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Abstract. The rate-independent damage model recently developed in [1] al-

lows for complete damage, such that the deformation is no longer well-defined.
The evolution can be described in terms of energy densities and stresses. Using

concepts of parametrized Γ-convergence, we generalize the theory to convex,

but non-quadratic elastic energies by providing Γ-convergence of energetic so-
lutions from partial to complete damage under rather general conditions.

1. Introduction. There is a rich literature on rate-independent mechanical models
for damage in brittle materials, cf. [26, 8, 5, 11, 4, 16, 12], and recently several
mathematical approaches [9, 6, 7] were developed, in particular the abstract theory
of rate-independent processes [20, 21, 17] proved very helpful as it allows one to
employ the machinery of incremental minimization.

Here we want to contribute to the models discussed in [18, 1, 24]. Let u : Ω →
Rd be the displacement and z : Ω → [0, 1] the damage variable, then the rate-
independent system is given by the triple (F×Z, E ,D), where u ∈ F , z ∈ Z. The
energy-storage functional has the form

Eδ(t, u, z) =

∫
Ω

Wδ(x, e(uD(t)+u)(x), z(x))dx+G(z), where e(u) =
1

2
(∇u+(∇u)T),

and the dissipation isD(z, ẑ) =
∫

Ω
D(x, z(x), ẑ(x))dx. Here uD ∈ C1([0, T ]; W1,p(Ω))

prescribes time-dependent boundary displacements on the Dirichlet part ΓD of the
total boundary ∂Ω. For δ > 0 the stored-energy density is regularized in the form
Wδ(x, e, z) = W (x, e, z) + δ|e|p, which renders Wδ coercive while W may be non-
coercive for complete damage z = 0. The functional G is a regularization term
satisfying G(z) ≥ c

∫
Ω
|∇z|r dx.

For δ > 0 existence of energetic solutions (uδ, zδ) is known for general W , see
[18, 28]. The limit passage for δ → 0 in the sense of Γ-limits was established in
[1, 24] under the assumption that e 7→W (x, e, z) is quadratic. However, this is not a
realistic model, since it implies that damage behaves symmetric under compression
and extension. The purpose of this work is to generalize the approach to a much
larger class of functionals. For instance, we are able to treat the model

W (x, e, z) =
z

2
e:C:e+

c

2

∣∣min{0, tr e}
∣∣1+β

, c > 0 and β ∈ ]0, 1] .
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which displays resistance to compression even after complete damage, like powder-
ized concrete.

The difficulty is that W is not coercive, hence in the limit δ → 0 we are not able
to control uδ, and convergence should only be valid for zδ. The task is to define a
limit equation in terms of z. In particular, one needs a replacement of the power of
the external forces that provides the limit of

∂tEδ(t, uδ(t), zδ(t)) =

∫
Ω

Σδ:e(u̇D)dx with Σδ = ∂eWδ(x, e(uD+uδ), zδ). (1)

We will show that it is possible to control the limit of the stresses Σδ while in general
the strains eδ = e(uD+uδ) will have no limits. Hence, we follow the ideas of [1] to
eliminate the elastic variable u completely by defining the reduced functional

Iδ(t, z) = min{ Eδ(t, u, z) | u ∈ F } with F = {u ∈W1,p(Ω;Rd) | u|ΓD
= 0 }

and to apply the Γ-convergence theory to the rate-independent systems (Z, Iδ,D).
Note that a convergence theory for the systems (F × Z, Eδ,D) is doomed to fail
because of the missing uniform coercivity with respect to u ∈ F .

However, the total elimination of the displacements, and hence of the strains,
leads to missing information on the stresses which is needed to control the limit in
(1). Thus, the second important idea in [1] is the introduction of an intermediate
functional defined in terms of the boundary displacements uD. More precisely, we
let

Jδ(e, z) = min{
∫

Ω

Wδ(x, e+e(u), z)dx+ G(z) | u ∈ F }.

Here e can be taken from all of E = Lp(Ω,Rd×dsym), but the minimization with respect
to all admissible displacements shows that it depends only on much less information
to be extracted from e. The point about the definition of Jδ is that it provides the
formulas

(i) Iδ(t, z) = Jδ(e(uD(t)), z) (ii) ∂tIδ(t, z) = 〈DeJδ(e(uD(t)), z), e(u̇D(t))〉. (2)

In fact, DeJδ(e(uD), z) ∈ E∗ = Lp
′
(Ω,Rd×dsym) provides the equilibrium stresses asso-

ciated with the given boundary data uD and the damage state z.
In Section 3 we will discuss the theory of Γ-convergence for a family of functionals

Jδ : E × Z → R∞, where the Γ-convergence is done with e ∈ E treated as a

parameter, i.e., Jδ(e, ·)
Γ→ J(e, ·), where we use gothic letters for Γ-limits. The

main question is how properties of the functions Jδ(·, z) : E → R are inherited
to the limit J(·, z). For this we introduce the notion of simultaneous Γ-limits for
parametrized families (Jδ(e, ·))δ>0 by asking that for each two points e1 and e2 and
each z ∈ Z there exists a recovery sequence (zδ)δ>0 such that Jδ(ej , zδ)→ J(ej , z)
for j = 1 and 2. With this condition we are able to conclude that convexity and
differentiability with respect to e passes from Jδ(·, z) to J(·, z). In particular, we
provide the following convergence of stresses, which is crucial in the theory of rate-
independent systems (cf. [10, Prop. 4.4]):

zδ ⇀ z0

Jδ(e, zδ)→ J(e, z0)

}
=⇒ DeJδ(e, zδ) ⇀ DeJ(e, z0) in E∗.

Combining this result with (2ii) we are able to obtain the limit ∂tIδ(t, zδ) →
∂tI(t, z0).

For the complete-damage problem the simultaneous Γ-convergence is easily ob-
tained by taking Γ-convergence with respect to strong convergence in W1,r(Ω),
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because of the strong continuity of G and the monotonicity of z 7→ W (x, e, z), see
Proposition 4.5. The main difficulty is then to establish our main structural assump-
tion (see (17)) that weak convergence along so-called stable sequences implies strong
convergence. In this work we show that this condition holds under the additional
assumption W1,r(Ω) ⊂ C(Ω), i.e. r > d. However, in Section 6.1 we give arguments
in favor of our conjecture, that the strong convergence can also be established for
r ∈ [1, d].

Our main result is formulated in Theorem 2.3 for r > d: any family of energetic
solutions zδ : [0, T ]→ Z for (Z, Iδ,D) has a subsequence (zδj )j∈N with δj → 0 and
zδj (t) → z(t) for all t ∈ [0, T ], where z : [0, T ] → Z is an energetic solution of the
complete-damage system given by (Z, I,D). The result is based on the abstract
theory of Γ-convergence for rate-independent systems developed in [23].

If the uniform differentiability property does not hold, one can still use convexity
arguments. If each Jδ(·, z) is convex, the parametrized Γ-limit is convex as well.
This convexity allows us to characterize the Clarke differential of I(·, z) using the
left and right partial derivative in t:

∂Cl
t I(t, z) =

[
∂−t I(t, z), ∂+

t I(t, z)
]
, where ∂±t I(t, z) = lim

ε→0+

±1
ε

(
I(t±ε, z)−I(t, z)

)
.

