l)2f1; :::; dg2 : k 6=l 6=j 6=kg.The importance of Kj;k;l was known before (cf. [Tar96]), since it enables us to control thestrength of oscillations in the j component. The strength of oscillation �j for the sequenceunj is de�ned as the variance of the marginal �j :�j(t; x) = Var(�j(t; x)) = 
�j(t; x;dv); (v� Ej)2�Rwith Ej(t; x) = h�j(t; x;dv); viR:Here Ej is the expectation value of �j which is the weak� limit of unj .For the nonresonant case we provided a simple estimate in Proposition 4.3. For thegeneral case, there is a result due to L. Tartar [Tar96]:Theorem 5.4 Let j 2 f1; :::; dg be given. Assume that all Kj;k;l, (k; l) 2 Rj, and �j =supf @ujfj(u) : u 2 Rdg are �nite and that ck 6= cj for k 6= j. If � is a YM solution of(1.1), then the following di�erential inequality holds:(@t+cj@x)�j � 2�j�j+2 X(k;l)2RjKj;k;l h�(t; x;du); juj�Ej j juk�Ekj jul�EljiRd (5.6)18



Proof: It su�ces to consider the case j = 1, since all coordinates are similar. In theweak form of (@t + c1@x)(un1)m = m(un1)m�1f1(un) we can pass to the limit by using theYM convergence and obtain the weak form of(@t + c1@x)�1 = 2h�(du); u1f1(u)iRd � 2E1h�(du); f1(u)iRd: (5.7)The right{hand side takes the form 2h�(du); (u1�E1)(f1(u)�f1(E))iRd. We estimate thisexpression by using an elementary representation formula holding for all C2{functions,f1(E1; u2; :::)� f1(E) =Pdk=2 R 10 @ukf1(E1; us2; :::; usd) ds (uk �Ek)=Pdk=2 R 10 @ukf1(E1; :::; usk; Ek+1; :::) ds (uk �Ek)+ 2P(k;l)2R1 R 10 R 10 @ul@ukf1(E1; ust2 ; :::; usk; ustk+1; :::)sdtds (uk�Ek)(ul�El)with the short{hand usn = un + s(En � un). The terms in the �rst sum are in fact equalto f1(E1; :::; uk; Ek+1; :::)�f1(E) and Theorem 5.1 can be applied givingh�(du); (u1 �E1)[f1(E1; :::; uk; Ek+1; :::)� f1(E)]iRd= h�1(du1); u1�E1iRh�k(duk); f1(E1; :::; uk; Ek+1; :::)� f1(E)iR= 0:Hence, taking care of the additional term f(u)�f(E1; u2; :::), the right{hand side in (5.7)can be estimated from above byD�(du); 2�1(u1 � E1)2 + 2ju1 � E1jP(k;l)2R1K1;k;ljuk � Ekjjul � EljERd:This establishes the desired result. �Exploiting (5.4) we derive a di�erential inequality for the strength of oscillations.Corollary 5.5 Under the assumptions of Theorem 5.4 we have(@t + cj@x)�j � 2�j�j + 2�1=2j P(k;l)2RjKj;k;l �1=2k �1=2l : (5.8)Proof: Let (i1; i2; i3) = (j; k; l) and eEm = h�im ; juim�Eim ji, then eEm � �1=2im and
�;Q31 juim �Eim j� = D�;Q31(juim � Eim j � eEm)E +Q31 eEm� 1p2Q31[D�im ;Q31(juim � Eimj � eEm)2E]1=2 +Q31 eEm= 1p2Q31[�im � eE2m]1=2+Q31 eEm� maxf 1p2Q31(1 � �2m)1=2 +Q31 �m : �m 2 [0; 1] gQ31 �1=2im =Q31 �1=2im :Here Theorem 5.1 was used for the �rst equality and (5.4) for the �rst estimate. �If allKj;k;l = 0 for all (k; l) 2 Rj , then the variable uj cannot develop oscillations if �j iszero at t = 0, even if nonlinear interactions take place through fj. This is compatible with19



our existence theorem and the representation of the solution using the one{dimensional
ow mapping �j as in Theorem 3.1. In fact, if condition (5.3) is satis�ed, then we knowthat the marginals �j satisfy the nonresonance system (3.11), and thus estimate (4.3)holds.If condition (5.3) is violated such that one Kj;k;l is non{zero, then non{zero �k�lcan generate nontrivial �j. Note that �j � 0 is just one solution of the di�erentialinequality, but the right{hand side is not Lipschitz continuous such that the classicalGronwall estimate does not hold. The example in Section 6.3 provides such a case,namely �1 = �3 � 1=4 and �2 = t2=12.There are situations where estimate (5.8) is useful for problems not satisfying condition(5.3). In some applications one knows a{priori that for certain j the components unj donot oscillate but have a strong limit u1j . Let us assume that these components haveindizes j = m+1; :::; d. Then, we can relax the interaction condition (5.3) tofj(u) = mXk=1 gj;k(uj; uk; um+1; :::; ud); j = 1; :::; d: (5.9)Theorem 5.6 Assume that f satis�es the relaxed interaction condition (5.9). Let � bea YM solutions of (1.1) with �j(t; x) = �wj(t;x) for j = m+1; :::; d. Then, � = M� is asolution of (3.11).Under the additional assumption that f is Lipschitz continuous, the marginals � ofany YM solution � of (1.1) are uniquely determined by (3.11) and the initial conditions� 2 (YMc(R;R))d with �j = �wj(x) for j = m+1; :::; d.The proof of this statement is an easy generalization of the above results, hence weomit the details. Notice that under the assumptions of the theorem in (5.8) each term inthe sum over Rj vanishes: either Kj;k;l or �k�l is equal to 0.A typical application is the semilinear wave equation@2tw = @2xw + g(w; @tw; @xw); w(0; x) = w0; @tw(0; x) = w1(x):Letting u = (@tw + @xw; @tw � @xw;w)T we obtain@tu+0B@�1 0 00 1 00 0 01CA @xu = 0B@ h(u)h(u)(u1+u2)=21CA ; u(0; x) = 0B@w1 + @xw0w1 � @xw0w0 1CA ;where h(u) = g(u3; (u1+u2)=2; (u1�u2)=2). For this system a sequence of initial conditionsneeds @xwn0 and wn1 bounded, hence the initial condition for u3 is automatically convergent.Thus, u3 is the non{oscillating component, and since the right{hand side in the u3{equation is (u1 + u2)=2 the relaxed interaction condition (5.9) is satis�ed for any g.20



