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Abstract, We are interested in the long-time behaviour of nonlinear parabolic PDEs defined on
unbounded cylindrical domains, For dissipative systems defined on bounded domains, the long—
time behaviour can often be described by the dynamics in their finite-dimensional attractors. For
systems defined on the infinite line, very little is known at present, since the lack of compactness
prevents application of the standard existence theory for attractors. We develop here an abstract
theorem based on the interaction of a uniform and a localizing (weighted) norm which allows
us to define global attractors for some dissipative problems on unbounded domains such as the
Swift—Hohenberg and the Ginzburg-Landau equation. .
The second aim of this paper is the comparison of atiractors. The so-called Ginzburg—
-Landau formalism allows us to approximate solutions of weakly unstable systems which exhibit
modulated periodic patterns. Here we show that the attractor of the Swifi-Hohenberg equation
is upper semicontinuous in 2 particular limit to the attractor of the associated Ginzburg-Landau
equation. -

AMS classification scheme numbers: 35K355, S8F12

1. Introduction

The phenomenon of pattern formation has attracted a lot of interest over the last few decades.
In a typical situation one is concerned with a translationally invariant problem where the
wavelength of the pattern is much smaller than the size of the physical domain. In such
situations it is advantageous to study the system on an infinite physical domain. However,
this leads to mathematical difficulties due to continuous spectra and noncompactness.
Recently, new methods have been developed to uncover new mathematical stroctures
associated with these phenomena. These topics range from convective versus absolute
stability of travelling waves, sideband instabilities and diffusive stability, c¢f [CE90a] and
later work by the same authors. Ancther direction of research is concemned with the
derivation and justification of so—called amplitude or modulation equations, which may be
considered as a generalization of the center manifold reduction. The main idea is to describe
the slow spatial and temporal modulations of a basic periodic pattern by the solutions to
-a simple differential equation for the amplitude function A. This formal multiple scaling
method is also called the Ginzburg—Landau formalism, see [NW69, IMDS9].

It is our aim to develop a theory which. provides a general framework for attractors of
problems defined on unbownded domains. The first part of the paper is devoted to a rigorous
proof of the existence of attractors and estimates of their size. The main difficulties stem’
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from the fact that the semiflows on unbounded domains are not compact, nor is the attractor.
In the second part we consider a system close to the threshold of instability (s > 0 small)
which can be studied by the modulation theory. Thus, we have an attractor A in the original
systern and another attractor .4g in the associated modulation equation. The question arises
as to how well the attractor A° can be described by Ag.

In this paper we start the investigation with simple model problems in one space
dimension. In future work we will treat generalizations to higher dimensional and vector—
valued problems. The simplest examples where the Ginzburg—Eandau formalism applies
are the Swift-Hohenberg equation (@ = &%, 8 = 0, y > 0) and the weakly unstable
Kuramoto—Shivashinsky equation (o = &2, 8#0, ¥ =0) '

du=—(1+ 8% + au + Pudu —yu® xeR. (1.1)

Qur aim is to study this problem in function spaces containing all spatially bounded solutions,
such as spatially (quasi-) periodic or travelling wave solutions. Our basic phase space Z
will contain all functions in CZ(R, R).

Linearizing (1.1) with & = % < 1 at & = 0 gives solutions of the form v(x, £) = "+
where A(k, £%) = —(1 — k)2 + 2. One observes that A(k, £2) is positive for & close to 1
with height (2} and width O(g). Therefore, it is natural to expect that for small &* > 0
the long-time behaviour of (1.1) is described by solutions #, which behave approximately
as .

i = Fe(A) := £A(T, X)ei* + sA(T, X)e ™ ; (12)

with slow time scale T = g% and large spatial scale X = gx. This ansatz for u is the
starting point of the Ginzburg-Landau formalism, and formally equating equal powers in ¢
and e to zero shows that the complex valued amplitude A = A(T, X) € C should satisfy
a Ginzburg-Landau equation '

rA =433A 4+ A — (829 +3¥)IA2A. a3

Recent work (see [CE90b, KSM92, vH91, Sch94a, Sch94b)) has demonsirated that the
Ginzburg-Landau formalism provides a valid approximation in the sense that u(t, x) =
¥ (A) approximates a true solution i of (1.1) whenever A solves (1.3). Moreover, in
[Eck®3, Sch94c, Sch93] the attractivity property of the set of solutions in the form (1.2)
was shown. :

The above~mentioned results are only concerned with single solutions. Here we compare
the long—time behaviour of all solutions « of the original system (1.1} with the long—time
behaviour of the solutions A of (1.3). Assuming the existence of an attractor A° for (1.1)
and an attractor Ag for (1.3), it is natural to ask whether .4° can be compared with ¥ {Ag).
“Similar questions concerning (singular) limits of attractors are treated in [HR92a, HR92b)].
There, PDEs defined on thin domains €2 x (0, £) are compared with their limit problems on
Q. '

In our case of unbounded domains, the first difficulty is that the existence of an attractor
is not clear at all. The problem is that the semigroup is not compact; in fact, the w-limit sets
of solutions can be empty; e.g., this is the case for a travelling pulse when translationally
invariant norms are considered. Moreover, any attractor has to be translationally invariant,
hence, if it is non—irivial, it cannot be compact in a Banach space with a uniform norm (i.e.
translationally invariant norm}. -

Thus, neither the classical methods for dissipative systems nor those for damped
hyperbolic systems on bounded domains (cf [Te88, Ha88, BV92]) apply here. In [BV90]
a first approach is introduced using weighted function spaces. By choosing appropriate
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weights the compactness is restored, at least in the weak topology, and the existence
of attractors can be concleded. We build our theory on new ideas by FPeireisl. et al
[Fei95, FLS94] which uses the strong topology in weighted spaces.

To be specific, let us consider the space H; (R) which contains all functions in l‘,‘:(IR)
such that the weighted norm llullip, = [ p(u® + «®)dx is finite. Here p can be either

p(x) = 1/(1 +x%) or p(x) = 1/cosh(x). To introduce the basic phase space Z we use the
translatlon operators Ty : u v u(-+ y) Now, Z is the set

JI'-I“,(R)—{MEH1 [|u|[H| <ooand ||Tu—u]|H: — O fory — 0}

where the uniform norm is given by | nfl al, = supyeR | Tyul gl Note that this space is large
enough to contain all sufficiently smooth bounded squtlons, such as fronts quasnperlodlc
or periodic functions.

Denoting by &; : HM. — H[.u and G, : Hz.u - Hm the semifiow of (1.1) and (1.3),
respectively, we can show the existence of global attractors A° and Ag for the Swift—
Hohenberg equation and for the Ginzburg—Landau equation, respectively.

Theorem 1.1, There is a unigue non—emp!y closed bounded set A C Hz o With the following
properties:
(i) A is compact in H! 5 (R). :
(ii) A is time and transiation invariant, ie., S;(A) =T, A= Aforallt 20, ye R
(iii) A attracts bounded sets in HI . With respect to the H —distance, i.e., for any bounded

B C H),, we have .
disty;1 (S, (B), A) = sup inf [|S,(B) —allg — O fort — o0,
P bel acAd 4

This existence result is proved in section 2 in a more abstract form. In fact, exploiting
the translational invariance we are able to strengthen the attractivity to an intermediate
distance, namely

dist’,, (5:(B), A) = supdisty: (T, S,(B), Ty.A) — 0 for ¢ — co.
? yeR ’

Using the linear heat equation as an example we show that attractivity of A is false in Hlfu.
It is only possible to establish uniform convergence on compact subintervals [xq, x3] C R.
"Note that chstH, (Si(u0), A) € & implies that for each subinterval [x1,x2] there exists an
a € A with sup{ [S(ue)(x) —a(x} @ x € [x,x]} € Clp, x2 — x1)e. Here, a generally
depends on the interval [x, x;], but the estimate depends only on the length x; — x;.

In section 3 we apply the abstract result to our problems (1.1) and (1.3). Moreover, we
are-able to give a priori estimates of the diameter of the attractors in terms of the parameter
of the equations. For instance, for ¥ > O we are able to show that the global attractor of
(1.1) is contained in the ball

By, (A1) ={u € HY, : fullgs, < At} with A = CAM(1+ )M~

‘where Ag = (el + 14 82/y)y )Y for @ > O.and A9 = 0 for ¢ < 0 and
M =1+ (18lA0)/° + (YA}, This result is established by weighted energy estimates
using appropriate weights o depending on the parameters. Note that for & = ¢ the radius
A is of the order ./e, which is not the best possible. We believe that weighted energy
estimates are not strong enough to deliver optimum results in cases where small solutions
are considered (see the remark after corollary 3.5).
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As we expect that 4% and ¥ (Ag) are close, we wish to improve the bound A, to Ce,
and this is done by using information about the dynamics of the equation. In particular,
we appeal to the Ginzburg—Landau formalism which tells us that the dynamics of all small
solutions is dominated by the dynamics of the modulation equation. For this purpose we
recall, without proofs, the main theorems of the modulation theory in a slightly generalized
form (section 4).

