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Abstract 

The concept of normal hyperbolicity of center manifolds is generalized to 
infinite-dimensional differential equations, in particular, to elliptic problems in 
cylindrical domains. It is shown that all solutions u staying close to the center 
manifold for t E (--/, l) satisfy an estimate of the form [I u(t) -- fi(t)[! ~ Ce -~'(1-lt[), 
where C and or are independent of l, and d is a solution on the center manifold. 
These results are applied to Saint-Venant's principle for the static deformation 
of nonlinearly elastic prismatic bodies. The use of the center manifold permits 
the effective treatment of the general case of non-zero resultant forces and moments 
acting on each cross-section. 

1. Introduction 

The theory of normal hyperbolicity of center manifolds (for ordinary differen- 
tial equations) and the theory of Saint-Venant's principle in elastostatics (or more 
generally for nonlinear elliptic problems) have each attracted much attention in 
their respective research fields. One aim of this paper is to unite these two fields, 
showing that normal hyperbolicity and Saint-Venant's principle are only two 
different aspects of the same mathematical concept. 

The main idea for this connection is the reformulation of elliptic problems in 
cylindrical domains as a formal evolution, the axial variable playing the role of 
the time. This approach was introduced by KIRCI~G)ISSNnR [1982], where a center 
manifold was constructed to prove the existence of solitary waves for inviscid 
fluid flows. This idea was extended to general semilinear elliptic equations by 
FIscHER [1984] and finally to quasilinear systems by MIELrd~ [1988a]. (It should 
also be possible to generalize some of the other concepts of dynamical systems to 
elliptic problems, such as stable, unstable, and inertial manifolds.) 
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Consider a system of differential equations 

d 
--~ u~ --  L lu l  = f l ( t ,  ul, u2), 

d (1.1) 

d'---[ u2 --  L2u2 = f2(t, ul, u2) 

for u = (ul, u2) lying in some Banach space X = Xt • Xz. The norms on X, 
Xt, and Xz are each denoted II �9 II; the distinction will be evident from the context. 
Let spectrum(Lt) Q ilg, aL : =  i n f { l R e z [  Iz E spectrum(L2)} > 0, and 
[[.~(t, ux, u2)l[ =< C l[(ux, u2)I[ 2. Then ul is called the center part and Uz the hyper- 
bolic part of u = (ut, u2). A center manifold of (1.1) is an invariant manifold 
of the form C M  = {(u~, h(t, uO) E X f 1[ u~ II < ~}. The normal hyperbolicity of 
center manifolds for ordinary differential equations (for which dim X < ~x~) 
was first proved by PALMER [1975] by using a suitable homeomorphism to linearize 
the flow normal to CM. This means that this flow behaves like that for the equation 
d 

--~ v2 -- L2v2 = 0, where v2 = 0 is a hyperbolic fixed point. 

We do not prove the existence of such a homeomorphism, nor do we prove 
the normal hyperbolieity of our center manifold in the sense of HmscH et al. 
[1977]; we rather concentrate on the corresponding exponential decay estimates 
as developed by CHOW & HALE [1982, Ch. 9]. 

We introduce relevant results from center manifold theory in Section 2. In 
Section 3, we derive results of the following type: 

Let  p E (1, oo] and ~ E (0, O~L) be fixed. Then there exist positive constants 
C and Oo such that for every l > 0 and every solution u : (--l ,  l) -+ X of(1.1), 
with llu(t)l[ ~ ~ <~ ~o for all It l <  l, the estimate 

(_~ ,1/~, 
!Iu(t) --  fi(t)ll p dr)  < C de -~q-z) (1.2) 

holds.for all 2 C (0, I). Here h is a suitably chosen solution on the center mani- 
fold. For solutions u : (0, oo) -+ X, with [1 u(t)II <~ 0 <= do for all t > O, we 
obtain 

- -  < C de -~z (1.3) ( f  ltu(t) {~(t)llP d t )  '/, --  

for all 2 > O. 

Note that only the existence of u is assumed, while that of fi follows from the center 
manifold theory. 

Decay estimates of  the latter type are widely established in the theory of 
dynamical systems (@ CHOW & HALE [1982]) and also in the theory of Saint- 
Venant's principle (KNoPs & PAY~ [1983], OLE~NrI~ & YOSIFIAN [1982]). However, 
the less common estimate (1.2) seems to be more useful for practical problems, 
since the semi-infinite cylinder usually studied is only a mathematical model for 
treating decay in just one direction. 
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Although SAINT-VENANT [1856] formulated his principle only in the context 
of linear elasticity, the notion of an abstract Saint-Venant's principle now refers 
to a certain decay property (like the Phragmrn-Lindel6f principle) for solutions 
of (nonlinear) partial differential equations (cf. HORGAN & KNOWL~S [1983], 
KmCHa~,SSNER & SCnEURLE [19861). While the corresponding linear theory has 
been developed quite extensively (cf TouPIN [1965], OLErNIK & YOSIFIAN [1982], 
HORGAN & KNOWLES [1983]), the results for nonlinear problems are less complete 
(cf ROSEM),N [1967], BREUER & ROSEMAN [1977], KNOVS & PAYNE [1983]). In 
particular, up to now all work was restricted to the study of decay towards a hyper- 
bolic t-independent solution h = const. (so that dim X1 ----- 0 in (1.1)). 