In fact, we have ∂±t I(t, z) = ± sup{±〈σ, e(u̇D(t))〉 | σ ∈ ∂sub
e J(e(uD(t)), z) }.

We generalize the notion of energetic solutions [17] to generalized energetic solu-
tions by keeping stability (S) and replacing the energy balance by

I(t, z(t)) + DissD(z, [0, t]) = I(0, z(0)) +

∫ t

0

p(τ)dτ with p(τ) ∈ ∂Cl
τ I(τ, z(τ)),

see Definition 6.1. Theorem 6.2 establishes existence of generalized energetic solu-
tions to the rate-independent system (Z, I,D).

2. Setup of the model. We first discuss the physical setup and provide the ex-
istence result for the coercive case δ > 0. Afterwards we discuss the reduction of
the problem by eliminating the displacement while keeping the boundary strains
eD(t) = e(uD(t)).

2.1. Discussion of the coercive model. The body Ω ⊂ Rd is described by a
bounded Lipschitz domain. The state of the system is described by the displacement
ũ : Ω → Rd and the scalar damage variable z : Ω → [0, 1], where z = 1 denotes
no damage and z = 0 means that the maximal damage has been reached (all
microscopic breakable structures are broken). The displacement ũ will satisfy time-
dependent Dirichlet boundary conditions on ΓD ⊂ ∂Ω via uD ∈ C1([0, T ],W1,p(Ω))
in the form

ũ(t) = uD(t) + u(t) with u(t) ∈ F = { v ∈W1,p(Ω;Rd) | v|ΓD
≡ 0 }.

We also use the infinitesimal strain tensor e(u) = 1
2

(
∇u+ (∇u)T

)
and set

eD(t) = e(uD(t)) and ėD(t) = e(u̇D(t)) where ˙ = ∂t.

The stored energy of the system is given via the functional

E(t, u, z) =

∫
Ω

W (x, eD(t, x)+e(u)(x), z(x))dx+ G(z) (3a)

with G(z) =

∫
Ω

b(x, z(x)) +G(x,∇z(x))dx. (3b)
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Here b : Ω× [0, 1]→ R and G : Ω×Rd → R are Carathéordory functions satisfying

∃C > 0 ∀ (x, z) ∈ Ω× [0, 1] : 0 ≤ b(x, z) ≤ C, (4a)

∀x ∈ Ω : z 7→ b(x, z) is nondecreasing, (4b)

∃C > 0, r > 1 ∀ (x, a) :
|a|r

C
− C ≤ G(x, a) ≤ C|a|r + C, (4c)

∀x ∈ Ω : a 7→ G(x, a) is strictly convex. (4d)

The function G contains the regularizing term and is typically of the form κ(x)|a|r.
Thus, the suitable space for the damage states is Z = { z ∈W1,r(Ω) | 0 ≤ z ≤ 1 }.
The additional term b is intended to model cohesive effects (or healing), i.e., if the
stresses in the material are released then the damage may heal (ż > 0) by using up
some energy.

The stored energy density W : Ω × Ed × [0, 1] → R, where Ed = Rd×dsym , is a
Carathéordory function satisfying

∀ (x, z) ∈ Ω× [0, 1] : W (x, ·, z) ∈ C1(Ed), (5a)

∃C > 0 ∀ (x, e, z) : 0 ≤W (x, e, z) ≤ C|e|p + C, (5b)

∀ (x, z) : e 7→W (x, e, z) is strictly convex, (5c)

∀ (x, e) : z 7→W (x, e, z) is nondecreasing, (5d)

∃ c1, c2 ∀ (x, e, z) : |∂eW (x, e, z)| ≤ c1(W (x, e, z)+c2)1−1/p. (5e)

Condition (5d) means that the material becomes weaker if damage increases, and
(5e) is called “stress control”, since it allows us to control the size of the stresses in
terms of the energy alone, uniformly in (x, z). A typical function W has the form

W (x, e, z) = W 0(x, e) + a(z)W 1(x, e),

where W 0 and W 1 are smooth and convex, W 0 may be noncoercive while W 1 is
coercive, a(z) ≥ czα and a′(z) ≥ 0. As above we set Wδ(x, e, z) = W (x, e, z) + δ|e|p
and define Eδ as in (3a) with W replaced by Wδ.

For the time-dependent Dirichlet boundary data we impose

uD ∈ C1([0, T ],W1,p(Ω;Rd)) with p from (5). (6)

Finally we describe the dissipation functional D : Z × Z → [0,∞] via

D(z0, z1) =

∫
Ω

D(x, z0(x), z1(x))dx,

where D : Ω × [0, 1]2 → [0,∞] is a normal integrand. For each x, D satisfies the
triangle inequality and the coercivity D(x, z, z̃) ≥ c|z−z̃|. The typical choice is
D(x, z, z̃) = δ+(z−z̃) for z̃ ≤ z and δ−(z̃−z) for z ≤ z̃, where δ+ ∈ (0,∞) and
δ− ∈ (0,∞]. Here δ− = ∞ is the unidirectional case that enforces that damage
can only increase, thus healing is forbidden. The latter can only take place if
δ− + b′(z) < 0 for some z ∈ [0, 1]. We refer to [27], where healing is modeled under
the name cohesion.

We define notion of energetic solution for the rate-independent system (Q, Eδ,D),
where Q = F × Z (see [20, 21] and the surveys [17, 19]). A mapping q = (u, z) :
[0, T ]→ Q is called energetic solution if τ 7→ ∂τEδ(τ, q(τ)) lies in L1((0, T )) and
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if for all t ∈ [0, T ] we have stability (S) and energy balance (E):

(S) ∀ q̃ = (ũ, z̃) ∈ Q : Eδ(t, q(t)) ≤ Eδ(t, q̃) +D(z(t), z̃);

(E) Eδ(t, q(t)) + DissD(z, [0, t]) = Eδ(0, q(0)) +

∫ t

0

∂τEδ(τ, q(τ))dτ.
(7)

Here DissD(z, [r, s]) is defined to be the supremum of
∑N

1 D(z(tj−1), z(tj)) over all
finite partitions r ≤ t0 < t1 < · · · < tN ≤ s. For each q ∈ Q the power of the
external forces ∂tEδ(t, q) is well defined by using (5e).

For noncoercive problems (i.e. δ = 0), u is no longer well-defined and we cannot
guarantee q ∈ Q. It is the main problem how to define this partial derivative
∂tE(t, q). Thus, it is an open problem whether under the above assumption a
general existence result holds. However, the coercive case δ > 0 was solved under
more general assumptions including unilateral constraints and volume forces, cf.
[18, 28]. The following result provides existence in the case where the growth rate
r for the regularizing term just needs to satisfy r > 1. Originally [18] used the
embedding W1,r(Ω) ⊂ C(Ω), which leads to the assumption r > d. In [28] a new
construction of the joint recovery sequence allowed for the generalization to all
r > 1.

