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This paper is devoted to dimension reduction for linearized elastoplasticity in the rate-inde-

pendent case. The reference con¯guration of the three-dimensional elastoplastic body has a two-

dimensional middle surface and a positive but small thickness. Under suitable scalings we derive
a limiting model for the case in which the thickness of the plate tends to 0. This model contains

membrane and plate deformations (linear Kirchho®�Love plate), which are coupled via plastic

strains. We establish strong convergence of the solutions in the natural energy space. The

analysis uses an abstract �-convergence theory for rate-independent evolutionary systems that is
based on the notion of energetic solutions. This concept is formulated via an energy-storage

functional and a dissipation functional, such that energetic solutions are de¯ned in terms of a

stability condition and an energy balance. The Mosco convergence of the quadratic energy-

storage functional follows the arguments of the elastic case. To handle the evolutionary situation
the interplay with the dissipation functional is controlled by cancellation properties for Mosco-

convergent quadratic energies.

Keywords: Linearized elastoplasticity; rate-independent system; �-convergence; Mosco conver-

gence; hysteresis; generalized Prandtl�Ishlinskii operator.
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1. Introduction

The derivation of lower-dimensional theories for bodies such as rods, beams, mem-

branes, plates and shells from a three-dimensional theory is of fundamental impor-

tance for engineering applications. A ¯rst rigorous justi¯cation of the plane

membrane system and Kirchho®'s plate equation dates back to Morgenstern,36,35

respectively. Here \justi¯cation" means that the convergence of the solutions of the

full three-dimensional system toward the solutions of the limiting model is shown
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without any additional assumptions on the solutions. Later results for rods, linear

and nonlinear plates, or shells can be found in Refs. 8, 24, 9, 4, 7, 13, 22, 10, 14 and the

references therein. Most of the recent investigations use a variational approach that is

based on the notion of �-convergence. This convergence assures, roughly speaking,

that (almost) minimizers of the three-dimensional theory (subject to suitable

boundary conditions and applied loads) converge to minimizers of the limiting lower-

dimensional theory.

As the theory of �-convergence is purely static, there are only very few results

concerning the justi¯cation of similar dimension reductions for evolutionary pro-

blems in nonlinear continuum mechanics, see Ref. 1 for a recent result. More often,

lower-dimensional theories are derived by ad hoc assumptions via formal asymptotic

expansions, see e.g. Refs. 33, 20 and 18.

In this paper, we want to give a rigorous justi¯cation of a new lower-dimensional

elastoplastic plate model in the rate-independent case. It is the recently developed

theory of �-convergence for rate-independent systems29 that allows us to do a limit

passage from linearized elastoplasticity in three dimensions to a model that combines

two two-dimensional linear elastic models, namely the membrane model for in-plane

displacements and Kirchho®'s plate equation for the out-of-plane displacement, with

the plastic e®ects.

Rate-independent linearized elastoplasticity can be formulated in di®erent

equivalent forms, e.g. as variational inequality, as di®erential inclusion, or as ener-

getic system. All three are formulated in terms of an energy functional

E"ðt;U ;PÞ ¼
Z
�

W"ðEðUÞ;PÞdx � hLðtÞ;Ui;

de¯ned as integral over the rescaled plate domain � :¼ !� ��1; 1½. Here U and P are

the rescaled displacements and plastic strains, respectively. The small parameter

" > 0 is proportional to the unscaled thickness of the plate and occurs in W" via the

corresponding scalings of the strains.

Additionally we have a dissipation potential

Rð _PÞ ¼
Z
�

Rð _PðxÞÞdx;

which is assumed to be independent of " after rescaling. Rate-independence manifests

itself in the fact that R is positively homogeneous of degree 1, i.e. Rð� _PÞ ¼ �1Rð _PÞ.
A typical R has the form Rð _PÞ ¼ �yieldj _Pj, where �yield is the yield stress.

The solutions have to solve the di®erential inclusion

0 ¼ DUE"ðt;UðtÞ;PðtÞÞ; 0 2 @ _PRð _PðtÞÞ þDPEðt;UðtÞ;PðtÞÞ; ð1:1Þ
where the ¯rst equation is the balance of forces and the second is the plastic °ow rule.

Since for linearized elastoplasticity the energy E"ðt; �Þ is a convex quadratic

functional, the di®erential inclusion is fully equivalent to the so-called energetic

formulation, which is formulated in terms of an energetic stability condition and the
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total balance of energy, see (2.7). The advantage of the energetic formulation is that

it is based on E" andR rather than on their derivatives. Thus, we can use convergence

of functionals such as �-convergence, Mosco convergence, and continuous conver-

gence.

The derivation of our limiting elastoplastic plate model will be described in Sec. 2

together with the underlying scalings. In Sec. 3 we provide an abstract �-convergence

result for energetic rate-independent systems (RIS) ðQ; E";R"Þ, where Q is the

underlying Hilbert space. In particular, we treat the more general case in which the

dissipation functional is allowed to depend on " as well. Our theory is a special case of

the general theory,29 as we assume that E"ðt; �Þ is a quadratic functional that con-

verges to E0ðt; �Þ in the sense of Mosco convergence, see (3.1). Moreover, R" is

assumed to converge to R0 in the Mosco as well as in the sense of continuous con-

vergence in the norm topology.

Under natural technical assumptions it is then shown in Theorem 3.1 that the

solutions q" : ½0;T � ! Q of the RIS ðQ; E";R"Þ, see (1.1) strongly converge to the

solution q0 of the RIS ðQ; E0;R0Þ. In particular, we emphasize that the exploitation of

the quadratic structure of the energy and of the Mosco convergence allows us to avoid

the commonly used continuous convergence of R" with respect to the weak topology,

see, e.g. Refs. 21, 27 and 29. The abstract construction of the mutual recovery

sequences is given in Proposition 3.1 and relies on re¯ned estimates for Mosco-

convergent functionals.

The main point here is that the limiting energy E0 is quite degenerate, as it is only

¯nite if U lies in the space UKL of Kirchho®�Love displacements (see (2.12))

Uðy; x3Þ ¼ ðV1ðyÞ � x3@y1V3ðyÞ;V2ðyÞ � x3@y2V3ðyÞ;V3ðyÞÞT:
The proof of Mosco convergence of E"ðt; �Þ to E0ðt; �Þ is given in Sec. 4 and is a gener-

alization of the ideas in Ref. 4, as we have to take into account also the plastic variable.

In Sec. 5 we formulate the limit problem in terms of the in-plane displacements

ðV1;V2Þ, the out-of-plane displacement V3, and the plastic strain P, which is still

de¯ned on all of �. For an isotropic material, the limiting model takes the form

0 ¼ �divð�0ð2E1;2ðV Þ � ½P 1;2�0ÞÞ �Gmembðt; �Þ in !; ð1:2aÞ

0 ¼ div div �0

2

3
D2V3 þ ½P 1;2�1

� �� �
� gbendðt; �Þ � divGbendðt; �Þ in !; ð1:2bÞ

0 2 @Rð _PÞ þ devð½½�0ðP 1;2 � E1;2ðV Þ þ x3D
2V3Þ jj 0��Þ þ hP in �; ð1:2cÞ

where �0ðEÞ :¼ 2��
�þ2� trEI2 þ 2�E. Here, E1;2ðV Þ 2 R

2�2
sym is the in-plane strain tensor

and D2V3 2 R
2�2
sym the bending strain tensor.

Equation (1.2a) is the second-order membrane equation for ðV1;V2Þ, which is

coupled to the plastic strain P via the integrals ½ � �0 over x3 2 ��1; 1½. Equation (1.2b)

is a generalization of Kirchho®'s plate equation (of order 4) forV3. It is also coupled to

the plastic strain P, but now with weighted averages ½ � �1. The °ow rule (1.2c) exhibit

the elastic strains as forcing in a very special manner concerning the dependence on x3.
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In the ¯nal Sec. 5.3 we show how the last equation can be eliminated using a

vector-valued hysteresis operator of play-type. For a suitably de¯ned generalized

Prandtl�Ishlinskii operator P ¼ ðPE ;PH Þ we obtain the two-dimensional system

�divð�0ðE1;2ðV ÞÞ þPE ½E1;2ðV Þ;D2V3�ðtÞÞ ¼ Gmembðt; �Þ on !;

ð1:3aÞ
div divð�0ðD2V3Þ þPH ½E1;2ðV Þ;D2V3�ðtÞÞ ¼ gbendðt; �Þ þ divGbendðt; �Þ on !:

ð1:3bÞ
Of course, P ¼ ðPE ;PH Þ has a memory, which takes care of all the necessary

information on previous plastic deformations.