6 Some examples6.1 Linear coupled systemsFor the linear system (with cj 6= ck)(@t + cj@x)uj = �juj +Pk 6=j aj;kuk; j = 1; :::; d;with initial conditions � there is a simple way to calculate the marginals �(t) = St(�) ofany YM solution �. Since interaction condition (5.3) holds, the marginals � satisfy (3.11).With the mean value Ej = h�j ; uji we arrive at(@t + cj@x)�j + @uj�j[�juj +Pk 6=j aj;kEk] = 0; �j(0; �) = �j:Testing this equation with  j(uj) = uj we obtain the linear system(@t + cj@x)Ej = �jEj +Pk 6=j aj;kEk; Ej(0; x) = h�j(x); uji;which is a classical linear hyperbolic system. It can be solved iteratively as in the proofof Theorem 4.1. As soon as all Ek are known, we let gj(t; x) =Pk 6=j aj;kEk(t; x) and �nd�j(t; x) = �j(t; x�cjt)��j(x�cjt); where �j(t; y; w) = e�jtw + R t0 e�j(t�s)gj(s; y�cjs) ds:Thus, each marginal �j is a a�ne linear transformation of the inital value on the givencharacteristic. Coupling only occurs on the level of the mean values.6.2 Nonuniqueness in an uncoupled linear systemWe consider three uncoupled linear equations(@t + cj@x)uj = 0; with c1 < c2 = 0 < c3 (6.1)having the solutionsunj (t; x) = H(�j(yj)nyj + �j(yj)); where yj = x� cjt (6.2)where H(s) = H(s + 2) with H(s) = 1 for s 2 [0; 1) and H(s) = 0 for s 2 [1; 2). Thefunctions �j are arbitrary functions in L1(R) whereas �j is assumed to be positive andpiecewise constant.Since H attains the values 0 and 1 with equal distribution it is immediate thatunj YM�!�j = 12(�0 + �1) for all (t; x) and j = 1; 2; 3. The full YM � 2 YMc(R2;R3) isin general not independent of (t; x), however its support is concentrated in the �niteset f0; 1g3. Knowing the marginals �j explicitly and using the fact that the three two{dimensional marginals are product measures with equal mass in each of the four points(cf. (5.2)), we conclude that �(t; x) is uniquely determined by the function
(t; x) = �(t; x; f(1; 1; 1)g):21



Obviously, wn ��! 
 where wn = un1un2un3 . Our construction shows that it is possible togenerate quite general functions 
(t; x).Given the above form of the solutions unj we can calculate 
 explicitly as follows. Let(t0; x0) be a point such that �j and �j are continuous in x0 � cjt0. Then,1jQ(";t0;x0)j R(t;x)2Q(";t0;x0)wn(t; x) d(t; x);where Q("; t0; x0) = f (t; x) : jx�x0�c1(t�t0)j < "; jx�x0�c3(t�t0)j < " g;can be approximated up to an error O(1)"!0 (uniformly in n) by�n" (t0; x0) = 14"2 Rjy1 j;jy3j<" H(�1n(z1+y1)+�1)H(�2n(z2+ c3y1�c1y3c3�c1 )+�2)H(�3n(z3+y3)+�3) d(y1; y3)where �j and �j are evaluated at zj = x0�cjt0. Hence, 
(t0; x0) = lim"!0 limn!1 �n" (t0; x0)whenever the limit exists.Proposition 6.1 The limit limn!1 �n" exists and is independent of ". De�ne�1(t0; x0) = c3�2(x0�c2t0)(c3 � c1)�1(x0�c1t0) ; �3(t0; x0) = �c1�2(x0�c2t0)(c3 � c1)�3(x0�c3t0) ;and the function F : R ! R by F (s) = (s2 � s)=4 for s 2 [0; 1], F (�s) = F (s) andF (s + 2) = F (s) for s 2 R. Then, 
(t0; x0) is given as follows: If �j = pjqj for qj; pj 2 Nsuch that pj=qj is relatively prime and if q1; p1; q3, and p3 are odd, then
(t0; x0) = 18 � r3q21p1q23p3F (q1q3e�=r)where r = gcd(q1; q2) (greatest common divisor) and e� = �2 � p1�1=q1 � p3�3=q3. In allother cases for (�1; �3) we have 
(t0; x0) = 1=8.Proof: We �rst consider the case that either �1 62 Q or �3 62 Q, then �n" (t0; x0) ! 1=8for n !1. This follows from the fact, that at least in one of the integration directionsyj the integrand is really quasiperiodic.Now assume �j = qj=pj relatively prime. The integrand of �n" is now periodic in(y1; y3), and for n!1 we �nd the limit14 R(�1;�3)2(0;2)2H(q1�1 + �1)H(p1�1 + p3�3 + �2)H(q3�3 + �3) d(�1; �3)= 14 R�32(0;2)Wq1;p1(p3�3 + e�)H(q3�3) d�3which is independent of ". W is found by integration with respect to �1:Wq1;p1(s) = R�12(0;2)H(q1�1)H(s + p1�1) d�1 =Pq1�1k=0 R (2k+1)=q12k=q1 H(s+ p1�) d�= 12 +Pq1�1k=0 1p1hF 0(s+ (2k + 1)p1=q1)� F 0(s+ 2kp1=q1)i = 12 � 2(q1p1mod2)q1p1 F 0(q1s):22



