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Abstract

The concept of normal hyperbolicity of center manifolds is generalized to
infinite-dimensional differential equations, in particular, to elliptic problems in
cylindrical domains. It is shown that all solutions u staying close to the center
manifold for £€ (—/, 1) satisfy an estimate of the form |u(¢) — u(?)| < Ce=*0=1,
where C and « are independent of /, and # is a solution on the center manifold.
These results are applied to Saint-Venant’s principle for the static deformation
of nonlinearly elastic prismatic bodies. The use of the center manifold permits
the effective treatment of the general case of non-zero resultant forces and moments
acting on each cross-section.

1. Introduction

The theory of normal hyperbolicity of center manifolds (for ordinary differen-
tial equations) and the theory of Saint-Venant’s principle in elastostatics (or more
generally for nonlinear elliptic problems) have each atiracted much attention in
their respective research fields. One aim of this paper is to unite these two fields,
showing that normal hyperbolicity and Saint-Venant’s principle are only two
different aspects of the same mathematical concept.

The main idea for this connection is the reformulation of elliptic problems in
cylindrical domains as a formal evolution, the axial variable playing the role of
the time. This approach was introduced by KIRCHGASSNER [1982], where a center
manifold was constructed to prove the existence of solitary waves for inviscid
fluid flows. This idea was extended to general semilinear elliptic equations by
FiscreR [1964] and finally to quasilinear systems by MIELKE [1988a]. (It should
also be possible to generalize some of the other concepts of dynamical systems to
elliptic problems, such as stable, unstable, and inertial manifolds.)
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Consider a system of differential equations

d
Fi Ly, = fi(t, ug, uy),
1D

d
A Uy — Lyuy = fo(t, uq, us)

for u = (u;, u,) lying in some Banach space X = X, xXX,. The norms on X,
X, and X, are each denoted | - ||; the distinction will be evident from the context.
Let spectrum (L) CiR, o« :=inf{|Rez| |z€ spectrum(Z,)}>0, and
£, wa, uz)l| = Clj(uy, u2)]|*. Then u, is called the center part and u, the hyper-
bolic part of u = (uy, u,). A center manifold of (1.1) is an invariant manifold
of the form CM = {(uy, h(t, u;)) € X | |u,]| < &}. The normal hyperbolicity of
center manifolds for ordinary differential equations (for which dim X << o0)
was first proved by PALMER [1975] by using a suitable homeomorphism to linearize
the flow normal to CM. This means that this flow behaves like that for the equation
g;vz — Ly, =0, where v, =0 is a hyperbolic fixed point.
We do not prove the existence of such a homeomorphism, nor do we prove
the normal hyperbolicity of our center manifold in the sense of HirscH et al.
[1977]; we rather concentrate on the corresponding exponential decay estimates
as developed by CHow & Have [1982, Ch.9].

We introduce relevant results from center manifold theory in Section 2. In
Section 3, we derive results of the following type:

Let pe(l,00] and o€ (0,0;) be fixed. Then there exist positive constants
C and d4 such that for every 1> 0 and every solution u:(—I1,)— X of (1.1),
with |u(t)| < 6 = 6o for all |t| <<, the estimate

A 1/p
( f lu(t) — w(t)||? dt) < C fe=20—H (1.2)
—A }

holds for all 2.¢(0,1). Here u is a suitably chosen solution on the center mani-
Jfold. For solutions u:(0,00)—> X, with |w(t)| =6 =<6, for all 1>0, we
obtain

(f [ju(t) — u(®)]” dt)”p = Cée™™ (1.3)
for all 2> 0.

Note that only the existence of u is assumed, while that of # follows from the center
manifold theory.

Decay estimates of the latter type are widely established in the theory of
dynamical systems {(¢f. CHow & HaLE [1982]) and also in the theory of Saint-
Venant’s principle (Knops & PAyNE [1983], OLemNik & YosiFian [1982]). However,
the less common estimate (1.2) seems to be more useful for practical problems,
since the semi-infinite cylinder usually studied is only a mathematical model for
treating decay in just one direction.
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Although SAINT-VENANT [1856] formulated his principle only in the context
of linear elasticity, the notion of an abstract Saint-Venant’s principle now refers
to a certain decay property (like the Phragmén-LindelSf principle) for solutions
of (nonlinear) partial differential equations (¢f. HorGgan & KNowLEs [1983],
KIRCHGASSNER & ScHEURLE [1986]). While the corresponding linear theory has
been developed quite extensively (¢f. Toupin [1965], OLEINIK & YOSIFIAN [1982],
HorgaN & KNOWLEs [1983]), the results for nonlinear problems are less complete
(¢f- RoseMaN [1967], BREUER & RoseMaN [1977], Knops & PAYNE [1983]). In
particular, up to now all work was restricted to the study of decay towards a hyper-
bolic #-independent solution # = const. (so that dim Xy = 0 in (1.1)).

The essential new feature of the present paper is the treatment of problems
having a nontrivial center manifold. We show that the hyperbolic fixed point
can now be replaced by the normally hyperbolic center manifold, which, in general,
contains a nontrivial flow. This means that the solutions % in (1.2) or (1.3) can
have a complicated r-dependence, e.g. periodic, quasiperiodic, or even chaotic.

While the center manifold theory (see references given above) allows only the
construction of a finite-dimensional subclass of solutions, the normal hyperbolicity
concept enables us to characterize all solutions inside of a full neighborhood of
the center manifold. Loosely speaking, the estimates (1.2) and (1.3) say that the
longer a solution remains in this neighborhood, the more it has to approach the
center manifold. In this sense we obtain a more general abstract Saint-Venant
principle.

Moreover, the methods developed here are applicable to general elliptic prob-
lems, whereas previous work on the abstract Saint-Venaut principle relies heavily
on the divergence structure of the equations under consideration. This restriction
is circumvented here by extensive use of the machinery of functional analysis
(see (H1)-(H4)in Section 2 and MIELKE [1988a]). However, this machinery also
allows us to choose the decay rate « arbitrarily close to the best possible value
op (but dy = dol) > 0 for a— o).