The essential new feature of the present paper is the treatment of problems 
having a nontrivial center manifold. We show that the hyperbolic fixed point 
can now be replaced by the normally hyperbolic center manifold, which, in general, 
contains a nontrivial flow. This means that the solutions h in (1.2) or (1.3) can 
have a complicated t-dependence, e.g. periodic, quasiperiodic, or even chaotic. 

While the center manifold theory (see references given above) allows only the 
construction of a finite-dimensional subclass of solutions, the normal hyperbolicity 
concept enables us to characterize all solutions inside of a full neighborhood of 
the center manifold. Loosely speaking, the estimates (1.2) and (1.3) say that the 
longer a Solution remains in this neighborhood, the more it has to approach the 
center manifold. In this sense we obtain a more general abstract Saint-Venant 
principle. 

Moreover, the methods developed here are applicable to general elliptic prob- 
lems, whereas previous work on the abstract Saint-Venant principle relies heavily 
on the divergence structure of the equations under consideration. This restriction 
is circumvented here by extensive use of the machinery of functional analysis 
(see (H1)-(H4)in Section 2 and MIELKE [1988a]). However, this machinery also 
allows us to choose the decay rate o~ arbitrarily close to the best possible value 
o~ L (but ~o = Oo(O0 ~ 0 for or -+ ~L)- 

In Section 4 we apply these ideas to a simple model problem, namely, 

YJxx + ~yy +/~0 + g(y), ~0x, ~0y) = 0 for (x, y) E R • (0, z 0, 

~0(x, 0 ) = v , ( x , ~ ) = 0  for xER.  

In Section 5 we treat the original Saint-Venant principle for three-dimensional 
long prismatic bodies in the context of fully nonlinear elasticity: Let /2 t = X• 
(--l,/) denote the undeformed body with Z' being the cross-section. A deformation 
~v: Qt--~R 3 gives rise to a stored energy density ~ = ~#/'(V~0). The equations 
of equilibrium, when there are no body forces and no tractions on the cylindrical 
surface OX• l), have the form 

div ~ ( V q ) )  = 0  in /2t,  ~ (  ~0) n = 0  on 0S•  (1.4) 

Then the resultant force ~" and resultant moment dg per cross-section are in- 
dependent of the axial variable s E (--l, l). We do not specify boundary conditions 
at the terminal surfaces X• [zkl}, since we are interested in the qualitative be- 
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havior of all solutions of (1.4) having sufficiently small strains along the whole 
body, i.e., solutions q0 for which 

IlV~0~( ., s) Vq~(-, s) -- Illw~,p(z) <~ ~ <= ~o for all Is[ ~ I. (1.5) 

It is the main result of MmLKE [1988b] that (1.4) has a twelve-dimensional 
center manifold. Moreover, the solutions on the center manifold are exactly in 
one-to-one correspondence with the solutions of  the classical rod-equations of  
K m c H a o ~  [1859]; in particular, the solutions are uniquely characterized by 
the mean translation r and the mean rotation R of the cross-section Z•  and 
the resultants ~- and d//. As the solutions of the rod equations exist for all s E R,  
the solutions on the center manifold correspond to deformations of  an infinite 
prism. 

With the methods developed here we are able to answer the question how the 
deformations of a finite prism or a semi-infinite prism are related to those of the 
infinite prism. ERICKSEN [1983] had conjectured that equilibrium states of  very 
long prisms are rod-like, except for boundary layers at the terminal surfaces. We 
prove this conjecture for small strains by showing that: 

For every solution q~E wE'p(~21), p >  2, of(1.4) satisfying (1.5) there is a unique 
rod-like solution ~ E WE'~176215 (on the center manifold) with the same result- 
ants ~ ,  ~//g such that 

[I 9(') --  ~(')II wZ,p(oz) <= C Oe- ~q -~') for all 2 E (0, I) (1.6) 

where o~ and C are positive constants depending solely on the shape of  Z and on 
the constitutive function r 

Of course, estimate (1.6) gives nontrivial results only if l is sufficiently large. We 
remark that (1.6) implies exponential decay towards rod-like solutions which, for 
instance, can be buckled, twisted, sheared or can have helical shape. It is important 
to emphasize that ~ and J/r are regarded as prescribed in our analysis. A~TMAN 
& K~NNEY [1981] have noted that otherwise the properties of solutions of the rod 
equations are very sensitive to seemingly slight dfstinctions between boundary 
conditions. 