Here we used the relation H(s) = 1=2 + F 00(s). The last equality is easily deduced fromW 0(y) = 1p1 P2q1�1n=0 (�1)n+1H(y+np1=q1) which is identically 0 for even q1p1 and equal to2p1 [12 �H(q1y)] for odd q1p1.The integration with respect to �3 yields
 = 14Pq3�1k=0 R (2k+1)=q32k=q3 Wq1;p1(e� + p3�3) d�3= 18 � q1p1mod22q1p1 M(q1e�) with M(s) =Pq3�1k=0 R (2k+1)=q32k=q3 F 0(s+ q1p3�3) d�3:Now, M can be expressed as M(s) = 1q1p3 P2q3n=1(�1)n+1F (s+ nq1p3=q3). If q1 = req1 andq3 = req3 with r = gcd(q1; q3) then eq1p3=eq3 is relatively prime, and we obtainM 00(s) = rq1p3 P2eq3n=1(�1)n+1F 00(s+ neq1p3=eq3) = �2r(eq1p3eq3mod2)q1p3 F 00(eq3s)implying M(s) � 0 for even eq1p3 and M(s) = �2rq1p3eq23F (eq3s) for odd eq1p3. Putting every-thing together the result is established. �Conjecture. For every YM solution � of (6.1) with sppt(�(t; x)) � f0; 1g3 the estimatej
(t; x)�1=8j � 1=16 holds for a.e. (t; x) 2 R2.From jF (s)j � 1=16 we immediately conclude that all solutions constructed above satisfythe assertion in the conjecture. However, we were not able to prove the result for gen-eral YM solutions. The H{measure theory provides a nontrivial bound as well, namelyj
(t; x)�1=8j � p2=16, see (5.4)We now restrict ourselves to the case c1 = �1; c2 = 0, and c3 = 1 for simplicity.Moreover, we assume �2 � 2 such that �j(t; x) = 1=�j (x � cjt). The functions �j,j = 1; 3, are chosen piecewise constant such that �j(x) = 1 if x 2 (�1; 1) and �j(x) = 2else. Hence, Proposition 6.1 implies
(t; x) = 18 �( 0 for jx+ tj > 2 or jx� tj > 2;�(t; x) for jx+ tj < 2 and jx� tj < 2;where �(t; x) = F (�1(x+t)� �2(x) + �3(x�t)). The functions �j are completely arbitrary.Thus, we have constructed a YM solution � 2 YMc(R2;R3) of (6.1), which deviatesfrom the product of its marginal measures �j = 12(�0+ �1) on an open bounded subset ofR2. This implies that it is not possible to solve initial value problems uniquely.In this case the YM solution �(t; x) is supported on the eight points in S = f0; 1g3, suchthat it is possible to de�ne the discrete information entropy Entr(�) = �Pu2S pu log(pu)where pu = �(fug). Since pu either equals 
 or 1=4�
 depending on whether the numberof 1's in u is odd or even, we have Entr(�) = �4[
 log 
 + (1=4�
) log(1=4�
)] whichassumes its maximum value log 8 for 
 = 1=8. Thus, the above example shows that theinformation entropy of a YM solution may increase as well as decrease with time.23



6.3 A nonlinear exampleWe treat a system of three equations which was already used in [JMR93]. It showsthat oscillations in some components can generate oscillations in other components. Thisprovides an example where even the marginal measures �j are not uniquely determined.Consider the system(@t � @x)u1 = 0; @tu2 = 2u1u3; (@t + @x)u3 = 0; (6.3)which has wave speeds 1; 0, and +1. We associate the YM initial conditions�1(0; x) = �3(0; x) = 12(�0 + �1); �2(0; x) = �0:There is a unique product{measure solution � = �1
�2
�3 (see Theorem 8.1) solvingthe nonresonance system which is given explicitly in (7.1) below. Since the �rst and thirdequations are decoupled we have �j(t; x) = 12(�0+�1) for all (t; x) and j = 1; 3. Averagingthe right{hand side of the second equation according to (3.12) gives the constant 1=2.Thus, the u2{component has the point measure �2(t; x) = �t=2. This product{measuresolution is also easily obtained by considering the sequence of solutions un with initialconditions un1(0; x) = H(nx); un3 (0; x) = H(!nx); un3(0; x) = 0; (6.4)where H is de�ned directly after (6.2) and ! = 2 or ! 62 Q.Since interaction condition (5.3) does not hold, we can expect more general solutions.We consider the sequence bun of solutions given by the initial values in (6.4) but now with! = 1. Integrating along the characteristic for bun2 , the integrand is periodic, and we �ndbun2(t; x) = Z t0 2H(n(x � s))H(n(x+ s)) ds = tG(xn) +R(t; x; n)with G(s) = G(s + 1) = G(�s) and G(s) = 2s for s 2 [0; 12 ] and R(t; x; n) = O(1=n)n!1uniformly in (t; x) 2 R2. The marginal measure �2(t; x) is distributed uniformly betweenu2 = 0 and u2 = t. For t > 0 the joint measure �(t; x) has its support concentrated onfour line segments in R3, namely sppt(�(t; x)) = fu 2 R3 : u1; u3 2 f0; 1g; u2 2 [0; t] g.A geometric consideration of the periodic functions H(n(x�t)) and tG(nx) givesh�(t; x);  iR3 = R t0 f (0; v; 0)+ (1; v; 1)g v2t2 dv + R t0 f (1; v; 0)+ (0; v; 1)g t�v2t2 dv: (6.5)We now show by explicit calculation that �, de�ned by (6.5), solves (3.10), i.e.,(@t � @x)�1 = 0; @t�2 + @u2�2 = 0; (@t + @x)�3 = 0;where �2(t; x) = Q(�)632 [2u1u3](t; x) 2 M(R) can be calculated explicitly from (6.5) to giveh�2;  i = R t0  (v)v=t2dv, cf. the de�nition of Q after (3.10). The �rst and third equationsare trivial since �1 = �3 = 12(�0+ �1) which is independent of (t; x). The second equation24