Theorem 2.1. If the above assumption hold with p, r > 1 and if δ > 0, then for all
stable initial states q0 ∈ Q (i.e., (S) holds at t = 0 with q(0) replaced by q0) there
exists an energetic solution qδ : [0, T ]→ Q of the rate-independent system (Q, Eδ,D)
with q(0) = q0, q ∈ L∞([0, T ],W1,p(Ω;Rd)×W1,r(Ω)), and z ∈ BV([0, T ],L1(Ω)).

In general one cannot expect more regularity of the solutions with respect to
time. In particular, the solution may have jumps. In [28] convexity conditions on
(e, z) 7→W (x, e, z) are discussed which imply simple continuity, Hölder or Lipschitz
continuity.

2.2. Reduction by eliminating the displacements. The approach for solving
noncoercive problems was indicated already in [18] and finally solved in [1] under
the additional assumption that W is quadratic: W (x, e, z) = z

2e:C:e; however more

general quadratic forms 1
2e:C(z):e + g(z):e + γ(z) would work equally well. The

main idea is to approximate the noncoercive case with a coercive one by setting

Wδ(x, e, z) = W (x, e, z) + δ(1+|e|2)p/2. (8)

Then for each δ > 0 there is a solution qδ = (uδ, zδ) of the rate-independent energetic
system (Q, Eδ,D). Moreover, using the stress control (5e) it is not difficult to show
that there exists C > 0 such that for all δ ∈ (0, 1) and all t ∈ [0, T ] we have
Eδ(t, qδ(t)) + DissD(zδ, [0, t]) ≤ C.

Now, using the theory of Γ-convergence of rate-independent energetic systems [23]
it is then possible to pass to the limit in the reduced system, where the displacement
u is minimized out. The latter step is essential, since it is not to be expected that
uδ or e(uδ) converges in any reasonably sense. In regions where z = 0 holds we may
have W (x, e, 0) = 0 for a large and possibly unbounded set of strains e ∈ Ed due to
the missing coercivity.

To define the reduced problem we use the strict convexity (5c) to find that
Eδ(t, ·, z) has a unique minimizer u = Uδ(t, z) ∈ F . With this we have

Iδ(t, z) =

∫
Ω

Wδ(x, eD(t)+e(Uδ(t, z)), z)dx+ G(z).
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A classical argument [14, 13] shows that ∂tIδ(t, z) = ∂tEδ(t, Uδ(t, z), z).
While the limit of the energy Iδ(t, zδ) along energetic solutions qδ can be under-

stood in the sense of Γ-limits, it is nontrivial to control the power

∂tIδ(t, zδ) =
∫

Ω
σδ(t):ėD(t)dx with

σδ(t, x) = ∂eW (x, eD(t, x)+e(uδ(t))(x), zδ(t, x)).

The main observation is that the stress-control assumption (5e) and the usual energy
a priori estimates provide bounds for σδ in Lp/(p−1)(Ω,Ed) that are independent of
δ > 0.

The essential idea to make the limit tractable is to introduce an auxiliary func-
tional in which it is possible to keep control over the Γ-limit. Denote by E =
Lp(Ω; Ed) the strain space, and for (e, z) ∈ E×Z let

Jδ(e, z) = Vδ(e, z) + G(z) with
Vδ(e, z) = min{

∫
Ω
Wδ(x, e+e(u), z)dx | u ∈ F }. (9)

In fact, the functional Vδ should not be considered as a functional on E but rather
on {u|∂Ω | u ∈ F }, since all the other information is minimized out. Moreover, for
fixed z ∈ Z, the mapping e 7→ Vδ(e, z) is convex and differentiable with

DeVδ(e, z) = ∂eW (x, e+e(V (e, z)), z) ∈ E∗ = Lp/(p−1)(Ω; Ed),

where V (e, z) ∈ F is the unique minimizer in (9). This shows that σ = DeVδ(e, z)
is in fact an equilibrium stress, and thus satisfies div σ = 0 in Ω and σ ν = 0 on
∂Ω\ΓD.

The importance of the functional Vδ is that on the one hand it is possible to do
the Γ-limit for δ → 0 and keep some of the main features and that on the other hand,
by construction the reduced functional Iδ and its partial derivative with respect to
t can be easily expressed:

Iδ(t, z) = Vδ(eD(t), z)+G(z) and ∂tIδ(t, z) = 〈DeVδ(eD(t), z), ėD(t)〉.
Thus, we have found a way to express the energies in terms of the damage alone and
we still have control over the equilibrium stresses DeVδ(eD(t), z) that are needed to
control the power generated by the boundary data uD(t).

2.3. The main convergence and existence result. In this subsection we pro-
vide convergence results of (subsequences of) energetic solutions for (Z, Iδ,D) to
solutions of the complete damage problem (Z, I,D). Here I is the parametrized
Γ-limit I(t, ·) = Γ-limδ→0+ Iδ(t, ·). The main difficulty in the limit procedure is to
show the convergence of the power

∂tIδ(t, zδ(t))→ ∂tI(t, z(t)),

for which it is necessary to know that I(·, z) ∈ C1([0, T ]). For this we will show
that V(e, ·) := Γ-limδ→0+ Vδ(e, ·) exists and is differentiable with respect to e ∈ E.

For this, we need an additional uniform differentiability assumption on the the
stored energy density W , which reads as follows:

∃C > 0 ∃β ∈ ]0,min{1, p−1}] ∀ e0, e1 ∈ Ed ∀ z ∈ [0, 1] :

W (x, e0, z) +W (x, e1, z)− 2W (x, 1
2 (e0+e1), z)

≤ C
(
1 +W (x, 1

2 (e0+e1), z) + |e1−e0|p
)1−(1+β)/p |e1−e0|1+β ,

(10)

where p is as in (5). It is easy to construct nontrivial examples fulfilling this con-
dition, because it is additive in the following sense: If the nonnegative densities
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W1, . . . ,Wk satisfy (10) with the same p, β, and C1, . . . , Ck, respectively, then the

sum W =
∑k

1 Wj satisfies the condition as well with C =
∑k

1 Cj .

Example 2.2. We list a few examples of uniformly differentiable functions:

(i) 1
2e:C:e, (ii) |min{0, tr e}|q , (iii) |e|q.

For (i) we can take any β ∈ ]0, 1] and p ≥ 1+β. For (ii) and (iii) the condition (10)
is satisfied if and only if 1 ≤ 1+β ≤ q ≤ p.

The main result is restricted to the case r > d, which provides the helpful em-
bedding W1,r(Ω) ⊂ C(Ω). However, in Section 6 we discuss possibilities of general-
izations.

Theorem 2.3 (ΓΓΓ-convergence). Let the assumptions of Section 2.1 and (10) hold
with r > d. For δ > 0 consider energetic solutions zδ : [0, T ] → Z of (Z, Iδ,D),
then there exists a subsequence (zδj )j∈N with δj → 0+ and an energetic solution
z : [0, T ]→ Z of (Z, I,D) such that the following holds for all t ∈ [0, T ]:

(i) zδj (t)→ z(t) in W1,r(Ω),

(ii) DissD(zδj , [0, t])→ DissD(z, [0, t]),

(iii) Iδj (t, zδj (t))→ I(t, z(t)),

(iv) DeVδj (eD(t), zδj (t)) ⇀ DeV(eD(t), z(t)).