In Section 4 we apply these ideas to a simple model problem, namely,

Yox T ¥ T 0y + 80, v ) = 0 for (x,3) € RX(0, @),
w(x, 0) = p(x, ) =0 for xcR.

In Section 5 we treat the original Saint-Venant principle for three-dimensional
long prismatic bodies in the context of fully nonlinear elasticity: Let 2, = Xx
(—1, 1) denote the undeformed body with 2’ being the cross-section. A deformation
@: £, —R3 gives rise to a stored energy density ¥ = #'(Vp). The equations
of equilibrium, when there are no body forces and no tractions on the cylindrical
surface 82'x(—1, 1), have the form

i . ow
div (—-@—[; (V(p)) =0 in O, F Veyrn=0 on oZx(-LD. (1.4
Then the resultant force &# and resultant moment .# per cross-section are in-

dependent of the axial variable s € (—/, I). We do not specify boundary conditions
at the terminal surfaces XX [-L]}, since we are interested in the qualitative be-
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havior of all solutions of (1.4) having sufficiently small strains along the whole
body, i.e., solutions ¢ for which

IVQ™C, ) Vo, ) — Hlptopy = 0 = 8, for all [s| = 1. (1.5)

It is the main result of MisLke [1988b] that (1.4) has a twelve-dimensional
center manifold. Moreover, the solutions on the center manifold are exactly in
one-to-one correspondence with the solutions of the classical rod-equations of
KircuHOFF [1859]; in particular, the solutions are uniquely characterized by
the mean translation r and the mean rotation R of the cross-section X< {0} and
the resultants & and .#. As the solutions of the rod equations exist for all s€R,
the solutions on the center manifold correspond to deformations of an infinite
prism.

With the methods developed here we are able to answer the question how the
deformations of a finite prism or a semi-infinite prism are related to those of the
infinite prism. ERICKSEN [1983] had conjectured that equilibrium states of very
long prisms are rod-like, except for boundary layers at the terminal surfaces. We
prove this conjecture for small strains by showing that:

For every solution o€ W>P(Q)), p>2, of (1.4) satisfying (1.5) there is a unique
rod-like solution g € W*°(ZXR) (on the center manifold) with the same result-
ants F, M such that

o) — () “WZ’P(Q,I) = Cée™™P  for all 2€(0,1) (1.6)

where x and C are positive constants depending solely on the shape of X and on
the constitutive function W .

Of course, estimate (1.6) gives nontrivial results only if /is sufficiently large. We
remark that (1.6) implies exponential decay towards rod-like solutions which, for
instance, can be buckled, twisted, sheared or can have helical shape. It is important
to emphasize that % and .# are regarded as prescribed in our analysis. ANTMAN
& KENNEY [1981] have noted that otherwise the properties of solutions of the rod
equations are very senmsitive to seemingly slight distinctions between boundary
conditions.

Moreover, estimate (1.6) allows us to assert, in the spirit of Ericksen [1983],
that Saint-Venant’s principle is an important mathematical link between the theory
of three-dimensional prismatic bodies and the theory of rods.

2. Abstract formulation

We consider a differential equation in a real Banach space X

d

—u— Ly = 2.1
g 4 — Lu=ft,p.u), @1
where ucR” denotes a set of parameters. The whole analysis will be local with

respect to some z-independent solution pair (1, #o) of (2.1). We may assume that
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(10, o) = (0, 0). Thelinear operator L: D(L) — X will be, in general, unbounded
and f=f(t,p, u) = O(|u| + |u||>) contains the nonlinear terms. (Here 0 is the
Landau symbol.)

Our aim is to study the qualitative behavior of all solutions of (2.1) staying
close to u =0 on a long r-interval, in particular, in the presence of a center
manifold. To this end we assume that (2.1) splits into the following linearly de-
coupled system:

d
gt_ U — Ljuj :f}(t, sty ”2), .] = 15 2; (22)

where u = (ug, u,) € X = Xy xX; and Lu = (Lyuy, Lyu,). Here X; and X,
denote the center part and the hyperbolic part respectively. Thus, spectrum (Z,)
Ci-R and spectrum (L,) C{z€ C: |Rez| = «;} for some positive o;.

Since we intend to apply our results to elliptic problems, like Saint-Venant’s
principle in elasticity, we do not assume that the spectrum of L, is contained in
a half plane {z€ C:Rez <<y} for some real . This would be typically the case
for parabolic and hyperbolic equations, but not for elliptic problems in cylindrical
domains, ¢ being the axial variable (see Sections 4 and 5).

We introduce a family of Banach spaces as follows. For each Banach space Y
with norm || - ||, each number «, each interval I, and each p€ [1,00] we define

Yp) = 1 ¥ |f s measurable, 1= (,f le=4 £ (o)) df)”p < o]

for p << oo,
Y([,00, x) = {f: I— Y| f is continuous, |f|; «. = sup e f(t)| < OO}.
tel

Note that Y(Z, p, 0) is more commonly denoted by L,(/; Y) when p <<oco and
Y(I, 00, 0) is not L.(I; Y), but rather CY(I; Y). However choosing the notation
as above simplifies the formulation of the results considerably, since both cases
can be stated at once. (Actually, all results remain true with minor changes if
Y(1, o0, 0) is taken to be L (I; Y).)

Let C2, be the class of functions f that together with their derivatives up to
second order are bounded and uniformly continuous. We impose the following
hypotheses on (2.2):

(H1) For j=1,2 there exist Banach spaces Z; with D(L;) = D(L) N X; C
Z; C X;, there exist neighborhoods U; of zero in Z;, and there exist closed
subspaces V; of X; such that

f;=]$(t,,u, Uy, ug)E Cb?u(RXRnX ULX Uz, V;), j—‘_: 1,2.