takes the form RR2[h�2(t; x); @t� i + h�2; � 0i] d(t; x) = 0 for every � 2 C1c (R2;R) and 2 C1c (R;R). Employing h�2;  i = R t0  (v)=tdv we obtain the desired resultRR2 �@t� R t0  (s)=tds+ � R t0  0(s)s=2t2 ds�d(t; x)= RR2 ��nR t0  (s)=t2 ds�  (t)=to+ �n (t)=t� R t0  (s)=t2 dso�d(t; x) = 0:Here we have �2 = (u2=t)�2 6= f (�)2 (u2)�2 = 12 �2 which contrasts nicely with the resultof Lemma 3.4 since � is not a product measure.For this solution the oscillation strengths are �1 = �3 = 1=4 and �2 = t2=12. With�2 = 0 and K2;1;3 = 2 the di�erential inequality (5.8) can be justi�ed, viz.t=6 = (@t+0@x)�2 � 0�2 + 4(�1�2�3)1=2 = jtj=p12:7 Continuity properties of StIn this section we study the continuity properties of the 
ow St de�ned in (4.2) whichde�nes via �(t) = St(�) the solutions of the nonresonance system (3.11). An importantobservation is that continuity with respect to the weak� topology does not hold with-out assumptions further assumptions. Consider again system (6.3) treated above. Theassociated nonresonance system is given by@t�1 � @x�1 = 0; @t�2 + @u2�2[2h�1; u1ih�3; u3i] = 0; @t�3 + @x�3 = 0: (7.1)The solution �1(t) = St(�1) with initial conditions �11 = �13 = 12(�0+�1) and �12 = �0is given by �11 (t; x) = �13 (t; x) = 12(�0+�1) and �12 (t; x) = �t=2. Moreover, the classicalsolutions bun given in Section 6.3 de�ne also solutions �n = St(�n) of (7.1) via �nj (t; x) =�bunj (t;x). These solutions satisfy �n ��! �1 and �n ��!��(t) for n ! 1, where ��j = �1jfor j = 1; 3 but h��2;  i = 1t R t0  (u2) du2. Hence, ��2(t) 6= �12 (t) for t 6= 0, and St is notweak� continuous.Thus, it is not surprising that our positive result concerning the weak� continuityinvolves the interaction condition (5.3).Theorem 7.1 Assume that f is globally Lipschitz continuous and satis�es the interactioncondition (5.3). Then, for each t 2 R the 
ow mapping St is weak� continuous from(YMc(R;R))d into itself.Proof: We have to show that �n ��! �1 implies �n(t) = St(�n) ��! �1(t) = St(�1). Weuse Theorem 5.2 (involving the interaction condition) and the fact that the set of all YMsolutions of (1.1) is weak� closed.To each �n we can associate a YM solution �n 2 YMc(R2;Rd) such that M�n(0; �) =�n. By Theorem 5.2 we then know that M�n = �n. On the other hand, after extracting25



a subsequence if necessary, there is � 2 YMc(R2;Rd) with �n ��! �. Since � also is a YMsolution we conclude again that � = M� has the form �(t) = St(�(0)). It remains toshow �n(t) ��! �(t) in (YMc(R;R))d and �(0) = �1.We choose a function � 2 C10(R;R) with � � 0 and RR�(t) dt = 1. As in the proof ofTheorem 3.5 we obtain the following estimate: for any '; 2 C10(R;R) we have����ZR2 1"�("(s� t))'(x)h�j(s; x);  i d(s; x)� ZR'(x)h�j(t; x);  i dx���� � C" (7.2)for any marginal measure �j of any YM solution � of (1.1). Here C depends only on theL1loc{bounds for diam[sppt(�(�))] and on the test functions. Applying (7.2) to �nj and �jand taking the di�erence gives���RR'(x)
�nj (t; x)� �j(t; x);  �dx���� 2C"+ ���RR2 1"�("(s� t))'(x)
�nj (s; x)� �j(s; x);  � d(s; x)��� :With �nj ��! �j in YMc(R2;R) we conclude �nj (t; �) ��! �j(t; �) in YMc(R;R) for each t.Moreover, since �nj (0; �) = �nj we conclude �1j = �j(0; �). �Next we establish continuity properties of St in the stronger topology de�ned by theWasserstein metric. This approximation result will be useful in the next section. For thispart we do not need any interaction condition on the nonlinearity f(u).Our aim is to compare the solutions �(t) = St(�) and �(t) = St(�) if the distancebetween � and � is controlled. We recall the de�nition of the Wasserstein distancedW(�; b�) = supf jh�; i � hb�; ij :  2 C1(Rm;R); k 0kL1 � 1 gfor �; b� 2 Pc(Rm). We de�ne the functionsaj(t; x) = dW(�j(t; x); �j(t; x))and show that these functions can be controlled by their values at t = 0.Theorem 7.2 Let Lj;k = supf j@ukfj(u)j : u 2 Rd g. Then, for all pairs (�; �) of solutionsof (3.11) the positive functions aj 2 L1loc(R2;R) de�ned above satisfy the inequalityaj(t; x) � eLj;jjtjaj(0; x�cjt) + Z t0 eLj;j(t�s)Dj(s; x�cj(t�s)) ds; j = 1; :::; d; (7.3)where Dj(t; x) =Pk 6=j Lj;kak(t; x).Proof: The solutions � and � are de�ned via the averaged functions gj(t; x; uj) =f (�)j (t; x; uj) and hj(t; x; uj) = f (�)j (t; x; uj). Using Lemma 2.1 we �nd the estimatejgj(t; x; uj)�hj(t; x; uj)j = j� 
k 6=j �j(t; x;duk)� 
k 6=j �j(t; x;duk); fj(u)�j � Dj(t; x): (7.4)26