Moreover, for each stable z0 ∈ Z, i.e. I(0, z0) ≤ I(0, z̃) + D(z0, z̃) for all z̃ ∈ Z,
there exists at least one energetic solution z : [0, T ] → Z for the complete damage
problem (Z, I,D).

The proof of this result, which is given in Section 5, follows closely the theory
developed in [18, 1], and thus relies on the abstract theory of Γ-convergence for
rate-independent systems developed in [23].

3. Parametrized ΓΓΓ-convergence. In this section we consider general reflexive
Banach spaces E and Z and assume that Z is a weakly closed subset of Z. We
now discuss sequences of functionals Jδ : E × Z → R and their parametrized Γ-
limits J(e, ·) = Γ-limδ→0+ Jδ(e, ·). Here e ∈ E is treated as a fixed parameter, and
Γ-convergence in Z is meant with respect to the strong convergence, viz.

liminf estimate: zδ → z =⇒ J(e, z) ≤ lim inf
δ→0+

Jδ(e, zδ), (11a)

recovery sequence: ∀ z ∈ Z ∃ (zδ)δ>0 : zδ → z and Jδ(e, zδ)→ J(e, z). (11b)

The following example shows that natural properties of the functionals Jδ(·, z)
may be lost for parametrized Γ-limits.

Example 3.1 (Loss of convexity under pointwise Γ-limits). We consider E = R,
Z = R and the functionals

Jδ(e, z) = |e−g(z/δ)|+ 1−g(z/δ)2 with g(t) = max{−1,min{t, 1}}.
Clearly, each Jδ(·, z) is convex. The parametrized Γ-limit exists and reads

J(e, z) =

{
|e− sign(z)| for z 6= 0,
|1−|e|| for z = 0.

For z 6= 0 we can take constant recovery sequences zδ = z. For z = 0, the recovery
sequences will depend on e: for e > 0 we choose zδ = δ and find Jδ(e, zδ) = |e−1|,
while for e < 0 let zδ = −δ obtaining Jδ(e, zδ) = |e+1|.
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The following definition is made to avoid the problem of different recovery se-
quences at different points.

Definition 3.2. The family (Jδ)δ>0 has the simultaneous Γ-limit J : E× Z → R,

if (11a) holds and for each R > 0 there exists R̂ > 0 such that

∀ z ∈ Z with ‖z‖ ≤ R ∀ e1, e2 ∈ E ∃ (zδ)δ>0 with sup
δ>0
‖zδ‖ ≤ R̂ :

zδ → z and Jδ(ej , zδ)→ J(ej , z) for j = 1, 2.
(12)

The point of simultaneous Γ-convergence is that there must exist recovery se-
quences that work at each pair of two points e1 and e2 simultaneously. This con-
dition will allow us to inherit, from the family Jδ to the parametrized Γ-limit, all
properties that can be formulated in terms of finitely many function evaluations.

Proposition 3.3 (Convexity). If all Jδ(·, z) are convex and J is the simultaneous
Γ-limit of (Jδ)δ>0 for δ → 0, then J(·, z) : E→ R is convex for each z ∈ Z.

Proof. For arbitrary e0, e1 and θ ∈ ]0, 1[ we define eθ = (1−θ)e0 + θe1. Then,
convexity of Jδ(·, zδ) gives

Jδ(eθ, zδ) ≤ (1−θ)Jδ(e0, zδ) + θJδ(e1, zδ).

By the assumption of 2-simultaneous Γ-convergence, we may assume that zδ → z
recovers the Γ-limit at e0 and e1. Thus, we conclude

J(eθ, z) ≤ lim inf
δ→0+

Jδ(eθ, zδ) ≤ lim inf
δ→0+

(
(1−θ)Jδ(e0, zδ) + θJθ(e1, zδ)

)
= (1−θ)J(e0, z) + θJ(e1, z),

which is the desired convexity.

We formulate a quantitative notation of continuous differentiability. We say
that J : E × Z → R is β-differentiable, if all J (·, z) lie in C1(E) and for all
R > 0 there exists a constant CR > 0 such that for all e0, e1 ∈ E, z ∈ Z with
‖e0‖+ ‖e1‖+ ‖z‖ ≤ R we have

‖DeJ (e1, z)−DeJ (e0, z)‖E∗ ≤ CR‖e1−e0‖β . (13)

We say that the family (Jδ)δ>0 is uniformly β-differentiable if the constant CR can
be chosen independently of δ > 0.

The importance of this notion is that it can be equivalently formulated by using
function values only and avoiding the derivative. This equivalence is a standard
exercise in Banach-space analysis.

Lemma 3.4. A function J : E × Z → R is β-differentiable if and only if for all

R > 0 there exists a constant ĈR > 0 such that for all θ ∈ ]0, 1[, e0, e1 ∈ E, z ∈ Z
with ‖e0‖, ‖e1‖, ‖z‖ ≤ R we have

|J (eθ, z)− (1−θ)J (e0, z)− θJ (e1)| ≤ ĈRθ(1−θ)‖e1−e0‖1+β . (14)

We note that going from (13) to (14) one can estimate ĈR ≤ C∗C2R, where C∗
is a universal constant. Similarly, one can estimate CR ≤ C∗Ĉ2R for the opposite
implication.

Proposition 3.5. If the family (Jδ)δ>0 is uniformly β-differentiable and if J is the
simultaneous Γ-limit of this family, then J is also β-differentiable.
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Proof. It suffices to show that J satisfies (14). We first note that this estimate holds

uniformly in δ for all Jδ. For a given R > 0 we choose R̂ according to Definition
3.2. First choose a simultaneous recovery sequence zδ → z for the points e0 and e1.
Then,

J(eθ, z)− (1−θ)J(e0, z)− θJ(e1, z)

≤ lim inf
δ→0+

(
Jδ(eθ, zδ)− (1−θ)Jδ(e0, zδ)− θJδ(e1, zδ)

)
≤ ĈR̂θ(1−θ)‖e1−e0‖1+β .

The opposite estimate is obtained by multiplying with −1 and choosing a recovery
sequence for the point eθ:

(1−θ)J(e0, z) + θJ(e1, z)− J(eθ, z)

≤ lim inf
δ→0+

(
(1−θ)Jδ(e0, zδ) + θJθ(e1, zδ)− Jδ(eθ, zδ)

)
≤ ĈR̂θ(1−θ)‖e1−e0‖1+β .

This proves (14) with ĈR = ĈR̂.

