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This paper is devoted to dimension reduction for linearized elastoplasticity in the rate-inde-
pendent case. The reference configuration of the three-dimensional elastoplastic body has a two-
dimensional middle surface and a positive but small thickness. Under suitable scalings we derive
a limiting model for the case in which the thickness of the plate tends to 0. This model contains
membrane and plate deformations (linear Kirchhoff—Love plate), which are coupled via plastic
strains. We establish strong convergence of the solutions in the natural energy space. The
analysis uses an abstract I'-convergence theory for rate-independent evolutionary systems that is
based on the notion of energetic solutions. This concept is formulated via an energy-storage
functional and a dissipation functional, such that energetic solutions are defined in terms of a
stability condition and an energy balance. The Mosco convergence of the quadratic energy-
storage functional follows the arguments of the elastic case. To handle the evolutionary situation
the interplay with the dissipation functional is controlled by cancellation properties for Mosco-
convergent quadratic energies.
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1. Introduction

The derivation of lower-dimensional theories for bodies such as rods, beams, mem-
branes, plates and shells from a three-dimensional theory is of fundamental impor-
tance for engineering applications. A first rigorous justification of the plane
membrane system and Kirchhoff’s plate equation dates back to Morgenstern,*5%
respectively. Here “justification” means that the convergence of the solutions of the
full three-dimensional system toward the solutions of the limiting model is shown
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without any additional assumptions on the solutions. Later results for rods, linear
and nonlinear plates, or shells can be found in Refs. 8, 24, 9, 4, 7, 13, 22, 10, 14 and the
references therein. Most of the recent investigations use a variational approach that is
based on the notion of I'-convergence. This convergence assures, roughly speaking,
that (almost) minimizers of the three-dimensional theory (subject to suitable
boundary conditions and applied loads) converge to minimizers of the limiting lower-
dimensional theory.

As the theory of I'-convergence is purely static, there are only very few results
concerning the justification of similar dimension reductions for evolutionary pro-
blems in nonlinear continuum mechanics, see Ref. 1 for a recent result. More often,
lower-dimensional theories are derived by ad hoc assumptions via formal asymptotic
expansions, see e.g. Refs. 33, 20 and 18.

In this paper, we want to give a rigorous justification of a new lower-dimensional
elastoplastic plate model in the rate-independent case. It is the recently developed
theory of I-convergence for rate-independent systems®’ that allows us to do a limit
passage from linearized elastoplasticity in three dimensions to a model that combines
two two-dimensional linear elastic models, namely the membrane model for in-plane
displacements and Kirchhoff’s plate equation for the out-of-plane displacement, with
the plastic effects.

Rate-independent linearized elastoplasticity can be formulated in different
equivalent forms, e.g. as variational inequality, as differential inclusion, or as ener-
getic system. All three are formulated in terms of an energy functional

E(tU.P)= / W.(E(1), P)da — (L(1), ),
Q

defined as integral over the rescaled plate domain 2 := w x ]—1,1[. Here U and P are
the rescaled displacements and plastic strains, respectively. The small parameter
€ > 0 is proportional to the unscaled thickness of the plate and occurs in W, via the
corresponding scalings of the strains.

Additionally we have a dissipation potential

which is assumed to be independent of ¢ after rescaling. Rate-independence manifests
itself in the fact that R is positively homogeneous of degree 1, i.e. R(AP) = A!R(P).
A typical R has the form R(P) = yield|P|7 where 0y;q is the yield stress.

The solutions have to solve the differential inclusion

0 =DyE(t, U(t), P(1), 0€dpR(P(1))+Dpe(t, U(t), P(1)), (1.1)

where the first equation is the balance of forces and the second is the plastic flow rule.

Since for linearized elastoplasticity the energy £.(¢,) is a convex quadratic
functional, the differential inclusion is fully equivalent to the so-called energetic
formulation, which is formulated in terms of an energetic stability condition and the
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total balance of energy, see (2.7). The advantage of the energetic formulation is that
it is based on £, and R rather than on their derivatives. Thus, we can use convergence
of functionals such as I'-convergence, Mosco convergence, and continuous conver-
gence.

The derivation of our limiting elastoplastic plate model will be described in Sec. 2
together with the underlying scalings. In Sec. 3 we provide an abstract ['-convergence
result for energetic rate-independent systems (RIS) (Q,&.,R.), where Q is the
underlying Hilbert space. In particular, we treat the more general case in which the
dissipation functional is allowed to depend on € as well. Our theory is a special case of
the general theory,?” as we assume that £.(t,-) is a quadratic functional that con-
verges to &£y(t,-) in the sense of Mosco convergence, see (3.1). Moreover, R, is
assumed to converge to R, in the Mosco as well as in the sense of continuous con-
vergence in the norm topology.

Under natural technical assumptions it is then shown in Theorem 3.1 that the
solutions ¢. : [0, T] — Q of the RIS (Q,€&.,R.), see (1.1) strongly converge to the
solution ¢ of the RIS (Q, &y, Ry). In particular, we emphasize that the exploitation of
the quadratic structure of the energy and of the Mosco convergence allows us to avoid
the commonly used continuous convergence of R, with respect to the weak topology,
see, e.g. Refs. 21, 27 and 29. The abstract construction of the mutual recovery
sequences is given in Proposition 3.1 and relies on refined estimates for Mosco-
convergent functionals.

The main point here is that the limiting energy &, is quite degenerate, as it is only
finite if U lies in the space Uy, of Kirchhoff—Love displacements (see (2.12))

Uy, z3) = (Vi(y) — 230,,V3(y), Va(y) — 230,,V3(y), Va(y)) -

The proof of Mosco convergence of £.(t,-) to (L, -) is given in Sec. 4 and is a gener-
alization of the ideas in Ref. 4, as we have to take into account also the plastic variable.
In Sec. 5 we formulate the limit problem in terms of the in-plane displacements
(V1, Vy), the out-of-plane displacement Vs, and the plastic strain P, which is still
defined on all of Q2. For an isotropic material, the limiting model takes the form

0= _diV(EO(zELQ(V) - [PL’Q]O)) - Gmcmb(t, ) n w, (1234)
0 = divdiv (EO (;D2 Vs + [P1*2]1>) = Ghend (L, 1) — div Ghepa(t, ) in w, (1.2b)
0 € OR(P) + dev([Z(P"? — EY2(V) + 23D V3) | 0]) + AP inQ,  (1.2¢)

where %y (E) := /\ngu tr EL, + 2uE. Here, EY?(V) € R is the in-plane strain tensor
and D2V € Rsyxn% the bending strain tensor.

Equation (1.2a) is the second-order membrane equation for (Vi, V5), which is
coupled to the plastic strain P via the integrals [ -], over 23 €] —1, 1[. Equation (1.2b)
is a generalization of Kirchhofl’s plate equation (of order 4) for V5. It is also coupled to
the plastic strain P, but now with weighted averages [ -|;. The flow rule (1.2¢) exhibit

the elastic strains as forcing in a very special manner concerning the dependence on z;.
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In the final Sec. 5.3 we show how the last equation can be eliminated using a
vector-valued hysteresis operator of play-type. For a suitably defined generalized
Prandtl—Ishlinskii operator P8 = (Pp, Py) we obtain the two-dimensional system

_diV(ZO(EL?( V)) + (‘BE[Elz( V)’ D2 V3Kt)) - Gnlemb(tv ) on w,
(1.3a)

div le(EU (Dz V3) + ng[ELQ( V)7 D2 V3](t)) = gbcnd(t7 ) +div Gbcnd(t7 ) on w.
(1.3b)

Of course, P = (P, Ppy) has a memory, which takes care of all the necessary
information on previous plastic deformations.

Most, of the results in this work were derived for the diploma thesis of the first
author.?

2. Setup of the Elastoplastic Plate Model

We start from the classical elastoplastic models with hardening. We formulate it in
terms of differential inclusions or equivalently as variational inequalities. In Sec. 2.2
we then focus on domains with a plate geometry, i.e. Q. = w x |—¢,¢[, and discuss
the suitable scalings to obtain a nontrivial limiting model. The final model will be
presented in Sec. 2.3. The convergence proof is the content of Secs. 3 and 4, while
Sec. 5 is devoted to a discussion of the derived model.