Most of the results in this work were derived for the diploma thesis of the ¯rst

author.23

2. Setup of the Elastoplastic Plate Model

We start from the classical elastoplastic models with hardening. We formulate it in

terms of di®erential inclusions or equivalently as variational inequalities. In Sec. 2.2

we then focus on domains with a plate geometry, i.e. �" ¼ !� ��"; " ½, and discuss

the suitable scalings to obtain a nontrivial limiting model. The ¯nal model will be

presented in Sec. 2.3. The convergence proof is the content of Secs. 3 and 4, while

Sec. 5 is devoted to a discussion of the derived model.

2.1. Linearized elastoplasticity as a rate-independent system

We consider a bounded Lipschitz domain � � Rd , where �D � @� denotes the part

of the boundary, where we have Dirichlet boundary conditions, i.e. the displacement

is prescribed. We set

H1
�D
ð�;RdÞ :¼ fu 2 H1ð�;RdÞ juj�D

¼ 0g:
We assume that the pair ð�;�DÞ satis¯es a Korn inequality, i.e.

9 cKorn > 0 8 u 2 H1
�D
ð�;RdÞ : jjeðuÞjjL2 � cKornjjujjH1 ;

where eðuÞ ¼ 1

2
ðru þruTÞ 2 R

d�d
sym :¼ fA 2 R

d�d jA ¼ ATg: ð2:1Þ

The elastoplastic properties of the body � are described in terms of the linearized

strain tensor e and the plastic strain tensor

p 2 R
d�d
dev :¼ fA 2 R

d�d
sym j trA ¼ 0g

via the stored energy density W : Rd�d
sym � R

d�d
dev ! R, which is assumed to be a

quadratic function satisfying

9 c;C > 0 8 ðe; pÞ 2 R
d�d
sym � R

d�d
dev : cðjej2 þ jpj2Þ � Wðe; pÞ

� C ðjej2 þ jpj2Þ: ð2:2Þ
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Here \quadratic" means that W is given by a linear and symmetric operator B on

R
d�d
sym � R

d�d
dev , see, e.g. (2.5).

Moreover, the plastic °ow rule of the material can be formulated in terms of a

dissipation potential R : Rd�d
dev ! ½0;1½, which is assumed to satisfy the following

conditions:

R is continuous; convex; and homogeneous of degree 1; ð2:3Þ
where the latter condition means Rð� _pÞ ¼ �Rð _pÞ for all � > 0 and _p 2 R

d�d
dev . This

property guarantees that the material response is rate-independent. The corre-

sponding elastic domain E � R
d�d
dev is de¯ned via E :¼ @Rð0Þ, which is the sub-

di®erential of R at 0.

Given time-dependent volume and surface loadings fvolðt; �Þ and fsurfðt; �Þ, as well
as time-dependent Dirichlet data uDðt; �Þ, the full elastoplastic problem can be

written in the form

�divð@eWðeðuÞ; pÞÞ ¼ fvolðt; �Þ in �;

0 2 @Rð _pÞ þ @pWðeðuÞ; pÞ in �;

uðt; �Þ ¼ uDðt; �Þ on �D;

@eWðeðuÞ; pÞ� ¼ fsurfðt; �Þ on @�n�D;

ð2:4Þ

where � denotes the outer normal vector on @�. Here � ¼ @eW 2 R
d�d
sym denotes the

stress, while @pW 2 R
d�d
dev contains the deviator of the stress as well as any plastic

back stresses.

Example 2.1. Throughout we will use the isotropic stored energy density

Wðe; pÞ ¼ �

2
ðtr eÞ2 þ �je� pj2 þ h

2
jpj2 ð2:5Þ

as an example. Here �; � > 0 are the Lam�e constants and h > 0 is a measure for

kinematic hardening. For this example we have

� ¼ @eW ¼ � tr e Id þ �ðe� pÞ 2 R
d�d
sym and

@pW ¼ �dev�þ hp ¼ �ðp� dev eÞ þ hp 2 R
d�d
dev ;

which shows that hp plays the role of the plastic back stress.

We reformulate the system (2.4) in abstract form for the pair q ¼ ðu; pÞ 2 Q via

the energy functional E : ½0;T � �Q ! R and the dissipation functional R : Q !
½0;1½ as follows:

Q :¼ H1
�D
ð�;RdÞ � L2ð�;Rd�d

dev Þ;
Eðt; qÞ :¼

Z
�

WðeðuÞðxÞ; pðxÞÞdx � h‘ðtÞ; qi;

Rðq:Þ:¼
Z
�

Rð _pðxÞÞdx;
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where ‘ðtÞ 2 Q� is de¯ned via

h‘ðtÞ; qi :¼
Z
�

fvolðt; xÞ � uðxÞdx þ
Z
@�n�D

fsurfðt; xÞ � uðxÞdaðxÞ: ð2:6Þ

Without loss of generality we set uD 	 0 from now on. Otherwise we could replace u

by u � uD, which would just produce an additional term in ‘ðtÞ. We call the triple

ðQ; E;RÞ a rate-independent system.

By (2.1) and (2.2) the functional Eðt; �Þ : Q ! R is uniformly convex and can be

written as Eðt; qÞ ¼ BðqÞ � h‘ðtÞ; qi with a quadratic form BðqÞ ¼ 1
2 hAq; qi (here

obtained by the integral over W). The operator A : Q ! Q� is a symmetric and

positive de¯nite isomorphism and we have DqEðt; qÞ ¼ Aq � ‘ðtÞ.
We call a function q ¼ ðu; pÞ : ½0;T � ! Q a solution to the RIS ðQ; E;RÞ (and

hence to the above elastoplastic problem (2.4)), if it solves one of the following three

equivalent problem formulations:

Di®erential inclusion:

0 2 @Rðq:ðtÞÞ þDqEðt; qðtÞÞ; ð2:7aÞ
Variational inequality:

8 v 2 Q : hDqEðt; qðtÞÞ; v � q
:i þ RðvÞ � Rðq:Þ � 0; ð2:7bÞ

Energetic formulation:

ðSÞ stability : 8 ~q 2 Q : Eðt; qðtÞÞ � Eðt; ~qÞ þ Rð~q � qðtÞÞ;

ðEÞ energy balance : Eðt; qðtÞÞ þ
Z t

0

Rðq:Þdt ¼ Eð0; qð0ÞÞ �
Z t

0

h _‘; qidt: ð2:7cÞ

We refer to Sec. 2 in Ref. 25 for the equivalence between these three forms. It turns

out that the energetic formulation will be especially useful for deriving our limiting

model in the process of dimension reduction. Moreover, it is free of derivatives and

thus applies also in the more general case, where E or R takes the value 1.

The existence of solutions for (2.7) is classical, see, e.g. Refs. 34, 17, 2, 19, 31

and 25.

Theorem 2.1. Assume that ðQ; E;RÞ is as above with ‘ 2 CLipð½0;T �;Q�Þ and that

q 0 2 Q is stable at t ¼ 0 (i.e. 0 2 @Rð0Þ þDqEð0; q 0Þ or equivalently (S ) in (2.7c)

holds with qð0Þ replaced by q 0), then there is a unique solution q 2 CLipð½0;T �;QÞ with
qð0Þ ¼ q 0.

2.2. Scalings for thin-plate domains

We now specialize to the case that � is a thin plate, i.e. we assume � from above is

replaced by

�" ¼ !� ��"; " ½; � "
D ¼ �D � ��"; " ½;

1966 M. Liero & A. Mielke



where ! � R2 is a planar, bounded Lipschitz domain, the so-called mid-surface of the

plate. The boundary part �D � @! � R2 has a positive one-dimensional Hausdor®

measure.

Throughout we keep the material laws given via W and R ¯xed and obtain an

"-dependent state space Q" and functionals E " and R" de¯ned over �". For each

" > 0 all the assumptions of the previous section are satis¯ed and Theorem 2.1

provides solutions q " ¼ ðu "; p"Þ : ½0;T � ! Q" of the RIS ðQ"; E ";R"Þ. We want to

study their behavior for " ! 0. However, to obtain a nontrivial limit we have to do

suitable scalings, which we explain now.

For linearized elasticity the scaling of the strains is arbitrary, because it is an

in¯nitesimal theory by de¯nition. In contrast, the theory of linearized elastoplasticity

is no longer scaling invariant, because the boundary of the elastic domain E ¼ @Rð0Þ
contains the given yield stresses of order 1, i.e. independent of ". Thus, our theory

needs a scaling where the plastic tensor p as well as most of the strains in e are of

order 1.

It is already known from the theory of linearized elasticity36,35,8 that the strain of

in-plane displacements (membrane modes) are smaller than the out-of-plane modes

(bending modes). Thus, we look for a scaling of the form

u "ðx "Þ ¼ "�S"U ðS"x "Þ; p"ðx "Þ ¼ "�PðS"x "Þ; where S" ¼ diagð1; 1; 1="Þ: ð2:8Þ
To simplify the presentation we will choose � ¼ � ¼ 0 at this stage and refer to

Remark 2.1 for more general scalings.