The 
ow mappings �j and 	j are de�ned via fj and gj , respectively, such that �j(t; y +cjt) = �j(t; y)��j(0; y) and similarly for �j. Both mappings are Lipschitz continuous withconstant eLj;jjtj. We �ndaj(t; y+cjt)=supf h�j(0; y);  (�j(t; y; �))i�h�j(0; y);  (	j(t; y; �))i : Lip( ) � 1 g�Lip(�j(t; y; �))dW(�j(0; y); �j(0; y))+ supf h�j(0; y);  (�j(t; y; �))�  (	j(t; y; �))i : Lip( ) � 1 g�eLj;jjtjaj(0; y) + supf j�j(t; y; �)�	j(t; y; �)j : � 2 R g: (7.5)The estimate between the 
ow mappings is obtained from the estimate for gj � hj . Let�(t) = �(t; y; �) and �(t) = 	(t; y; �) such that _� = gj(t; y+cjt; �) and similarly for �.Using (7.4) we �nd j�(t)��(t)j � R t0 [Lj;jj�(s)��(s)j+Dj(s; y+cjs)] ds. With Gronwall'sinequality we �nd the �{independent bound j�(t)��(t)j � R t0 eLj;j(t�s)Dj(s; y+cjs) ds.Inserting this into (7.5) for y = x�cjt we obtain the desired inequality (7.3). �Note that the integral inequalities give rise to an upper bound for a(t; x) in the formaj(t; x) � bj(t; x) for t � 0 where b(t; x) is the solution of the linear hyperbolic system@tbj + cj@xbj =Pdk=1 Ljkbk for t � 0; and b(0; x) = a(0; x):This follows simply by comparing the Picard iterations for b with the correspondingiterations of inequality (7.3). The classical Lp estimates for this linear equation lead tothe following useful continuity result for St.Corollary 7.3 Let L = maxfLj;k : j; k = 1; :::; d g and p 2 [1;1]. Then, for each�; � 2 (YMc(R;R))d we havedistp(St(�);St(�)) � eLdjtjdistp(�; �); t 2 R;where distp(�; �)p = Rx2RPdj=1(dW(�j(x); �j(x)))pdx with the usual modi�cation in thecase p =1.Of course these results can be localized to �nite domains by using the �nite propagationspeed.8 Product measure solutionsThe main goal of this section is the following result.Theorem 8.1 Let f : Rd! Rd be bounded and globally Lipschitz continuous and cj 6= ckfor j 6= k. Then, for all � 2 (YMc(R;R))d equation (1.1) has a YM solution � in productform, � = 
dj=1 �j . It is uniquely determined by �(t) = St(�).27



This theorem con�rms that product{measure solutions play a distinguished role in theset of all YM solutions. However, for d � 2 there are always other YM solutions, even inthe linear case, see Example 6.2.The proof of this theorem is the content of this section and consists of the followingsteps. First we consider �j which can be approximated by functions vnj (x) = Vj(x; �(j)n x)with �(j)n ! 1 and Vj 2 C(R�T;R), where T= R=Z. This de�nes solutions un and wehave to control their oscillations in order to exclude resonances. One possible way is touse oscillation frequencies �(j)n of di�erent order, for instance equal to nj. We use anotherapproach with all oscillations of the same length scale by letting �(j)n = n!j , where thefrequency vector ! = (!1; :::; !d) satis�es certain nonresonance conditions which are well{known in the theory of quasiperiodic motions, cf. [SiM71]. Thus, it is possible to show thatunj (t; x) has asymptotically the form eUj(t; x�cjt; n!j(x�cjt)), where eU 2 C(R2�T;Rd)is determined by (V1; :::; Vd). From this we conclude un YM�! 
d1 �j with h�j(t; x);  i =Rz2T (eUj(t; x�cjt; z)) dz. In a �nal step we use Proposition 2.4 to show that all initialdata � can be approximated in the Wasserstein metric dist1 by inital data of the aboveform. With the continuity of St in the metric dist1 we conclude the existence of the YMsolution in product form, since convergence in the Wasserstein distance is �ne enough topreserve the product structure.For the frequencies !j in vnj (x) = Vj(x; n!jx), Vj 2 C(R�T;R), we use the followingnonresonance condition.Lemma 8.2 For each " > 0 there exists ! 2 Rd such that for all j = 1; :::; d and allp 2Zd n f0g the following estimate holds:dXk=1 pk!k � "jpj�d�1; and if pj = 0 then Xk 6=j pk!k(ck � cj) � "jpj�d�1: (8.1)Proof: The result is a little di�erent from the standard small denominator estimates,since we have to satisfy d+1 di�erent estimates simultaneously with only one set of !j.However, the proof is almost identical to the classical one, cf. [SiM71].To construct a suitable !, we study for each j 2 f0; :::; dg and p the size of the set
(j; p) of points which violate (8.1) (here j = 0 stands for the �rst estimate not involvingcj). Since 
(j; p) lies between two hyperplanes with distance 2"jpj�d+1 the volume ofthe intersection of 
(j; p) with B(r) = f! : j!j � r g is less than 2bd�1"rd�1jpj�d�1,where bd�1 is the volume of the unit ball in Rd�1. Summing over all j and p 6= 0 weobtain that the volume of Sj;p
(j; p) intersected with B(r) is less than bbdrd�1", wherebbd = (d+1) bd�1Pp6=0 jpj�d�1 <1. Hence, making r su�ciently large there is an ! 2 B(r)which does not lie in any of the sets 
(j; p). �We now study weak solutions un of (1.1) which satisfy the initial conditionsunj (0; x) = Vj(x; n!jx); j = 1; :::; d: (8.2)28



With inspiration from [MPT85, JMR93] we construct an auxiliary solution eun in the formeunj (t; x) = eUj(t; x�cjt; n!j(x�cjt)), where the functions eUj satisfyeUj(t; yj; zj) = Vj(yj; zj)+ R ts=0 f�j (eU1(s; yj;1(s); �); :::; eUj(s; y1; zj); eUj+1(s; yj;j+1(s); �); :::) ds (8.3)where yj;k(s) = yj�(ck�cj)s, z 63j = (z1; :::; zj�1; zj+1; :::) 2 Td�1, and f�j is de�ned asf�j ((eU1(�); :::; eUj�1(�); uj; eUj+1(�); :::; eUd(�)))= Rz63j2Td�1 f(eU1(z1); :::; eUj�1(zj�1); uj; eUj+1(zj+1); :::; eUd(zd)) dz 63j:Proposition 8.3 Assume Vj 2 C(R�T;R) and f : Rd ! Rd is globally Lipschitz con-tinuous. Then, (8.3) has a unique global solution eU 2 C(R2�T;Rd).Proof: This result follows exactly by the scheme of proof for Theorem 4.1. �From the construction of eU and eun it is clear that the limits eunj YM�!�j exist withh�j(t; x;dv);  (v)iR= R 1zj=0  (eUj(t; x; zj)) dzj (8.4)and that the marginals � satisfy the nonresonance system (3.11), that is �(t) = St(�).However, the following lemma tells us more: the YM associated to eun is in fact the productmeasure generated by the marginals.Proposition 8.4 Let ! 2 Rd satisfy (8.1), assume eU 2 C(R2�T;Rd), and de�ne eun viaeunj (t; x) = eU(t; x�cjt; n!j(x�cjt)). Then, eun YM�!� = 
dj=1 �j with �j given in (8.4).Proof: For each � and  j we have to show that RR2 �(t; x)Qj  j(eunj (t; x)) d(t; x) con-verges towards RR2 �(t; x)Qj Rzj2T j(eU (t; x�cjt; zj)) dzj d(t; x). However, this followsimmediately from the special form of eun and Theorem B.1 below, if we set g(t; x; z) =Qdj=1  j(eUj(t; x� cjt; zj)). �It remains to compare the true solutions un of (1.1) with initial conditions (8.2) withour auxiliary funtions eun. If we show un � eun ! 0 in L1loc(R2), then un converges to thesame YM as eun which is the product measure 
�j . Since, on the one hand, each un isa classical solution and, on the other hand, � satis�es the nonresonance system (3.11),we can conclude that (1.1) always has one YM solution which is a product measure and,thus, the unique solution of (3.11).Proposition 8.5 Let f be Lipschitz continuous in u and let ! 2 Rd satisfy (8.1). Assumethat the initial condition � 2 (YMc(R;R))d is given via V 2 C(R�T;Rd) such thatvnj (x) = Vj(x; n!jx) YM�! �j. Then, the solutions un of (1.1) with un(0; x) = vn(x) satisfyun YM�!� and � has the form � = 
�j with �(t) = St(�).29