Moreover, fi(z,0,0,0) =0, D, f(1,0,0,0) =0 for jk=1,2 and
tcR.

(H2) Let V= ViXV,, Z=Z;XZ,. Thereisa z€C such that the resolvents
Ly — 2y X;— D(L), j=1,2, exist. There is a positive o; and a
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p€[l,00] such that for each &€ (0,x;) and for each (£, g4, 82) € Z1 X
V@R, p, ) the linear system

d
P L, = gy(t), uw,(0)=2§¢,

. 2.3)
rikc Lyu, = g,(1)

has a unique p-mild solution (uy, u,) = (K,(&, g1), Kag2) € Z(R, p, &).
(A p-mild solution is defined below.)

(H3) If X, is not finite-dimensional, then Z, = X; and p =co in (HI) and
(H2).

(H4) For j=1,2 cut-off functions y,€ C7(Z;,R) exist with () =1 for
I ujllzj =1 and y(u) =0 for Ilujllzj = 2.

In (H1) the space Z = Z, xZ, with D(L) C Z C X is needed to characterize
the loss of regularity in the nonlinear function f. For semilinear problems Z is
typically D(L*) with «€[0,1) and for quasilinear problems Z = D(L) (see
Sections 4 and 5).

In (H2) we can choose p = oo in the semilinear case (¢f. MIELKE [1986]),
while in the quasilinear case we have to use p € (I,00) (¢f. MIELKE [1988a]).
The notation “p-mild solution of (2.3)” follows that of HALE & SCHEURLE [1985];
A triple (u,u, I), with ICR being an interval, is called a p-mild solution
of (2.3) if u;€ Z(J, p,0) for every finite interval JC I, and if the equation

d
= (L — 2yt w) — (L — 2y Ly = (L; — 2y g; is satisfied in  X)(J, p, 0)

(Here didt is to be taken in the distributional sense if p < oco). Note that
Ly — 2yt Ly = u; + z(L; — 2y 4, € X{(J, p, 0) since Z; C X;.

Usually the hypotheses (H1) and (H2) are supplemented by the general assump-
tion that X, is finite-dimensional. Although this is true in the applications given
below there are examples of infinite-dimensional center manifolds (MIELKE
[19897). In this case we have to impose the requirement that Z; = X, since we
cannot expect smoothing properties in the uq-equation in (2.3). To make the
condition u,(0) = £ meaningful we additionally require p = oco. In particular,
(H2) and (H3) imply the existence of the strongly continuous group (¢“")ep With
leX| < e(w) e for a>0, teR.

The cut-off functions in (H4) allow us to localize equation (2.2) by changing
the nonlinearities outside of a suitable neighborhood of (u, #) = (0, 0). Hence
the results will be restricted to small solutions. To be precise, let

5, g, uy, us) = fi(t, p, uy, us) go(ple) %1 (ule) x2(usle),
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where y, € C*(B”,R) is a similar cut-off function for x€R”. Then there is an
&> 0 such that fj€ C,,Z,M(IRJ'JF1 XZ1XZy, V;) for all ¢€(0,s,). Moreover,

6(8) = sup {”Dukﬁ(t: 2 U)”Zk—>Vj l]? k= 1, 2: (ta s u) ER”+I><Z} = (9(8)

for e~ 0. Whenever we replace f;in (2.2) by f; we use the notation (2.2)°. We take
¢ as fixed but sufficiently small. (To make the following theory work, we have to
restrict ¢ successively by a finite number of conditions of the form c¢,o(e) << 1,
=1,...,n Obviously there is an s€ (0, &y) satisfying all these relations).
According to (H2) all p-mild solutions of (2.2)° with z, € Z,(R, p, ) satisfy
the integral equation

u= 8¢ puw,
S = (S1, 82) = (Ki(&, fi(s 1, W), Kr(f3(5 1, 0))), 24

where & = uy(0). For «€(0,x;), S, u, ") may be considered as a mapping
from Z(R, p, &) into itself, being uniformly Lipschitz-continuous with constant
[ K IlzlxX(R,p,a)»z(R,p,a) -o(e). Thus, we have

Lemma 2.1. Let (H1) to (H4) be satisfied and let « € (0, ;) be fixed. Then, for
sufficiently small ¢ and for all (1, &) €B*X Z, equation (2.4) has a unique solution
u= Ul )€ ZR, p, %), where Uy(u, &) 0) =& and | UG, Ollzapmr = Cllu|
+ [|&llz,) for some constant C.

Of course, whenever one of the solutions u = U(u, &) satisfies || =< ¢ and
I uj(t)[[Zj = & on some interval J, then (g, (s, u,), J) is a p-mild solution of the
original system (2.2) without cut-off.

In fact we have more information on the solutions u = U:

Lemma 2.2. Let (H1) to (H4) be satisfied. Then, for sufficiently small ¢, there is a
function h=(t, p, u;) € C) [RXR*X Z,, Z,) with k(t, p, u)) = O(lp| + llm %)
such that every solution has the form u, = U,(u,£) (t) = h(t,u, Uy(u,£)(2)), t€R.

The existence of this reduction function /° is proved by MIELKE [1986] for the case
p =oc and by MieLk [1988a] for pc (1,c0).

Hence all solutions u¢ Z(R, p, «) of (2.4) with « > 0 have to lie on the
manifold

CM = {(t: 1“7 Uy, he(ta ‘LL, ul)) 6 Rn+1 XZ I (t: lua ul) €Rn+1 XZ}:
which is called the center manifold of (2.2)° (and of (2.4)). Since u, is determined
by (¢, , uy), it suffices to consider the reduced equation

d
E?'ul — Lyuy = fi(t, p, uy, h(t, p, uy)), (2.5)

which, according to Lémma 2.1, has a unique solution u, = U,(y, &) € Z,(R, p, &)
with #(0) = £ for each &€ Z,.
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3. Normal hyperbolicity

To motivate the method we first consider the case of a finite-dimensional X.
Then it is known (CHow & HALE [1982], PALMER [1975]) that, for sufficiently
small g, there is a homeomorphism H* with (v, v,) = H(uy, u) = (s, He(uy, U3))
such that (2.2)° is equivalent to

d
"d_t' Uy — Ll.vl = fl(tn 122 Uy, hs(tz 1“: vl)) )

d
'Evz - szz = 0. (3'1)

The transformed center manifold is given by v, =0 and the flow normal to it is
%vz — L, =0 (ie,0
is not contained in Re (spectrum (L,))). Hence we call the center manifold normally
hyperbolic (cf. HirscH, PucgH & SHuB [1977]).