The improvement of the diameter of .A¢ from order /2 to order £ is given in section 5.
In fact, we prove much more: namely, for every weakly unstable modulation system with
associated amplitude equation (1.3) there is a small ball with z-independent radius which is
positively invariant and is absorbed into a ball of radins Ce. (For example, this applies to
(1.1) with ¥ < 0 as long as 8% + 27y > 0.) The method relies on shadowing the solutions
by means of pseudo-orbits in the Ginzburg-Landau equation. As the Ginzburg-Landau
equation has more structure, such as the maximum principle, we obtain much better control
over the size of the solutions.

In the last section we finally compare the global attractor Ag of (1.3) with the global
attractor ,A° of (1.1). Since the limit attractor Ag can be embedded via wg into the original
system, it is natural to show ldlstﬂl(As dfe(.Ag)) — 0 for ¢ = 0. However, we prove
a stronger result by rescaling the attractor A° in such a way that it can be compared with
the g—independent attractor .4g. To this end we define a mapping ®, which extracts the
Ginzburg-Landau modes A from any solution ¥ € H,1 The other modes belong to the
damped Fourier modes and are controlled by a mode filter E..

‘We show the upper semicontinuity of the attractor A® for ¢ —> O in the following sense:

Theorem 1.2. For every o > 0 there exist C, g5 > 0 such that for all ¢ € (0, g] the
estimates

disty) (PeA®, Ag) <o and  distyy (B, A%, {0D) < Ceott
hold. -

This result means that the complexity of the attractor A° cannot be much larger than
the complexity of the Ginzburg-Landau attractor Ag. The question of lower semicontinuity
iz still open.

It should be noted that, in principle, the theories given are restricted neither to scalar
probiems nor to one unbounded spatial dimension. In future research we will consider
generalizations of this work to hydrodynammal problems, such as the Bénard problem or
the Taylor—Couette problem. See [Sch94b]) for first results in this direction. Of course it
might be difficult (or impossible) to find global attractors for the Navier—Stokes equation on
unbounded domains in the relevant uniform function spaces. But the existence of local
attractors can be obtained by generalizing the pseudo-orbit technique to vector—valued
problems.

Throughout this paper constants are denoted by C. Moreover we assume 0 < £ < 1.

2. An abstract existence theorem for attractors

We are interested in attractors for semigroups (&;)rz0 on a Banach space (Z, || - ||) in cases
where the semigroup is not compact. In our applications the semigroups have smoothing
properties and noncompactness is due to translation to infinity. In partlcular the w~limit
set of a parucular solution can be empty.
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Our basic assumption is that 5;(#) € Z depends continuously on (f, u) € [0, o0} x Z.
A subset B C Z is called positively invariant (for &) if 5{(B8) C B for all ¢t > 0, and it is
called an absorbing set for S,, if it is bounded, positively invariant and every bounded set
B C Z is absorbed into B in finite time (i.e., there exists ¢ > 0 such that S;(B) C B).

As we will see it is essential to work with at least two topologies in problems on
unbounded domains. So let us denote by Z, the set Z, but equipped with a weaker topology
mduced by a norm || - ||, such that [[u]l, < [«

Definition 2.1. Let B C Z be positively mvana'nt, then a subset A C B is called an
(Z, Z,)-attractor for 5, in B if the following conditions hold: ,

(a) A is nonempty, closed, bounded in Z, and compact in Z,,.

(b) A is invariant under S, i.e., $;(A) = A for all't > Q. :

{¢) Every B C B which is bounded in Z is attracted to A in the distance induced by the
norm of Z,, i.e.,

distz, (5,(B), A) :=sup inf [|S; (b} —al, = 0 fort - co.
- beR acA
fAisan (Z, Zp);attr_'actor in B = Z, then it is called the (global) attractor of S,

From this definition it is standard to conclude the unigueness of a (Z, Z,)-attracter,
since any second candidate 4, would be attracted to .4 as well as attract .4 towards itself.
EJsing the invariance and clbsedness we obtain

distz, (A, Ap) = distz, (A2, A) =

which implies A = 4;. The definition is a spec;al case of that in [BV90, BV92], where
Z, can be an arbitrary topological space. If Z = Z,, in the sense of topological spaces the
definition coincides with the usual definition of an attracto‘r [Te88, Had8).

For the Banach space Z we have in mind the function space in which the solutions of
the problems defined on unbounded domains should be in. Since this space should contain
fronts, periodic and quasiperiodic solutions it should be equipped with a umform norm, ie
Z=L% or Z = H}, for instance.

As already explamed such spaces have the disadvantage that the semigroup to the
problem is not compact for them, and so classical theorems [Ha88, Te88] on the cx1stence'
of attractors do not apply for this case.

As the following example shows attractivity in such norms is not true, i.e. we cannot
expect the existence of a (Z, Z)-attractor.

Example 2.2. Consider the linear heat equation #, = u,, with x € R in the space
Z= Cg’u (B, R), the space of uniformly continuous and bounded functions over the real
axis with the classical sup—norm || - §le. The space Z, is the space Z equipped with the
norm x|, = || ptel e, where p(x) = 1/(1 +x2). We are interested in the attractor A in the
positively invariant set B =f{u € Z : l|ul < R}. The only solutions which stay in B for
all negative times are the constants, thus A= {u =6 : & € [—R, R]} is the only candidate
for an attractor.

Consider now the solution S;(mo) with the initial condition g = (2/m)arctan(x).
Using the explicit solution formula u(t, x) = f]R G(t,x — y)ug(y)dy with the heat kernel
G(t,x) = 7——5(’“—") /4 jt is not difficult to show that for all t we have u(t,x) — =£I

for x — #oo. Hence, we always have distz (S, (o), A) = 1, and attractivity of .4 cannot
hold in the uniform norm of Z; but as we w111 show later, we have lES,(ug) 0, — O for
t — oo : :
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As this simple example shows a new theory for problems on unbounded domains has
to be developed, and so in [BV90] it is proposed to work in two different topologies Z and
Z,. There, the space Z = H, is chosen and Z, is H}, equipped with its weak topology.
So there attractivity is only obtained in the weak topology, whereas our results will be in a
slightly stronger sense.

Our choice of spaces is initiated by a work of [Fei95]. For dur problems on unbounded
domains, the loss of compactness is due to the translational invariance of the problem. This
invariance can be abstractly formulated in the existence of a translation group (7y)yer acting
on Z as isometries and commuting with the semigroup.

We assume that there exists a localizing norm || - ||, on Z with the following properties:

(A1) The transiations T, are continuous with respect' to the norm || - ||, and
|l = sup{ [Tyul, : yeR}.

For notational convenience we let Z, = (Z, || - [) and Z, =(Z, ] - [|,) to indicate that Z
is equipped with different norms. However, we mostly omit the subscript # to denote the
topological space Z = Z,. The uniferm space Z, is the original Banach space, whereas Z,
is a normed space only which is not necessarily complete. In fact, our interest lies precisely
in those cases where the translations 7, are not umformly bounded in the p—norm, which
implies that Z, is not complete.

From now on we use the abbreviation Bz(r, up) for the closed ball of radius r in Z
with center ug, i.e., fr € Z : |lu — | < r). Moreaver we let Bz(r} = Bz(r,0). As a
direct consequence of (Al) we obtain the following result which will be needed in theorem
2.6. :

Lemma 2.3. Let A C Z be contained in Bz(r) for some r > 0, then A= closurez, (A) C
Bz(r).

Proof. Let u, € B be a sequence with limit » in Z,. Since [[un | < r and since Ty is
continuous in Z, we obtain for fixed y

ITyull, < WTyunllp + | Tun — Hyul, <7 +&n

with &, —> O for n — co. Therefore ||z]| < r, which is the desired result. O

As an example consider Z and Z, as in example 2.2 with the translations T, are given
by T,u(x) = u(x + ¥). Convergence in Z, is uniform convergence, whereas convergence
in Z, means uniform convergence on each compact interval. Consider « : x —- tanh{x) and
letA={Tu:yecR} Then A is closed in Z, but its closure in Z, is A= AU{U 1V},
where vy, = :1:1

These two norms allows us to define two different distances between sets, d]Stzp and
distz,. Since our problem is translational invariant we introduce a third intermediate
distance, distz . We define

diStzﬂ (b, A) = infa@q “b — a'|],,
‘ dist*zﬂ (b, A) = sup,cpinfyes [[Tyb — Tyal, = sup,.g distz, (T, b, T, A)
distz, (b, A) = infuea b — a|| = infyea supyeg | T30 ~ Tya|l,.

For all three disténces we let dist(B, A) = supg.pgdist(h, A) for B C Z. Obviously,
we have the ordering distz, (B, A) < dist’%ﬂ(B, A) < distz, (B, A). Note that all these
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(nonsymmetric) distance measures satisfy dist(A,B) = 0 & A C B = closure(B),
A C B = dist(A, €) £ dist(B, C), and dist(4, C) < dist(A, B) + dist(B, C).