For convex functions the notion of uniform differentiability can be simplified as
one estimate in (14) holds automatically. Moreover, it suffices to reduce to the case
θ = 1/2 (cf. [31]), i.e. one can replace (14) by

0 ≤ J (e0, z) + J (e1, z)− 2J ( 1
2 (e0+e1), z) ≤ CR‖e0−e1‖1+β . (15)

Proposition 3.6. Assume that the family (Jδ)δ>0 is uniformly β-differentiable and
that all Jδ(·, z) are convex. Moreover, assume that J is the simultaneous Γ-limit of
this family, then J is β-differentiable and each J(·, z) is convex. Moreover, we have
the following convergence of stresses:

zδ → z in Z
Jδ(e, zδ)→ J(e, z)

}
=⇒ DeJδ(e, zδ) ⇀ DeJ(e, z) in E∗. (16)

Proof. The results on β-differentiability and convexity for J are already established
above. The convergence of stresses follows from the differentiability, which means
that the subdifferential ∂eJ is a singleton containing DeJ. In fact, Σδ = DeJδ(e, zδ)
is bounded in E∗, and we may choose a subsequence δj → 0+ such that Σδj ⇀ Σ0

in E∗ and Jδj (ẽ, zδj )→ J(ẽ) for all ẽ ∈ E. The latter pointwise convergence follows
from Arzela-Ascoli’s theorem because of the uniform Lipschitz continuity of the
Jδ(·, zδ) on all balls BR(e), R ∈ N.

As J : E → R is the pointwise limit of a the family (Jδj (·, zδj ))j∈N, which is
convex and uniformly β-differentiable, J has these properties as well. By construc-
tion we also have J(e) = J(e, z) and J(ẽ) ≥ J(ẽ, z). This implies Σ∗ = DJ(e) =
DeJ(e, z).

Moreover, convexity implies Jδ(ẽ, zδ) ≥ Jδ(e, zδ) + 〈Σδ, ẽ−e〉, and passing to the
limit δj → 0 gives J(ẽ) ≥ J(e) + 〈Σ0, ẽ−e〉. Thus, we conclude Σ0 = DJ(e). In
turn, this implies Σδ ⇀ DJ(e) = DeJ(e, z) (no subsequence), which is the desired
result.

4. The complete-damage problem via ΓΓΓ-convergence. Before we can apply
the abstract theory of the previous section, we have to deal with the fact that
Jδ : (e, z) 7→ Vδ(e, z) + G(z) is defined by minimizing Eδ with respect to u ∈ F .
Hence, Vδ is only defined implicitly, which makes it more difficult to check convexity
and β-differentiability.
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4.1. Convexity and differentiability for the reduced damage functionals.
We recall the definition of Jδ(e, z) = Vδ(e, z) + G(z), where

Vδ(e, z) = min{Wδ(e+e(u), z) | u ∈ F } with Wδ(e, z) =

∫
Ω

Wδ(x, e(x), z(x))dx

with Wδ(x, e, z) = W (x, e, z) + δ|e|p, where W satisfies (5), which includes the
convexity condition (5c). Since in this section we treat the dependence on e only,
we omit the constant term G(z) that always cancels in convexity and differentiability
conditions.

For δ > 0 the stored-energy density Wδ is strictly convex with respect to e ∈ Ed.
Moreover, for δ > 0 we have the coercivity Wδ(x, e, z) ≥ δ|e|p which implies that
there exists for each z ∈ Z and each e ∈ E a unique u = Uδ(e, z) such that

Vδ(e, z) =Wδ(e+e(Uδ(e, z)), z), Uδ(e, z) ∈ F .

In particular, Vδ(e+e(û), z) = Vδ(e, z) for all û ∈ F , because of Uδ(e+e(û), z) =
Uδ(e, z) − û. This shows that Vδ(·, z) : E → R is highly degenerate and should be
considered as a functional on E/e(F).

Lemma 4.1 (Convexity of Vδ). Let W satisfy (5). Then, the functionals Vδ(·, z) :
E→ R are convex and satisfy the estimates 0 ≤ Vδ(e, z) ≤ C(1+‖e‖p) + δ‖e‖p.

Proof. For arbitrary θ ∈ ]0, 1[, e0, e1 ∈ E and z ∈ Z we have

Vδ(eθ, z) =Wδ(eθ+Uδ(eθ, z), z) ≤ Wδ(eθ+(1−θ)Uδ(e0, z) + θUδ(e1, z), z)

=Wδ((1−θ)[e0+Uδ(e0, z)] + θ[e1+Uδ(e1, z)], z)
convex
≤ (1−θ)Wδ(e0+Uδ(e0, z), z) + θWδ(e1+Uδ(e1, z), z)

= (1−θ)Vδ(e0, z) + θVδ(e1, z).

This is the desired convexity.
For the estimates we first derive 0 ≤ W0(e, z) ≤ C(1+‖e‖p), which follows easily

by integration. We then use 0 ≤ Wδ(e+Uδ(e, z), z) = Vδ(e, z) ≤ W0(e, z) + δ‖e‖p.

To obtain uniform β-differentiability of Vδ in the form (15), we use the additional
uniform differentiability condition (10) on the energy density W . It is easy to
derive the corresponding condition for the functional Wδ, but is is essential that
the condition is also stable under the reduction from Wδ to Vδ.

Proposition 4.2. Let W satisfy (5) and (10). Then, for each R > 0 there exists
a constant CR > 0 such that for all δ ∈ ]0, 1], e0, e1 ∈ E with ‖e0‖, ‖e1‖ ≤ R, and
z ∈ Z, we have

0 ≤ Vδ(e0, z) + Vδ(e1, z)− 2Vδ(e1/2, z) ≤ CR‖e1−e0‖1+β .

Proof. Wδ satisfies all the assumptions uniformly for δ ∈ [0, 1]. Integration of (10)
for Wδ and using Hölder’s inequality gives, for e0, e1 ∈ E and z ∈ Z,

Wδ(e0, z) +Wδ(e1, z)− 2Wδ(e1/2, z)

≤ C
(
|Ω|+Wδ(e1/2, z)+‖e1−e0‖p

)1−(1+β)/p‖e1−e0‖1+β .
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The corresponding inequality for Vδ follows by using the minimization properties.
With Eδ = e(Uδ(e1/2, z)) we have Vδ(e1/2, z) =Wδ(e1/2+Eδ, z) and find

Vδ(e0, z) + Vδ(e1, z)− 2Vδ(e1/2, z)

≤ Wδ(e0+Eδ, z) +Wδ(e1+Eδ, z)− 2Wδ(e1/2+Eδ, z)

≤ C
(
|Ω|+ Vδ(e1/2, z) + ‖e1−e0‖p

)1−(1+β)/p‖e1−e0‖1+β ,

which provides the desired estimate after exploiting Lemma 4.1.

4.2. Parametrized ΓΓΓ-convergence for the damage functional. We now con-
sider the Γ-limit for δ → 0 and work with the functional Jδ : (e, z) 7→ Vδ(e, z)+G(z)
again. For applying the abstract theory it is necessary to derive simultaneous Γ-
limits. The main positive result was obtained in [1] for the case that the G dominates
the Lr norm of ∇z with r > d, where d is the space dimension.