2.1. Linearized elastoplasticity as a rate-independent system

We consider a bounded Lipschitz domain 2 C R¢, where I'; C 02 denotes the part
of the boundary, where we have Dirichlet boundary conditions, i.e. the displacement
is prescribed. We set

Hi (RY) = {u € HY(QRY) |ulp, = 0}.
We assume that the pair (2, I'p) satisfies a Korn inequality, i.e.

Jegom >0V u € H%D(Q;Rd): lle(u)|lr: > cxomll®lmr,
1 2.1
where e(u) = 5(Vu +Vul) € Rgﬁf ={AeR™|A=AT} 21)

The elastoplastic properties of the body €2 are described in terms of the linearized
strain tensor e and the plastic strain tensor

pERG = {AcRL! tr A =0}

dxd

dov. — R, which is assumed to be a

via the stored energy density W : Rf;,;i x R
quadratic function satisfying

3¢, C>0V (e,p) € RS X R c(le]® + [p|?) < W(e,p)

< C(lel? + [pI*). (2.2)
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Here “quadratic” means that W is given by a linear and symmetric operator B on
ngxnf x R34 see, e.g. (2.5).

Moreover, the plastic flow rule of the material can be formulated in terms of a
dissipation potential R :R%*¢ — [0, o[, which is assumed to satisfy the following
conditions:

R is continuous, convex, and homogeneous of degree 1, (2.3)

where the latter condition means R(\p) = AR(p) for all X > 0 and p € R4*?. This
property guarantees that the material response is rate-independent. The corre-
sponding elastic domain E C R3¢ is defined via E:= dR(0), which is the sub-
differential of R at 0.

Given time-dependent volume and surface loadings f. (¢, ) and f.¢(¢, "), as well
as time-dependent Dirichlet data wup(t,-), the full elastoplastic problem can be
written in the form

—div(0.W(e(u), p)) = fear(t,-)  in Q,

0 € OR(p) + 0,W(e(u), p) in Q,
u(t,+) = up(t,-) on I'p, (24)
8 W( ( ) )V _f@urf( ) on aQ\FDv

where v denotes the outer normal vector on 0f). Here 0 = 9, W € Rixn‘f denotes the
stress, while 0,W € R4 contains the deviator of the stress as well as any plastic
back stresses.

dev

Example 2.1. Throughout we will use the isotropic stored energy density

A B
W(e,p) = = (tre)* + pule — p|? +§|;D|2 (2.5)

2
as an example. Here A\, > 0 are the Lamé constants and h > 0 is a measure for
kinematic hardening. For this example we have
0=0W=Atrel;+ u(e —p) € Rfvxn‘f and
0,W = —devo + hp = pu(p — deve) + hp € R 2xd

dev

which shows that hp plays the role of the plastic back stress.

We reformulate the system (2.4) in abstract form for the pair ¢ = (u, p) € Q via
the energy functional £ : [0, T] x Q — R and the dissipation functional R : Q —
[0, 00[ as follows:

dev

E(t,q) = QW(G(U)(I),p(I))dI — (£(1), 9),

Q= H}, (%RY) x LAGRLY),

R(g= [ Riita)ie
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where £(t) € Q* is defined via
/fvol t 33 d$+/ f;urf(fﬂ :E) : U($)d0,($) (26)
8O\,

Without loss of generality we set up = 0 from now on. Otherwise we could replace u
by u — up, which would just produce an additional term in ¢(t). We call the triple
(Q,&,R) a rate-independent system.

By (2.1) and (2.2) the functional £(¢,-) : Q — R is uniformly convex and can be
written as E(t, q) = B(q) — (€(t), ) with a quadratic form B(q) =4 (Aq, q) (here
obtained by the integral over W). The operator A4 : Q — Q* is a symmetric and
positive definite isomorphism and we have D &(t, q) = Aq — {(t).

We call a function ¢ = (u,p) : [0, T] — Q a solution to the RIS (Q,&,R) (and
hence to the above elastoplastic problem (2.4)), if it solves one of the following three
equivalent problem formulations:

Differential inclusion:
0 € OR(4(t)) +D,E(t, q(t)); (2.7a)

Variational inequality:
VoeQ: (D&t q(1),v—¢) +R(v) = R(¢) = 0; (2.7b)

Energetic formulation:

(S) stability: VieQ: £t q(t) <&t ) +R(G— qlt)),

t
(E) energy balance: / R(q ,q(0)) — / (0, g)dt. (2.7¢)
0

We refer to Sec. 2 in Ref. 25 for the equivalence between these three forms. It turns
out that the energetic formulation will be especially useful for deriving our limiting
model in the process of dimension reduction. Moreover, it is free of derivatives and
thus applies also in the more general case, where £ or R takes the value co.

The existence of solutions for (2.7) is classical, see, e.g. Refs. 34, 17, 2, 19, 31
and 25.

Theorem 2.1. Assume that (Q,&,R) is as above with £ € C¥([0, T], Q*) and that
q° € Q is stable at t =0 (i.e. 0 € IR(0) +D,E(0, ¢°) or equivalently (S) in (2.7c)
holds with q(0) replaced by q°), then there is a unique solution ¢ € C¥P([0, T, Q) with
q(0) = ¢".

2.2. Scalings for thin-plate domains

We now specialize to the case that {2 is a thin plate, i.e. we assume (2 from above is
replaced by

N =wx]|—e,e[, I'p=9px]|—ec]
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where w C R? is a planar, bounded Lipschitz domain, the so-called mid-surface of the
plate. The boundary part vp C Ow C R? has a positive one-dimensional Hausdorff
measure.

Throughout we keep the material laws given via W and R fixed and obtain an
e-dependent state space Q° and functionals £¢ and R¢ defined over €2¢. For each
e > 0 all the assumptions of the previous section are satisfied and Theorem 2.1
provides solutions ¢° = (uf, p¢) : [0, T] — QF of the RIS (Q¢, &%, R¢). We want to
study their behavior for ¢ — 0. However, to obtain a nontrivial limit we have to do
suitable scalings, which we explain now.

For linearized elasticity the scaling of the strains is arbitrary, because it is an
infinitesimal theory by definition. In contrast, the theory of linearized elastoplasticity
is no longer scaling invariant, because the boundary of the elastic domain E = 9R(0)
contains the given yield stresses of order 1, i.e. independent of . Thus, our theory
needs a scaling where the plastic tensor p as well as most of the strains in e are of
order 1.

It is already known from the theory of linearized elasticity®®*>® that the strain of
in-plane displacements (membrane modes) are smaller than the out-of-plane modes
(bending modes). Thus, we look for a scaling of the form

ut(2°) = e*S.U(S.x%), p°(2°) =e’P(S.2°), where S. = diag(1,1,1/e). (2.8)

To simplify the presentation we will choose o = 3 =0 at this stage and refer to
Remark 2.1 for more general scalings.

Since z¢ € QF is mapped to z = S.z° € Qy, the rescaled function @ = (U, P) will
be defined in

Q:=Hp (% R%) x L2 REY), where Q:=Q; and Tp:=px]|-1,1[.

The scaling acts differently on the components of the strains in e(u¢), as follows

Ba(U)  Bu(U) ~B(0)

e(u’)(z%) = S.E(U)(S.29)5. = | Ewn(U)  Exn(U) %E23(U) € R,

1 1 1
EEB(U) EE23(U) §E33(U)

where here e(u) is calculated via the gradient with respect to z° € 2¢, while E(U) is
calculated via the gradient with respect to z € 2. We continue to use capital letters
for functions defined on Q = w x|—1,1].