Example 2.4. In order to sec the differences between these distances we consider the
families of functions u(t, x) = (2/m)arctan(s 4+ x} and v(z, x) = (2/7) arctan(x /(¢ -+ 1)).
Let Z, Z, and the set A be given as in example 2.2. We obtain distz, (u(2), A) < C/t
for t > 0 but dlstz (u(z), Ay = distz, (u(7). A} = 1. For the second falmllyr we also have
distz, (v(r), A) = 1. However, |u(t, x + y) — u(t I £ 2x| /(1 + £) implies

2|x|
xR (1 +xB)(1+1)

if @ is chosen as 8(y) = v(¢t, ). Thus, distz, (v(£), A) < dist"_,:-p (v(t), A £ C/(1 4 1)

1T — 60, < <C/1+1

This example shows that the three distance measures are really different for cases of
interest in dynamics on unbounded domains. However, the next lemma states that dist;
and distz, coincide for translationally invariant sets.

Lemma 2.5. Let A, B C Z with T,A ='A, T,B = B, for all y € R, then distz,(B, A) =
dist}, (B, A).

Proof. We may interchange the two supremum in dist} (B, A) as follows.

dlstZ (B, A) = sup sup mf 1Ty — Tyall, = sup distz (T, B, T, A) = distz,(B, A).
bed yeR 4€

In the last equaIity we used the translational invariance of A and B. O

With all the preparations from above we can show the existence of an (Z,, Z,)-attractor
for problems on unbounded domains:

Theorem 2.6. Let Z,, Ty, and Z, be given as above such that (Al) holds. Moreover, let
S, be a continuous semigroup on Z, which is translationally invariant (T,S, = §,T,) and
has a nonempty, bounded, and positively invariant set B .C Z,. Assume that the following
additional assumptions hold:

(A2) (ocalized continuity) For each t > 0 the evolution operator S, is continnous from Z,,
into itself. o '

(A3) (compactness) For all subsets B C B there is a ty > O such that 5,,(B) is precompact
in Z,.
Then there exists an unigue (Z,,, Z,)-attractor A for S; in B. l_’f addmonally, B is an
absorbing set, then A is the global attractor. Moreover, A has the followmg properties:
(i} A is shift-invariant, ie. Ty,A=Aforally e R
(ii) Every B C B which is bounded in Z is attracted to A with respect to the distance dist‘ép,
Le.,

dist’, (S,(B) A) := supsup mf 17y Sr(b) Tall, =0 fort— oo

beB yeR 44

(iii) Assume that Z, and Z,, define equivalent norms in Z, via (Al). Denote by A; the
attractor constructed using Z . then A) = A,
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"Proof. Without loss of generality we can assume that the set /3 is translationally invariant,
i.e. TyB = B for all y € R. If not, take By = UyerTy B instead of B. ‘I'he attracting set is
deﬁned by '

A= ﬂ A, with A, =5, (BY .

t20

As B is positively invariant, the family (A;);50 is a decreasing family, ie., 4, C 4,
for t; > t». Hence, A C Ap and Ag = B’ is bounded by lemma 2.3. Therefore, A is
bounded in Z,. Moreover, from (A3) the set A;,, and hence all A, for ¢ 2 f are compact
in Z,. (A;)z, forms a decreasing family of compact and nonempty sets in Z,. Thus,
A = N3, A; is nonempty and compact in Z,,, as it is the intersection of a decreasing family
of nonempty compact sets. As A is closed in Z,, it is also closed in Z,. This proves part
(a) in definition 2.1 for a (Z,, Z,)-attractor.

As T,5,(B) = &§(T,B) = &(B) we find by taking the closure in Z, and by using the
boundedness of T the relation T, A, = A,. This implies ().

The more dxfﬁcult part of thc proof is to show that A is in fact an attractor. It remains
to show the time invariance and the attractivity, i.e. part (b) and (¢} in definition 2.1.

(1) (Time invariance)

Let v € S;(A), ie. v = 8 (u), where u = lim, 0 S;, (t¢,) in Z, with u, € B. Because of
{A2) (continuity of & in Z,), we have &, (5 (U,)) = Si(S,, (4,)) = Si{(u) =vasr — o0
in Z,. As &;(u,) € B we conclude v € A and hence &(4) C A

For the opposite direction (and the attractivity discussed below) the compactness in Z,
plays a crucial role. Let v € 4, then there exist 2, — oo and u, € B with ¢, < tas1 and
v=lim, S,n (#s) in Z,. For any r > 0 we wish to show v € §;(A). From (A3) the set
{ Sty (0tn) = ta—1 2 1o(B)} C Syy(B) is precompact in Z,. Therefore for a subsequence
w; = &, ..,)(u,,,) — w in Z,. Applying the continuous mapping &; we find v = 5, (w).
As w; € A,,‘ forj2i and all A, are closed, w lies in all A; and hence in A. Thus,
v =& w) € &(A) and A C &,(A4) is proved.

(2) (Attractivity in Z,)

We use the compactness to give a proof by contradiction. Let B C B be arbitrary. Assume
that B is not attracted to A, then there exist C > 0, sequences £, — oc and u, € B such that
distz, (&, (un), A) > C > 0 for all » € N. Because of compactness there is a subsequence
such that v; = Sr..,- (u;) converges in Z, to w. As w lies in .4 this is a contradiction. Hence,
we have shown distz (S5;(B), A} —> 0 for ¢t — oo, for all B C B.

(3) (Attractivity in with respect to dist}p)

Let B C B be bounded and consider B = |
Hence,

yer TyB. Then S,(B) C S(B) = T,5,(B).

disty (S:(B), A) < disty (5,(B), A) = distz, (5,(B), A).

according to lemma 2.5. Hence (ii) follows from the attractivity in Z,,.

{4) (Independence of p)
Suppose two different Z, and Z,, which imply equivalent norms in Z. Then 4, is attracted
in the Z,-norm to A;. This yields distzm (A1, A2) = 0. Interchanging the roles gives
distz, (A2, As} = 0. The closedness implies A C Az = A7 and 4, C A; = 4], and so
Az = A, ‘ O

Example 2.7. Let us return to example 2.2 which meets all the assuniptions of theorem
2.6. Hence, we have attractivity in Z, as well as in the intermediate distance dist; . To
substantiate the theory we consider solutions u(t) = S;ug with arbitrary initial condltlons
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ug € B. Usmg the explicit solution formula we easﬂy find | EL,az(t)llc,o £ CR/+/f1 for all
uo € B. Choosing 8(y) = u(t, y), we obtain

[Tyu(2) =8, < SUPcer ,.,.xz |z, x + y) = u(z, y)|
< SUPer 1 ¥ oo < C/VE

Thus, we conclude distz, (5,(B), A) = dlStz (S (B) A) € CR/./t. Hence, for this linear
case we obtain an explicit decay rate towards the attractor. '

We conclude this section with some general remarks,

(1) The whole theory can be generalized to more general translation groups T, g € G,
where G is a general group. For multidimensional unbounded domains one may choose
G = R¢. For problems which are only invariant under discrete translations (PDEs with
periodic coefficients) the suitable group is G = Z<.

(2) The choice of the norm || - [[, leads to a topology on Z which can be seen as the
topology of uniform convergence on compact subsets of R. Hence, the whole theory could
be formulated without the use of any metric in Z, by just appealing to this topology. This
is also the reason why we have proved the independence of .4 from the specific choice of
the weight p. One important point is that the smallpess of _dist’%ﬁ (5;(ug), A) implies that
S (up) can be approximated on any subinterval [x1, x4] by some element @ of A, where the
quality of the approximation depends only on the length x» — x; but not iis position in R.
However, we have to take into account that a € A generally depends on [xy, x2].

3. Existence of attractors

3.1. Uniformiy local function spaces

The function spaces we intend to base our analysis on should be rich enough to contain
all solutions which are bounded over the real line. As many of our results rely on energy
estimates or on the Fourier transform method, we introduce spaces based on L2 theory.
First we choose a positive weight function p : R — (0, co) which is continuous, bounded,
and has a finite integral fR p(x)dx. For later purposes we also impose p € C*(R, R), such
that |p' (). [p"(x)[ < p(x) for all x. As a consequence we obtain o(x + v) < eMlp(x) for
all x, y. (We may fix p once and for all to p{x) = 1/ cosh(x) or p(x) = 2/(2 + x%).) Next'
we let

E2,(R) = (u € L (®) : lully, < oo} where Jul?, = sup f Py + X))
* " yeR JR

and define the translation operator T}, : i — ff o 1= u(-4 ). Here and later on we
omit the argument R as all function spaces are defined over the real line. Our final space
of umformly local L2 functwns is given as

Note that dlfferent weight functlons lead to the same uniform space with equivalent norms.
For s € N we define the associated Sobolev spaces H,S and Hf, by requiring that the first
s distributional derivatives lie in the space as well. -

- Before studying the properties of these spaces we relate it to the abstract theory in
- the previous section. In our examples the space H will play the role of Z,. The
weighted norm is simply given by [luf> = f, p(u? + w?)dx. We write H} for the’
space Z,. - Clearly the translation operators T, are bounded in the welghted norm by
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sup{p(x + y)/p(x) : y € R} < Pl Moreover, [lufy = sup(ITyul, : y € R}
defines an equivalent norm in H,, which is translationally invariant.