Moreover, estimate (1.6) allows us to assert, in the spirit of EPaCKSEN [1983], 
that Saint-Venant's principle is an important mathematical link between the theory 
of three-dimensional prismatic bodies and the theory of  rods. 

2. Abstract formulation 

We consider a differential equation in a real Banach space X 

d 
-~  u -- Lu = f(t ,  I z, u), (2.1) 

where /z E R n denotes a set of parameters. The whole analysis will be local with 
respect to some t-independent solution pair (/~o, Uo) of (2.1). We may assume that 
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(/Zo, Uo) ---- (0, 0). The linear operator L : D(L) -+ X will be, in general, unbounded 
and f = f ( t , / ~ ,  u) ----- 0(l/t[ q-/[uI[ 2) contains the nonlinear terms. (Here ~ is the 
Landau symbol.) 

Our aim is to study the qualitative behavior of  all solutions of  (2.1) staying 
close to u ~ 0 on a long t-interval, in particular, in the presence of  a center 
manifold. To this end we assume that (2.1) splits into the following linearly de- 
coupled system: 

d 
--~ uj -- Ljuj = fj(t, f~,ul, u2), j = 1, 2, (2.2) 

where u --~ (ul, u2) E X = X1 • ~/2 and Lu = (Llut~ L2u2). Here X1 and X2 
denote the center part and the hyperbolic part respectively. Thus, spectrum (L1) 
Q i .  R and spectrum (L2) Q {z E C : 1Re z] ~ o~L} for some positive o~ L. 

Since we intend to apply our results to elliptic problems, like Saint-Venant's 
principle in elasticity, we do not assume that the spectrum of Lz is contained in 
a half plane {z E C : Re z < 7} for some real V. This would be typically the case 
for parabolic and hyperbolic equations, but not for elliptic problems in cylindrical 
domains, t being the axial variable (see Sections 4 and 5). 

We introduce a family of  Banach spaces as follows. For each Banach space Y 
with norm [[ �9 I[, each number o~, each interval L and each p E [1, e~] we define 

for p < e~, 

Y(/,o% o0 = { f : I - +  Y [ f  is continuous, [flf'~":~-sup[[e-~ltlf(t)[[te, < c ~ } .  

Note that Y(I, p, 0) is more commonly denoted by Lp(/; Y) when p < cx~ and 
y(/, oo, 0) is not L~(/;  I0, but rather cO(/; Y). However choosing the notation 
as above simplifies the formulation of  the results considerably, since both cases 
can be stated at once. (Actually, all results remain true with minor changes if 
y(/, cx~, 0) is taken to be Loo(I; Y).) 

Let C~,, be the class of  functions f that together with their derivatives up to 
second order are bounded and uniformly continuous. We impose the following 
hypotheses on (2.2): 

( I l l )  For j ---- 1, 2 there exist Banach spaces Zj with D(Lj) = D(L)/q Xj C 
Zj Q Xj, there exist neighborhoods Uj of zero in Zj, and there exist closed 
subspaces Vj of  Xj such that 

~=yj(t,~,u~,u~)cc~,f~xR"x~,xu:, @, j=  1,2. 

Moreover, fj(t, 0, 0, 0) = 0, D,kfj(t, 0, 0, 0) = 0 for j, k • I, 2 and 
t E ~ .  

(H2) Let V = V~ • V2, Z ----- Z1 • Zz. There is a z E C such that the resolvents 
(Lj -- z) -1 :Xj -+ D(Lj), ' j  = 1, 2 ,  exist. There is a positive o~L and a 
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p E [1, o~] such that for each o~ E (0, 0%) and for each (~, g~, g2) E Zl  X 
V(R,p, 00 the linear system 

d 
d--'[ u t  - -  L l u t  = gl( t ) ,  ul(O) = 8, 

d 
-'~ U2 - -  L2U2 = g2(t) 

(2.3) 

has a unique p-mild solution (u~, uz) = (K1(8, g~), K2g2) E Z ( R , p ,  ~). 
(A p-mild solution is defined below.) 

(H3) If 2"1 is not finite-dimensional, then Zx = X1 and p = oo in (H1) and 
(H2). 

(H4) For j = 1, 2 cut-off functions gj E C~u(Zj,/R) exist with Zj(u j )= 1 for 
I[u~llzj ~ 1 a n d  Z~(uj) = 0 for Ilu/Iz~>= 2. 