Since x " 2 �" is mapped to x ¼ S"x
" 2 �1, the rescaled function Q ¼ ðU ;PÞ will

be de¯ned in

Q :¼ H1
�D
ð�;R3Þ � L2ð�;R3�3

dev Þ; where � :¼ �1 and �D :¼ �D � ��1; 1½:
The scaling acts di®erently on the components of the strains in eðu "Þ, as follows

eðu "Þðx "Þ ¼ S"EðUÞðS"x "ÞS" ¼

E11ðUÞ E12ðUÞ 1

"
E12ðUÞ

E12ðUÞ E22ðUÞ 1

"
E23ðUÞ

1

"
E13ðUÞ 1

"
E23ðUÞ 1

"2
E33ðUÞ

0
BBBBBBBB@

1
CCCCCCCCA

2 R
3�3
sym ;

where here eðuÞ is calculated via the gradient with respect to x " 2 �", while EðUÞ is
calculated via the gradient with respect to x 2 �. We continue to use capital letters

for functions de¯ned on � ¼ !� ��1; 1½.
When substituting q " ¼ ðu "; p"Þ into E " and R" we still have to take care of the

change in the volume measure, namely dx " ¼ "dx. Hence we set

E"ðt;U ;PÞ ¼ 1

"
E "ðt; u "; p"Þ and R"ð _PÞ ¼

1

"
R"ð _p"Þ:
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To control the loading part of ‘" de¯ned in (2.6), we also have to assume a corre-

sponding scaling of the loadings namely

fvolðt; x "Þ ¼ "�S �1
" FvolðS"x "Þ and fsurfðt; x "Þ ¼ "�þ1S �1

" FsurfðS"x "Þ
for x " 2 !� f�"; "g and � ¼ 0 as above. For simplicity, we assume that there are no

surface loadings on @!n�D � ��"; "½. They could be easily included, but need a

di®erent scaling. Then, E" and R" take the form

E"ðt;U ;PÞ ¼ B"ðU ;PÞ � hLðtÞ;Ui; R"ð _PÞ ¼
Z
�

Rð _PðxÞÞdx; ð2:9aÞ

B"ðU ;PÞ ¼
Z
�

WðS"EðUÞðxÞS";PðxÞÞdx; ð2:9bÞ

hLðtÞ;Ui ¼
Z
�

Fvolðt; xÞ � uðxÞdx þ
Z
!�f�1;1g

Fsurfðt; xÞ � uðxÞdaðxÞ: ð2:9cÞ

Thus, the only dependence in " occurs through the scaling of the elastic strains.

By (2.1) and (2.2) and " 2 � 0; 1� we have the uniform convexity

B"ðU ;PÞ � cðjjS"EðUÞS"jj2L 2 þ jjPjj2L2Þ � cðjjEðUÞjj2L 2 þ jjPjj2L2Þ
� cKorncjjU jj 2H1 þ cjjPjj2L2 ð2:10Þ

independently of ".

Remark 2.1. In principle we could use a di®erent scaling for elastic and plastic

strains in (2.8), i.e. � 6¼ �. Moreover, for the dissipation potential one may consider

the scaling R"ðpÞ ¼ "�RðpÞ. Finally, the scaling of the total energy and total

dissipation potential can be assumed in the form E"ðt;U ;PÞ ¼ 1
"� E "ðt; u "; p"Þ and

R"ð _PÞ ¼ 1
"� R"ð _p"Þ. The scaling of both energetic terms must be the same to stay

consistent with the energetic formulation (2.7c). One may now explore the space of

all possible scalings and will ¯nd the same model as above, whenever we take � ¼
� ¼ � and � ¼ 1þ 2�.

In the case � 6¼ � the proper scaling for the energy leads to � ¼ 1þ 2minf�; �g.
Applying this � to the dissipation potential we see thatR" tends to 0 if � > � � 1� �,

which leads to the degenerate situation that plasticity does not dissipate energy.

Hence it occurs immediately in such a way that all plastic stresses are 0. In the case

� < � � 1� � plastic changes would dissipate in¯nite energy and hence we ¯nd
_P 	 0, which leads to pure elasticity. Only the case � ¼ � � 1� � produces classical

plasticity.

Now returning to the choices of � and �: for � > �, the hardening becomes in¯nite

and we are led to pure elasticity with P 	 0, for � < � one obtains rigid plasticity

where u 	 0.

2.3. The limiting elastoplastic plate model

Obviously, the energy B" blows up for " ! 0 if the strains Ei3ðUÞ do not vanish.

Thus, we expect the limit model to be de¯ned on a reduced space, namely the
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so-called Kirchho®�Love displacements

UKL :¼ fU 2 H1
�D
ð�;R3Þ jE13ðUÞ ¼ E23ðUÞ ¼ E33ðU Þ ¼ 0g: ð2:11Þ

The restrictions in UKL take the explicit form

@x1U3 þ @x3U1 ¼ @x2U3 þ @x3U2 ¼ @x3U3 ¼ 0 a:e: in �:

The last equation implies that U3 is independent of x3. Using this the ¯rst two

equations imply that U1 and U2 are a±ne in x3. De¯ning

V :¼ fV ¼ ðV1;V2;V3Þ 2 H1
�Dð!;R3Þ jV3 2 H2ð!Þ;rV3 � � ¼ 0 on �Dg

the space of Kirchho®�Love displacements can be characterized via

UKL ¼ fU ¼ KV jV 2 Vg with

KV ðx1; x2; x3Þ ¼
V1ðx1; x2Þ � x3@x1V3ðx1; x2Þ
V2ðx1; x2Þ � x3@x2V3ðx1; x2Þ

V3ðx1; x2Þ

0
B@

1
CA;

ð2:12Þ

see, e.g. Refs. 8 and 6. Note that the component U3 in UKL has gained higher

smoothness, namely U3 2 H2ð�Þ.
The limit model will be de¯ned in such a way that it is restricted to UKL. The

reduced energy is obtained by relaxing the strains Ej3 in the following way. We

decompose the six-dimensional space R
3�3
sym into two three-dimensional components

by setting

E1;2 :¼ E12 E12

E12 E12

� �
2 R

2�2
sym ; E3 :¼ ðE13;E23;E33Þ 2 R

3: ð2:13aÞ

For A 2 R
2�2
sym and b 2 R3 we de¯ne ½½A jj b ��2 R

3�3
sym such that E ¼ ½½E1;2 jjE3��, i.e.

½½A jj b��¼
A11 A12 b1
A12 A22 b2
b1 b2 b3

0
@

1
A: ð2:13bÞ

Now we de¯ne a relaxed energy density depending only on E1;2, namely

WðE1;2;PÞ :¼ minfWð½½E1;2 jjb ��;PÞ j b 2 R
3g: ð2:14Þ

The minimization of the energy density W with respect to b ¼ E3 is a common

feature of linear and nonlinear plate theories.4,6,22,14

The de¯nition of W in (2.14) implies the important lower estimate

WðS"ES";PÞ � WðE1;2;PÞ for all " 2 ½0; 1�; ðE;PÞ 2 R
3�3
sym � R

3�3
dev : ð2:15Þ

Moreover there is a linear mapping N : R2�2
sym � R

3�3
dev ! R3 such that

N ðE1;2;PÞ ¼ argminfWð½½E1;2 jjb ��;PÞ j b 2 R
3g:
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Some linear algebra shows that these de¯nitions lead to the formula

Wð½½E1;2 jjb ��;PÞ ¼ WðE1;2;PÞ þW2ðb� NðE1;2;PÞÞ
with W2 : R

3 ! ½0;1½; b 7! Wð½½0 jjb ��; 0Þ: ð2:16Þ

Explicit formulas for a special case will be given in Example 2.2.

We now de¯ne the limit RIS ðQ; E0;R0Þ as follows:

E0ðt;U ;PÞ¼ B0ðU ;PÞ � hLðtÞ;Ui and R0ð _PÞ ¼
Z
�

Rð _PðxÞÞdx; where

B0ðU ;PÞ¼ BðU ;PÞ if U 2UKL;

1 else;

�

with BðU ;PÞ¼
Z
�

WðE1;2ðUÞðxÞ;PðxÞÞdx:

ð2:17Þ

The following convergence result, which is the central aim of this paper, shows

that the solutions Q" ¼ ðU";P"Þ of the RIS ðQ; E";R"Þ converge, for " ! 0, to sol-

utions Q0 ¼ ðU0;P0Þ of the limiting RIS ðQ; E0;R0Þ. The proof will be established in

Sec. 4 on the basis of the abstract �-convergence theory for evolutionary problems

developed in Sec. 3. The speci¯c properties of the limit system are discussed in Sec. 5.

There we will highlight in what sense the limit problem can be understood as an

elastoplastic plate model.