Lemma 3.1. {a) All functions u in IF-.‘fl'u are bounded and continuous and satisfy

4GP < Cllull g luly,  lete) — ()] < CYIx =y llul g, (3.1)
(b} L  is a closed subspace of L

(c) The spaces H,’ and Hy, are dense in L},
{d) L . Is a proper subset of L

Proof. ad (a) These estimates follow exactly as in the case of classical H' functions.

ad (b) To show the closedness of LEH let (u,)nem be a Cauchy sequence in Lﬁu with
limit # € L} ,. Then 7
ITyu —ullgz, < Tyt — Tyunllyp, + 1 Tyttn — tinllzz, + lltn — 2ellpz, = 51 + 52+ 53
Now choose n such that 5y = 53 < £/3. Since u, € L, . we find 8 such that for all
y € (—4, 8) the relation s, < &/3 holds.

ad (c) Let « € H},. With part a) we conclude

1Tyu — ”lligu = sup U;p(x)(u(x +y+)—ux+2)dx : ze R} < Clylllulﬁftl_u.

Thus, &, € L?, and whence Hj, C Hf, C L?, for s € N. To sce that H}', is dense
in L}, choose any # € L},. As y > T,u € L}, is continuous the Riemann integral
v = ;1: _[D"T udy exists and |Juy — uf 1, 0 for h = 0. Moreover, v € H,l.u as

+k )
vp(x) =. fo u(x+y)dy = ¢ f7
dense in L

ad (d) It sufﬁces to consider the example ulx) =n'forx € [n,n+1/n*], n € N, and
u(x) = 0 else. This u lies in u € L \L . Hence, L, . 18 a proper subspace of L, e O

u(z)dz. Tterating this process it follows that Hy, is

Next we give the basic theorem concerning localized compactness. Working on
unbounded domains compactness relies on two facts: first we need smoothing properties of
the semigroup, and second, we have to localize the norm to control the behaviour at infinity,

Theorem 3.2. Let B C H}, be any set which is bounded in H, for some n > 1, then B is
precompact in H}.

Proof. For every £ we have to show that B admits in H; a finite covering by balls of
radius less than e. 'We decompose every u € B into ¥ = v -+ w with v = uys and
w = u(l — xpg), where the smooth cut—off function xg vanishes for |x| < 8 and equals 1
for [x| 2 g+ 1. Then || H <E for B sufficiently large, as p decays for |x| — oo and
& varies in a bounded set. Moreover, w € H*([—8 — 1, 8+ 1]) which can be embedded
. compactly into H'([—8 — 1, 8 + 1]). Since for functions with support [~8 — 1, § + 1] the
norms in A" and H} are equivalent, there is a finite covering of this set by balls By (e, wi)
with i = 1,...,m < co. Thus U, m{BH:(zs wy)} is a finite covering of B since

llee — wellay < Iivllm + v — wil . : O

An important tool in studying translationally invariant operators on the spaoes H,
is the so—called multiplier theory which uses Fourler transform methods. An operator
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M: H,'fu — Lﬁu is called a multiplier if it is defined by multiplying the Fourier transform
W = Fu by a function m € L®(R,C) and then doing an inverse Fourier transform.
Using the following lemma, which is proved in [Sch94b], allows us to study the mapping
properties of M : u > F~'(MFu). Natural applications are convolution operators
Mu(x) = fR m{x — y)u(y)dy with m integrable, where m = Fm.

Lemma 3.3. Let ¢,5 > 0 and w,_ (k) = (1 + E)CD27(k) € CXR, C) Then
M:H!, — H ;um }"'(mfu) is well defined with the estimate

Mulin;, < Clg, sHIws—gllczmcyllell

where C(g, 5) does not depend on m.

In [Sch94b] this lemma was established in the spaces H’ However; as all multipliers
M are invariant under translations (i.e. Ty M = MT,), itis obvmus that they retain continuity
with respect to translations.

3.2, The Ginzburg—Landau eguation

As the first example we treat the real Ginzburg—Landau equation for the complex vakued
varable A = A(T, X):

drA = 33A+aA — bA|A] N (3.2)

with @, b > 0. The real variables T € [0, 00) and X € R are written in capital letters only
for later reasons when this equation is interpreted as a modulation equation obtained from
the Swift-Hohenberg problem via the scalings T = 8% and X = éx.

This equation was studied extenswely on L*™ spaces cf [CE90b, Co%94, TBDVHT94].
In [Sch94b] a treatment using H = H, 123 in was started. We repeat here some
of the material in order to ensure that the paper remains sufficiently self-contained. (We
simply write H!, for H}, )

Thenrem 3.4. The real Ginzburg—Landau equation generates a global semigroup (G)rso
in H,fu such that every solution satisfies

~ a-+a 174
limsup | A(T) |y, < Ag:=C ( 5 ) | (3.3)
T—o0 S

where C is a universal constant independent of A, a, and b.
Moreover, for all t > 0 and n € N bounded sets B C H}, are mapped into bounded sets

in HY,, and for all T > 0 the mapping Gr - Hy — H) is continuous.

Proof. According to lemma 3.3 the operator 3 : H}, — H}', generates 2 holomorphic
semigroup G(¢) = e, 1 > 0. Rewriting the equation as an 1ntegra] equation we arrive at

A(t) = G(YAD) + f G(t —r)F(A(r))dr where F(A) = (a — |[ADA."
0
The nonlinearity is an analytical mapping from H,l_u into itself. Hence standard contraction

arguments {cf [He81]) prove local existence and continuous dependence on the initial data.
Smoothness (even analyticity) in X and T is well known, see [TBDvVHT94).
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To show global existence we wish to employ welghted energy estimates using the scaled
weight pp(X) = p(bX). We then have |p,(X)] < bpb{X) and

A, < C(L+b)sup { f P X)AMX +y)dX 1y € R] (3.4)
Lu 3 -

with a similar estimate in H'. Using the differential equation we obtain

14 e ol AP AX <Re [ pAA"AX + [ po(al AP = bIAI*dX
= [ (~evla'P —Re[o}AA] + prlAP(a ~ bIAP)) dX

, 3.5
< [ polAP(a + B2 /4 — BlA|D)dX @3
< [ pp L (a B4 — blA]Z) dx.
For the estimate of the derivative we use the relation
[ poiaiax=- f G4+ poA"AAX < [ phBIA'+147D1A X N
let & = a + b*/4, and proceed as follows
13 5 AdX < Re [ ,o,,E(A"’ +aA’ — b2JARA + AW)) ax
< on(—IA"I2 + b A'A"| + al A') X 37

+& ([ po(BlAA'| +1AA") dx — [ ppl A2 dX)
< & [ PP AX + F T +96%) [ ppl AP dX.

Note that the factor of & in the third line is nonnegative due to (3.6).

These two differential inequalities imply that the H[ , norm cannot blow up. Use the
Gronwall estimate in (3.5) and then for (3.7). The desired uniform estimate is obtained
by applying the weighted energy estimates to the translated solution Ty A for each y € R.
Taking the limit T — oo in these estimates we find

da+ b
limsupfpbiA(T,X)lde < o+ fpbdX,
R

T—oco 4b

A 2
Iimsupf ol A(T, Xy dx g 2a+ &) 2a+567 fp,,dx.
mSP e 325 -

Using the estimate (3. 4) and f pp(X}dX =1 [ ; (X) dX we can optimize with rcspcct to
b. Using b = /a leads to the desired result

In order to show the continuity of the semigroup in H j, we consider a given solution
A € H, and the solution A + V where V(0, -) is small in H] but may be arbitrarily large
in Hf.u. Our aim is to estimate V(T) in terms of V(0) using weighted energy estimates.
We use the following pointwise estimates on the nonlinearity f{A) = —b|A*A:

Re (f(A+ V) — F(ANT < 4bJAR|V]2 A
Re[DF (A -+ V)(B + W) — Df (A)BIW < bIARIW + BRIV,
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AsdrV = 82 V+aV+ f(A+V)— f(A) we obtain with the fixed weight o (with [/ < 0)
the estimate : .