When substituting ¢° = (uf, p?) into £ and R¢ we still have to take care of the
change in the volume measure, namely dz° = edz. Hence we set

1 . 1
E.(t,U,P)= ZEE(t, uf,p®) and R.(P)= gnﬁ(pﬁ).
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To control the loading part of £¢ defined in (2.6), we also have to assume a corre-
sponding scaling of the loadings namely

fvol(t7 ws) = EQS;IFVOI(SECCE) and f:;urf(t7 ws) = EaJrl‘~Sy571‘1;‘311rf(‘S’ams)

for z° € w x {—¢,e} and a = 0 as above. For simplicity, we assume that there are no
surface loadings on dw\7yp x|—¢,e[. They could be easily included, but need a
different scaling. Then, £, and R, take the form

E.(t,U,P)=B.(U,P)— (L(t), U), RE(P):/QR(P(z))dx, (2.9a)

BUP)= | W(SE(U)(@)S., P()ds, (2.9b)

@0 V) = [ Fults) u@dat [ Fuglta) ulodae). (290
9] wx{-1,1}
Thus, the only dependence in e occurs through the scaling of the elastic strains.
By (2.1) and (2.2) and ¢ €]0, 1] we have the uniform convexity

B.(U,P) > c([|S-E(U)S.[|f= + | PlI£2) > c(| B(O)[E +[1PIIf2)
> CKornC” UHIZFU + CHP”%/ (210)
independently of e.

Remark 2.1. In principle we could use a different scaling for elastic and plastic
strains in (2.8), i.e. @ # 3. Moreover, for the dissipation potential one may consider
the scaling R°(p) = e7R(p). Finally, the scaling of the total energy and total
dissipation potential can be assumed in the form &.(¢, U, P) = 5%55(75, u®, p°) and
RE(P) = E%RE (p?). The scaling of both energetic terms must be the same to stay
consistent with the energetic formulation (2.7¢). One may now explore the space of
all possible scalings and will find the same model as above, whenever we take o =
f=~and 6 =1+ 2a.

In the case a # (3 the proper scaling for the energy leads to 6 = 1 + 2min{a, 5}.
Applying this 6 to the dissipation potential we see that R, tendsto 0ify > 6 — 1 — (3,
which leads to the degenerate situation that plasticity does not dissipate energy.
Hence it occurs immediately in such a way that all plastic stresses are 0. In the case
v < 6 —1— [ plastic changes would dissipate infinite energy and hence we find
P =0, which leads to pure elasticity. Only the case v = § — 1 — 3 produces classical
plasticity.

Now returning to the choices of o and 3: for @ > (3, the hardening becomes infinite
and we are led to pure elasticity with P = 0, for a < 3 one obtains rigid plasticity
where u = 0.

2.3. The limiting elastoplastic plate model

Obviously, the energy B. blows up for € — 0 if the strains E;3(U) do not vanish.
Thus, we expect the limit model to be defined on a reduced space, namely the
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so-called Kirchhoff— Love displacements
Uy == {U € Hi, (% R?) | Ey5(U) = Eg3(U) = Eg3(U) = 0}. (2.11)
The restrictions in Uy, take the explicit form
0y, Us + 0,,Uy = 0,,Us + 0,,Up = 0,,Us =0 a.e. in €.

The last equation implies that U; is independent of z;. Using this the first two
equations imply that U; and U, are affine in z3. Defining

Vi={V=(V, Vo, V3) e H} (w;R?*)| V3 € H*(w),VV3-v=0o0np}
the space of Kirchhoff—Love displacements can be characterized via
Vi(m, m,) — 3338z1V3(331, )

KV (2,1, 13) = | Vo2, 1) — 230, V5(21, 1) |,
Vs(my, 2,)

(2.12)

see, e.g. Refs. 8 and 6. Note that the component U; in Uy; has gained higher
smoothness, namely Us € H2(Q).

The limit model will be defined in such a way that it is restricted to Uyg,. The
reduced energy is obtained by relaxing the strains Ej; in the following way. We
decompose the six-dimensional space RSVXIS into two three-dimensional components
by setting

E, E
EI‘Z = < 2 12) € Rg\iﬁv E3 = (E131E237E33) € RS‘ (2133’)
E;; Ep ’
For A € R%:2 and b € R? we define [A| b] € R such that E = [E'? | E®], ie.
Ay Ap b
[[A I b]] = | A An b |. (2.13b)
by by b

Now we define a relaxed energy density depending only on E!? namely
W(E'2, P) := min{W([EY? |b], P)| b € R3}. (2.14)

The minimization of the energy density W with respect to b = E3 is a common
feature of linear and nonlinear plate theories.*%22:14

The definition of W in (2.14) implies the important lower estimate
W(S.ES., P) > W(EY, P) foralle€[0,1], (E,P) € RYZ xRYZ.  (2.15)

Moreover there is a linear mapping N : R2%2 x R3%* — R? such that

N(E'?, P) = argmin{W([E? |b], P) | b € R?}.
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Some linear algebra shows that these definitions lead to the formula

W([EL? |b], P) = W(E!2, P) + W,(b— N(E'2, P))

) (2.16)
with W, : R? — [0,00[; b+ W([0]b],0).
Explicit formulas for a special case will be given in Example 2.2.
We now define the limit RIS (Q, &y, Ry) as follows:
Eo(t, U, P)=By(U,P) — (L(t),U) and Ry(P)= / R(P(z))dz, where
Q
B(U,P) if Ue Uy,
Bo(U,P){ (0. F) i (2.17)
00 else,

with B(U, P)= /Q W(E2(U)(z), P(z))dz.

The following convergence result, which is the central aim of this paper, shows
that the solutions Q. = (U, P.) of the RIS (Q,¢&,, R.) converge, for € — 0, to sol-
utions Qy = (Uy, Py) of the limiting RIS (Q, £y, Ry). The proof will be established in
Sec. 4 on the basis of the abstract I'-convergence theory for evolutionary problems
developed in Sec. 3. The specific properties of the limit system are discussed in Sec. 5.
There we will highlight in what sense the limit problem can be understood as an
elastoplastic plate model.

Theorem 2.2. Assume that the RIS (Q,E., R.) are given as above for all € € [0, 1],
where L € C1([0, T]; Q*). Consider a family of solutions Q. : [0, T] — Q, as defined
in (2.7¢) for all € € [0, 1]. If the initial conditions satisfy

QE(O) - QO(O) and 56(07 Qs(o)) - 50(07 QO(O)) for € — 07
then for all t € [0, T| we have the convergences
t
Q:-(1) = Qo(1),  E(1, Q-(t)) — Eo(t, Qo(?) / R(P.(s))ds — / R(Po(s))ds.
0

We end this section by showing the result of the relaxed energy density W for the
isotropic W considered in Example 2.1.
Example 2.2. We return to the isotropic W defined in (2.5), now for d = 3. Using
tr P = 0 we obtain the relaxed energy density

— Al h
1.2 _ 12 pl2y\2 12 pl22 . " ypp2
W(E"*, P) N+ o (tr(E PY))? + u|E P27+ 2 |P|

as well as the relations

9 T
N(E!'2, P) = <P13,P237 B2 4 P33) )

A2 A42u

)\+2
W,(b) = 2ub? + 2ub} + 2

b3
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3. I'-Convergence for RIS with Quadratic Energies

In this section we consider general families (Q, ., R.).¢j,1 of RIS and study the
convergence of the associated solutions ¢. in the limit ¢ — 0. The aim is to establish
fairly general conditions on the convergences of (€., R.) to (&, Ry) that guarantee
that the solutions ¢. converge to the solution ¢ of the limit system (Q, £y, Ry), which
we then call the I'-limit of the above family.

For rate-independent systems a general strategy for I'-convergence was developed
in Ref. 29, which found numerous applications: e.g. fracture,'” homogenization,*’
numerical approximation,'6-227 3730 Here we specialize this theory
to the case that &£.(¢,-): Q — R is a quadratic functional, as it is the case in
linearized elastoplasticity. Thus, the abstract theory is simplified in two respects.
First, the systems under consideration have unique solutions and we do not need to
consider subsequences. Second, the quadratic nature of the energy allows for a sim-
pler construction of recovery sequences by using the quadratic trick introduced in
Ref. 31, see Proposition 3.1.

and delamination.