Obviously for every solution v:(—L0)— X of (3.1) with [v(f)|| =6 for
|1] =1 the estimate [ov,(f)| < C(x) de=¢—11D, |7] <1 with &€ (0, ;) holds.
Let 4= (4,,4,) = (0,v,) be the difference between the given solution (v,, v,)
and a reference solution » = (v;,0) lying on the center manifold. Hence

A xc=1,0,000 = 10 = Dllxe—t1,000 = C(&x) de™™ (3.2)

where the constant C(x) is independent of / and 4. This shows that the longer the
solution » stays small the closer it must approach a reference solution 2 on the
center manifold. If v even remains small on I = (0, o0), then it converges to v
exponentially for #— oo.

Similar results, in particular, estimates like (3.2), can be proved directly for
(2.2)° in the infinite-dimensional case, without the use of the homeomorphism
H®. The idea of the proof is to extend a given solution u:(—1, )= Z of (2.2)°
to a function uw:R-— Z satisfying (2.2)° up to some error r = (ry, ry) with
support close to = 4I. Then, u satisfies the integral equation (2.4) up to the
error R = K(0, ry, r,). Defining u to be the solution on the center manifold
with %,(0) = u;(0) we are able to estimate the difference 4 =u — u in the
Z(R, p, x)-norm by use of the integral equation (2.4).

linear with », = 0 being a Ayperbolic fixed point of

Theorem 3.1. Let (H1) to (H4) be satisfied and «¢€ (0,x;) be fixed. Then for
sufficiently small ¢ there is a constant C(e) such that for every 6 the following asser-
tions hold:

a) Every p-mild solution (u,u,(—1L D) of 2.2, with 1> 1 and |u(t)| = 0
for |t| <1, satisfies the estimate

= &l zmte 10— 13,0, = Clex) S~ (3.3)

where U is the unique solution on the center manifold with u,(0) = u;(0) (ie.,
u = U(u,u1(0)) of Lemma 2.1).
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b) For every p-mild solution (u>u, (0, o)) of (2.2, with |ult)] z; =d for t>0,
there is a unique solution u on the center manifold such that

llexp (& -} (u() — u()) |zt 000,000 = C(&) 6. 34

Before giving a proof of this theorem we point out how these global results
for equation (2.2)° (including cut-off) reduce to results for the original equation
(2.2) (without cut-off). For « of Theorem 3.1 to be a solution of (2.2) we obviously
have to impose the requirement that J = ¢. But this does not imply that [|u(z)]
= ¢ in general. However, if p = oo, the estimates (3.3) and (3.4), respectively,
imply that [#(D)] = llu(D] + lude) — uf® = (1 + C(w)) 6. Hence taking
3 < ¢/(1 + C(x)) guarantees that u and u are solutions of (2.2). For p < co this
method fails and a more careful analysis is neeeded. For instance, in Section 5 we
use the fact that the solutions z of (2.5) are always bounded and satisfy |u,(2)|
= g(|u,(0)])), t€ R, where g:[0,00)— [0,00) is continuous with g(0) = 0.
Since i) = @ <6 and () = h(t, p. (@) = O(|pe| + s @)]) =
0(5), we have [u(t)|| =< e for small enough positive 4.

Moreover, we give estimates for the L?-norm of u# — u on subintervals (—A4, 1)
and (4, o0), which are more common in the theory of Saint-Venant’s principle
(¢f- HorGAN & KNowLEs [1983], ToupIN [1965]).

Corollary 3.2. Under the assumptions of Theorem 3.1 the following estimates are
valid:

a) For a finite interval:

Ip
(fwm—ﬂmﬂmysgam&ﬂW”.mw<zgl—n fp=1,
—2

lu(r) — (1), < C@) 8e=*10  for |t| <1 —1, if p=oo.

3.5
b) For the semi-infinite interval.
(fwm—ﬂmww>§am&ﬂlfwzzL fp=1,
A
lu(t) — u(®)||z; < Clx) e  for t=1, if p=oco. (3.6)

Proof. a) ~SinC€ ”u —_ I;HZ((—Z,A),p,O) § e“’l Hu - {l“Z((—l,l),p,zx)
§ e Hu - u”z((_,HJ_l),p’“) we use (3 3) to obtain (3 5)

b) Similarly, we estimate [u — u|[z(-1 00p—n) = e lu— |\ z¢a, 00),p, )
< e |lu — @t]| z¢1, 00,5, —)» and now use (3.4) to obtain (3.6). QED.