[

24d I[VIIH: = sar JRUVIE+1IVIHAX <

d
a7
<f p[ VR — VIR VY 4 VIV af VI [V
Re[(f(A+V) — fNV + (DF(A+ V)& + V') - DF(A)AT]|ax
<o (A + (V2 +1VP)+B[24PIVE + 24P VP + 4PV P]) dx
< (L+a+ 2[AIIVIE, +blALR, /A VIE < CIVIY,

Hére-]l + o is the classical sup~norm, which can be estimated by the A norm, and A(T)
is bounded in H;, | . As V(T) = Gr(A®0) + V(0)) —Gr(A{Q)) the Gronwall estimate yields
©Gr(Ao+ Vo) ~ GT (Ao)lmy < e“T v, ey, where C depends only on Ag. This is the desired

continuity in H, L and the theorem is pmved o d

As a general remark we may mention that all the statements concerning the limsup of
the norms of solutions of the systems given in this paper are in fact uniform with respect
to initial conditions in bounded sets in H],. We omit this fact in the theorems for the sake
of readability. However, this information is necessary to prove that the ball with radius Eg
is in fact an absorbing set in the sense of section 2. '

Corollary 3.5. The Ginzburg-Landau equation with b > 0 has a global (I-Il it H )-attracror
Ag which sattsﬁes attractivity in dist* e is transiationally invariant, and mvarzant under the

rotations Ry : A > e® A,

Proof. To show the existence of the attractor,, it only remains to prove that there is an
absorbing set for the semigroup Gr. From the a priori estimates in the proof of theorem 3.4
we know that every bounded set is absorbed into a ball of radius Ag+£ Moreover, there is a
T7 > 0O such that all solutions starting in BHx (2Ag) satisfy A(T) = Gr(Ag) € BHx (3&9/2)

for T 2 7). Now let B = Urgp, Tl]g;r(B,,.. (ZAg)) Clearly, B is bounded, invariant, and
globally absorbing. Thus, the existence of .Ag is established. .

The invariance under rotations foliows from the uniqueness and the rotational invariance
of the Ginzburg—Landau equation. - O

Remark. Weighted energy estimates have a weakness when small solutions are considered.
This means we eannot obtain optimum bounds and decay rates when solutions are very small.
For the real Ginzburg-Landau equation it'is known (see also below) that all solutions in
the attractor have L™ norm less or equal »/a/b. From the explicit family of stationary
solutions A(X) = relVe=0"x we can easily find the lower bound ¢./(a + a?)/b. For small
a our upper bound of a@!/* is too rough. The reason for this is that the weighted energy
estimate involves denvatlves of the weight function. Qur basic estimate |p,| < bp allows
for weights of the form p(x) = e~®*\. However, it is well known that in such spaces the
spectrum of the linear part is moved to the right. This additional growth rate has to be
compensated for by the nonlinearity and leads to larger domains of attractions. For weights
with a]gebraic decay the spectrum is not moved and better estimates should be expected

Analogous a priori estimates for the case of the complex szburg—Landau equation
drA =ddZA + ad — bA|A|> with d, b € C are derived in [MS94].
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We provide more exact bounds on the size of the attractor and the decay rates in the
real Ginzburg-Landau equation in order to employ them in section 5. The main tool is the
maximum principle.

Lemma 3.6. Let A(T) = Gr(Ao) be any solution of the real Ginzburg—Landau equation
with Ao € H)',. For every fixed v > 0 and T > Q we have

2b (a.-i-v

3/2
AT o = sup{|A(T, XD : x eR} < — | — ) (A=) +e™Aoleo. (38)

Moreover, for each T € [0, T) we have
1
AT =1

where M = a + 3bmax{/a/b, |A(t)w} and C is a universal constant independent of
a, b, and A. ‘

IAD i < C (1 + 4 MMT—0) /7 r) 4O (39)

Proof. Let A(T, X) = r(T, X)e#"X), then we obtain for r the equation
drr = 3%r — (3x¢)’r + ar — br°.

Using the maximum principle it is possible to compare r with the solution of ar =
aa — ba®. Hence, if [[Apllec = a(0) then JA(M oo £ a(T) for all T > 0. From
aa — ba® < 2b((a + v)/(38))*/? — va the desired L™ estimate follows. In particular,

we have [|A(T) [l < max{v/a/b, |A0) [}
The H! estimate is derived by using the constant of variations formula for V = A’

From 87V =aV + 83V — b2|A[V + A2V) we find V(T) = G(T — 7)ax A(T)+
[ 6@ =n(av) —b(...)) dr and hence
c T .
VD, < "ﬁllA(T)llqu +j; Cla +3bIl ANV g2, dr.

Applying a Gronwall estimmate the result follows. O
Using the above lemima the estimate of the size of the attractor can be improved for
small @. According to the remark subsequent to corollary 3.5 the following result is the

best possible.

Corollary 3.7. The solutions A(T) = Gr(Ap) of (3.2) satisfy

, | i
limsup | A(T) oo < \/E limsup JA(D)ll g, < Ag = Cy 222,
T—oo b T—o0 e b

Proof. For the L™ estimate we choose v = 2« in (3.8) and the first result follows. In the !
estimate (3.9) we optimize 7 such that T ~7 = 1/M. Then [ Al < C(1 + M) AT -
1/M)lleo- With T = 00 we find limsupr_, o, [[A(T) g, < C(1 + @+ (ab)'?)a/b)'2,
By rescaling A — A = b~1/2A we can reduce the analysis to the case b = 1. Redoing the

scaling shows Ag < C(1 + a){a/b)"/?, which is better than the result in theorem 3.4 for
small a but worse for large @. Taking the minimum of both bounds gives the result. [
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 3.3. The Swift-Hohenberg and Kuramoto—Shivashinsky equation
In this section we study an equation which involves a fourth-order derivative in space.
= —(1+ Bf)zu +au + Bun' — yu®. (3.10)

For =0, y > 0, and & = &? this problem is called the Swift-Hohenberg equation. For
y =0and @ = =1 it is the classical Kuramoto—Shivashinsky equation. '

The linear part is more difficult than in the case of a simple diffusion operator. In
particular there is no maximum principle available to obtain sharp L* bounds. Linear
estimates in weighted norm are derived in the following lemma.

Lemma 3.8. (a) Let p be an integrable weight function with |p"(x)| < p(x) for ail
x € R Forb € R set po(x) = p(bx). Then, for all u € H,‘fu (R), the following estimate
holds: ' '

_ f pote(1 + 922w dx < (26% + 36%) f ppdx. (3.11)
R ' R

(b) The linear operator L : D(L) — L} ; u v> —(14+82)?u with D(L) = H}f, generates
a bounded holomorhic semigroup e**, t > 0, with

e llzz, i, < C(L+77%) forz> 0. (3.12)

The same is true for the restriction L : D(L) = H}, CH, = H,
{c} For each d > O there is a D > 0 such that

—fpu(l+3f)2udx < —dfpuadx+Dfpu2dx.
R YR R

Proof. ad (a) By several partial integrations we obtain
— / osit(l 4+ 8H%udx = — f {pp(u® + 2ua” + 0"y — pflu' + pyun}dx.
R R

Using ;| < b%p, and
fp;,u’zdx

— [(opu’Yudx = —fpfi(%ui)'dx ~ [ ppu"udx
S 3pputdx — [ ppun’dx < & [ pp? dx + [ pplua”|dx

we conclude
—f opu(1+ 8D %udx < f oo {(b*/2 — V)u® + 2(1 + B une"| — u"®} dx
)3 R

which yields the desired result after maximizing the integrand for each x with respect to
u”, o

ad (b) The semigroup e’ is the multiplier associated with the function (k) = e~ (=¥,
The desired result is thus a direct consequence of lemma 3.3..

ad (c) Applying the estimates of part a} with # = 1 we find

fp(—u(l +a§)2u_+ du}z)dx < fp(

Maximizing with respect to u” gives the result with D = (2d — 2 + @ +d)?)/4. |

u? + (4 + d)us"] — u”z) dx.

Using these linear estimates we are prepared to estimate the solutions of our equation
(3.10). We proceed exactly as in the case of the Ginzburg—Landau equation. Our first aim
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is to construct a global semiflow and an absorbing ball for this system. For ¢ < 0 it is easy
to see that there are spatially constant solutions which blow up in finite time. Hence, we
concentrate on the case y > 0. For the border case y = 0 see the discussion be!m«v

Theorem 3.9. The equation (3.10) with y > 0 defines a global sem:ﬂow u(t) = & (ug).
Moreover, there is a universal constant C (independent of &, 8, and y) such that

- : (a(rx-l- 1 +ﬁ2/r_))-”4 fore > 0

lim sup lleee) I[L}"_” € Ao, B,y) i =C ‘ }"2 . , ’

e 0 fora <0;
imsup lu(®)lly, < &1 = CAM(l+ |efd ™) '

=00

where M = 1 + (|B180)° + (y A2, Hence, @ < 0, y > 0 is the stable case where all
solutions decay to zero. _

Moreover, for each t > ) the nonlinear mapping S; maps bounded sets in H,{u into
bounded sets in HY, and it is continuous from H)} into itself.

Proof. The local existence of solutions and continuous dependence on the initial condition
in Hﬂu follows from standard argument when rewriting the problem as

!
u(t) = eL’u(O) +/ e“’“’)F(u(s)) ds where F(u) = au + Buu, — yu®.
a .

As F is a smooth mapping from H7?, = D(L'/*} into H}, the methods of [He81] are fully
available. In particular, the smoothing property is clear.