3.1. Abstract setup and I'-convergence result

Our result is formulated abstractly in terms of I'-convergence of E.(t,-) toward
Eo(t,-), where we use the weak and the strong topologies in the underlying separable
Hilbert space Q. We use the notions of Mosco convergence®'! and continuous con-
vergence for functionals Z,, denoted by Z, 2 7 and T nf»I , respectively. The

definitions are as follows:
(i) Liminf estimate:

¢, — q¢ = I(q) < liminf Z,(q,),

M
=1 (ii) Limsup estimate (existence of recovery sequences) (3.1)
V§€Q3(Gn)n: Gn—q and Z(g) = limsup Z,(qy).

Our precise assumptions on the family (Q, €., R.).cp, are the following. Note
that often the limit functionals £, and R are included in the assumptions via € = 0.
The assumptions (3.3a)—(3.3¢) provide some uniform a priori estimates, while (3.3d)
and (3.3e) are the main convergence assumptions.

E.(t,q) = B.(q) — (¢.(t), ¢) with B, quadratic and weakly lower
semicontinuous (wlsc) and £, € C1([0, T]; Q*); (3.3a)

R.:Q — [0,00] is 1-homogeneous, wlsc, and convex; (3.3b)

55,05 0% (1,9 €0, 7] x Qe € [0,1]: B.(a) > o,

e (t)llq. < C, [le(B)llq. < C; (3-3¢)
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B. M B, and Vtel0,T]: (.(t) — Ly(t) in QF; (3.3d)
R.~Ry and R.-2L R,. (3.3¢)

In the last condition “~~” means that every strongly converging sequence is a
recovery sequence. The additional condition “-” is needed in order to guarantee
Ro(qy) < liminf,_yR.(q.) whenever ¢. — ¢y. Note that we only ask for continuous
convergence in the norm topology, which is in contrast to Refs. 21, 29 and 27, where
the more restrictive continuous convergence in the weak topology is used. Thus, we
follow Ref. 32 and exploit the quadratic structure (3.3a) of £, for the construction of
the mutual recovery sequence, see Proposition 3.1.

Our aim is to establish the following convergence result for the solutions ¢. of the
RIS (Q, ., R.). We obtain strong convergence of the solutions ¢. toward solutions ¢,
of the limiting problem (Q, &y, Ry). Moreover, the solutions ¢.(t) are recovery
sequences for ¢(t), see (3.5b). The proof will be given in Sec. 3.3.

Theorem 3.1. Let the assumptions (3.3) hold. Moreover, choose a family (qS)ge[o,l]
of initial data such that the following conditions hold:

Vee[0,1]Vie Q: £.(0,¢)) <E.(0,q) +R.(q— q), (3.4a)

Then, the unique solutions q. : [0, T] — Q for the RIS (Q,&.,R.) with ¢.(0) = ¢°
satisfy, for all t € [0, T, the convergences

¢:(t) = qo(2), (3.5a)
E(t,¢.(1) — Eo(t, (), (3.5b)
Dissz (¢, [0, t]) — DlssRU(qo, [0, 7]), (3.5¢)
(€-(1), g-(1)) = (Lo(t), o (1))- (3.5d)

The assumption (3.4b) on the initial conditions should be seen as the counterpart
to (3.5a) and (3.5b). Similarly, (3.4a) is necessary as energetic solutions are stable for
all times, also t = 0.

Remark 3.1. One might ask the question, whether for a given limit solution g :
[0, T] — Q there are suitable initial conditions such that (3.4), and hence (3.5) hold.
The answer is yes, and they can be obtained by the construction

g} = argmin{€.(0,q) + R.(¢— q0) | ¢ € Q}.

By standard arguments using the triangle inequality for R, see Theorem 3.2(i) in
Ref. 25, such minimizers are stable, i.e. (3.4a) holds.

The convergences (3.3d) and (3.3e) imply that J.: ¢~ £.(0,q) +R.(¢— q))
Mosco-converges to Jy, which has the unique minimizer ¢) by (3.4a). By standard
results from I'-convergence we obtain ¢ — ¢f and J.(¢?) — J(¢d) = &,(0, ¢f)). For
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the convergence of the energies £.(0, ¢°) we use the uniform convexity (3.3c) giving
B - _
JE(q?HgH(JE—qQIIQSJE( 2) — Jo(40), (3.6)

where §. is chosen such that §. — ¢ and £.(0, G.) — &y(0, ¢J). We find ||G. — ¢7|
0 and conclude ¢? — qg. Thus, £.(0, ¢2) = T.(¢?) = Ro(¢? — 45) — Jo(ag) = 0(0, 47);
and (3.4b) is established.

—

In (3.5¢) and for any ¢: [0, T] — Q and 0 < r < s < T we use the notation

N
Dissg (g, [r, §]) := sup {ZR(q(tj) —q(ti_1)) ‘N eN, r<ty<ty <~ <ty < 5},

=1

which is defined for all functions (defined for all ¢ € [0, T]). For absolutely continuous
functions we have

Dissi(g.[r.s) = [ R(a(®)dt.

Using the liminf estimate from R. - R, it is standard to show that Dissp_ is lower
semicontinuous in the sense that

(Vt € [07 T] : QE(t) - QO(t))
= Dissg, (¢, [0, T]) < lilgrg(lglf Dissg (g, [0, T7). (3.7)

3.2. Quadratic forms

Here we discuss some abstract results on quadratic forms and their I'-convergence.
We refer to Chap. 13 in Ref. 11 for general background and more details.

A functional B : Q — R is called a quadratic form, if it is homogeneous of degree
2 and satisfies the parallelogram identity, i.e.

B(\g) = A*B(q), Blq+ q)+Blg— q) = 2B(q) + 28(q)
for all A € R and ¢, ¢ € Q. Note that 5 may take the value +o0o here. Throughout we
assume that our quadratic forms are coercive and weakly lower semicontinuous, i.e.

56>090€Q: Blo) > Jal, g, — = Blg) < liminf Bg,).

n—oo

We define the domain V =dom B = {q € Q|B(gq) < oo}, which is a Hilbert space,
when equipped with the norm ||q||z = B(q)'/2. Clearly, V is continuously embedded
into Q. We denote by Qp the closure of V in Q.

There is a symmetric bounded linear operator A : V. — V* such that

1

—(Agq,q) for qe 'V,
Blg) = {24
00 for g € Q\'V.
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. . dense 4 dense 3 L.
Using the Gelfand triple V. C Qp = Qi C V*, we also define a unique self-adjoint
operator A1 : D — Qj with

D:={geV|[IC>0VieV: [(4¢ )| =< Cllql}
and (A*q, §) = (Aq, ¢) for g, ¢ € V. Clearly, we have

dense dense

D'C V'C Qg (3.8)

with respect to the strong topology in Q. We also introduce the Q-orthogonal pro-
jection P : Q — Qp and observe that for each ¢ € Q* the minimization problem

g € argmin{B(q) — (¢, ¢) | ¢ € Q}

has the unique minimizer ¢ = A=t P*/.
We now consider a family (B.).c1) of quadratic forms that are all weakly lower
semicontinuous and uniformly coercive, i.e.

I>0Vee[0,1]Vge Q: Bg(q)zgﬂqH?. (3.9)

We denote the corresponding subspaces by D. C V. C Q. =V, C Q and the
operators by AS : D, — QX, A, : V. — V, and the projections P. : Q — Q..

We now study the situation that B, is the Mosco limit of B.. We follow the ideas in
Sec. 2.2 in Ref. 26, where the case of Mosco convergence leads to the stronger recovery
condition (R3)*. The following result contains first the construction of the mutual
recovery sequence (4. )., which will be crucial for Step 3 in the proof of Theorem 3.1.
Second, we show that under our assumptions every recovery sequence converges
strongly.

Proposition 3.1. Assume B. X By and the uniform coercivity (3.9). Then the
following two statements hold:

(i) Forgy € Dy let g. = AZ'PI A5Gy = argmin{B.(q) — (A§do, 9) | g € Q}; then

4= = Qos (3.10a)
BS(QE) - Bo(@o), (310b)
if ¢ — ¢y and sup B.(¢) < oo,
e€l0,1]

then B.(¢. +4.) — B-(¢-) — By + do) — Bo(q)-  (3.10¢)
(ii) Ewvery recovery sequence for gy with By(qy) < oo converges strongly.
Proof. Throughout this proof we will use the following simple observation:
VEe Qg with B.(g.) < oo: (PZE, q.) = (&, ¢.)- (3.11)
This follows simply from ¢. € V. giving P.q. = ¢..

i) For g, € D, the essential feature is A, € Q*, which implies that L :
0
q— (A{qo, q) is continuous. Hence, we conclude that B, — £ L By — £, and the
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classical properties of I'-convergence provide convergence of minimizers and of the
minimum energies, thus we have §. — g, and (3.10b).