Proof of Theorem 3.1a. Let (u,u, (—/, 1)) be an arbitrary p-mild solution of
(2.2)° with /> 1. According to (H3), u;(0)€ Z, is well-defined and hence we
let u = U(u, u;(0)) be the unique solution on the center manifold with u,(0) =
u3(0) (cf. Lemma 2.1). We extend u to a function u:R ->Z through u(t) =
0 — [t)u(t) for |¢t|]<1 and u(¥) =0 elsewhere, where 6¢c C*QR,[0,1]),
0s)=1 for s=1, and 0(s) =0 for s=0. We have

d _
ZH— LG =fGn0) +n j=12, (3.7a)
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where the error r; is identically zero except for [ — 1< |¢| < I

do
ri(t) = 0f; (¢, p, u(t)) — f;(t, u, Ou) 4 sign (t)ﬁ u(t). (3.7b)

(Here 0 and dO/ds are evaluated at [ — |z].)
Using (H2) we find that u = S(u, u,(0), u) + K(©0,r). We set d=u—u
where u = S(u, u;(0), u), to obtain

4 =K(O=fe('a ﬂam_fs(sﬂaa_d)+r) (3.8)

Let us consider r and u as fixed and let ¢ be sufficiently small. Then the contraction
mapping principle ensures that (3.8) has a unique solution 4 with

14 lz@pm = (@) | KO, 1)l z@,p,0 = (o) | 7] 3@, - (3.9

Now the inequality |3z, u, u)HXj =< C(|p| + |lullz) = ¢ ¢ implies that [r(#)| = ¢ 0
for I—1=|t| <1 Hence

1 1/p
7R p.oy = (2 [ (e cd)” dt) = ¢() de™ .
AS
Since u(t) = u(t) for |#|=1—1 we deduce that
o — ezt 1,-0p00 = W — Ulz-10,50 = 1] 200y = C() e,

which is the desired result. QED.

To derive the decay estimate (3.4) we introduce another space
Y1 p, o) = {y € Y, p, ) | e™*0 p() € Y(, p, O)},

17l voapm = e YO lvapo-

Lemma 3.3. Let (H2) and (H3) be satisfied. Then for every o€ (0, ;) the linear
system

=Ly =g, j=12, (3.10)
has a unique p-mild solution u; = K(g;) € Z})(R, p, &) for each g€ X°R, p, x).

Proof. The remarks accompanying (H3) imply that u, takes the form u,(r) =

(K (1) = [ 19 g,(s) ds. Introdueing uf = e*uy, g1(¢) = e* g;(¢) we obtain
t

w(t) = [ 479 g(s)ds. Young’s inequality (¢f. STEIN [1970]) implies
t

o0
— 0
lt1llzo@ 000 = 188 |20 00 = Of 49D gz, dr |88 x@.00)

= (%) |l gy ”XO(R,p,rx) .
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For u, we proceed as follows. Since XXR, p, x) C X,(R, p, «), we immedi-
ately obtain a unique solution u, = K,g, € Z,(R, p, ). We only have to show
that u, € ZYR, p, «). To this end we establish the relation

[¥llvop.0 = 17 llsup & Sl>113 ey + Dlyw.pm- (3.11)

Since [[e*¢79 y(z + )| = € e~ y(t +5)|| we have |[¥llyom g0 = | llsup- O
the other hand, for fixed y and ¢ > 0 thereisa s = s(¢, ) such that | y|yom pn =
& + ”y“ym«_ 0,5),p,00° Mol'e()ver, e’” = e“se—“]’“s' for t § S. Thus
1Plvopm =& -+ e ey Vlye=com.00
=&+ e[|y + S)”Y((— 0,0)p,%) =&+ ”y”sup'

As &> 0 was arbitrary, (3.11) is proved.
Now the autonomy of (3.10) implies that (K,g,(-+ ) () = (K»82()) (¢ + 5)
for s€B and hence that

420 -+ )iz, 0,0 =K - g+ 5) ”XZ(R,p,zx)'

Thus [|u; [l = 1Kz [l &2lsup = | K2l [ 82 %38, This shows that u, € Z(R, p, ).
QED.

Proof of Theorem 3.1b. We again extend u:(0,c0)—Z to u:R—Z by
u(t) = 6(t) u(t) for t =0 and u(t) = 0 otherwise. Equation (3.7) is still valid
where 6 and d0/ds is evaluated at z. We are looking for a p-mild solution # of (2.2)*
such that 4 = u — u ¢ Z%R, p, »). Hence 4 has to satisfy the equation

d _
= LAy = £ @ — 5t a— A) 1y (3.12)

According to Lemma 3.3 a solution 4 of (3.12) with 4¢ Z°R, p, ) satisfies

A= K(fe(, p, ) — fi(t, p, d € A) + 7). (3.13)

Note that r and f°(, u, u) — f°(-, p, ¥ — A) arein X°(R, p, x) since [|f*(t, u, 1) —

fip,u— Ay =g} |4]z. Again, for sufficiently small ¢, the contraction
mapping principle delivers a unique solution 4 with [ 4] zeg .. = C(&) || 7| xo® p.0)-
As in case a) the assertion follows. QED.

Often it is desirable to estimate ||u ~ u]| 71,5, Interms of |u — @)lz¢—11 .0
instead of C(x) ¢ (c¢f. OLEINIK & YOSIFIAN [1982], TouPIN [1965]). This can be
done by a slightly more careful analysis. We obtain

Theorem 3.4. Let (H1)—(H4) hold. Let 0 <f < -+ o <w,. Then, for suffi-
ciently small ¢, there is a C(wx, ) such that:

a) For every p-mild solution (u,u, (=1 1)) of (2.2)° the estimate

lu — ullzq .00 = C B) e Ay — U] zq-t-1rvu-1028> (314

holds for 0 << A << — 1. Here (u, u,R) is the unique solution on the center
manifold with 1,(0) = u,(0).
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b) For every p-mild solution (u, u, (0, o0)) of (2.2)° with uc Z((0,0), p, x + f)
there is a unique solution (u, u,R) on the center manifold with

lu — )|z, 000 = C&, B) e u— Ullzeonpsy Sfor A=1.  (3.15)

Remark 3.5. In the case without center part (so that dim X; == 0) it is possible
to prove these estimates also for g = 0. These results would match those cited
above for linear elasticity. According to our proof C(wx, ) blows up as §— 0 if
dim X; > 0. As yet it is not clear whether this is only a deficiency of our method
or whether it is really due to the center part.