To show global existence it is sufficient to bound the H}, norm. The L? estimate
follows from standard weighted energy estimates using part (a) of Jemma 3.8, We let
& = max{0, e}, then

55 | Pptt = J pp{—u(l+ u+ gu® 4+ fEuPY — yu
1;{1{ .zdx { (1 32)2 ﬁ(] 3)f 4}d.x
< 4B, + f{ {(0p® (@ — yu?) — Boy'sd 3}z
< (4b2+w)liull + [ po(b18] [uP? —yu“)dx
<1 —cllul, with c1=2——(—2'6— +d) f opdx, co=d —4b* - &

where b £ | was used and 4 2 O is arbitrary. In the last step the integrand was estimated
as follows

52
3 =yt < o = St <@ C) + 4P Gy — i

Assuming ¢, > 0 and applying Gronwall’s estimate to the differential inequality yields
flale)?, < e~ | u(0) I3, +2(1~ g‘z‘l‘). Letting £ — 00 and choosing optimal 4 leads to

lmsup (I, < =(@-+ 571+ 8/7)) [ oy,

With f ppdx = C/b and (3.4) we obtain the desired estimate when optimizing with respect
to ke (0,1].

The estimate in H}, is derived via the constant of variations formula. With lemma
3.8(b) ' '

) = e u(m) + f oK au(r) + Bulr I () — yu(r e
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We consider this equation in H,"u and use the shorthand notation |ufl; = [wfl#, for
5= 0,1, 2. The nonlinear terms can be estimated as follows:
letradll; < llﬂ""’ilu_u;rzllItﬁlEaSCr'”“lluIiollullino
< CrT |l
letrualll < Crau’lo < Cr-”“nun"’:‘uuu”2
et uully =¥ u?/2)|l; < [let 2|y’ i
. —_ /2
< eF g a2l € CrY2 a3/ a1 .

. Combining the last two estimates we find
lle™ us'lly < Cr=>ullollally.
Abbreyiating_ e:{t) = ||lu(®)|s we find the mtegral inequality
a® < Cle - e +lal fie — )T Heolr) dr
HBI [} = 1) oea)er () dr + Iy| [1e = ) ieo(rPer () dr |

where 7 € [r — 1,#]. We assume ¢y{r) < E on [¢ — 1, ¢] and employ Young’s inequality

for convolutions
P Ve o ares CpTEd tp
dt) gf’ [(t = r)~*|dt (f |e1(r)lf’dt) .
T T

48 r
(f f {t — r)_"e1(r_) dr

We choose p = 3 and estimate 5 = ( f:'“s e3dt)! using (3.13):
Iy S C{ESYI2 4 | ESY12 1 1B ESR L, 4 [y | E28¥4 ;)

Thus, for sufficiently small § € (0, 1] the integral I; can be estimated from above in terms
of &, B, v, E, and §, namely for

§ = min{l, 4C|BIE)™%>, (4C|y|EY)~**}
we have Iy < 2CE(1 + |x8)8'/12.
Inserting this result into (3.13) we find the pointwise estimate
et +8) < C[ES™V +|al BB + |BIES1; + 1B, ).
< CE(1+ [a|a)[a—'/4 + |BIESYS 4 [y |Eza'f'2:|

(3.13)

This shows that u(s) is bounded in H}, a priori and the bound depends onIy on the
parameters and the L? bound E. Hence, solutions exist globally and for t = o0 the bound
E can be replaced by Ap. Since § ~ M~* the result follows.
It remains to prove the continuity of S, in the localized space H,. 1. We take a fixed
- solution u € Hl'u and have to estimate v(¢) = 5, {0y + v(0)) — 8,(u(0)) in H; 1in terms of
IIU(O)ﬂHg- Asu(@-+v(0) e H[ .. the difference v satisfies 8,v = (L +w)v+s(u+v) s(u)
where s(u) = Buu’ — yu®. In order to carry through the weighted energy estimates with a
fixed weight o we start with

f pvls@u +v) — s(@)]dx = f[pﬁv(uv)’-—-pﬁ“ — pyv?(3u? +3uv+v2)] dx
\fpllﬁ](uv +uvv’)+—iv + Lot + po?(=3u + S + Lv —vz)}dx
< C [l IvA vleolvlzy + lllel vl 10/l z3 + (1 + uun2 IwiE, |-

[ oV s(u +v)Y — s(m)]dx = fp{ﬁv’(uv)” + Bv'(wv'y
—y¥'Gulv) — yo'Gur?) — yo?u?}dx.
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We estimate the terms as follows: '
[ov'@vYdx= — [(o'v' + pv")uvYdx < Cllvllm (lellcollvll gy + Nl g vllzz)
fov'vYdx=  — [ p'vv2dx — fpvv’v”dx fp(lv]v +8v2v’2+ : ”z)dx
—[pv@tYdx= fpQuvv® +u'v*v)dx £ [ pev™v? + titv? 4+ L ’zvz)d.x
Together with lemma 3.8 we find
Falvlh =15 [ e +vP)dx
= [ P[0 + v+ V(L + ) + w5+ v) = (@) + 0/ (sCu +vY —5Y)|dx
< —d(v')% + W12 + (D F ) (lul; + V13 + €1 + el Yol gz 10l .
<O+ lully, )ﬂ[vuil ' ’ '

Hence we obtain [[v(1)[[x) < ¢ e (0] &1 which is the desired local Lipschitz continuity
of & in the H) norm. |

To iliustrate the result we treat as an example the Swift—Hohenberg case 8 = 0. We
obtain

Ao=Cla+ad)* 2 M=0+a)P A =CA,
This result is sharp for large &, as u = /(& — 1)/y is a constant solution. It is the task of
the next section to show that the result for small o can be improved to &; = C Jaly.
The limit towards the Kuramoto-Shivashinsky equation is given by 0 < y — 0 while
¢>0and 8 # 0 are fixed. For this case we find
—Cy ¥ M=y O A = Oy,

~Fory =0 and @ 2 1 the equation cannot admit an absorbing ball as u(s, x) = rele=r g
a solution for each r € R. ,

Conjecture. The damped Kuramoto-Shivashinsky equation with y = 0, B = 1, and
e € (0, 1) has an absorbing set. '

As in the previous subsection the existence of a global attractor follows immediately in
the case y > Q.

Corollary 3.10. The eguation (3.10) with y > O defines a global semiflow (S)izp which
has a global (H},, H)-attractor which satisfies attractivity in disty, 1 and is translationally
invariant.

It is shown in [Sch94c) that for all y with 82+ 27y > 0 and sufficiently small & the
(possibly local) semiflow &; maps a small ball B* = By (C+/a/(B* 1)) after a time *
into itself. Hence, the set B = U, ¢85, (B*) is a posmvely invariant set. The above theory
immediately implies that there is a (local} attractor in B. Below we will improve on this
result and show that the radius of 5* can in fact be chosen independent of « as long as «
remains sufficiently small.

4. Ginzburg-Landau approximation and shadowing by pseudo-orbits

In this section we study the relation of the weakly unstable case of (3.10), namely o = £2
with small positive &,

du = —(1 + 01%u + £%u + Bud,u — yu’ (4.1)
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and the Ginzburg-Landau equation. From now on we consider § and ¥ as fixed parameters
such that all constants C may now also depend on 8 and y. Only the dependence on &
will always be displayed explicitly. In the following we are free to allow y to be slightly
negative, as long as 2 + 27y is larger than 0. The reason for this relation is explained
below.

From theorem 3.9 we know that for y > 0 the. global attractor is contained in a ball
of radius C4/z. The solutions in the attractor are small and are strongly dominated by the
linear part L + £%, which damps out all Fourier modes e** with & not close to k = 1.
Hence it is reasonable to expect the solutions of (4.1) to have Fourier transforms which are
strongly concentrated around & = X1. The scaling ansatz

u(t,x) = t,lrg(A)(r x) := §(A(T, X)e'* + A(T, X)c_"") with T = 8% and X = 8x (4.2)

-with small & fulfils exactly this property.

Note that we slightly generalize the scaling ansatz with respect to previous work by
taking the scaling variable § to be independent of . This does not lead to any conceptual
differences but has the advantage that we are able to consider solutions of size £ < 6.

The main observation of modulation theory is that the function u = ;(A) is 2 .good
approximation of a true solution of the original system (4.1) whenever § is sufficiently small
and A is a solution of the associated Ginzburg-Landau equation

arA =492A+aA — BlAIPA  with b =3y + %/9 (4.3)

where a = £2/8%. On the formal level this can be seen by msertmg the ansatz (4.2) into
(4.1) and comparing equal powers in § and e'*.

Above we have constructed a global semiflow &7 for (4.1) on the space Z = H,fu and
the global semiflow Gy (43)on ¥ = H, «C- Bere we have introduced different notations
Z and ¥ for Hf'u and H' . to distinguish functions depending on x and X. Also future
generalizations to hydrodynamxcs will be easier: for instance, (4.1) can be replaced by the
Navier—Stokes equation with the space Z = I{ll,:u(R x %) for some bounded cross—section
Z, cf [Sch94b]. Nevertheless, the modulation equation (4.3) and the space Y will stay the
same.