Theorem 2.2. Assume that the RIS ðQ; E";R"Þ are given as above for all " 2 ½0; 1�,
where L 2 C1ð½0;T �;Q�Þ. Consider a family of solutions Q" : ½0;T � ! Q, as de¯ned

in (2.7c) for all " 2 ½0; 1�. If the initial conditions satisfy

Q"ð0Þ ! Q0ð0Þ and E"ð0;Q"ð0ÞÞ ! E0ð0;Q0ð0ÞÞ for " ! 0;

then for all t 2 ½0;T � we have the convergences

Q"ðtÞ ! Q0ðtÞ; E"ðt;Q"ðtÞÞ ! E0ðt;Q0ðtÞÞ;
Z t

0

Rð _P"ðsÞÞds !
Z t

0

Rð _P0ðsÞÞds:

We end this section by showing the result of the relaxed energy density W for the

isotropic W considered in Example 2.1.

Example 2.2. We return to the isotropic W de¯ned in (2.5), now for d ¼ 3. Using

trP ¼ 0 we obtain the relaxed energy density

WðE1;2;PÞ ¼ ��

�þ 2�
ðtrðE1;2 � P 1;2ÞÞ2 þ �jE1;2 � P 1;2j2 þ h

2
jPj2

as well as the relations

NðE1;2;PÞ ¼ P13;P23;�
�

�þ 2�
trE1;2 þ 2�

�þ 2�
P33

� �
T

;

W2ðbÞ ¼ 2�b21 þ 2�b 2
2 þ

�þ 2�

2
b23:
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3. ¡-Convergence for RIS with Quadratic Energies

In this section we consider general families ðQ; E";R"Þ"2�0;1� of RIS and study the

convergence of the associated solutions q" in the limit " ! 0. The aim is to establish

fairly general conditions on the convergences of ðE";R"Þ to ðE0;R0Þ that guarantee
that the solutions q" converge to the solution q of the limit system ðQ; E0;R0Þ, which
we then call the �-limit of the above family.

For rate-independent systems a general strategy for �-convergence was developed

in Ref. 29, which found numerous applications: e.g. fracture,15 homogenization,32

numerical approximation,16,21,27 and delamination.37,30 Here we specialize this theory

to the case that E"ðt; �Þ : Q ! R1 is a quadratic functional, as it is the case in

linearized elastoplasticity. Thus, the abstract theory is simpli¯ed in two respects.

First, the systems under consideration have unique solutions and we do not need to

consider subsequences. Second, the quadratic nature of the energy allows for a sim-

pler construction of recovery sequences by using the quadratic trick introduced in

Ref. 31, see Proposition 3.1.

3.1. Abstract setup and ¡-convergence result

Our result is formulated abstractly in terms of �-convergence of E"ðt; �Þ toward

E0ðt; �Þ, where we use the weak and the strong topologies in the underlying separable

Hilbert space Q. We use the notions of Mosco convergence3,11 and continuous con-

vergence for functionals In, denoted by In �!M I and In Ã
c I , respectively. The

de¯nitions are as follows:

In �!M I ,

ðiÞ Liminf estimate :

qn * q ) IðqÞ � liminf
n!1 InðqnÞ;

ðiiÞ Limsup estimate ðexistence of recovery sequencesÞ
8q̂ 2 Q 9 ðq̂ nÞn : q̂ n ! q̂ and Iðq̂Þ � limsup

n!1
Inðq̂ nÞ:

8>>>>>><
>>>>>>:

ð3:1Þ

In Ã
c I , ðqn ! q ) InðqnÞ ! IðqÞÞ: ð3:2Þ

Our precise assumptions on the family ðQ; E";R"Þ"2½0;1� are the following. Note

that often the limit functionals E0 and R0 are included in the assumptions via " ¼ 0.

The assumptions (3.3a)�(3.3c) provide some uniform a priori estimates, while (3.3d)

and (3.3e) are the main convergence assumptions.

E"ðt; qÞ ¼ B"ðqÞ � h‘"ðtÞ; qi with B" quadratic and weakly lower

semicontinuous ðwlscÞ and ‘" 2 C1ð½0;T �;Q�Þ; ð3:3aÞ
R" : Q ! ½0;1� is 1-homogeneous; wlsc; and convex; ð3:3bÞ

9�;C > 0 8 ðt; qÞ 2 ½0;T � �Q 8 " 2 ½0; 1� : B"ðqÞ �
�

2
jjqjj2;

jj‘"ðtÞjjQ� � C ; jj _‘"ðtÞjjQ� � C ; ð3:3cÞ
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B" �!M B0 and 8 t 2 ½0;T � : ‘"ðtÞ ! ‘0ðtÞ in Q�; ð3:3dÞ
R" Ã

c R0 and R" �!M R0: ð3:3eÞ
In the last condition \Ãc " means that every strongly converging sequence is a

recovery sequence. The additional condition \�!M " is needed in order to guarantee

R0ðq0Þ � liminf"!0R"ðq"Þ whenever q" * q0. Note that we only ask for continuous

convergence in the norm topology, which is in contrast to Refs. 21, 29 and 27, where

the more restrictive continuous convergence in the weak topology is used. Thus, we

follow Ref. 32 and exploit the quadratic structure (3.3a) of E" for the construction of

the mutual recovery sequence, see Proposition 3.1.

Our aim is to establish the following convergence result for the solutions q" of the

RIS ðQ; E";R"Þ. We obtain strong convergence of the solutions q" toward solutions q0
of the limiting problem ðQ; E0;R0Þ. Moreover, the solutions q"ðtÞ are recovery

sequences for q0ðtÞ, see (3.5b). The proof will be given in Sec. 3.3.

Theorem 3.1. Let the assumptions (3.3) hold. Moreover, choose a family ðq 0
" Þ"2½0;1�

of initial data such that the following conditions hold:

8 " 2 ½0; 1� 8 ~q 2 Q : E"ð0; q 0
" Þ � E"ð0; ~qÞ þ R"ð~q � q 0

" Þ; ð3:4aÞ
q 0
" * q 0

0 and E"ð0; q 0
" Þ ! E0ð0; q 0

0Þ: ð3:4bÞ
Then, the unique solutions q" : ½0;T � ! Q for the RIS ðQ; E";R"Þ with q"ð0Þ ¼ q 0

"

satisfy, for all t 2 ½0;T �, the convergences

q"ðtÞ ! q0ðtÞ; ð3:5aÞ
E"ðt; q"ðtÞÞ ! E0ðt; q0ðtÞÞ; ð3:5bÞ

DissR"
ðq"; ½0; t�Þ ! DissR0

ðq0; ½0; t�Þ; ð3:5cÞ
h _‘"ðtÞ; q"ðtÞi ! h _‘0ðtÞ; q0ðtÞi: ð3:5dÞ

The assumption (3.4b) on the initial conditions should be seen as the counterpart

to (3.5a) and (3.5b). Similarly, (3.4a) is necessary as energetic solutions are stable for

all times, also t ¼ 0.

Remark 3.1. One might ask the question, whether for a given limit solution q0 :

½0;T � ! Q there are suitable initial conditions such that (3.4), and hence (3.5) hold.

The answer is yes, and they can be obtained by the construction

q 0
" ¼ argminfE"ð0; qÞ þ R"ðq � q 0

0Þ j q 2 Qg:
By standard arguments using the triangle inequality for R", see Theorem 3.2(i) in

Ref. 25, such minimizers are stable, i.e. (3.4a) holds.

The convergences (3.3d) and (3.3e) imply that J" : q 7! E"ð0; qÞ þ R"ðq � q 0
0Þ

Mosco-converges to J0, which has the unique minimizer q 0
0 by (3.4a). By standard

results from �-convergence we obtain q 0
" * q 0

0 and J"ðq 0
" Þ ! J0ðq 0

0Þ ¼ E0ð0; q 0
0Þ. For
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the convergence of the energies E"ð0; q 0
" Þ we use the uniform convexity (3.3c) giving

J"ðq 0
" Þ þ

�

2
jj~q" � q 0

" jj2 � J"ð~q"Þ ! J0ðq 0
0Þ; ð3:6Þ

where ~q" is chosen such that ~q" ! q 0
0 and E"ð0; ~q"Þ ! E0ð0; q 0

0Þ. We ¯nd jj~q" � q 0
" jj !

0 and conclude q 0
" ! q 0

0 . Thus, E"ð0; q 0
" Þ ¼J"ðq 0

" Þ�R"ðq 0
" � q 0

0Þ!J0ðq 0
0Þ ¼ E0ð0; q 0

0Þ;
and (3.4b) is established.