To prove ¢, — ¢, we use that Mosco convergence implies the existence of at least
one strongly converging recovery sequence, let us call it ¢., ie. ¢. — ¢, and
B.(4.) — By(gy)- Hence, (3.10a) will follow from ||¢. — ¢.|| — 0. Since ¢.,§. € V. we
have

|| ~5 - ngQ < BE(QE - qs) = BE(QE) - <A5Q5a §s> + BE(QE)
= Be((js) - <P:A(JJFQOa (js> + BE@E)
=B.(q:) — <A(T‘§Oa q-) +B(q.)
— By(do) — (A5 do:d0) + Bo(do) =0,
where we used (3.9), the quadratic structure, the definition of §., and (3.11) for ¢..

Thus, (3.10a) is established.
To obtain (3.10c) we use (3.11) for ¢. and obtain, for all € € [0, 1], the convergence

BE(qE +QE) - BE(Q&) = Bs((js) + <A6(jsv q6> = BE(Q&) + <AJ(§0, q$>
— By(Go) + (Ao, 90) = Bolo + Go) — Bo(4o)-

Hence, the desired relation (3.10c) is established.

N

(ii) To obtain strong convergence of every recovery sequence, we proceed as in the
previous part but approximate gy € V = dom B,,. We first construct a family (¢?)s-
such that

¢® €D, and §||q5—q0||2§Bo(q5—q0)—>0 for 6 — 0. (3.12)

Next we consider the family §° = A-1P? A§ ¢°. From the above we know that
V6>0: g — ¢ fore—0. (3.13)

Now consider an arbitrary recovery sequence ¢. — ¢, such that B.(q.) — By(¢). We
estimate the norms via

~0 ~0 y
e — qll < llg- — a2l + llge — ¢l + 11¢° — ll. (3.14)

To estimate the first term on the right-hand side we proceed as above and obtain
Dlla. ~ 207 < B(g. ~2) = Bula) + B.@h) — (P2 Ao a)
— By(a0) + Bo(a®) — (A5 ¢°, a0) = Bo(a® — @)- (3.15)
Now, by (3.12) for any p > 0 we can fix 6 > 0 such that
l¢° = all < p/4 and By(q® - q) < Bp*/8.
By (3.13) and (3.15) we can choose an €5 > 0 such that for all € €10, e[ we have
2

_ 1/2
2 Bua’ - qo>) T pd< )2

12— ¢l < p/4 and g -l < (
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Inserting this into (3.14), we have shown ||¢. — || < p for all £ €]0, &y, which is the
desired strong convergence. O

3.3. Proof of Theorem 3.1

In this section we provide the full proof of the abstract I'-convergence result for the
quadratic rate-independent systems given in Sec. 3.1.

Proof of Theorem 3.1. We first note that the assumptions (3.3a) and (3.3b) imply
that for each e € [0, 1] and each stable initial condition ¢°, see (3.4a), there is a unique
energetic solution (see Theorem 2.1). The convergence result will be a special case of
Sec. 3 in Ref. 29. We will follow the established six steps of the existence proof!?2%-2%
for the convenience of the reader.

Step 1. A priori estimates. Using (3.3c) and (3.4b) we obtain the uniform bounds
lg:llcoqo,mq) + [14:llL=(o,71:0) < Cr

for all € € [0, 1].

Step 2. Selection of subsequences. Via the selection principle of Arzela—Ascoli we
find a subsequence (£;)ren and a limit function ¢, € CHP([0, T]; Q) such that for all
t € [0, T] we have

0<e—0 and ¢, (1) — q(t) fork— oo. (3.16)

The aim is to show that ¢, is the unique solution ¢y, then we conclude the convergence
of the full family (g.).~(, without taking a subsequence. By (3.4b) we already know
¢.(0) = qg, and it remains to show that ¢, is an energetic solution.

Step 3. Stability of the limit. We want to establish the stability of ¢,(¢), i.e.
Vie [0, T]Vqe Q: &t q.(t) < &t Q)+ Ro(q— (1)) (3.17)

For this we use the quadratic structure of £, by employing the results of Sec. 3.2. We
fix from now on the time ¢ and write ¢, and ¢. for ¢, (¢) and ¢.(¢), respectively.
Obviously, stability is equivalent to

Vé € Q: 0< Be(Q& +(§) - BE(QE) - <£aan> +Ra((j) (318)

We have this condition for £ > 0 and want to establish it for £ = 0. Clearly, we have
B.(q.) < oo for all € € [0,1], and it suffices to check (3.18)._, for § € Vy = dom B,
only.

For this we restrict first to the case ¢, € D, and consider the mutual recovery
sequence ¢, constructed in Proposition 3.1. We insert ¢, into (3.18) and see that we
can pass to the limit in all terms. The first two terms converge to By(qy + ¢9) — By(q)
by (3.10¢). The third term converges since both factors in the duality product con-
verge strongly, and for the last term we have R.(§.) — Ry(gy) using (3.10a) and
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(3.3e). Thus, (3.18) with £ = 0 holds for all g, € Dy, i.e.
Vqo € Dy: 0< J(q0) == Bolgo + do) — Bo(go) — (o do) + Ro(o)- (3.19)

The functional J : Vj — R is coercive and convex. Moreover, it is continuous, if
V, is considered as the Hilbert space equipped with the norm ||g|ly, = B,(¢)'/2. Since
D, is dense in V| (see (3.8)), the minimum of 7 over V| is equal to the infimum of J
over D, which is 0. Thus, we conclude J(¢) > 0 for all ¢ € V). As J(¢) = oo for
G € Q\'V we have established the desired stability (3.17) of ¢y = ¢.(¢).

Step 4. Upper energy estimate. The energy balance for ¢. reads

t

&wmm+mwg%mm=amum—l@@%@m&

Using (3.16) we can pass to the limit £, — 0 by employing (3.3d) for the first term,
(3.7) for the second term, (3.4b) for the third term, and (3.3d) and (3.16) for the
fourth term. This leads to the estimate

t

SO(tv q*(t)) + DiSS’RO(q*v [07 t]) < 80(03 QO(O)) - /0 <‘é0(8)7 q*(8)>d8

Here we use liminf-estimates on the left-hand side (viz. (3.3d) and (3.7)), while
convergences hold on the right-hand side.

Step 5. Lower energy estimate. The lower energy estimate for ¢, follows solely
from the stability of ¢, derived in Step 3. For any partition 0 =4, < ¢; < --- <
ty_1 < ty = T, the stability of ¢,(¢,_;) implies

Eo(ti1, . (ti-1)) < Eo(tj1, a.(t)) + Rol(a.(t) — ¢.(t-1))
= 50( iy 4. ( )) + RO(Q*( ]) Q*(tjfl))

fﬁkm$mwm

-1
Rearranging and summing over j € {1,..., N} gives

T

Eo(T, (T +Zﬂm<— (6-) = £60.0.00) = [ a9, 7.(9)ds.

where g, is the piecewise constant interpolant with the value ¢.(t;) for t € Jt,_y, ¢,].
Taking the fineness of the partitions to 0, the right-hand side converges while the left-

hand side can be estimated from above giving the desired lower energy estimate

T
60(T> q*(T)) + DiSSRg(q*7 [07 T]) > 50(0, Q*(O)) - A <f0(8), q*(8)>d8. (320)

Together with the results of Steps 3 and 4 we conclude that g, is equal to the unique
energetic solution ¢, for (Q, &, Ry) with ¢,(0) = ¢{.
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Step 6. Improved convergence. We already have established weak convergence
instead of the strong convergence stated in (3.5a), see (3.16). Using (3.3d) the con-
vergence (3.5d) follows immediately. The convergences (3.5b) and (3.5¢) follow, since
we have the obvious liminf estimate for both of them. However, Steps 4 and 5 show
that the sum converges to the correct limit. This implies that each of them converges
to the desired limit.