We call the mapping %5 : ¥ — Z the lift from the Ginzburg-Landau problem into the
original problem (4.1). We also want to go from the original problem in # to the associated
modulation amplitude A and need ap operator @5 : Z — Y which extracts the critical
modes close to k = ke = 1. To this end we define mode filters via the multiplier theory
of lemma 3.3. We choose an even cut—off function qbo € C3°(R, [0, 1]) with ¢g(k) =1 for
k € [—1/6, 1/6] and $o(k) = 0 for k & [—1/3, 1/3].

To extract the modes close to ¥ = —1,0,1 we define €;(k) = a;(k — j) for
jef{-1,0,1}, ¢ =¢ +%e_y, and g, = 1 —€.. According to lemma 3.3 we associate
to e, o € {5,¢,1,0, —1}, an operator E, : Zc — Z¢ which extracts the Fourier modes
belonging to wavenumbers in the relevant intervals. We call E, a mode filter, as it is
close to mode projections which would be used in cases of a discrete spectrum. Obviously, -
E.;: Z — Z (real); and E.u € Z contains the crltlcal modesof u € Z and Ecu e Z the
stable modes of u. -

To deal with the slow spatial scale X = dx we need scaling operators S5 : Zg — ¥
defined by (S;uMX) = u(X/8) and the multiplication operator 8 : Z¢ — Zpju —
(Pu)(x) = e *u(x) which is a translation operator in Fourier space. With this the lift
s can be written

T3(A) = 867187 A+ 015 TA),
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To go from u# € Z we have to extract the critical mode and rescale it to find the associated
A. This operation is given by

1
Oy Z— ¥iu—> 8Sg€E[u

Obvmusly Ps(u) contains all the information of u. = E.u, since u; = Eyu + E_ju with
E_,u = Eyu. Thus, if we control $;(x)} and 1, we control all of u. For technical reasons
we introduce a modified lift v : ¥ — Z defined as

5(A) = 867 EoS; ' A + 671 Eo Sy A).
3 )

In this paper we only give some ideas as to why the mode splitting &« = E.u + Eu
and the concentration of u, = E_.u is essential to the modulation theory which relates the
original problem (4.1) and the modulation equation (4.3). For more details and the proefs
of the three theorems given below we refer the reader to [Sch94a, Sch94c].

The first important fact is that the stable uncritical modes u; = E,u are strongly damped
such that they are slaved to the critical ones after the transient time. Secondly, the critical
modes i, = E.u will be concentrated around the critical wavenumbers & = %! with a
typical width of the peak of size §. This justifies the spatial rescaling,

These two effects are purely linear and seen by considering a solution v(f) of the
linearized system 3,v = —(1 + 82)%v + £2v. Using Fourier transform and multiplier theory
we see that v(t) is obtained from v(0) via the multiplier Z(z, k) = e~ "+ Firgtly,
2:(k) vanishes for |[k] — 1] < 1/6, hence we find [us(2)]z = [E;v()]z € Ce"/lo[lv(O)llz
Secondly, the critical mode v, = E.v may grow on a slow time scale while the wavenumbers
k with [[k[—1]| 2 2¢ are still damped. Defining A(T) &5 (v(T/6%)) we see that the Fourier
transform of A(T) is obtained from v(0) as '

(FA)(T K= ¢n(5 K)e[-KZ(Z-PBK)z-{—alTA (1+8K)= e[—K2(2+5K)2+a]T (fA) 0, %)

where @ = &2 /82 Since the linearized Ginzburg—Landau equation would correspond to a
multiplier el=#K*+aIT it ig clear that ®; defines the best way to extract the Ginzburg-Landau
mode A from any given u € Z.

The third important feature relates to the nonlmeanty Mote that the original problem
may have quadratic terms while the modulation equation is always cubic. This can be
understood by the fact that quadratic interactions of critical modes are never critical, which
can be stated mathematically as E.[E.u - E;v] = O for all u,v € Z. This property is
essential in proving the three theorems below, but will not enter further in the present work.

Above we have proved the existence of the (global) attractors A* C Z for & and
Ag C Y for Gr. (We continue to use a superscript £ for’ 5§ and A® to indicate the
dependence on this parameter.) Our aim is to compare these attractors and the dynamics on
them. It might seem natural to ask whether the distance of A° from ¥,(A4z)} in Z tends to
zero faster than e, which is the diameter of the two sets. This will in fact be a consequence
of our result below, as we prove a stronger result exhibiting the mode concentration:

dist’,ﬁp (®.(A%), Ag) + ldistz(EsAe, [0h =0 fore=0,

where ¥, = H! pC+ Ihe second term in this limit will be estimated using the following
lemma.

Lemma 4.1. The linear operator Wy : ¥ — Z satisfies for all § € (0, 1] the estimate
IEsys(A)lz < C&2Aly  forall Ac¥. (4.4
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Proof. let v = E8~ ’EOS;'A then u =. E;ys(A) = &(v + v) and it is sufficient to
show [|o]z < C82|Aly. We do this similarly to lemma 5 in [Sch94c] and introduce
the spaces Y* = L}, . and Z° = L} .. As multiplier operators commute we find
v = o-LF EOS_ = G‘IEOF S5 'A where F : Zg — Zg is associated with thc multiplier
‘f(k) =¢k+1)=1- t;bg(k) qﬁg(k +2). The scaled operator Fy = SsFSa 1Y > Yis
again a multiplier operator with kernef f,g(K y= f {8K). We now have v =6~ 1EQSJ FsA
and estimate

vz < (€~ lllzCﬁZc”EOHZ“—)-Zﬂ"SlSIlh"'}—)ZU[lFﬁ”Y—b]’UllA”Y

Obviously, 167"]| < and I Eollzo—zo < C by lemma 3.3 as (I +k2)1/2¢0(k) e C2(R, R).
Moreover, we have [[S;[|yo, z0 < €872 and

1 Fsllymye < CICA+ Kz)_lﬂfs(K)llc,,(R R < C8, ‘
since f;(K ) =0 for [K| £ 1/(68). These estimates give the desired result, d

With these connections between the underlying spaces we want to compare the dynamics
of (4.1) and (4.3). This is done again by lifting up the semigroup Gr from ¥ into Z or
extracting the Ginzburg—Landau mode from &;.

The first important fact is the attractivity of the so-called Ginzburg-Landau set, ie., the
set of all functions u € Z having the form of v;(A) for some appropriate A € ¥'. The second
result shows the so-called approximation property, which states that ¥rs[Gs, (Ps{uo))] € Z
is a good approximation of S,(ug) and its counterpart in Y. Both theorems given below
are slight generalizations of theorem 10-12 in [Sch94c] where only the additional scaling
parameter & 2> £ was introduced.

Theorem 4.2 (Attractivity). For each rg > 0 there_ exists constants C, Ty, Ry, 8, > 0 such
that for all 0 < & £ § < 8y the following estimates hold:

distz (St (Bz(8ro)), ¥s(By(R)) < €&8°% (4.5)
disty (95155, 52 (Bz(6r0))], By (Ry)) < C8'/%. (4.6)

Theorem 4.3 {Approximation). For all R, T\,d > 0O there exists C, 8 > 0 such
that for all 0 < & € § < Jp the following holds: Let Ay € By(Ry) and vy € Z with
g — Yrs(Ag) |z < 8%, then

sup  [|SE(ug) — Y3 (G (Ao |z £ C8* ' 4.7
[ ey .
| D5(S%, ;52 (0)) — Gr, (Aodlly < C8Y4. . 4.8) .

As a consequence of these two results and of the existence of the globally attracting
set for the Ginzburg-Landau equation (our corollary 3.5), it is possible to show that all
solutions u(r) = &/ (up) can be shadowed by the lift.of a pseudo-orbit in the Ginzburg—
Landau equation. A (11, k)-pseudo-orbit is pieced together from true orbits of time span
T1 with jumps of maximal size « inbetween. The exact definition is as follows.

Definition 4.4. Let Ty > 0 and « > 0. We call a function A = A(T) a (T, «)-pseudo-orbit
inY for (4.3 ) if for all n € N the relations

Alln— 1N + 1)y =G (A((n — l)T))for all T € [0, T}),

AT +0} — Gr (A((n — DTNy <«
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hold, where Gr is the semigroup associated with (4.3) and A(T+0) = limp 7 A(7).
We state here theorem 3 of [Sch94c] in the generatization with 0 < € < .

Theorem 4.5 (Shadowing by psendo-orbits). Let 8 and y be fixed with 82+ 27y > 0.
Then, for all Ty > ( there exist positive constants &y, C, and To such that for all 8 € (0, &)
the following s true:

Forall ¢ € (0,8) (i.e, a < 1) and all initial conditions up with |ugllz £ 8 the solution
u(t) = S:(uq) exists for all time and there is a (T), C8V/*)-pseudo-orbit A for (4.3) which
satisfies |A(O)|ly < C and approximates u(t) as follows:

() — ¥s(A(% — To))llz € C&* forallt 2 Tp/8%.