In (3.5c) and for any q : ½0;T � ! Q and 0 � r < s � T we use the notation

DissRðq; ½r; s�Þ :¼ sup
XN
j¼1

RðqðtjÞ � qðtj�1ÞÞ
�����N 2 N; r < t0 < t1 < � � � < tN < s

( )
;

which is de¯ned for all functions (de¯ned for all t 2 ½0;T �). For absolutely continuous

functions we have

DissRðq; ½r; s�Þ ¼
Z s

r

Rðq:ðtÞÞdt:

Using the liminf estimate from R"�!M R0 it is standard to show that DissR"
is lower

semicontinuous in the sense that

ð8 t 2 ½0;T � : q"ðtÞ * q0ðtÞÞ
) DissR0

ðq0; ½0;T �Þ � liminf
"!0

DissR"
ðq"; ½0;T �Þ: ð3:7Þ

3.2. Quadratic forms

Here we discuss some abstract results on quadratic forms and their �-convergence.

We refer to Chap. 13 in Ref. 11 for general background and more details.

A functional B : Q ! R1 is called a quadratic form, if it is homogeneous of degree

2 and satis¯es the parallelogram identity, i.e.

Bð�qÞ ¼ �2BðqÞ; Bðq þ ~qÞ þ Bðq � ~qÞ ¼ 2BðqÞ þ 2Bð~qÞ
for all � 2 R and q; ~q 2 Q. Note that B may take the value þ1 here. Throughout we

assume that our quadratic forms are coercive and weakly lower semicontinuous, i.e.

9 � > 0 8 q 2 Q : BðqÞ � �

2
jjqjj2; qn * q ) BðqÞ � liminf

n!1 BðqnÞ:

We de¯ne the domain V ¼ domB ¼ fq 2 Q j BðqÞ < 1g, which is a Hilbert space,

when equipped with the norm jjqjjB ¼ BðqÞ1=2. Clearly, V is continuously embedded

into Q. We denote by QB the closure of V in Q.

There is a symmetric bounded linear operator A : V ! V� such that

BðqÞ ¼
1

2
hAq; qi for q 2 V;

1 for q 2 QnV:

8<
:
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Using the Gelfand tripleV �denseQB ffi Q�
B �denseV�, we also de¯ne a unique self-adjoint

operator Aþ : D ! Q�
B with

D :¼ fq 2 V j 9C > 0 8 ~q 2 V : jhAq; ~qij � C jj~qjjg
and hAþq; ~qi ¼ hA~q; qi for q; ~q 2 V. Clearly, we have

D �denseV �denseQB ð3:8Þ
with respect to the strong topology in Q. We also introduce the Q-orthogonal pro-

jection P : Q ! QB and observe that for each ‘ 2 Q� the minimization problem

q 2 argminfBðqÞ � h‘; qi j q 2 Qg
has the unique minimizer q ¼ A�1P �‘.

We now consider a family ðB"Þ"2½0;1� of quadratic forms that are all weakly lower

semicontinuous and uniformly coercive, i.e.

9� > 0 8 " 2 ½0; 1� 8 q 2 Q: B"ðqÞ �
�

2
jjqjj2: ð3:9Þ

We denote the corresponding subspaces by D" � V" � Q" ¼ V" � Q and the

operators by Aþ
" : D" ! Q�

", A" : V" ! V�
", and the projections P" : Q ! Q".

We now study the situation that B0 is the Mosco limit of B". We follow the ideas in

Sec. 2.2 in Ref. 26, where the case of Mosco convergence leads to the stronger recovery

condition (R3)�. The following result contains ¯rst the construction of the mutual

recovery sequence ðq̂"Þ">0, which will be crucial for Step 3 in the proof of Theorem 3.1.

Second, we show that under our assumptions every recovery sequence converges

strongly.

Proposition 3.1. Assume B" �!M B0 and the uniform coercivity (3.9). Then the

following two statements hold:

(i) For q̂0 2 D0 let q̂" ¼ A�1
" P �

"A
þ
0 q̂0 ¼ argminfB"ðqÞ � hAþ

0 q̂0; qi j q 2 Qg; then
q̂" ! q̂0; ð3:10aÞ

B"ðq̂"Þ ! B0ðq̂0Þ; ð3:10bÞ
if q" * q0 and sup

"2½0;1�
B"ðq"Þ < 1;

then B"ðq" þ q̂"Þ � B"ðq"Þ ! B0ðq0 þ q̂0Þ � B0ðq0Þ: ð3:10cÞ

(ii) Every recovery sequence for q0 with B0ðq0Þ < 1 converges strongly.

Proof. Throughout this proof we will use the following simple observation:

8 	 2 Q�8 q" with B"ðq"Þ < 1: hP �
" 	; q"i ¼ h	; q"i: ð3:11Þ

This follows simply from q" 2 V" giving P"q" ¼ q".

(i) For q̂0 2 D0 the essential feature is Aþ
0 q̂0 2 Q�, which implies that L :

q 7! hAþ
0 q̂0; qi is continuous. Hence, we conclude that B" � L�!� B0 � L, and the
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classical properties of �-convergence provide convergence of minimizers and of the

minimum energies, thus we have q̂" * q̂0 and (3.10b).

To prove q̂" ! q̂0 we use that Mosco convergence implies the existence of at least

one strongly converging recovery sequence, let us call it ~q", i.e. ~q" ! q̂0 and

B"ð~q"Þ ! B0ðq̂0Þ. Hence, (3.10a) will follow from jj~q" � q̂"jj ! 0. Since ~q";q̂" 2 V" we

have

�

2
jj~q" � q̂"jj2 � B"ð~q" � q̂"Þ ¼ B"ð~q"Þ � hA"q̂"; ~q"i þ B"ðq̂"Þ

¼ B"ð~q"Þ � hP �
"A

þ
0 q̂0; ~q"i þ B"ðq̂"Þ

¼ B"ð~q"Þ � hAþ
0 q̂0; ~q"i þ B"ðq̂"Þ

! B0ðq̂0Þ � hAþ
0 q̂0; q̂0i þ B0ðq̂0Þ ¼ 0;

where we used (3.9), the quadratic structure, the de¯nition of q̂", and (3.11) for ~q".

Thus, (3.10a) is established.

To obtain (3.10c) we use (3.11) for q" and obtain, for all " 2 ½0; 1�, the convergence
B"ðq" þ q̂"Þ � B"ðq"Þ ¼ B"ðq̂"Þ þ hA"q̂"; q"i ¼ B"ðq̂"Þ þ hAþ

0 q̂0; q"i
! B0ðq̂0Þ þ hAþ

0 q̂0; q0i ¼ B0ðq0 þ q̂0Þ � B0ðq0Þ:
Hence, the desired relation (3.10c) is established.

(ii) To obtain strong convergence of every recovery sequence, we proceed as in the

previous part but approximate q0 2 V0 ¼ domB0. We ¯rst construct a family ðq �Þ�>0

such that

q � 2 D0 and
�

2
jjq � � q0jj2 � B0ðq � � q0Þ ! 0 for � ! 0: ð3:12Þ

Next we consider the family q̂ �
" ¼ A�1

" P �
"A

þ
0 q

�. From the above we know that

8 � > 0 : q̂ �
" ! q � for " ! 0: ð3:13Þ

Now consider an arbitrary recovery sequence q" * q0 such that B"ðq"Þ ! B0ðq0Þ. We

estimate the norms via

jjq" � q0jj � jjq" � q̂ �
"jj þ jjq̂ �

" � q �jj þ jjq � � q0jj: ð3:14Þ
To estimate the ¯rst term on the right-hand side we proceed as above and obtain

�

2
jjq" � q̂ �

"jj2 � B"ðq" � q̂ �
"Þ ¼ B"ðq"Þ þ B"ðq̂ �

"Þ � hP �
"A

þ
0 q

�; q"i
! B0ðq0Þ þ B0ðq �Þ � hAþ

0 q
�; q0i ¼ B0ðq � � q0Þ: ð3:15Þ

Now, by (3.12) for any 
 > 0 we can ¯x � > 0 such that

jjq � � q0jj < 
=4 and B0ðq � � q0Þ < �
2=8:

By (3.13) and (3.15) we can choose an "0 > 0 such that for all "2 �0; "0½ we have

jjq̂ �
" � q �jj < 
=4 and jjq" � q̂ �

"jj �
2

�
B0ðq � � q0Þ

� �
1=2

þ 
=4 < 
=2:
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Inserting this into (3.14), we have shown jjq" � q0jj < 
 for all "2 �0; "0½, which is the

desired strong convergence.

3.3. Proof of Theorem 3.1

In this section we provide the full proof of the abstract �-convergence result for the

quadratic rate-independent systems given in Sec. 3.1.

Proof of Theorem 3.1. We ¯rst note that the assumptions (3.3a) and (3.3b) imply

that for each " 2 ½0; 1� and each stable initial condition q 0
" , see (3.4a), there is a unique

energetic solution (see Theorem 2.1). The convergence result will be a special case of

Sec. 3 in Ref. 29. We will follow the established six steps of the existence proof12,29,28

for the convenience of the reader.