Proof of Theorem 3.4. We follow the lines of the proof of Theorem 3.1, but in-
stead of u we use the extension u given by u(r) = u(t) + 6( — |#]) (u(t) — u(?))
for |t| <! and u(r)= u(t) elsewhere, where u is defined as above. Letting
4 =i — @, we deduce that

A =KQ,fC,p i) — fCop, it — A) + 7)
TR . - . . do -
Wlth r= e[fe(_’ s u) '—fa(': ", u)] +f5('s Yy u) _fe(,’ u, u) + sign (t) EST (u - u)'
Hence r(t) =0 except for [ — 1< {¢t| <<l Thus we have

< e—a(l—l) H;.

H; ”X(]R,,p,oc-i—ﬁ) = ”X(R,p,ﬁ)

1/p
< W) e~M( [ (@ Q@+ 20) uu(t)—a(t)uzy’dt)

I~1<p <1
= ¢(«) e u— Z~4”2((—1,—1+1)\/(1»-1,!),1:,;9)- (3.16)

Using (3.9) once again we obtain for A=71—1
It~ 1m0 = 1Al 21000 = €* 1A lzq-spper0
= ENAlpmparn = C@ + B e [Flxapatn-
The last two inequalities yield the estimate (3.14).

For the case b) we define #, A , and r as above, except that the argument of
6 is replaced by . Then the support of 7 is contained in [0, 1] and thus

7 I xoee,pn+m = 1Flbxo.npe 80 = € IF o, 10,08
= o) [l — )l zo,0.00 - (3.17)
For A =1 we derive

~ ~ — s ~
lu — 2,000 = 14lz000 = € 1Alz0,00.0.0+8

< e A pogpain = C@ + ) e [Flxompats) -

Statement (b) then follows from these two estimates. QED.
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4. A first example

To see how the theory just developed applies to elliptic problems we first treat
the following example.

Voo + P + Y+ 8y, v p) =0 for (x,))€RX(0,m),
P(x,0) =y(x,n) =0 for xcR. .10

This equation may be viewed as a model problem for some inviscid channel
flows, p being the perturbation of the stream function with respect to the parallel
flow (¢f. KIRCHGASSNER [1982], MIELKE [1986]).

For the abstract formulationlet A = + u, u = (p,¢), and X = H (0, ™) %
L,(0, #). Then (4.1) takes the form

d
—u— L) u = f(s, v, @2)

where D(L(/—i)) = (HZ(O’ ﬂ) N H1(0> :It)), L(/") (I‘/” ‘P) = (‘P; T Wex — :EW)’ and
S, w) = (0, —uy — g(y, vy, 9)). The spectrum of L(u) consists of eigenvalues
only, given by z = +z, = --(n* — w)"”>. Hence L(u) has for iz < 1 no eigenvalue
and for g€ [m? (m+ 1)*), meN, exactly 2m eigenvalues on the imaginary
axis.

Using the projection P;:X— X, (p,¢) = Z (Ve ) sin ky > Po(y, 9) =

Z (Y, @) sinky for p€ [m? (m+ 1)?), meN, and P; =0 for p <1, we

spht equation (4.2), using u; = PoucX; = PX, u, =u—u; €X, = (I— P;) X,
into

d
Zx'ul. — L) uy = Pof(p, us + uy),
“.3)

d -
d_x-uz — Ly u, = (I — P;)f(,u,, uy + uy).

To verify the hypotheses (H1)-(H4), let Z = (H;.1(0, ®) N H 1(0, 7)) X Ifs(O, )
and Z; = ZN X; for some s€ (3, 1). If gy, v,, v,) = g(w) it suffices to take
s =0, sothat Z; = X.) Since H,(0, 7) is continuously embedded in C([0, =], R)
we see that fe C*(RXZ, V) with ¥V ={0}xLy0,2)C X. If, moreover,
8@, 9y ) = O + yi 4 93) for (v, 9y, v,)— 0, then (HI) holds.

From the explicit form of L =L, ® L, the hypothesis (H2) follows with
p=oo and oy =z, = (m-+1)?—@'?>0. Since dimX; = 2m < oo,
the properties of u, = K,(£, g;) are trivially satisfied. Moreover, since g, =

0, 2) € V,(R, o0, ), the operator K, is given by K,g,(*) = [ M- — D) 3() dr,

where

2]

. | S
Mi(t)g = Z (—— _z;’ sign (t)) ’zk"' f g(n) sin kn dny sin ky.

k=m-+1
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Using | =Z Y (K'y,)* we obtain
k=1

2 k)
H0,m)

k
“M;(t) lysz=c sup ks(:_ + 1) e~k

kzm+l T
< C(u) max {1, [¢]|™} e~ Fm+1lel,
For «€(0,z,.,) it then follows that

[>2]

[ K282 [l 2w, 00,0 = Su}g e~ f { Mﬁ(t = Dlysz ! ”é”V(]R,oo,ac) dv
te k]

o

=< [ ey max {l, |&|™} e Cmt17E gE V2] im0

= C(/;, ®, 5) ”é”V(R,w,tx)‘

Thus (H2) holds. By taking x;(w;) = %(| ujllﬁj) for a suitable %:R—[0,1] we
easily see that (H3) and (H4) are also satisfied.

Thus the local behavior of (4.1) is described by Theorems 3.1 and 3.4, For
example, in the case of areversible equation, forwhich g(w, ¥,, — ) = g(w, ¥, ¥.),
it is proved in FiscHer [1984] that all sclutions on the (two-dimensional) center
manifold are periodic with period close to 2m/z,(u), for uc (1,4). Hence any
solution (g, y) of (4.1) with p:(—L )X (0, 7) >R and |p| + | p(x, Mo, 00
+ {9, Vmgom = ¢ for sufficiently small & = &(n), is essentially periodic in

x€(—~1L1), ie.,periodicup to perturbations of the size C(u) e() e~ @2

5. The classical Saint-Venant principle

We briefly introduce the notations of nonlinear elasticity and report on the
results on Saint-Venant’s problem obtained in MieLke {1988b]. Then we show
that the abstract methods developed above yield a natural formulation of Saint-
Venant’s principle for nonlinearly elastic prisms. In particular, there is no restric-
tion to zero cross-sectional resultants or to a special constitutive assumption as
in Breurr & RoseMan [1977] and Knors & PaynNe [1983]. We only have to
assume that the strains are pointwise small along the whole body, although the
displacements may be arbitrarily large.