5. Improved estimates on the atfractor 4°

To estimate the size of the solutions u(¢) for ¢ — oo we study the limsupy_, o, |A(T My
for pseudo-orbits.

Lemma 5.1. Assume b > 0O to be fixed. Then there exists a constant C such that for ail
a,k €(0,1)and all Ty 2 1 the following is true: Let A = A(T) be a (T, k)-pseudo-orbit
of (4.3). Then

lim sup [|A(T) [y < CTI with TT = /& + (/T1)® + «. EERY

Teroo

Proof. We first estimate the L® norm as we have sharp estimates from the maximum
principle. Set g, = | A 7Ti)}co. then (3.8) and the jump condition gives

2b fa+v\? -
8n+1$*v—( ) (—e"yt+eTig, +x.

3b
Hence, we find

' 2h 3/2
limsupg,,sj(a-l_u) + £

n—r0a 36 1—evh )

Using the estimate 1/(1 — ") < 1 4 1/(vT}) and optimijzing with respect to v yields
limsupsr_, .o A(T) e £ CIL With (3.9) (where now M < € and v = 7 — 1) we conclude
limsuop, .. [A(rT1+5) |y < CH forall s € [1, T7). The missing intervals can be estimated
by the uniform continuity of the semigroup Gr for T € [0, 1]. a

The two results above give a priori bounds on the solutions u(?) = &;(up) in theorem
4.5. The idea is that the above results are applied iteratively with a decreasing sequence
of ; such that in each step the size of u(f) = i (4;(5% — 7)) + O&;'*) is decreased.
The obtained result is optimal, as for the Swift—-Hohenberg equation it is well known that
stationary solutions of the form u(x) = g cos(k.x) + O(e?) with k, = 1 4+ O(g) exist.

Theorem 5.2. Let 8 and y be fixed with % + 27y > 0. Then there £xist positive constants
g0, 81, and C such that for all & € (0, o] the following is true:
Every solution u(t) = 87 (up) of (4.1) with lupllz < & satisfies
limsup #() ]z < Ce.

=00
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Proof. We take £y € 81 < 8y where 8, T, and T} are the same values as in theorem 4.5.
By induction over j we construct a sequence §; > §; > §j4 > &5 = Ce where C > 1.
Assume we know Jla(#)[lz < 8;, which is frue for j=1lwithty =0,
We ap‘plyf theorem 4.5 with § = §; < &y to obtain a (77, CE}” 4)—pseudo-orbit A; such
that- :
la(e — £) — W5, (4; 6% — To))llz < €8,

Note that A; satisfies (4.3) with a; = 32/62 1. Using (4.4) and the estimate on the limsup
of the pseudo orbit in (5.1) we ﬁnd a trme ti+1 with

le(enllz < C8llA; (az(tm +:J) — To)lly + €8
~'§ (3/6 -[-( "’4) )+C85/4 o) (8—2—813“2) (5.2)

Thus, we are finished, as we have shown that it is possible to define §; such that
8i11 2 Cile + 6]3/ 12) To this end we decrease 8, and gq, if necessary, such that

€16/ < 1/3  Ciep < min{l, 8;/3}. (5.3)
We let ii(s,8) = Ci(e + 6"%/1%) and define 8;41 = h(e, §;). From (5.3) we have for all
& € (0, go] the relation §; < 28, /3. Moreover, § = h(g, 8) has a unique fixed point &} in
the interval (0, §;). Obviously, &; € (C1£,2C &) and § > h(s, 8) for & € (8%, 61]. Thus, the
sequence §; decays monotomcally and has the limit &;. Hence there is a ﬁmte J such that
3; £ 2C1£
We stop at the iteration step j = J and conclude with the last pseudo-orbit A by takmg
L1 — o0 in (5.2) that limsup,_,  |u(®)]z < 8,41 < 2Cie. This completes the proof. T

Remarks.

1. From the previous section we know that §; in theorem 5.2 can be taken as C'.e”2
Using the constructlon in the proof we see that it is possible to assume §; = Ce%' with
Oy = min{s 12“1’ 1}. Hence, it is sufficient to do J = 10 iteration steps.

2, Using the above methods it is possible to show that the overall time needed for a solution
starting in Bz(8) to reach the ball Bz(Ce) is of order 1/¢2.

A simple consequence of the previous results is the following.

Corollary 5.3. Ler 8 and y be fixed such that B2 + 27y > 0. Then there are constants
C, &y, and 8 > 0 such that for all € € (0, o] the following is true:

Fory > 0letB=Zandfory < 0let B = U308 (Bz(81)). Then {4.1) has an attractor
in B which is contained in the ball Bz (Ce).

6. Comparison of attractors

In the last chapter we discuss the question of how well the attractor of the original problem
(4.1) can be described by the attractor of the Ginzburg-Landau equation. As in the previous
section it is clear that the attractor .A® is contained in a ball of radius ro& in Z, where the
natural scaling is now & = £. The main result is the following.

Theorem 6.1. For every o > 0 there exist C, ey > O such that for all ¢ € (0, g;] the
estimates

disty (@A, Ag) o and  distz(E. A%, {0) < C™*
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hold.

Proof. From theorem 5.2 we know that A® is contained in Bz(erp) for some ry > 0. Let
v € A%, Since A°® is invariant under the flow &7, there is a ug € A° such that v = Sg .2 (10)
where Tp is chosen according to theorem 4.2. Hence,

|Eewllz = 1 EsS5 0 (odlz € 1 Es(She (o) — Ye(Aa)lz + | Ese (Aol z < Ce™/*

where (4.5) and (4.4) was used. This shows the second result as v € A® was arbitrary.

From the attractivity in (4.6) we find R; > 0 such that disty(®. A%, By(Ry)) <
Ce'/*, Since Ag is an attractor, there exists, for given o, a time 73 > 0 such that
dlsty (Gn (By(R1)), .Ag) < ¢f2. Now let v € A° be arbitrary. By invariance there is
a iy ‘e A® with v = s /sz(ug) Applying the approximation result (4.8) with 7} = T; we
find

disty (@5, Gr, (By (R1))) = disty (DS, 2 (40), Gr, (By (R1)) < CeM/%.

1/4

Choosing &g so small that Ce'/* < ¢/2, then we complete the proof by

disty, (P A%, Ag) < disty (A%, G5 (By (R1))) + disty (Gr (Br (Ry)), Ag) <
' O

Remark. As mentioned above it is also natural to compare the lift ¥, (Ag) of the Ginzburg—
Landau attractor with the attractor A4* C Z of the original problem. This could also be done
by generalizing theorems 4.2 and 4.3 so that they are valid in more regular spaces, such ag
Hfﬂ Then one can conclude that for each ¢ > 0 there is a gy such that for all ¢ € (0, &g)
the estimate

dists, (A%, (Ag)) < &0

holds. Note that the diameter of A° is of order £ so that the distance is relatively small,

The result of theorem 6.1 means that .Af is upper semicontinuous towards the attractor
Ag of the Ginzburg-Landau equation in the sense that

1 ' .
dist’;.p (@45, Ag) + -E-:-dist:z(E_;.,tls Loh =0 fore—0.

Thus, the solutions & in the attractor .A° have relatively small stable parts u, = E,u and
the critical part u, is given approximately by a Ginzburg-Landau mode 1, (A} where A is
in the limit attractor .4g. In this way we have obtained an upper bound on the complexity
of the attractor 4%,

It is an unsolved problem to show the opposite direction, namely that A¢ is also as
rich as the attractor Ag, which means a lower bound on the complexity of the attractor. In
mathematical terms this means lower semicontinuity in the sense dist";-P (Ag, . A%) = 0
for £ — 0. For such statements one usually needs very detailed information on the flow
in the limit attractor .4g such as structural stability, ¢f [HR90]. In general it may happen
that the sets ®.(.A°) approach only a very small subset of Ag and that the dynamijcs in that
subset is rather trivial while that in Ag is not.

However, by simply restricting our view to subspaces of periodic functions we argue
that the attractors .A° and Ag.cannot be trivial. Fixing a spatial period £ > 0, we may
define the closed subspace Z; € Z of functions of this period. Clearly our semigroups
leave these subspaces invariant and have (compact) attractors A4; C Z; and Ag, C 1o,
respectively. For the weakly unstable Kuramoto—Shivashinsky equation there is a two—
parameter family of stationary spatially periodic solutions with amplitude and translation as
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continuous parameters. The periods are 2 + @(e) and hence these solutions are in Z; for
suitable £. Many of these solutions are unstable having nontrivial unstable manifolds (in
the spatially periodic setting), cf [He81]. All these stationary solutions and their unstable
manifolds are contained in the attractor A} and hence in A®, which is therefore nontrivial.
Moreover, . '

Ug-0A4; C closurey; (Ue>0.45) C closurey (UespA3) C A%

It is an interesting question whether any of these inclusions is in fact an equality.
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