Step 1. A priori estimates. Using (3.3c) and (3.4b) we obtain the uniform bounds

jjq"jjC 0ð½0;T �;QÞ þ jjq:"jjL1ð½0;T �;QÞ � C1

for all " 2 ½0; 1�.
Step 2. Selection of subsequences. Via the selection principle of Arzela�Ascoli we

¯nd a subsequence ð"kÞk2N and a limit function q� 2 CLipð½0;T �;QÞ such that for all

t 2 ½0;T � we have

0 < "k ! 0 and q"k ðtÞ * q�ðtÞ for k ! 1: ð3:16Þ
The aim is to show that q� is the unique solution q0, then we conclude the convergence

of the full family ðq"Þ">0, without taking a subsequence. By (3.4b) we already know

q�ð0Þ ¼ q 0
0 , and it remains to show that q� is an energetic solution.

Step 3. Stability of the limit. We want to establish the stability of q�ðtÞ, i.e.
8 t 2 ½0;T � 8 ~q 2 Q: E0ðt; q�ðtÞÞ � E0ðt; ~qÞ þ R0ð~q � q�ðtÞÞ: ð3:17Þ

For this we use the quadratic structure of E" by employing the results of Sec. 3.2. We

¯x from now on the time t and write q0 and q" for q�ðtÞ and q"ðtÞ, respectively.
Obviously, stability is equivalent to

8q̂ 2 Q: 0 � B"ðq" þ q̂Þ � B"ðq"Þ � h‘";q̂i þ R"ðq̂Þ: ð3:18Þ

We have this condition for " > 0 and want to establish it for " ¼ 0. Clearly, we have

B"ðq"Þ < 1 for all " 2 ½0; 1�, and it su±ces to check (3.18)"¼0 for q̂ 2 V0 ¼ domB0

only.

For this we restrict ¯rst to the case q̂0 2 D0 and consider the mutual recovery

sequence q̂" constructed in Proposition 3.1. We insert q̂" into (3.18) and see that we

can pass to the limit in all terms. The ¯rst two terms converge to B0ðq0 þ q̂0Þ � B0ðq0Þ
by (3.10c). The third term converges since both factors in the duality product con-

verge strongly, and for the last term we have R"ðq̂"Þ ! R0ðq̂0Þ using (3.10a) and
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(3.3e). Thus, (3.18) with " ¼ 0 holds for all q̂0 2 D0, i.e.

8q̂0 2 D0 : 0 � J ðq̂0Þ :¼ B0ðq0 þ q̂0Þ � B0ðq0Þ � h‘0; q̂0i þ R0ðq̂0Þ: ð3:19Þ

The functional J : V0 ! R is coercive and convex. Moreover, it is continuous, if

V0 is considered as the Hilbert space equipped with the norm jjqjjV0
¼ B0ðqÞ1=2. Since

D0 is dense inV0 (see (3.8)), the minimum of J over V0 is equal to the in¯mum of J
over D0, which is 0. Thus, we conclude J ðq̂Þ � 0 for all q̂ 2 V0. As J ðq̂Þ ¼ 1 for

q̂ 2 QnV0 we have established the desired stability (3.17) of q0 ¼ q�ðtÞ.
Step 4. Upper energy estimate. The energy balance for q" reads

E"ðt; q"ðtÞÞ þDissR"
ðq"; ½0; t�Þ ¼ E"ð0; q"ð0ÞÞ �

Z t

0

h _‘"ðsÞ; q"ðsÞids:

Using (3.16) we can pass to the limit "k ! 0 by employing (3.3d) for the ¯rst term,

(3.7) for the second term, (3.4b) for the third term, and (3.3d) and (3.16) for the

fourth term. This leads to the estimate

E0ðt; q�ðtÞÞ þDissR0
ðq�; ½0; t�Þ � E0ð0; q0ð0ÞÞ �

Z t

0

h _‘0ðsÞ; q�ðsÞids:

Here we use liminf-estimates on the left-hand side (viz. (3.3d) and (3.7)), while

convergences hold on the right-hand side.

Step 5. Lower energy estimate. The lower energy estimate for q� follows solely

from the stability of q� derived in Step 3. For any partition 0 ¼ t0 < t1 < � � � <
tN�1 < tN ¼ T , the stability of q�ðtj�1Þ implies

E0ðtj�1; q�ðtj�1ÞÞ � E0ðtj�1; q�ðtjÞÞ þ R0ðq�ðtjÞ � q�ðtj�1ÞÞ
¼ E0ðtj ; q�ðtjÞÞ þ R0ðq�ðtjÞ � q�ðtj�1ÞÞ

�
Z tj

tj�1

h _‘0ðsÞ; q�ðtjÞids:

Rearranging and summing over j 2 f1; . . . ;Ng gives

E0ðT ; q�ðTÞÞ þ
XN
j¼1

R0ðq�ðtjÞ � q�ðtj�1ÞÞ � E0ð0; q�ð0ÞÞ �
Z T

0

h _‘0ðsÞ; q�ðsÞids;

where q� is the piecewise constant interpolant with the value q�ðtjÞ for t 2 �tj�1; tj �.
Taking the ¯neness of the partitions to 0, the right-hand side converges while the left-

hand side can be estimated from above giving the desired lower energy estimate

E0ðT ; q�ðTÞÞ þDissR0
ðq�; ½0;T �Þ � E0ð0; q�ð0ÞÞ �

Z T

0

h _‘0ðsÞ; q�ðsÞids: ð3:20Þ

Together with the results of Steps 3 and 4 we conclude that q� is equal to the unique

energetic solution q0 for ðQ; E0;R0Þ with q0ð0Þ ¼ q 0
0 .
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Step 6. Improved convergence. We already have established weak convergence

instead of the strong convergence stated in (3.5a), see (3.16). Using (3.3d) the con-

vergence (3.5d) follows immediately. The convergences (3.5b) and (3.5c) follow, since

we have the obvious liminf estimate for both of them. However, Steps 4 and 5 show

that the sum converges to the correct limit. This implies that each of them converges

to the desired limit.

Using the energy convergence (3.5b) and the weak convergence q"ðtÞ * q0ðtÞ
we see that q"ðtÞ is a recovery sequence for q0ðtÞ for B" �!M B0. Thus, using

Proposition 3.1(ii) we conclude the strong convergence q"ðtÞ ! q0ðtÞ as stated in

(3.5a).

4. Justi¯cation of the Elastoplastic Plate Model

In this section we provide the proof of the limit passage stated in Theorem 2.2. The

main step is the Mosco convergence of the quadratic forms B" de¯ned in (2.9) for

" > 0 and (2.17) for " ¼ 0, respectively. All notions of convergence (weak and strong)

as well as the norm will relate to the basic Hilbert space Q � H1ð�;R3Þ�
L2ð�;R3�3

dev Þ. The proof is similar to the approach devised in Ref. 4, but needs to be

repeated as we use a more general material law involving also the plastic variable.

Proposition 4.1. Under the assumptions of Sec. 2 we have the Mosco convergence

B" �!M B0.

Proof. Liminf estimate for weak convergence. For all sequences Q" * Q0 we have to

show B0ðQ0Þ � liminf"!0B"ðQ"Þ.
First consider the case U0 62 UKL. Since U 7! jjE3ðUÞjj 2L2 is convex and lower

semicontinuous, we ¯nd liminf"jjE3ðU"ÞjjL2 > 0. Using the coercivity of B" in (2.10)

we conclude

B"ðQ"Þ � cjjS"EðUÞS"jj2L2 � c

"
jjE3ðU"Þjj2L2 ! 1 ¼ B0ðQ0Þ:

For U0 2 UKL we use B0ðQ0Þ ¼ BðQ0Þ and employ estimate (2.15) giving B"ðQÞ �
BðQÞ. Since B is convex and lower semicontinuous, we conclude via

liminf
"!0

B"ðQ"Þ � liminf
"!0

BðQ"Þ � BðQ0Þ ¼ B0ðQ0Þ:

Limsup estimate for strongly converging recovery sequences. The result is trivial for

U0 62 UKL as B0ðQ0Þ ¼ 1, since we may take Q" ¼ Q0.