Using the energy convergence (3.5b) and the weak convergence ¢.(t) — q(t)
we see that ¢.(t) is a recovery sequence for ¢(t) for B. s B,. Thus, using
Proposition 3.1(ii) we conclude the strong convergence ¢.(t) — ¢y(t) as stated in
(3.5a). O

4. Justification of the Elastoplastic Plate Model

In this section we provide the proof of the limit passage stated in Theorem 2.2. The
main step is the Mosco convergence of the quadratic forms B, defined in (2.9) for
e > 0and (2.17) for e = 0, respectively. All notions of convergence (weak and strong)
as well as the norm will relate to the basic Hilbert space Q C H!(Q;R3) x
L2(Q;R323). The proof is similar to the approach devised in Ref. 4, but needs to be
repeated as we use a more general material law involving also the plastic variable.

Proposition 4.1. Under the assumptions of Sec. 2 we have the Mosco convergence
B. L B,.

Proof. Liminf estimate for weak convergence. For all sequences ). — @, we have to
show By(Qy) < liminf, ,(B.(Q.).

First consider the case U, ¢ Uyy,. Since U — ||[E3(U)||}. is convex and lower
semicontinuous, we find liminf, ||[E?(U,)||;» > 0. Using the coercivity of B, in (2.10)
we conclude

B.(Q) > clSE(U)S.IE: = IEXU)IE: — o0 = By(Qy).

For U, € Uy, we use By(Qy) = B(Q,) and employ estimate (2.15) giving B.(Q) >
B(Q). Since B is convex and lower semicontinuous, we conclude via

hHE(I)lf BE(QE) > hHE(I)lf B(Qe) > B(QO) = BO(QO)

Limsup estimate for strongly converging recovery sequences. The result is trivial for
Uy € Uy, as By(Qy) = oo, since we may take Q. = Q.

For U, € Uy, we have to do a nontrivial construction. We use the splitting of W
into W and W, as given in (2.16). This leads to the splitting

5.(Q) = B(Q+ (15 - NE0).P) it

J(b) = /Q Wy (b(z))dz.
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Since B is strongly continuous on Q and J on L2(£2; R?), it remains to be shown that
for each @, € Q there exist Q. € Q such that
Q. = (Uevpz—:) — inQ and
1
~S.E3(U.) — N(E'*(U.),P.) — 0 in L2(;R?). (4.1)
€

We construct @. in the form
Q.= (U, Py) with U.= Uy +eS-"We,

where W._ is constructed as follows. Set n® = N(EY2(Tj), Py) € L%(;R?) and define
the regularization n® = (nf, ns, n3) via the unique solutions of the elliptic equations

—eAn; +n; = n? inQ; n; =0 on dN.
Standard elliptic estimates give the a priori estimates
ellVns|t: + [Infllf: = |n)||f> and n° — n® in L2(Q;R?). (4.2)

Now We = (Wy, Wy, W3) is defined via integration over z3, namely

T3
W]'?(:E) = Cj/ ’I’L;(Il, I‘Zag)dga where (Cla Co, 63) = (27 27 1)
-1

This implies ||W¢|y: +e'/2|[VWe|: < C, and hence ||Q. — Q|| = |leS-* We|m
< el/2C — 0, which is the first condition in (4.1).
Moreover, using U, € Uy, we find

1 1 c
SEY(UL) = 0+ SE (Wi e W3, e2W;)T) = n + = (0, W5, 0, W5,0)T-
Thus, we obtain the estimate

1
gSeEg(Ue) - N(ELQ(UEa P)

-

< In® = nllz + eV Wi lle + el NIV ez < [0 — Oz + Ce'/2.

L2

ne +%7(81'1W38783;2W§70)T73 n’ — N(7E1’2(€S5_1’ W5)70)HL2

Using (4.2) we obtain the second convergence stated in (4.1). O

Proof of Theorem 2.2. We show that the abstract result presented in Theorem 3.1
can be applied. For this we need to check that the assumptions (3.3) are satisfied
for the elastoplastic problem discussed in Sec. 2. Note that for this case we have
¢.(t) = L(t) and R, = R, since no dependence on ¢ is present. The conditions (3.3a)
and (3.3b) are obviously satisfied. Condition (3.3c) holds after taking (2.10) into
account.

The Mosco convergence B. s B, was established in Proposition 4.1, thus (3.3d)
holds since ¢, = L is independent of ¢.
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For the e-independent dissipation potential R, = R the continuous convergence
R. ~» R, reduces to strong continuity of R, cf. the definition in (3.2). By condition
(2.3) the strong continuity of Vi R(V) for V € L2(Q;R3%3) is obvious. The Mosco
convergence R, — R, additionally asks for weak lower semicontinuity, which fol-
lows immediately from convexity and strong continuity. Hence (3.3e) is established
as well.

Thus, Theorem 2.2 follows as a direct consequence of Theorem 3.1. O

5. Discussion of the Elastoplastic Plate Model

In this section we show that the limit model obtained in Sec. 2.3 can be reduced
to a two-dimensional elastic problem coupled to plastic effects that can either be
described by a three-dimensional model without memory or by a Prandtl—Ishlinskii
operator associated to each point y € w.

For notational simplicity, we will restrict now to the special isotropic energy W
and its relaxed stored energy density W treated in the Examples 2.1 and 2.2. Thus,
we are also in the same framework as Ref. 18, and can compare the results easily.

5.1. Coupling of stretching, bending, and plasticity

The main observation is that the Kirchhoff—Love displacements U € Uy, can be
characterized by functions defined only on the midplane w. Thus, the energy &, can
be reduced by integrating over the variable z3. We will use the letter y to indicate
points in w. From now on, V and A will only act on y € w, i.e. V= (9,,,0,, )7,
A= 62 + 852, and D?2V; € ngxrﬁ denotes the Hessian of V3 :w — R. Moreover we
will use the two-dimensional in-plane strain tensor

1
ER(V) =S (VVE+(VVIAT), where V12 = (V;, 1),

which does not depend on V.
Concerning the variable P € L2(Q;R>?) we will use Q = wx]—1,1[ and the

dev
identification

L% (wx]-1,1[R}Y) 2 L% (w;L) with L:=L2(]-1,1[R}Y).

Thus, with each point y € w we associate an internal variable P(y,-) € L.
Using the isomorphism C between V and Uy, (see (2.12)) we find that the RIS
(Q, &y, Ry) is equivalent to the RIS (Qgr, Exr,, R) with

Qui= V x L2(w; L), / / Py, 23))daydy,

Exu(t, V. P) = / W(EL2(V), D2 Vy(y), P(y))dy — {fu(£), V), where

w

W(E> H’ P) = Wmemb(Ea [PLQ]O]) + Wbend(H’ [Plz] )+ Wldbt( )
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Wi (BT = 525 ((6r ) = tr BeTl) + 25(| B> = B 1T),

Wiy (H,IT) = ;j’; (% (tr H)? +trHtrH> +2/L<l |H|?> + H : H),
Wiiaa (P) = 3205 e Y215 + ullPH213 + 5 | P
(b (1), / G () VI2(5) + Goena(t ) Vi (9)

+ Grend (1, y) - VV3(y)dy,
Ghnenb (1 9) = [F ot (., )]0 + Foge(t9, 1) + Foe(t,y, —1),
Goend (8 Y) = [Fror3(t: 9, o + Fourr 3(2, ¥, 1) + Four 3(8, 9, —1),
Ghend (1Y) = F it y, —1) = F 2 (t,y,1).

surf

Here V12 = (V}, V)T € R?, and E, H,1I € R2? are placeholders for EL2( V), D2 V3,
and [P1?],, respectively, and we used the short-hand notations

2 1
A:B= Z AijBij, [9}0 = /719(373)(:13737

ij=1
1 1

e / ny(z)dzy, gli= [ |o(z)?dz.
-1 -1

The important structure in the form of W is that the membrane strains £ = EL2(V)
only couple to the (even) averages [P!?],, while the bending strains H = D2 V; only
couple to the (odd) averages [P'?];.