Proof: It remains to show that the di�erence wn = un � eun converges strongly to zero.This will be done by deriving a Gronwall estimate for wn. The integral equation for unj ,in the case j = 1, readsun1(t; y1) = V (y1; n!1y1) + Z t0 f1(un1(s; y1); un2 (s; y1;2(s)); :::) ds:with yj = x�cjt and yj;k(s) = yj � (ck�cj)s. We de�ne a sequence of auxiliary functionsUn 2 C(R2�T;Rd) satisfyingUn1 (t; y1; z1) = V (y1; z1) + Z t0 f1(Un1 (s; y1; z1); Un2 (s; y1;2(s); n!2y1;2(s)); :::) ds;and similarly for Unj . The existence of these functions Un follows again by a contractionmapping argument as in the proof of Theorem 4.1. The construction is done exactly suchthat unj (t; x) = Un(t; x�cjt; n!j(x�cjt)) and wnj (t; x) = W n(t; x�cjt; n!j(x�cjt)), whereW n = Un � eU . Taking the di�erence of the two integral equations, the di�erence W n isestimated by Lipschitz continuity as follows:jW nj (t; yj; zj)j � Z ts=0 L dXk=1 supzk2TfjW nk (s; yj;k(s); zk)jgds+ ��� Z t0 �j(n; s; yj; zj) ds���where �1(n; s; y1; z1) is de�ned asf1(eU1(s; y1; z1); eU2(s; y1;2(s); n!2y1;2(s)); :::)� Rz6312Td�1 f1(eU1(s; y1; z1); eU2(s; y1;2(s); z2); :::) dz 631and similarly for �j(n; s; yj). With c� = maxf jcj�ckj : j; k = 1; :::; d g and any givenT > 0 we thus have �n(t) � L R t0 �n(s) ds + R(n; t) for t 2 [0; T ], where �n(t) =kW n(t)kL1([c�(t�T )t;c�(T�t)]�T) andR(n; t) = supf jZ �0 �j(n; s; yj; zj) dsj : j=1;:::; d; zj 2 T; 0���t; jyjj�c�(t�� ) g:Gronwall's estimate and the monotonicity of R in t yields �n(t) � eLtR(n; t).Hence, it is su�cient to show that R(n; t) converges to 0 for n ! 1. But this is aconsequence of Theorem B.2 below, since �1 has the form�1(n; s; y1; z1) = g1(s; y1; z1; n!2(y1 + (c2�c1)s); :::; n!d(y1 + (cd�c1)s))where g1 2 C(R2�Td) with Rz 6312Td�1 g(s; y1; z) dz 631 = 0 by the de�nition of �1. Note thatg only needs to be considered on the compact domain f (s; y1; z) : s 2 [0; T ]; jy1j �c�(t� s); z 2 Tdg where it is uniformly continuous. �We are now ready to prove the main result by approximation in the Wasserstein metric.30



Proof of Theorem 8.1: For � 2 (YMc(R;R))d there exists, according to Proposition 2.4,a sequence 
n such that distL1((�n;n))(
n; �) < 1=n and 

nj (x);  � = Rz2T (V nj (x; z)) dzwith V nj 2 C(R�T;R). (Here we used the subscript L1((a; b)) in the Wasserstein distanceto indicate that this approximation is only valid on a bounded domain.) Thus, Proposition8.5 is applicable which provides YM solutions �n = 
dj=1 �nj with �n(t) = St(
n). Thecontinuity of St, shown in Corollary 7.3, gives distL1((a;b))(�n(t); ��(t)) ! 0 with ��(t) =St(�) for all bounded intervals (a; b) � R. With Lemma 2.1 this impliesdW(�n(t; x);
��j (t; x)) = dW(
�nj (t; x);
��j (t; x)) =Pdk=1 dW(�nk (t; x); ��k)! 0for a.e. (t; x). Hence, �n ��!�� = 
��j and the weak� closedness of the set of YM solutionstells us that �� is the desired solution. �A H{measures and multilinear productsIn this appendix we provide a result concerning the product of three sequences of weaklyconverging functions. To this end we use the H{measure as introduced in [Tar90], thesame object is called defect measure in [Ger91]. Let un be a sequence converging weaklyto zero in L2(Rm;Rd), then there exists a subsequence nk and a family Hij of complex{valued Radon measures on Rm�Sm�1 such that for every test function �1; �2 2 C0(Rm; C )and every function � 2 C(Sm�1; C ) the identityDHij(dx;d�); �1(x)�2(x)�(!)E(x;!)2Rm�Sm�1= limk!1 R�2Rm[Fm(�1unki )(�)][F(�2unkj )(�)]�(�=j�j) d� (A.1)holds, where denotes complex conjugation and Fm the m{dimensional Fourier trans-form. The martix (Hij) of complex{valued measures is called the H{measure of thesubsequence unk . The function � 2 C(Sn�1) allows us to detect in which direction �=j�jthe oscillations are dominant.Our application involves in fact sequences which are bounded in L1loc(Rm). Thereforeno concentration e�ects can occur, and we considerHij as a family �ij(x) 2 M(Sm�1) suchthat hHij(dx;d!); �(x)�(!)i = RRm �(x)h�ij(x;d!);�(!)i dx. In particular, unki unkj ��!h�ij(�); 1Sm�1i which follows easily from the de�nition if � � 1, since then the Fouriertransform can be undone by Parseval's identity. We also have positive de�niteness, �ij =�ji and Pdi;j=1 �i�j�ij � 0 for all �k, which we will use in the formjh�ij ;�ij2 � h�ii;�ih�jj ;�i (A.2)for all � 2 C(Sm�1). This and all the following estimates have to be understood asestimates for scalar measurable functions which hold for a.e. x 2 Rm.For Young measure solutions of semilinear hyperbolic systems we have additionalinformation by using the di�erential equations. Now we restrict the analysis to x =(x1; x2) 2 R2. 31