For U0 2 UKL we have to do a nontrivial construction. We use the splitting of W

into W and W2 as given in (2.16). This leads to the splitting

B"ðQÞ ¼ BðQÞ þ J 1

"
S"E

3ðU Þ � NðE1;2ðUÞ;PÞ
� �

with

J ðbÞ ¼
Z
�

W2ðbðxÞÞdx:
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Since B is strongly continuous onQ and J on L2ð�;R3Þ, it remains to be shown that

for each Q0 2 Q there exist Q" 2 Q such that

Q" ¼ ðU";P"Þ ! Q0 in Q and

1

"
S"E

3ðU"Þ � NðE1;2ðU"Þ;P"Þ ! 0 in L2ð�;R3Þ: ð4:1Þ

We construct Q" in the form

Q" ¼ ðU";P0Þ with U" ¼ U0 þ "S �1
" W ";

where W" is constructed as follows. Set n 0 ¼ NðE1;2ðU0Þ;P0Þ 2 L2ð�;R3Þ and de¯ne

the regularization n " ¼ ðn "
1; n

"
2; n

"
3Þ via the unique solutions of the elliptic equations

�"�n "
j þ n "

j ¼ n 0
j in �; n "

j ¼ 0 on @�:

Standard elliptic estimates give the a priori estimates

"jjrn "
j jj 2L2 þ jjn "

j jj2L 2 ¼ jjn 0
j jj 2L2 and n " ! n 0 in L2ð�;R3Þ: ð4:2Þ

Now W " ¼ ðW "
1 ;W

"
2 ;W

"
3 Þ is de¯ned via integration over x3, namely

W "
j ðxÞ ¼ cj

Z x3

�1

n "
j ðx1; x2; 	Þd	; where ðc1; c2; c3Þ ¼ ð2; 2; 1Þ:

This implies jjW "jjL2 þ "1=2jjrW "jjL2 � C , and hence jjQ" �Q0jj ¼ jj"S �1
" W "jjH 1

� "1=2C ! 0, which is the ¯rst condition in (4.1).

Moreover, using U0 2 UKL we ¯nd

1

"
S"E

3ðU"Þ ¼ 0þ 1

"
S"E

3ðð"W "
1 ; "W

"
2 ; "

2W "
3 ÞTÞ ¼ n " þ "

2
ð@x1W

"
3 ; @x2W

"
3 ; 0ÞT:

Thus, we obtain the estimate

1

"
S"E

3ðU"Þ � NðE1;2ðU";PÞ
����

����
L2

¼ n " þ "

2
; ð@x1W

"
3 ; @x2W

"
3 ; 0ÞT�; n 0 �N ð;E1;2ð"S �1

" ;W "Þ; 0Þ
��� ���

L2

� jjn " � n 0jjL 2 þ "jjrW "
3 jjL 2 þ "jN jjjrW "jjL 2 � jjn " � n 0jjL 2 þ C"1=2:

Using (4.2) we obtain the second convergence stated in (4.1).

Proof of Theorem 2.2. We show that the abstract result presented in Theorem 3.1

can be applied. For this we need to check that the assumptions (3.3) are satis¯ed

for the elastoplastic problem discussed in Sec. 2. Note that for this case we have

‘"ðtÞ ¼ LðtÞ and R" ¼ R, since no dependence on " is present. The conditions (3.3a)

and (3.3b) are obviously satis¯ed. Condition (3.3c) holds after taking (2.10) into

account.

The Mosco convergence B" �!M B0 was established in Proposition 4.1, thus (3.3d)

holds since ‘" ¼ L is independent of ".
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For the "-independent dissipation potential R" ¼ R the continuous convergence

R" Ã
c R0 reduces to strong continuity of R, cf. the de¯nition in (3.2). By condition

(2.3) the strong continuity of V 7! RðV Þ for V 2 L2ð�;R3�3
dev Þ is obvious. The Mosco

convergence R" �!M R, additionally asks for weak lower semicontinuity, which fol-

lows immediately from convexity and strong continuity. Hence (3.3e) is established

as well.

Thus, Theorem 2.2 follows as a direct consequence of Theorem 3.1.

5. Discussion of the Elastoplastic Plate Model

In this section we show that the limit model obtained in Sec. 2.3 can be reduced

to a two-dimensional elastic problem coupled to plastic e®ects that can either be

described by a three-dimensional model without memory or by a Prandtl�Ishlinskii

operator associated to each point y 2 !.

For notational simplicity, we will restrict now to the special isotropic energy W

and its relaxed stored energy density W treated in the Examples 2.1 and 2.2. Thus,

we are also in the same framework as Ref. 18, and can compare the results easily.

5.1. Coupling of stretching, bending, and plasticity

The main observation is that the Kirchho®�Love displacements U 2 UKL can be

characterized by functions de¯ned only on the midplane !. Thus, the energy E0 can

be reduced by integrating over the variable x3. We will use the letter y to indicate

points in !. From now on, r and � will only act on y 2 !, i.e. r ¼ ð@y1 ; @y2ÞT,
� ¼ @ 2

y1 þ @ 2
y2 , and D2V3 2 R

2�2
sym denotes the Hessian of V3 : ! ! R. Moreover we

will use the two-dimensional in-plane strain tensor

E1;2ðV Þ ¼ 1

2
ðrV 1;2 þ ðrV 1;2ÞTÞ; where V 1;2 ¼ ðV1;V2ÞT;

which does not depend on V3.

Concerning the variable P 2 L2ð�;R3�3
dev Þ we will use � ¼ !� ��1; 1½ and the

identi¯cation

L2ð!� ��1; 1½;R3�3
dev Þ ffi L2ð!;LÞ with L :¼ L2ð ��1; 1½;R 3�3

dev Þ:
Thus, with each point y 2 ! we associate an internal variable Pðy; �Þ 2 L.

Using the isomorphism K between V and UKL (see (2.12)) we ¯nd that the RIS

ðQ; E0;R0Þ is equivalent to the RIS ðQKL; EKL;RÞ with

QKL :¼ V� L2ð!;LÞ; RðPÞ ¼
Z
!

Z 1

�1

RðPðy; x3ÞÞdx3dy;

EKLðt;V ;PÞ :¼
Z
!

W ðE1;2ðV Þ;D2V3ðyÞ;PðyÞÞdy � h‘KLðtÞ;V i; where

W ðE;H ;PÞ ¼ WmembðE; ½P 1;2�0�Þ þWbendðH ; ½P 1;2�1Þ þWplastðPÞ;
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WmembðE;�Þ ¼ 2��

�þ 2�
ððtrEÞ2 � trE tr�Þ þ 2�ðjEj2 � E : �Þ;

WbendðH ;�Þ ¼ 2��

�þ 2�

1

3
ðtrHÞ2 þ trH tr�

� �
þ 2�

1

3
jH j2 þ H : �

� �
;

WplastðPÞ ¼ ��

�þ 2�
jjtrP 1;2jj22 þ �jjP 1;2jj22 þ

h

2
jjPjj22;

h‘KLðtÞ;V i ¼
Z
!

Gmembðt; yÞ � V 1;2ðyÞ þ gbendðt; yÞV3ðyÞ
þGbendðt; yÞ � rV3ðyÞdy;

Gmembðt; yÞ ¼ ½F 1;2
vol ðt; y; �Þ�0 þ F 1;2

surfðt; y; 1Þ þ F 1;2
surfðt; y;�1Þ;

gbendðt; yÞ ¼ ½Fvol 3ðt; y; �Þ�0 þ Fsurf 3ðt; y; 1Þ þ Fsurf 3ðt; y;�1Þ;
Gbendðt; yÞ ¼ F 1;2

surfðt; y;�1Þ � F 1;2
surfðt; y; 1Þ:

Here V 1;2 ¼ ðV1;V2ÞT 2 R2, and E;H ;� 2 R
2�2
sym are placeholders for E1;2ðV Þ; D2V3,

and ½P 1;2�k , respectively, and we used the short-hand notations

A : B ¼
X2
i;j¼1

AijBij ; ½g�0 ¼
Z 1

�1

gðx3Þdx3;

½g�1 ¼
Z 1

�1

x3gðx3Þdx3; jjgjj22 ¼
Z 1

�1

jgðx3Þj2dx3:

The important structure in the form of W is that the membrane strains E ¼ E1;2ðV Þ
only couple to the (even) averages ½P 1;2�0, while the bending strains H ¼ D2V3 only

couple to the (odd) averages ½P 1;2�1.
To highlight the structure of the derived evolutionary system obtained via the RIS

ðQKL; EKL;RÞ we now write down the corresponding di®erential inclusion, cf. (2.7a)

versus the energetic formulation (2.7c). It consists of two elliptic systems, one for the

membrane part and one for the bending part, and the plastic °ow law. Both elliptic

systems are nontrivially coupled to the plastic part via the strain tensors

@EWmembðE;�Þ ¼ �0ð2E � �Þ 2 R
2�2
sym ;

@HWbendðA; pÞ ¼ �0

2

3
H þ�

� �
2 R

2�2
sym ;

where �0ðEÞ :¼ % trEI2 þ 2�E with % :¼ 2��
�þ2�. The system reads

0 ¼ �div ð�0ð2E1;2ðV ÞÞ � ½P 1;2�0ÞÞ �Gmembðt; �Þ in !; ð5:1aÞ

0 ¼ div div �0

2

3
D2V3 þ ½P 1;2�1

� �� �
� gbendðt; �Þ � divGbendðt; �Þ in !; ð5:1bÞ

0 2 @Rð _PÞ þ devð½½�0ðP 1;2 � E1;2ðV Þ þ x3D
2V3Þ jj 0 ��Þ þ hP in �; ð5:1cÞ

where we recall the notation ½½A jj b��2 R
3�3
sym for A 2 R

2�2
sym and b 2 R3 from (2.13b).