We generalize this result in several aspects by reducing it to the minimal struc-
tural assumption. For this we introduce the stable sets

Sδ(t) = { z ∈ Z |∞ > Iδ(t, z) ≤ Iδ(t, z̃) +D(z, z̃) for all z̃ ∈ Z }.
We define the parametrized Γ-limit V(e, ·) = Γ-limδ→0+ Vδ(e, ·) with respect to
the strong topology of Z, which exists by the monotonicity, see [3]. The following
example, which is inspired by [2, Ex. 3] and further discussed in [1], shows that in
general V is strictly smaller than V0(e, z) = limδ→0+ Vδ(e, z).

Example 4.3. Consider Ω = ]−1, 1[ and Jδ(e, z) = minu∈H1
0(Ω)

∫
Ω
δ+z

2 (e+u′)2 dx+

G(z). Then, Vδ(e, z) =
( ∫

Ω
e dx

)2
/
∫

Ω
2
δ+z dx. Clearly, the pointwise limit V0 is

obtained by letting δ = 0. However, the Γ-limit V(e, ·) in W1,r(Ω) satisfies

V(e, z) = V0(e, z) for min z > 0 and V(e, z) = 0 for min z = 0.

As an example take α ∈
]
1− 1

r , 1
[

and let zα(x) = |x|α. Then zα ∈ Z and 0 =

V(e, zα) < V0(e, zα) = 1−α
4

( ∫
Ω
edx

)2
.

Since G : Z → R is continuous, we also have the following parametrized Γ-limits:

Γ-lim
δ→0+

Jδ(e, ·) = J(e, ·) = V(e, ·) + G(·), Γ-lim
δ→0+

Iδ(t, ·) = I(t, ·) = V(eD(t), ·) + G(·).

We also set S(t) = { z ∈ Z |∞ > I(t, z) ≤ I(t, z̃) +D(z, z̃) for all z̃ ∈ Z }.
In generalizing the approach in [1] for the Γ-convergence we replace the condition

“ r > d ” there by the following

structural assumption:(
zj ∈ Sδj (t), δj → 0, and zj ⇀ z

)
=⇒ zj → z.

(17)

The following result shows that the structural assumption holds for r > d, where
we use the monotonicity of W (x, e, ·) and the compact embedding W1,r(Ω) ⊂ C(Ω).
Other sufficient conditions will be discussed in Section 6.1.

Proposition 4.4 (Structural assumption). Let the assumptions of Section 2.1 hold.

(A) If (zj)j∈N is as in (17), then we have Vδj (eD(t), zj)→ V(eD(t), z) and z ∈ S(t).

(B) If r > d, then the structural assumption (17) holds and we have

V(e, z) = lim
ρ→0+

(
lim
δ→0+

Vδ
(
e,max{0, z−ρ}

))
and

z̃δ ⇀ z̃ ⇒ V(e, z̃) ≤ lim inf
δ→0+

Vδ(e, z̃),
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i.e. the Γ-convergence is even a Mosco convergence, cf. [22].

Proof. Ad (A). We abbreviate e = eD(t), let v = lim supj→∞ Vδj (e, zj), and con-
clude lim supj→∞ Iδj (t, zj) = v + G(z). Using the stability of zj we obtain

Iδj (t, zj) ≤ Iδj (t, ẑj) +D(zj , ẑj),

where we choose ẑj as a recovery sequence for ẑ, i.e. ẑj → ẑ and Iδj (t, ẑj)→ I(t, ẑ).
In the unidirectional case we may restrict to the case ẑ ≤ z and assume ẑj ≤ zj (by
taking the recovery sequence z̃j = min{zj , ẑj} if necessary). Thus we may pass to
the limit j →∞ and obtain

I(t, z) ≤ lim sup
j→∞

Iδj (t, zj) = v + G(z) ≤ I(t, ẑ) +D(z, ẑ).

This proves the stability z ∈ S(t).
Moreover, we may take ẑ = z and conclude v ≤ I(t, z) − G(z) = V(e, z). Since

V(e, z) ≤ v by the definition of the Γ-limit we are done.

Ad (B). We first show that the double limit in the formula for V exists. For
this, we define the function V (ρ, δ, e, z) = Vδ

(
e,max{0, z−ρ}

)
. Since Wδ(x, e, z) is

nondecreasing in δ and in z, V (ρ, δ, e, z) is nondecreasing in δ and nonincreasing
in ρ. For fixed z and ρ > 0 the limit V 0(ρ, e, z) = limδ→0+ V (ρ, δ, e, z) exists by
monotonicity and boundedness. Moreover, V 0(ρ, e, z) is still nonincreasing in ρ,
and we find that V(e, z) = limρ→0+ V 0(ρ, e, z) exists as well.

To show that V is the Mosco limit, we first establish the liminf estimate assuming
the weak convergence zδ ⇀ z in W1,r(Ω). Then, for each ρ > 0, there exists δρ
such that zδ ≥ max{0, z−ρ}, where we use the embedding W1,r(Ω) ⊂ C(Ω). Thus,
Vδ(e, zδ) ≥ Vδ(e,max{0, z−ρ}), and we obtain lim infδ→0+ Vδ(e, zδ) ≥ V 0(ρ, e, z).
Taking the limit ρ→ 0+ we obtain the desired liminf estimate. To obtain recovery
sequences, we use that by the definition of the double limit we may choose a contin-
uous function g : [0, δ∗]→ [0, ρ∗] with g(0) = 0 such that V (g(δ), δ, e, z)→ V(e, z).
Hence, zδ = max{0, z−g(δ)} provides the desired strongly converging recovery se-
quence.

Now we establish the structural assumption (17). Starting from zj ⇀ z as given
there we let

v = lim inf
j→∞

Vδj (e, zj) ≥ V(e, z) and γ = lim inf
j→∞

G(zj) ≥ G(z),

which gives lim infj→∞ Iδj (tj , zj) ≥ I(t, z). The stability of zj implies

Iδj (tj , zj) ≤ Iδj (tj , z
ε) +D(zj , z

ε), where zε = max{0, z−ε}.

Doing the lim supj→∞ first and the limε→0+ afterwards gives lim supj→∞ Iδj (tj , zj)
≤ I(t, z), and we conclude Iδj (tj , zj)→ I(t, z).

In particular this implies the convergence G(zj) → γ = G(z). Using the strict
convexity (4d), we conclude zj → z, see [30].

To establish the stability of z, we take a general test function z̃ with D(z, z̃) <∞,
since otherwise nothing is to be shown. Let (z̃j)j∈N be a recovery sequence for z̃,
i.e. z̃j → z̃ and Iδj (tj , z̃j)→ I(t, z̃). Then, the stability of zj implies

Iδj (tj , zj) ≤ Iδj (tj , ẑj) +D(zj , ẑj) where ẑj = max{0, z̃j−‖z−zj‖L∞}.

Note that ẑj → z̃ and Iδj (tj , ẑj) ≤ Iδj (tj , z̃j). Thus, (ẑj)j∈N is a recovery sequence
as well. Passing to the limit j → ∞ we find I(t, z) ≤ I(t, z̃) + D(z, z̃), giving
z ∈ S(t).
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The importance of the structural assumption lies in the fact that it implies that
J is a simultaneous Γ-limit.