Lemma A.1 Let � = (c; s) 2 S1. Assume that unj as well as (s@x1 � c@x2)unj = gn arebounded sequences in L1loc(R2;R) converging weakly to zero and that (unj )2 ��! vj. Then,the associated H{measure is �jj(x) = vj(x)12(�� + ���).This results says that the oscillations of unj are perpendicular to the characteristicdirection and the amplitude is given by the weak limit vj of (unj )2. The fact that �jj islocalized in the points � and �� is the contents of Theorem 1.6 in [Tar90]. The massis equally distributed between the two points since �jj is invariant under the involution�idS1.The classical result of compactness through compensation follows easily from (A.2)and Lemma A.1 if �i 6= ��j: from (A.2) we know that the support of �ij(x) lies in theintersection of the supports of �ii(x) and �jj(x), but this is empty and hence �ij � 0which means uni unj ��! 0.Theorem A.2 Let �j = (cj; sj) 2 S1 for j = 1; 2; 3 such that �j 6= ��i for i 6= j. Assumethat (un1 ; un2 ; un3) as well as (sj@x1 � cj@x2)unj = gnj be bounded sequences in L1loc(R2)converging weakly to zero. Then,h (unj )2 ��! vj and un1un2un3 ��! 
 i =) h 
2 � 12v1v2v3 i: (A.3)Proof: Since H{measures are constructed to deal with bilinear product we de�ne un4 =un1un2 . Using �1 6= ��2 the compactness through compensation (cf. Theorem 5.1) givesun4 = un1un2 ��! 0; (un4)2 = (un1)2(un2)2 ��! v1v2:We now apply the H{measure theory to the pair (un3 ; un4) and obtain, after choosing asuitable subsequence, the measures �33; �34; and �44 such that
 = h�34; 1S1i; v3 = h�33; 1S1i; v1v2 = h�44; 1S1i:Together with (A.2) this implies the desired result except for the factor 1=2.To obtain the better result we use that �33 is concentrated with equal weight in �3and ��3. Again using (A.2) we conclude that �34 is concentrated in these two points andthus, 
2 = h�34; 1S1i2 = �34(f�3;��3g)2 � �33(f�3;��3g)�44(f�3;��3g):Since v3 = �33(f�3;��3g) the result is established if we show �44(f�3;��3g) � v1v2=2.This will follow from an additional symmetry of �44 which stems from the fact that un4is the product of two functions which have oscillations in linearly independent directions.De�ne the map T : R2! R2 viaT� = �(R�2��)�1 + �(R�1��)�2; with R = �01 �10 � and � = 1=(c1s2 � s1c2);32



and the induced mapping T : S1! S1;! 7! T (!) = T!=jT!j. If the symmetryT��44(x) = �44(x) for a.e. x 2 R2 (A.4)holds, we have �44(fT (��3)g) = �44(f�3g). However, since �3 is di�erent from ��1;��2we have four points of equal mass. Hence,�44(f�3;��3g) = 12�44(f�3;��3;T (�3);�T (�3)g) � 12h�44; 1S1i = 12v1v2:It su�ces to prove (A.4) for Lebesgue points, since they form a set of full measure. Apoint y is called Lebesgue point if lim"!0 1�"2 Rjx�yj<"h�44(x);�idx = h�44(y);�i for each� 2 C(S1). Our next construction reduces the analysis to the case gnj � 0 which makesthe functions constant along characteristics.Take any such y and de�ne the funtions eunj (x) = unj (y + �j�(x�y) �j), which satisfyjun(x) � eun(x)j = O(jx � yj) uniformly in n by our assumptions. To see this use thedi�erential equation along the characteristics and integrate gnj . Extracting a suitablesubsequence we �nd eunj ��! ej with jej(x)j = O(jx� yj).Consider bunj (x) = eunj (x)� ej(x), then(sj@x1 � cj@x2)buni = 0; bunj ��! 0; junj (x)� bunj (x)j = O(jx� yj):Extracting a further subsequence bun4 = bun1bun2 de�nes an H{measure b�44 which satis�esZjx�yj�"hb�44(x);�idx = Zjx�yj�"h�44(x);�idx+O("3)by comparing the arguments in the respective limits in (A.1). We �nd that y is also aLebesgue point for b�44 and b�44(y) = �44(y). Hence, it su�ces to show (A.4) for b�44(y).Without loss of generality we can also take y = 0.The symmetry of b�44 deduces from the product form bun4(x) = wn1 (�1�x)wn2 (�2�x) wherewnj (s) = unj (s�j). For test functions �(x) =  1(�1�x) 2(�2�x) with  j 2 C0(R; C ) we �ndF2(� bun4)(�) = det(A) [F1( 1wn1 )(Ae1��)] [F1( 2wn2 )(Ae2��)]where A is the inverse of the matrix (�1; �2)T . In particular, Aej = (�1)j�R�j anddetA = �. Using the trivial relation Fm(z)(��) = Fm(z)(�) we can now change the signof Aej�� for j = 1 and 2 independently. With T TAej = (�1)jAej we concludeRR2 jF2(�bun4)(�)j2�(T (�=j�j)) d� = RR2 jF2(�bun4)(T�)j2�(T (�=j�j)) d�= RR2 jF2(�bun4)(�)j2�(�=j�j)) d�where the substitution � = T� was used. Taking the limit n!1 we obtain the desiredresult since it su�ces to test with functions in product form. �We note that the above constant 12 in (A.3) is optimal. It is attained for the functionsunj (t; x) = cos(bjn(x�cjt)) with b = (1; 2; 1) and c = (1; 0;�1), where vj � 1=2 and
 = 1=4. For products of four functions we have the following result.33