To highlight the structure of the derived evolutionary system obtained via the RIS
(Qkr, €x1, R) we now write down the corresponding differential inclusion, cf. (2.7a)
versus the energetic formulation (2.7¢). It consists of two elliptic systems, one for the
membrane part and one for the bending part, and the plastic flow law. Both elliptic
systems are nontrivially coupled to the plastic part via the strain tensors

aE memb(Ev H) = Z0(2E - H) € R2X2

sym s

2
8H Wbend(Aap) = E0 <§H + H> € Rg;fn

where ¥ (F) := otr EL, + 2uE with ¢ := ”“‘L. The system reads

A+24
0= —div (EO(2E12(V)) - [PLQ]O)) - Gmomb(t, ) n w, (5134)
0 = divdiv (20 (§D2 Vs + [P1-2]1>) — Ghend(t, ) — div Gpepa(t, ) in w, (5.1b)
0 € OR(P) + dev([So(P*2 — EY2(V) + 2;D2V3) | 0]) 4 kP inQ,  (51c)

where we recall the notation [A | )€ R253 for A € R2:2 and b € R? from (2.13D).
We see that (5.1a) is a second-order membrane equation for the in-plane dis-
placements V12 = (Vy, V,) with the average plastic strains [P1?], acting as plastic
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strains. The fourth-order equation (5.1b) for the out-of-plane displacement Vj gen-
eralizes Kirchhoff’s plate equation, where now the first moments [P!?]; (odd
averages) act as plastic strains. The flow law (5.1¢) is still posed on Q = w x ]—1,1],
but the important point is that the coupling with EL2( V) and D2 V5 occurs only via
special z3-dependent profiles, namely 1 and z3, respectively.

5.2. Nontrivial coupling of the membrane and bending mode
via plasticity

We want to exemplify the nontrivial coupling by comparing two simple examples of
loading, which would give the same result, if there is no coupling.

In Example 1, we first load and unload the plate in a uniaxial stretch in direction
z;. Then, we load in a bending mode and unload again. In Example 2 we first do the
bending and then the uniaxial stretching.

In both situations we assume strains independent of y € w leading to the
displacements

V(t,y) = (), 8(8) o, V(D (YT +93)/2)T, (5.2)
where the scalar stretch 6 and the scalar bending ~(t) are to be determined. Clearly,
we have EV2(V) = 6(t) L, and H(t) = D2Vy = (1) L.

Assuming that the dissipation potential R is of the form R(P) = | P|, we can now
find a solution P of the flow rule (5.1¢) in the form

P(ta Y, 133) = 7T(t, 1,‘3) dla‘g(la 1a _2)5 7T(t, 133) =0. (53)
For this, it is necessary and sufficient that 7(¢,z) € R solves the scalar hysteresis
problem given by the differential inclusion

2
0 € rSign(7) + 3 (0+ pn)(m— 6+ z37) + hr. (5.4)

To simplify the computations, we choose r = % (0+p)=1land h=0.
Using the hat function y(t) = max{0,2 —|2 — ¢|}, Example 1 is given by the
loadings 6(t) = x(t) and v(t) = x(t — 4). The solution is given by

max{0, min{¢t—1,1}} for ¢t € [0, 4],
. 1—z3(t—4) for t € [4,6] and 23 > 0,
ﬂ_( )(tv .’133) =
1 for t € [4,6] and 23 <0,
min{1,1 — 2z} for ¢t € [6,8].

Now we consider Example 2 with stretching after bending, i.e. v(t) = x(¢) and
6(t) = x(t — 4). The solution reads

max{min{l — tz3,0}, —1 — tay} for ¢ € [0,2],
2O (1, 2) = 77(.27x3) for t € [2,4],
min{5 — ¢, 7(2, z3)} for ¢ € [4,6],
-1 for ¢ € [6,8].

)
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By comparing the two solutions, it is clear that the bending and stretching phases
behave differently if they start from the unstressed initial condition or from the pre-
stressed state left over from the other phase.

We refer to Ref. 23 for more details.

5.3. Reduction to two-dimensional model via Prandtl—Ishlinskii
operators

We now show how the plastic flow law (5.1¢) can be encoded into a hysteresis
operator, which does not explicitly show the dependence on the variable z;. This
generalizes the idea in Guenther et al.'®

We first note that (5.1c) can be rewritten in the form

0 € OR(P) + AP —1L(t), P(0)=0, (5.5)

where R is as before and A is a symmetric and positive definite linear operator on
R323 while L € CHP([0, T]; R3%?) is some loading. For simplicity we have added the
trivial initial condition P(0) =0 and we will further assume L(0) = 0. (In fact,
it would suffice to assume the stability condition 0 € OR(0) + AP(0) — L(0), cf.
Theorem 2.1.)

For each loading I € C™([0, T']; R3X?), where the subscript  stand for the initial

condition IL(0) = 0, there is a unique solution P € C§®([0, T]; R3%*). This defines the

(vector-valued) play operator P (cf. Refs. 38, 5 and 19) associated with E = 9R(0)
and A via

Pg|L](t) := P(t).

We define the “parallel extension” of Pg from R3® to L = L2(]—1,1[;R3*3) via

dev dev
PylL](t, 23) := Pg[L(-, 23)](%),

where now L € C;”(]0, T]; L). We call this a parallel extension as the play operators
at different values of z3 do not interact.

We want to use the play operator Py to describe the coupled system (5.1) for the
elastoplastic plate. We do this by superimposing such play operators by using the
special coupling structure. Recall that the first two equations for V are coupled to
P(t,)) € L =L12(]-1,1[;R323) only via the averages [P(t,-)], and [P(t,-)];, and
additionally the equation for P is forced by E = E'?(V) and H = D2V only via the
“dual construction”.

The forcing via E and H in (5.1c¢) can be described via the mapping

(BB X RIIL = L2(-L 1L RED)
) (E,H) — dev ([Z¢(zsH — E) | 0]).

A simple calculation shows that the adjoint mapping takes the form

dev

P (=% ([P?]o), Zo([P1?]1))-

*

{L =L%(]-1,1;RY?) — R22Z x R%2,
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Note that M*P contains exactly all the P-dependent terms occurring in (5.1a)
and (5.1b).

Thus, we are able to define a generalized Prandtl—Ishlinskii operator as a
generalized contraction of an infinite family of play operators as follows:

g+ 4 Co (0 THRE x RESD) — G ([0, TR < RELD,
(E,H)— M*Pg[M(E, H)|.

The usage of M and M* in the contraction means that the hysteresis operator B still
has the usual symmetry properties and is compatible with the energetic formulation.

Denoting the components of B corresponding to F and H by ‘Bp and ‘LBpg,
respectively, we are now able to rewrite the coupled system (5.1) for the elastoplastic
plate in terms of the elliptic partial differential equations only, since the plastic
evolution law is hidden in the hysteresis operator J:

—div(Zy(E(V)) + PB[E(V), D* V3](1) = Gruemn (L, ), (5.6a)
divdiv(3y(D*V3) + B [E*(V), D> V3](1) = ghena(t, -) + div Grena(t, ). (5.6b)

We can restrict to the pure bending case, as was done in Guenther et al.'® if we

assume that Gy, = 0 and that P(t,y,-) is odd. Then, V12 = 0 for all times. Then,
we can forget about E and restrict our attention to H only. This allows us to give By
a more explicit form, which appear to be a true Prandtl—Ishlinskii operator. To see
this, we use a classical scaling law for play operators, namely

Pelal] = aPig[L] for every constant o # 0.

This leads to the final formula
P [H] = [Z(Peles dev([Zo(H() [0,
= 5o( [ adPyslden(Ea() 10Dl ).

1
Thus, our hysteresis operator is just a simple transformation of the operator F
derived at the end of Sec. 2.2 in Ref. 18, namely Pg = ¥j o F o 3.