Proposition 4.5 (Simultaneous ΓΓΓ-limit). Let the assumptions of Section 2.1 and
(17) hold. Then, the functional J is the simultaneous Γ-limit of the family (Jδ)δ>0.

Proof. Let e1, e2 ∈ E be given and let (zjδ)δ>0, j = 1, 2, be associated recovery
sequences for J(ej , z). We define z̃δ(x) = min{z1

δ (x), z2
δ (x)} and obtain z̃δ → z,

because of zjδ → z. Moreover, the monotonicity of W (x, e, ·) implies Vδ(ej , z̃δ) ≤
Vδ(ej , zjδ). Thus, we conclude,

V(ej , z) ≤ lim inf
δ→0+

Vδ(ej , z̃δ) ≤ lim sup
δ→0+

Vδ(ej , z̃δ) ≤ lim sup
δ→0+

Vδ(ej , zjδ) = V(ej , z).

Thus, (z̃δ)δ>0 is a simultaneous recovery sequence.

Now, we are able to take profit from the abstract results on parametrized Γ-
convergence of Section 3. In particular, we are able to deduce convexity and differ-
entiability of V(·, z).

Proposition 4.6. Let the assumptions of Section 2.1 and (17) hold. Then, V(·, z) :
E→ R is convex for all z ∈ Z.

If additionally W satisfies the differentiability (10), then V is β-differentiable in
the sense of (15), and for all e ∈ E we have

zδ → z in Z
Vδ(e, zδ)→ V(e, z)

}
=⇒ DeVδ(e, zδ) ⇀ DeV(e, z) in E∗.

The proof of this result is a direct combination of Propositions 3.3, 3.5, 3.6,
Lemma 4.1, and Propositions 4.2 and 4.5.

5. Proof of Theorem 2.3. Our main Theorem 2.3 provides the convergence of
the energetic solutions zδ : [0, T ] → Z for the rate-independent systems (Z, Iδ,D)
for δ → 0+ to energetic solutions z : [0, T ] → Z of the limit problem (Z, I,D),
which represents the complete-damage problem. It is stated under the additional
assumption “ r > d ”.

Here we will provide a more general proof avoiding the explicit use of the embed-
ding W1,r(Ω) ⊂ C(Ω) and replacing it with the structural assumption (17), which
is satisfied in the case r > d, as is shown in Part B of Proposition 4.4.

For the convenience of the reader we provide an almost complete proof, where
some details are cited from previous works. We follow the six steps as introduced
in [17].

Step 1. A priori estimates.
The solutions zδ : [0, T ]→ Z are stable. Hence, we have

G(zδ(t)) ≤ Iδ(t, z(t)) ≤ Iδ(t, 0) +D(zδ(t), 0) ≤ C.
With z(t, x) ∈ [0, 1] we obtain a uniform bound C > 0 such that ‖zδ(t)‖W1,r ≤ C for
all t ∈ [0, T ] and δ > 0. Moreover, the total dissipation DissD(zδ, [0, T ]) is bounded
independently of δ > 0. Thus,

∃C > 0 ∀ δ > 0 : ‖zδ‖L∞([0,T ],W1,1(Ω)) + ‖zδ‖BV([0,T ],L1(Ω)) ≤ C.
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Step 2. Selection of subsequences
By Helly’s selection principle (in its Banach-space version) we extract a subse-

quence (δj)j∈N with δj → 0+ such that for all t we have

DissD(zδj , [0, t])→ ∆(t), zδj (t) ⇀ z(t) in Z,

where ∆:[0, T ]→ R is nondecreasing and z ∈ L∞([0, T ],W1,r(Ω))∩BV([0, T ],L1(Ω))
with DissD(z, [0, t]) ≤ ∆(t). Using the structural assumption (17) and Part (A) of
Proposition 4.4 we further conclude zδj (t) → z(t) and Iδj (t, zδj (t)) → I(t, z(t)),
which means that (i) and (iii) are established.

Step 3. Stability of the limit process
The desired stability (S) for energetic solutions means z(t) ∈ S(t) for all t ∈

[0, T ], but this is a direct consequence of Part A of Proposition 4.4.

Step 4. Upper energy estimate
For each δ > 0 we have the energy balance

Iδ(t, zδ(t)) + DissD(zδ, [0, t]) = Iδ(0, zδ(0)) +

∫ t

0

∂sI(s, zδ(s))ds.

Using the formula (2ii) and ∂sI(s, z) = 〈DeV(eD(t), z), e(u̇D(t))〉 we are now able
to pass to the limit δj → 0+ and obtain

I(t, z(t)) + DissD(z, [0, T ])
Step 2

≤ I(t, z(t)) + ∆(t) = I(0, z(0)) +

∫ t

0

∂sI(s, z(s))ds,

where we used Proposition 4.6, which also implies (iv).

Step 5. Lower energy estimate

The lower estimate I(t, z(t)) + DissD(z, [0, T ]) ≥ I(0, z(0)) +
∫ t

0
∂sI(s, z(s))ds is

a direct consequence of the stability, see e.g. [17, Prop. 5.7]. Thus, we conclude the
energy equality (E) and have established DissD(z, [0, T ]) = ∆(t), which provides
(ii).

Step 6. Improved convergence
Since the convergences (i)–(iv) in Theorem 2.3 are already established in the

previous steps, the convergence proof is finished.

It remains to establish the general existence result for arbitrary initial conditions
z0 ∈ S(0). However, it is standard to apply the existence theory developed in [17,
Sect. 5] directly to the limit problem (Z, I,D). This concludes the proof of Theorem
2.3.

6. Discussion of generalizations.

6.1. Sufficient conditions for the structural assumption. The reason for in-
troducing the structural condition (17) is that we conjecture its validity also in the
case r ∈ [1, d]. To support this conjecture, we highlight an interesting observation
from [29], which applies to the unidirectional case, where D(z, z̃) < ∞ if and only
if z̃ ≤ z. For z ∈ Sδ(t) we find the estimate

G(z) = Iδ(t, z)− Vδ(eD(t), z) ≤ Iδ(t, ẑ) +D(z, ẑ)− Vδ(eD(t), z)

= G(ẑ) +D(z, ẑ) + Vδ(eD(t), ẑ)− Vδ(eD(t), z) ≤ G(ẑ) +D(z, ẑ),

for all ẑ ≤ z. Thus, if we define the set

S = { z ∈ Z | G(z) ≤ G(ẑ) +D(z, ẑ) for all ẑ ≤ z },



COMPLETE-DAMAGE EVOLUTION 437

we conclude that

∀ δ > 0 ∀ t ∈ [0, T ] : Sδ(t) ⊂ S and S(t) ⊂ S.

Conjecture. Under the assumptions of Section 2.1 the set S is compact in Z with
respect to the strong topology for all r ≥ 1.

The argument in favor of the validity of the conjecture derives from the vari-
ational inequality defining the elements z ∈ S. Roughly it provides a one-sided
estimate of the weak r-Laplacian and there is hope that the results in [25] can be
adjusted to prove the conjecture.

Clearly, the validity of the conjecture implies that the structural condition (17)
holds.