We restrict our attention to the case of finite prisms and leave the case of
semi-infinite prisms to the reader. Let £ = ;= Xx(—/, ) be the undeformed
prismatic body, where ths cross-section X with coordinates x = (x;,x;) is a
bounded region in R? with C?-boundary 62 and where (—1, [) is the domain of the
axial coordinate s.

For a deformation ¢: Q;—R? the symmetric strain tensor E = E{p) is
given by 4 (Vo? Vg — I). Here the superscript T denotes transpose. The stress-
strain relation is given in terms of the symmetric second Piola-Kirchihoff stress
tensor S = S(x, E) = C(x) [E] -+ 0(] E]?), where C(x) is the fourth-order tensor
of linear elasticity with components ¢;;,(x). C is assumed to be independent of s
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and positive-definite: ¢;u(x) E;Ey; = ¢ | E|> with ¢>0. For hyperelastic
materials there is a stored-energy function # = #"(x, E(p)) such that §=
OW|OE, ie., S;= &# [0E; In the following we suppress the cxplicit x-de-
pendence of S and ¥ for simplicity of notation.

We consider deformations ¢ satisfying the field equations

div [Vp SE@)] =0 in @,

5.1)
SE@)rn=0 on dZx(—L1).

In particular, there are neither body forces (in £2;) nor tractions on the cylindrical
surface. Note that, in keeping with the approach in Section 3, we do not specify
boundary conditions on the terminal surfaces X'x{--1}.

The cross-sectional resultants of forces and moments,

F= [ VpSE@)esdr, M= [ ox[VpS(E@)esldx, (52
Zx{s} Zx{s}

are s-independent vectors for each solution of (5.1). Moreover for hyperelastic

materials the scalar

5= [ (2 wp sy e - 7 Ew)) 53
Zx{sy \OS
is also independent of s.
Observe that (5.1) is invariant under rigid transformations, that is, for every
(r, ) € R*x SO(3) the deformation ¢ = r + Ry is a solution of (5.1) whenever
¢ is. Moreover, ¢ has resultants F = RF, M= rxXF + RA, and E=6.
These observations suggest that we express ¢ by

x4 wilx, ) 5 wal(x, 5)
905 9) =16 + RO | %t wins |, Zx)=RO| wixs |,
ws(x, ) 1 4 wel(x, 5)
(5.4

where f widx = [xwsdx = f (x Wy — x,w)dx =0 for i=1,2,3 and
P z P

J=1,2. Hence r(s) and R(s) denote the mean displacement and mean orientation
of the cross-section X'x{s}. The strains can be expressed in terms of w(-, s) =
(Wl(S), ooy Wﬁ(', S))

In the variables r, R and w, (5.1) assumes the form

d d
G =R +yw), S R=RIWw), ('= —I7), (5:5)

d .
=V —Lw= F(w) in £,

(5.6)
Bw = G(w) on 6Xx(-1L1).
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with y(w), I'(w) = O(|wlpey) and F(w), Gw) = O(|w|3,) for w— 0. Here we
consider w(-, s) as an element of the Banach space X = {w€ W' T%4(X)3 x we(X)3 |
[widx=...=0} or of D(L)= (W*"*4(X)>x W'**(X)% N X, where 0 and
g are such that g€ (1,00),6€ [0, 1/g), and 6 > 2/g — 1. Although the methods
in Mierxe [19838b] are developed only for g =2, they generalize to Wo(X)
according Remark 5.6 therein. For simplicity we henceforth assume that 6 = 0,
q> 2.

An additional nonlinear mapping w = W(2) = z +- 0(| z[},) transforms the
boundary conditions on 8XX(—I, 1) into the linear condition Bz = 0. Letting
Pz=1Lz and D(¥)={z€ D(L) | Bz = 0}, we can write (5.6) in the form

d
i Lz = f(z)

where f= f(z) = 0(|z|lp#5) is a smooth mapping from D(Z) into X, since
W'4(X) is continuously embedded in C°(X). Since the only eigenvalue of % on
the imaginary axis is 0 with a six-dimensional generalized eigenspace X7, this equa-
tion splits into

d
7szj — %z =fj(z1, zy), Jj=12.
Moreover, defining the local contact force and couple n and m:
=Rn, M =Rm--rxXF, 6.D

we find that z, = Zi(n, m, z;) = A(n,m) + O(|n|*> + |m* + [ z:]?) with
A:R®— X; invertible. Problem (5.1) is thus locally equivalent to the system

%r = R(e; + y(n, m, z5)), -j,—SR = RI'(n, m, z,), (5.82)
d d
Son= = D¢)n, = —TCmt X (e + ¢, (586)
d
Pt Lz, = fr(n, m, z,). (5.8¢)

d d
(To derive (5.8b) one uses - F = P A = 0.) Werecall that r and R are decoup-

led from (5.8b, ¢) due to the symmetry of (5.1) under rigid-body transformations.
As is shown in MIeLkE [1988a and b], the system (5.8 b,c) satisfies the Hypotheses
(H1D)—(H3) of Section 2, if we let V;= X}, Z;=D(Z;) and p = q. Furthermore,
(H4) follows from the work of BoNic & FRAMPTON [1966], since 6 =0 and g> 2
allows us to take x(z;) = x(lz|l D(gj)) for a suitable y:R —R.