We see that (5.1a) is a second-order membrane equation for the in-plane dis-

placements V 1;2 ¼ ðV1;V2Þ with the average plastic strains ½P 1;2�0 acting as plastic

An Evolutionary Elastoplastic Plate Model 1981



strains. The fourth-order equation (5.1b) for the out-of-plane displacement V3 gen-

eralizes Kirchho®'s plate equation, where now the ¯rst moments ½P 1;2�1 (odd

averages) act as plastic strains. The °ow law (5.1c) is still posed on � ¼ !� ��1; 1½,
but the important point is that the coupling with E1;2ðV Þ and D2V3 occurs only via

special x3-dependent pro¯les, namely 1 and x3, respectively.

5.2. Nontrivial coupling of the membrane and bending mode

via plasticity

We want to exemplify the nontrivial coupling by comparing two simple examples of

loading, which would give the same result, if there is no coupling.

In Example 1, we ¯rst load and unload the plate in a uniaxial stretch in direction

x1. Then, we load in a bending mode and unload again. In Example 2 we ¯rst do the

bending and then the uniaxial stretching.

In both situations we assume strains independent of y 2 ! leading to the

displacements

V ðt; yÞ ¼ ð�ðtÞy1; �ðtÞy2; �ðtÞðy 2
1 þ y 2

2Þ=2ÞT; ð5:2Þ
where the scalar stretch � and the scalar bending �ðtÞ are to be determined. Clearly,

we have E1;2ðV Þ ¼ �ðtÞI2 and HðtÞ ¼ D2V3 ¼ �ðtÞI2.
Assuming that the dissipation potential R is of the form Rð _PÞ ¼ rj _Pj, we can now

¯nd a solution P of the °ow rule (5.1c) in the form

Pðt; y; x3Þ ¼ �ðt; x3Þ diagð1; 1;�2Þ; �ðt; x3Þ ¼ 0: ð5:3Þ
For this, it is necessary and su±cient that �ðt; xÞ 2 R solves the scalar hysteresis

problem given by the di®erential inclusion

0 2 r Signð�: Þ þ 2

3
ð%þ �Þð�� � þ x3�Þ þ h�: ð5:4Þ

To simplify the computations, we choose r ¼ 2
3 ð%þ �Þ ¼ 1 and h ¼ 0.

Using the hat function �ðtÞ ¼ maxf0; 2� j2� tjg, Example 1 is given by the

loadings �ðtÞ ¼ �ðtÞ and �ðtÞ ¼ �ðt � 4Þ. The solution is given by

�ð1Þðt; x3Þ ¼

maxf0;minft � 1; 1gg for t 2 ½0; 4�;
1� x3ðt � 4Þ for t 2 ½4; 6� and x3 � 0;

1 for t 2 ½4; 6� and x3 � 0;

minf1; 1� 2x3g for t 2 ½6; 8�:

8>>><
>>>:

Now we consider Example 2 with stretching after bending, i.e. �ðtÞ ¼ �ðtÞ and

�ðtÞ ¼ �ðt � 4Þ. The solution reads

�ð2Þðt; x3Þ ¼

maxfminf1� tx3; 0g;�1� tx3g for t 2 ½0; 2�;
�ð2; x3Þ for t 2 ½2; 4�;
minf5� t; �ð2; x3Þg for t 2 ½4; 6�;
�1 for t 2 ½6; 8�:

8>>><
>>>:
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By comparing the two solutions, it is clear that the bending and stretching phases

behave di®erently if they start from the unstressed initial condition or from the pre-

stressed state left over from the other phase.

We refer to Ref. 23 for more details.

5.3. Reduction to two-dimensional model via Prandtl�Ishlinskii

operators

We now show how the plastic °ow law (5.1c) can be encoded into a hysteresis

operator, which does not explicitly show the dependence on the variable x3. This

generalizes the idea in Guenther et al.18

We ¯rst note that (5.1c) can be rewritten in the form

0 2 @Rð _PÞ þ AP � LðtÞ; Pð0Þ ¼ 0; ð5:5Þ
where R is as before and A is a symmetric and positive de¯nite linear operator on

R
3�3
dev , while L 2 CLipð½0;T �;R3�3

dev Þ is some loading. For simplicity we have added the

trivial initial condition Pð0Þ ¼ 0 and we will further assume Lð0Þ ¼ 0. (In fact,

it would su±ce to assume the stability condition 0 2 @Rð0Þ þ APð0Þ � Lð0Þ, cf.

Theorem 2.1.)

For each loading L 2 CLip
0 ð½0;T �;R3�3

dev Þ, where the subscript 0 stand for the initial

condition Lð0Þ ¼ 0, there is a unique solution P 2 CLip
0 ð½0;T �;R3�3

dev Þ. This de¯nes the
(vector-valued) play operator P (cf. Refs. 38, 5 and 19) associated with E ¼ @Rð0Þ
and A via

PE½L�ðtÞ :¼ PðtÞ:
We de¯ne the \parallel extension" of PE from R

3�3
dev to L ¼ L2ð ��1; 1½;R3�3

dev Þ via
PE½L�ðt; x3Þ :¼ PE½Lð�; x3Þ�ðtÞ;

where now L 2 CLip
0 ð½0;T �;LÞ. We call this a parallel extension as the play operators

at di®erent values of x3 do not interact.

We want to use the play operator PE to describe the coupled system (5.1) for the

elastoplastic plate. We do this by superimposing such play operators by using the

special coupling structure. Recall that the ¯rst two equations for V are coupled to

Pðt; �Þ 2 L ¼ L2ð ��1; 1½;R3�3
dev Þ only via the averages ½Pðt; �Þ�0 and ½Pðt; �Þ�1, and

additionally the equation for P is forced by E ¼ E1;2ðV Þ and H ¼ D2V only via the

\dual construction".

The forcing via E and H in (5.1c) can be described via the mapping

M :
R

2�2
sym � R

2�2
sym !L ¼ L2ð ��1; 1½;R3�3

dev Þ;
ðE;HÞ 7! dev ð½½�0ðx3H � EÞ jj 0 ��Þ:

(

A simple calculation shows that the adjoint mapping takes the form

M � :
L ¼ L2ð ��1; 1½;R3�3

dev Þ ! R
2�2
sym � R

2�2
sym ;

P 7! ð��0ð½P 1;2�0Þ;�0ð½P 1;2�1ÞÞ:

(
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Note that M �P contains exactly all the P-dependent terms occurring in (5.1a)

and (5.1b).

Thus, we are able to de¯ne a generalized Prandtl�Ishlinskii operator as a

generalized contraction of an in¯nite family of play operators as follows:

P :
CLip

0 ð½0;T �;R2�2
sym � R

2�2
symÞ!CLip

0 ð½0;T �;R 2�2
sym � R

2�2
symÞ;

ðE;HÞ 7! M �PE½MðE;HÞ�:

(

The usage of M and M � in the contraction means that the hysteresis operator P still

has the usual symmetry properties and is compatible with the energetic formulation.

Denoting the components of P corresponding to E and H by PE and PH ,

respectively, we are now able to rewrite the coupled system (5.1) for the elastoplastic

plate in terms of the elliptic partial di®erential equations only, since the plastic

evolution law is hidden in the hysteresis operator P:

�divð�0ðE1;2ðV ÞÞ þPE ½E1;2ðV Þ;D2V3�ðtÞÞ ¼ Gmembðt; �Þ; ð5:6aÞ
div divð�0ðD2V3Þ þPH ½E1;2ðV Þ;D2V3�ðtÞÞ ¼ gbendðt; �Þ þ divGbendðt; �Þ: ð5:6bÞ
We can restrict to the pure bending case, as was done in Guenther et al.18 if we

assume that Gmemb 	 0 and that Pðt; y; �Þ is odd. Then, V 1;2 	 0 for all times. Then,

we can forget about E and restrict our attention to H only. This allows us to give PH

a more explicit form, which appear to be a true Prandtl�Ishlinskii operator. To see

this, we use a classical scaling law for play operators, namely

PE½�L� ¼ �P 1
�E
½L� for every constant � 6¼ 0:

This leads to the ¯nal formula

PH ½H � ¼ ½�0ðPE½x3 devð½½�0ðHð�ÞÞ jj 0 ��Þ�Þ�1
¼ �0

Z 1

�1

x 2
3 P 1

x3
E½devð½½�0ðHð�ÞÞ jj 0 ��Þ�dx3

� �
:

Thus, our hysteresis operator is just a simple transformation of the operator F
derived at the end of Sec. 2.2 in Ref. 18, namely PE ¼ �0 � F � �0.
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