6.2. Generalized energetic solutions. In the case that W does not satisfy the
uniform differentiability property (10), we are not able to show the differentiability
of V(·, z). However, we still have convexity, which implies together with the bounds
0 ≤ V(e, z) ≤ C(1+‖e‖p) that of all (e, z) ∈ E × Z the (convex) subdifferential
∂sub
e V(e, z) and the directional derivatives δeV(e, z; ê) exist:

∂sub
e V(e, z) = { η ∈ E∗ | ∀ ẽ : V(ẽ, z) ≥ V(e, z) + 〈η, ẽ−e〉 }, (18)

δeV(e, z; ê) = lim
h→0+

1

h

(
V(e+hê, z)−V(e, z)

)
= sup{ 〈σ, ê〉 | σ ∈ ∂sub

e V(e, z) }.

Using eD ∈ C1([0, T ];E) we find that the left and right partial derivatives
∂±t I(t, z) = limh→0+

±1
h

(
I(t±h, z) − I(t, z)

)
with respect to t of I exist. We have

the relations

∂−t I(t, z) = −δeV(eD(t), z;−ėD(t)) ≤ δeV(eD(t), z; ėD(t)) = ∂+
t I(t, z).

The Clarke differential of t 7→ I(t, z) is given by ∂Cl
t I(t, z) = [∂−t I(t, z), ∂+

t I(t, z)].

Definition 6.1. Let z : [0, T ] → Z satisfy (S) in (7) for all t ∈ [0, T ]. Then, z is
called a generalized energetic solution of the rate-independent system (Z, I,D), if
there exists p ∈ L1([0, T ]) such that p(τ) ∈ ∂Cl

τ I(τ, z(τ)) a.e. in [0, T ] and for all
t ∈ [0, T ] we have

I(t, z(t)) + DissD(z, [0, t]) = I(0, z(0)) +

∫ t

0

p(τ)dτ. (19)

Now a slight generalization of the abstract existence theory for rate-independent
systems gives the following. Note that we construct the generalized energetic solu-
tions for (Z, I,D) directly, without reference to the solutions zδ for (Z, Iδ,D).

Theorem 6.2. For all stable z0 ∈ Z there exists a generalized energetic solution
for (Z, I,D).

Proof. The existence theory follows the usual steps in the abstract theory for rate-
independent processes (cf. [17, 10]) via incremental minimization, uniform a priori
estimates and Helly’s selection principle. This part and the proof of the stability of
the limit process work as in [1].

For the upper energy estimate, setting A(t) = I(t, z(t)) + DissD(z, [0, t]) gives

A(s)−A(r) ≤
∫ s

r

pmax(t)dt with pmax(t) = max ∂Cl
t I(t, z(t)).
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With a slight generalization of [17, Prop. 5.7] we see that stability of the limit
process z implies the lower bound A(s) − A(r) ≥

∫ s
r
pmin(t) dt with pmin(t) =

min ∂Cl
t I(t, z(t)).

Thus, we conclude that A is absolutely continuous and satisfies pmin(t) ≤ A′(t) ≤
pmax(t). Hence, setting p(t) = A′(t) the proof is complete.

In the following example we show that the notion of generalized energetic so-
lution, which involves the weakened energy balance (19) with the Clarke differ-
ential, is really necessary in cases where the one-sided partial derivatives satisfy
∂−t I(t, z) < ∂+

t I(t, z) at some points. In particular, it is not possible to make an
a priori choice like p(t) = max{∂Cl

t I(t, z(t))}, which worked in [15, 19], since there
∂−t I(t, z) ≥ ∂+

t I(t, z) holds.

Example 6.3. This example has a smooth energy Iδ such that ∂tIδ exists, while
in the limit I is only Lipschitz in t. We let Z = R and D(z, z̃) = |z̃−z|. The energy
functional reads

Iδ(t, z) = Hδ

(
z−α(t)

)
and I(t, z) = 2|z−α(t)|,

where α ∈ C1([0, T ]) is given and Hδ(u) = 2u2/
√
δ2+u2. For the partial derivatives

with respect to time we have

∂tIδ(t, z) = −H ′δ(z−α(t))α̇(t) and ∂Cl
t I(t, z) = −2 Sign(z−α(t))|α̇(t)|.

Since Iδ(t, ·) is smooth and strictly convex, the energetic solutions for (R, Iδ,D)
are exactly the solutions of the doubly nonlinear equation (cf. [21])

0 ∈ Sign(ż(t)) +H ′δ(z(t)−α(t)).

For δ > 0 the system is smooth, while for δ = 0 we have H0(u) = 2|u| and set
I(t, z) = H0(z−α(t)).

Consider the special case α(t) = t and zδ(0) = 0. If βδ is the unique solution
of H ′δ(βδ) = 1, then the unique energetic solution is zδ(t) = max{0, t−βδ}. Using
0 < βδ → 0 we find the limit solution z(t) = t = limδ→0 zδ(t). It is a generalized
energetic solution in the sense of Definition 6.1 by using p(t) = 1 ∈ [−2, 2] =
∂Cl
t I(t, t).
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[18] A. Mielke and T. Roub́ıček, Rate-independent damage processes in nonlinear elasticity, Math.

Models Meth. Appl. Sci. (M3AS), 16 (2006), 177–209.
[19] A. Mielke and T. Roub́ıček, “Rate-Independent Systems: Theory and Application,” In prepa-

ration, 2011.

[20] A. Mielke and F. Theil, A mathematical model for rate-independent phase transformations
with hysteresis, In H.-D. Alber, R. Balean and R. Farwig, editors, Proceedings of the Workshop

on “Models of Continuum Mechanics in Analysis and Engineering,” pages 117–129, Aachen,

1999. Shaker-Verlag.
[21] A. Mielke and F. Theil, On rate–independent hysteresis models, Nonl. Diff. Eqns. Appl.

(NoDEA), 11 (2004), 151–189.

[22] U. Mosco, Approximation of the solutions of some variational inequalities, Ann. Scuola Norm.
Sup. Pisa, 21 (1967), 373–394.
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[25] F. Murat, L’injection du cône positif de H−1 dans W−1, q est compacte pour tout q < 2, J.

Math. Pures Appl. (9), 60 (1981), 309–322.

[26] M. Ortiz, A constitutive theory for the inelastic behavior of concrete, Mech. Materials, 4
(1985), 67–93.

[27] M. Sofonea, W. Han and M. Shillor, “Analysis and Approximation of Contact Problems
with Adhesion or Damage,” volume 276 of “Pure and Applied Mathematics (Boca Raton),”
Chapman & Hall/CRC, Boca Raton, FL, 2006.

[28] M. Thomas and A. Mielke, Damage of nonlinearly elastic materials at small strain: existence

and regularity results, Z. angew. Math. Mech. (ZAMM), 90 (2010), 88–112.
[29] M. Thomas, “Damage Evolution for a Model with Regularization,” PhD thesis, Institut für

Mathematik, Humboldt-Universität zu Berlin, 2009.
[30] A. Visintin, Strong convergence results related to strict convexity, Comm. Partial Differential

Equations, 9 (1984), 439–466.
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