Theorem A.3 Let �j = (cj; sj) 2 S1 for j = 1; : : : ; 4 such that �1 6= ��2 and �3 6= ��4.Assume that unj as well as (sj@x1 � cj@x2)unj = gnj be bounded sequences in L1loc(R2)converging weakly to zero. Then,h (unj )2 ��! vj and un1un2un3un4 ��! 
 i =) h 
2 � v1v2v3v4 i:Proof: As in the proof of Theorem A.2 we can associate H{measures �kl, k; l = 5; 6, tothe sequences un5 = un1un2 and un6 = un3un4 such that
 = h�56; 1S1i; v1v2 = h�55; 1S1i; v3v4 = h�66; 1S1i:Now the result is a consequence of (A.2). �B Quasiperiodic averagingTheorem B.1 Let ! 2 Rd be chosen such that (8.1) holds. If g 2 C0(R2�Td;R), thenthe sequence hn de�ned by hn(t; x) = g(t; x; n!1(x�c1t); :::; n!d(x�cdt)) satis�esZR2 �(t; x)hn(t; x) d(t; x)! ZR2 �(t; x)ZTd g(t; x; z) dz d(t; x) for all � 2 C0c (R2): (B.1)Proof: We proceed as in classical ergodic theory [SiM71], and �rst assume that g is(d+1){times continuously di�erentiable in the z variable. Then, g has a Fourier seriesexpansion g(t; x; z) = Xp2Zd gp(t; x)e2�ip�zwhose coe�cients are continuous in (t; x) and satisfy the estimate jgpj � C(1 + jpj)�d�1.Note that the right{hand side in (B.1) is exactly the integral of �g0. Hence, after sub-stracting the average we may assume that g0 � 0 such that it remains to show that theleft{hand side converges to zero.Given a positive " there is, by uniform continuity, a positive � such that j�(t; x) ��(s; y)j; jg(t; x; z) � g(s; y; z)j � "=(2k�k1kgk1) whenever jt�sj + jx�yj � �. Assumesppt(�) � [�N�;N�]2, then��� ZR2 �hn d(t; x)� N�1Xk;l=�N ZQk;l �(k�; l�)g(k�; l�; n!1(x�c1t); :::; n!d(x�cdt)) d(t; x)��� � "=2where Qk;l = [k�; (k+1)�]�[l�; (l+1)�]. Thus, it remains to make each of the integralsover Qk;l small. Here we use n!1, g0(k�; j�) = 0 and the small divisor estimate (8.1).Using that Qk;l is a square and the estimate j R �0 eiasdsj � minf�; 1=ag we �nd��� RQk;l Pp6=0 gp(k�; l�)e2�inp�[x!�tC!] d(t; x)����Pp6=0 jgpjminf�; 1=(2�njp � !j)gminf�; 1=(2�njp � C!j); 1=(4�2n2jp � !j jp � C!j)g�Pp6=0Cjpj�d�1minf�; jpjd+1=(2�c0n)g� � eC(�)n�1=(d+1):34



This proves the result since � and N is �xed (for �xed ") and hence each integral over Qk;lcan be made smaller than "=(N2) such that whole integral is bounded by ". This provesthe assertion for the di�erentiable case.We know that the linear mapping A : g 7! (R �hn d(t; x))n2N produces for everycontinuous g a bounded sequence. Since g is uniformly continuous on the support of� it can be approximated by a sequence g(m) of Cd+1 functions, all having zero mean.However, because of the above arguments all the sequences Ag(m) = (R �hn(m) d(t; x))n2Nconverge to 0 for n!1. Whence also the sequence Ag has to converge to 0. �Theorem B.2 Let g 2 C(R2�Td) with Rz6312Td�1 g(s; x; z) dz 631 = 0 for all (s; x; z1). De-�ne the function �(n; t; x; z1) = g(t; x; z1; n!2(x+ (c2�c1)t); :::; n!d(x+ (cd�c1)t)) where! satis�es (8.1). Then, for each R we havesupf ��� Z t0 �(n; s; x; z1) ds��� : t 2 [0; R]; jxj � R; z1 2 Tg! 0 for n!1:Proof: We proceed completely analogous to the above result. We �rst establish the resultin the case that g is (d+1){times continuously di�erentiable with respect to z 631 such thatfor each (t; x; z1) a Fourier series expansion with the appropriate decay for the coe�cientsexists. This decay is uniform in (t; x; z1) for given R as in the supremum above.Now, the integrals over s 2 [0; t] can be modi�ed by making the s{variable piecewiseconstant on intervals Ik = [k�; (k+1)�]. Then, integration over s 2 Ik can be performedon the Fourier series which show by using the small divisor estimate (8.1) that the integralover Ik goes to zero for n!1. It is important that all these considerations can be doneuniformly in (t; x; z1).Finally, for general not necessarily di�erentiable g we approximate by su�cientlysmooth functions and argue as in the proof of Theorem (B.1). �References[Ash65] R. Ash. Information Theory. John Wiley & Sons, 1965.[Bal89] J.M. Ball. A version of the fundamental theorem for Young measures. In \Proceedingsof the CNRS{NSF Workshop on Continuum Theory of Phase Transitions, M. Rascle, D.Serre, M. Slemrod (eds). Springer Lecture Notes in Physics 344, 1989." Pages 207{221.[BaR91] J. Batt, G. Rein. Global solutions of the periodic Vlasov{Poisson system in threedimensions. C.R. Acad. Sci. Paris, 313 (1991) 411{416.[DiP85] R.J. DiPerna. Measure{valued solutions to conservation laws. Arch. Rational Mech.Analysis, 88 (1985) 223{270.[EK91] W. E, R.V. Kohn. The initial{value problem for measure{valued solutions of a canon-ical 2�2 system with linearly degenerate �elds. Comm. Pure Applied Math. 44 (1991)981{1000. 35
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