Hence there is a local center manifold for (5.8b and ¢) with z, = A(n, m) =
o(in|? 4 |m|?). Substituting z, = h{n, m) into (5.8a and b) gives a twelve-
dimensional ordinary differential equation having exactly the form of Kirchhoff’s
rod equations [1859]. See also ANTMAN & KENNEY [1981] for the case of general

nonlinear constitutive. laws. Here the constitutive relation (n, m) <> (3, F) =



Hyperbolicity of Center Manifolds 369

(y(n, m, h(n, m)), I'(n, m, h(n, m))) is obtained in a mathematically rigorous way

from the three-dimensional material behavior given by S = S(x, E), x € 2. These

rod-like solutions on the center manifold are called the nonlinear Saint-Venant

solutions of (5.1), as they generalize the well-known Saint-Venant solutions of

linear elasticity. '
Moreover, the reduced equation

. d ~
%n: —L(n, m) n, L= —I(n,mym + nx(e; + y(u, m)) (5.9

has the first integrals /; = |#|*> and I, = n-m. Hyperelastic matenals admit

the additional first integral Iy = I (n, m) = &(W(z(n, m))) = % Z agm;m; +
i,j=1

ns -+ (O(In]2 + |n| - |m| 4+ |m|®) with (a;) positive definite. Rotationally sym-
metric prisms have I, = m; for a first integral (cf. HoLmes & MIELKE [1988]).
In both cases all solutions on the center manifold are bounded in s and satisfy
|n($) |* + |m(s) |> = C(|n(0)| + |m(0)]) for scR and a fixed positive C. (If
the prism is not rotationally symmetric, then (5.9) exhibits cfgos in the sense of
existence of Smale horseshoes.)

So far these are the results of MIELKE [1988b] concerning the existence of the
center manifold and the structure of the reduced equation. Now we consider
arbitrary solutions of (5.1} with small strains and large /. We show that each solu-
tion is close to a corresponding Saint-Venant solution, having the same resultants
& and .#. The difference between these two solutions decays exponentially with
the distance from the terminal surfaces.

To obtain these results we apply Theorem 3.1 to the system (5.8b, c) to obtain
an estimate relating the given solution (n, m, z,) to the center manifold solution
(n, m, z,) uniquely defined by (%{0), m(0)) = (n(0), m(0)). The smoothness of the
transformation w— (n, m, z;) and of its inverse imply estimates relating the given
solution w:(—0)— D) of (5.5), (5.6) and the reference solution w =
W(z(n, m)), where (n, m) satisfies (5.9).

The general assumption of smallness on w is

[ w(:, S)”W2,17(2)3 xwloep =0 < 0 (5.10)

for all s€(—1 ). From (5.4), (5.5), we deduce that

Wi1 Wiz Wy X, + wy
Vo = R(S) T+ wyy wyp ws | +3vW) +Tw) | x, +wy | ® ey
Wi1 W32 We W3

where w;; = dw;/0x;. Thus, (5.10) implies that
IV, ) Vo(, 8) — Iigtag = C6 < C dq. (5.11)

However, using Korn’s inequality for L?-spaces (¢f. OraZOV [1989]), we can show
that (5.11) also implies (5.10), with Cd substituted for 4.
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To derive estimates for the full deformation @ = r 4~ R(x; + wy, x5 + wa, wy)¥
we still haYe to estimate the corresponding translations # and rotations R. To obtain
@ =F+ R(x; + Wy, x; + W,, w3)' we integrate (5.5) with w = w = W(z(n1, m))
and initial condition (r(0), R(0)) = r((0), R(®)). Let M(s) = R™(s) R(s) — I
Then

%M = MI'(%) — I'W) M + I'6¢) — I'(w), M(0) = 0.

Since | I'W)|, |[Tw)| =0(0) =0(0) for 00, we obtain [M(s)|=

[ &¢=% | I'wlo)) — I'(w(o)) idol. Hence for small enough ¢ the estimate
0

| Milg3 %310 = C W — W[ pa@y—ip.00 (5.12a)

holds. Similarly, therelation r(s) — 7 (s) = [ {fi(y(w) — y(W)) — RM(es + y(w))} do
6
leads to
[r — rllrsq—1npm = ClIW — Wlnwy—tn.00 - (5.12b)

Note that (5.7) and the special choice of initial conditions imply F=F, M =M.

Theorem 5.1. Consider a prismatic body with cross-section X and constitutive
law S = S(x, E). Then there is a positive oy = (X, S) with the property that
Sfor all x€(0,00;) and p> 2 there are positive constants C and 0, such that the
Jollowing assertion holds:

For all 1> 0 and all solutions ¢ € W*P(Zx(—1,D)* of (5.1) satisfying (5.11)

with & < 08, there is a Saint-Venant solution ¢ of (5.1) with & = F, M = M
such that

(s Y — 9C, Viptnexrm = Ce ™™ for dll A€ (0, D).  (5.13)

Proof. By applying Theorem 3.1a to (5.8b, ¢), we find that [|[w — wllbwy—10.9

< Cée~*. From (5.12) we then deduce that |[r — Flrsqsnpm + IR'R
— T3 x3q_1pp0 = C 8™, Using the relations

Wy — Wy x1+{‘;1
(p-—-ég:}'——?—{-—R WZ*VT)Z —~_R(RTR-—I) x2+1"172 B
W3‘—'V;‘3 "’63
5 P WA_—'I:VV4 ‘;4
¢ - ~ ~
§~—E>(§7=R Ws = Ws — R(R"R— 1) Ws
We — Wg 1+W6

we obtain ¢ — @llw2rey-ip0 T 180 — ©)/oslwtem—1,5 = Cée ™
Moreover, 2p/(8s)* can be calculated by (5.1) in the form 8%p/(9s)*> = glgp, Op/ds),
gbeing a smooth function from some open set in W22(X)?x WP(X)? into LP(X)>.
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Hence [8%@ — @)/(05)* Loy -1 = C e follows from the estimates for
@ — ¢ and (0p — @)/ds. Now the desired estimate (5.13) follows by noting
that

”(p - §~0”W2=p(91) = ”(P - ‘;7“W2’p(2)((‘1,}')=1’=0)
o%p D%
a5 05 ||LeEyc—1,0,0,0)

and by using the same technique as in the proof of Corollary 3.2a. QED.

oy O

+8s os

W L2(Z)(—2,1).,0)
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