Acknowledgments

This research was partially supported by the DFG within the Research Unit 797
Analysis and Computation of Microstructure in Finite Plasticity under Mi459/5—2.
The authors are grateful to Pavel Krejéi for helpful discussions and to an anonymous
referee for raising the question addressed in Remark 3.1.

References

1. H. Abels, M. G. Mora and S. Miiller, The time-dependent von Karman plate equation as
a limit of 3d nonlinear elasticity, Calc. Var. Partial Differential Equations 41 (2011)
241—-259.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

An Evolutionary Elastoplastic Plate Model 1985

H.-D. Alber, Materials with Memory, Lecture Notes in Mathematics, Vol. 1682 (Springer-
Verlag, 1998).

H. Attouch, Variational Convergence of Functions and Operators, Pitman Advanced
Publishing Program (Pitman, 1984).

F. Bourquin, P. G. Ciarlet, G. Geymonat and A. Raoult, I'-convergence and asymptotic
analysis of thin plates, C. R. Acad. Sci., Paris, Ser. I 315 (1992) 1017—1024.

M. Brokate and J. Sprekels, Hysteresis and Phase Transitions, Applied Mathematical
Sciences, Vol. 121 (Springer-Verlag, 1996).

P. G. Ciarlet, Mathematical Elasticity. Vol. II. Theory of Plates, Studies in Mathematics
and its Applications, Vol. 27 (North-Holland, 1997).

P. G. Ciarlet, Mathematical Elasticity. Vol. III: Theory of Shells, Studies in Mathematics
and its Applications, Vol. 29 (North-Holland, 2000).

P. G. Ciarlet and P. Destuynder, A justification of the two-dimensional linear plate model,
J. Mécanique 18 (1979) 315—344.

P. G. Ciarlet and H. Le Dret, Justification of the boundary conditions of a clamped plate
by an asymptotic analysis, Asymptotic Anal. 2 (1989) 257—277.

S. Conti, F. Maggi and S. Miiller, Rigorous derivation of Foppl’s theory for clamped
elastic membranes leads to relaxation, SIAM J. Math. Anal. 38 (2006) 657—680.

G. Dal Maso, An Introduction to T'-Convergence, Progress in Nonlinear Differential
Equations and their Applications, Vol. 8 (Birkhauser, 1993).

G. Francfort and A. Mielke, Existence results for a class of rate-independent material
models with nonconvex elastic energies, J. Reine Angew. Math. 595 (2006) 55—91.

G. Friesecke, R. D. James and S. Miiller, A theorem on geometric rigidity and the deri-
vation of nonlinear plate theory from three-dimensional elasticity, Commun. Pure Appl.
Math. 55 (2002) 1461—1506.

G. Friesecke, R. D. James and S. Miiller, A hierarchy of plate models derived from
nonlinear elasticity by gamma-convergence, Arch. Rational Mech. Anal. 180 (2006)
183—-236.

A. Giacomini and M. Ponsiglione, A I'-convergence approach to stability of unilateral
minimality properties in fracture mechanics and applications, Arch. Rational Mech. Anal.
180 (2006) 399—447.

A. Giacomini and M. Ponsiglione, Discontinuous finite element approximation of quasi-
static crack growth in nonlinear elasticity, Math. Models Methods Appl. Sci. 16 (2006)
T7—118.

K. Groger, Zur theorie des quasi-statischen Verhaltens von elastisch-plastischen Korpern,
Z. Angew. Math. Mech. 58 (1978) 81—88.

R. B. Guenther, P. Krejéi and J. Sprekels, Small strain oscillations of an elastoplastic
Kirchhoff plate, Z. Angew. Math. Mech. 88 (2008) 199—217.

P. Krejci, Evolution variational inequalities and multidimensional hysteresis operators, in
Nonlinear Differential Equations, ed. P. Drabek (Chapman and Hall/CRC, 1999),
pp. 47—110.

P. Krej¢i and J. Sprekels, Elastic-ideally plastic beams and Prandtl—Ishlinskii hysteresis
operators, Math. Methods Appl. Sci. 30 (2007) 2371—2393.

M. Kruzik, A. Mielke and T. Roubiéek, Modelling of microstructure and its evolution in
shape-memory-alloy single-crystals, in particular in CuAlNi, Meccanica 40 (2005)
389—418.

H. Le Dret and A. Raoult, Variational convergence for nonlinear shell models with
directors and related semicontinuity and relaxation results, Arch. Rational Mech. Anal.
154 (2000) 101—134.



1986 M. Liero & A. Mielke

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

M. Liero, Herleitung eines elastoplastischen Plattenmodells mit Methoden der I'-Kon-
vergenz, Institut flir Mathematik, Humboldt-Universitét zu Berlin, Diplomarbeit (2008).
A. Mielke, Saint-Venant’s problem and semi-inverse solutions in nonlinear elasticity,
Arch. Rational Mech. Anal. 102 (1988) 205—229; Corrigendum in 110 (1990) 351—352.
A. Mielke, Evolution in rate-independent systems, in Handbook of Differential Equations,
eds. C. Dafermos and E. Feireisl (Elsevier, 2005), pp. 461—559.

A. Mielke, Weak-convergence methods for Hamiltonian multiscale problems, Discrete
Contin. Dyn. Syst. Ser. A 20 (2008) 53—79.

A. Mielke and T. Roubicek, Numerical approaches to rate-independent processes and
applications in inelasticity, Math. Model. Numer. Anal. 43 (2008) 399—428.

A. Mielke and T. Roubitek, Rate-independent systems: Theory and application, in
preparation.

A. Mielke, T. Roubi¢ek and U. Stefanelli, ['-limits and relaxations for rate-independent
evolutionary problems, Calc. Var. Partial Differential Equations 31 (2008) 387—416.

A. Mielke, T. Roubi¢ek and M. Thomas, From damage to delamination in nonlinearly
elastic materials at small strains, Submitted J. Elasticity, preprint (2010); WIAS 1542.
A. Mielke and F. Theil, On rate-independent hysteresis models, NoDEA Nonlinear
Differential Equations Appl. 11 (2004) 151—189.

A. Mielke and A. M. Timofte, Two-scale homogenization for evolutionary variational
inequalities via the energetic formulation, SIAM J. Math. Anal. 39 (2007) 642—668.

O. Millet, A. Cimetiere and A. Hamdouni, An asymptotic elastic-plastic plate model for
moderate displacements and strong strain hardening, Eur. J. Mech. A/Solids 22 (2003)
369—384.

J.-J. Moreau, Evolution problem associated with a moving convex set in a Hilbert space,
J. Differential Equations 26 (1977) 347—374.

D. Morgenstern, Herleitung der Plattentheorie aus der dreidimensionalen Elasti-
zitdtstheorie, Arch. Rational Mech. Anal. 4 (1959) 145—152.

D. Morgenstern, Mathematische Begrindung der Scheibentheorie (zweidimensionale
Elastizitatstheorie), Arch. Rational Mech. Anal. 3 (1959) 91—-96.

T. Roubicek, L. Scardia and C. Zanini, Quasistatic delamination problem, Contin. Mech.
Thermodyn. 21 (2009) 223—235.

A. Visintin, Differential Models of Hysteresis, Applied Mathematical Sciences, Vol. 111
(Springer-Verlag, 1994).



	AN EVOLUTIONARY ELASTOPLASTIC PLATE MODEL DERIVED VIA &Gamma;-CONVERGENCE
	1. Introduction
	2. Setup of the Elastoplastic Plate Model
	2.1. Linearized elastoplasticity as a rate-independent system
	2.2. Scalings for thin-plate domains
	2.3. The limiting elastoplastic plate model

	3. &Gamma;-Convergence for RIS with Quadratic Energies
	3.1. Abstract setup and &Gamma;-convergence result
	3.2. Quadratic forms
	3.3. Proof of Theorem&nbsp;3.1

	4. Justification of the Elastoplastic Plate Model
	5. Discussion of the Elastoplastic Plate Model
	5.1. Coupling of stretching, bending, and plasticity
	5.2. Nontrivial coupling of the membrane and bending mode via plasticity
	5.3. Reduction to two-dimensional model via Prandtl&ndash;Ishlinskii operators

	Acknowledgments
	References