In (H1) the space Z = Z~ • Z2 with D(L) Q Z Q X is needed to characterize 
the loss of regularity in the nonlinear function f For semilinear problems Z is 
typically D(L ~) with o~ E [0, 1) and for quasilinear problems Z - ~  D(L) (see 
Sections 4 and 5). 

In (H2) we can choose p = oc in the semilinear case ( e l  MIELKE [1986]), 
while in the quasilinear case we have to use p E ( 1 , ~ )  ( c f  MIELKE [1988a]). 
The notation "p-mild solution of (2.3)" follows that of HALE & SCHEURLE [1985]; 
A triple (#, u, I), with I Q 1t~ being an interval, is called a p-mild solution 
of (2.3) if uj G Zj(J,  p, 0) for every finite interval J ( I, and if the equation 
d 
d--i ((Lj -- z) -~ @ --  (L~ --  z) -1 Ljuj =- (Lj - -  z) - t  gj is satisfied in Xj(J, p, 0) 

(Here d/dt is to be taken in the distributional sense if p < ~ ) .  Note that 
(Lj - -  z) -1 Lju i = u s + z(Lj - -  z) -1 uj E Xj(J, p,  O) since Z~ Q Xj. 

Usually the hypotheses (H1) and (H2) are supplemented by the general assump- 
tion that X1 is finite-dimensional. Although this is true in the applications given 
below there are examples of infinite-dimensional center manifolds (MIELgE 
[1989]). In this case we have to impose the requirement that Z1 = X1, since we 
cannot expect smoothing properties in the ut-equation in (2.3). To make the 
condition ul(0) = 8 meaningful we additionally require p = cx~. In particular, 
(H2) and (H3) imply the existence of the strongly continuous group (eL't)teR with 
]]eLltll<=c(oOe~ltl for o~>0,  tER.  

The cut-off functions in (H4) allow us to localize equation (2.2) by changing 
the nonlinearities outside of a suitable neighborhood of (/~, u) ----= O, 0). Hence 
the results will be restricted to small solutions. To be precise, let 

f~( t ,  ].~, Ul, $/2) = fj(t,/s H1, U2)XO(/~/E)Xl(Ul/8)Z2(U2/8),  
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where Zo E C2(R ", R)  is a similar cut-off function for # E ] Rn. Then there is an 
eo > 0 such that f~E C~,(I~"+a•215 Vj) for all eE(0,  So). Moreover, 

a(s) = sup {[I Dujj~( t, ff, u)llz~-,v~ [j, k = 1, 2, (t, ff, u) ER"+~xZ} ----- r 

for e -+ 0. Whenever we replacefj in (2.2) byf j  " we use the notation (2.2)q We take 
e as fixed but sufficiently small. (To make the following theory work, we have to 
restrict e successively by a finite number of conditions of the form c~a(e) < 1, 
k = 1 . . . .  , n. Obviously there is an e E (0, Co) satisfying all these relations). 

According to (H2) all p-mild solutions of (2.2f with z2 E Zz(P~, p, o~) satisfy 
the integral equation 

u = s ( ~ , f f ,  u ) ,  

S = (S~, $2) -= (K~(~,ff(., i f ,  u)), K2(f~(', i f ,  u))), (2.4) 

where ~ : u~(0). For or E 0 ,  ~ S(~, if, ") may be considered as a mapping 
from Z ( R , p , o  0 into itself, being uniformly Lipschitz-continuous with constant 
IIK][z, xx(za,p,~)-+z(R,p,~) " a(s). Thus, we have 

Lemma 2.1. Let (HI) to (H4) be satisfied and l e t  or E (0, O~L) be fixed. Then, for  
sufficiently small e and for all (if, ~) E ~n • Z1 equation (2.4) has a unique solution 
u =  U(ff, ~) E Z(R,  p, o O, where U1(,u,~)(0) : ~e and IlU(,u,~e)Nz(a,p,~,)~ C(],u[ 
+ [[~:l[z~) for  some constant C. 

Of course, whenever one of the solutions u ----- U(ff, D satisfies l#t ~ e and 
1[uj(t)l[z j <= s on some interval J, then (if, (us, u2), J) is a p-mild solution of the 
original system (2.2) without cut-off. 

In fact we have more information on the solutions u---- U: 

Lemma 2.2. Let (HI) to (H4) be satisfied. Then, for  sufficiently small e, there is a 
function h-~ h~(t, ff, uz) E Cg,,(R •  Z2) with h(t, ff, ut) = 6(//z [ 4-Ilulll2z) 
such that every solution has the form uz = U2(IZ,~) (t) = h(t, ff, Ul(ff,~)(t)), tEl%. 

The existence of this reduction function h ~ is proved by MIELKE [1986] for the case 
p = oo and by MIELY,~E [1988a] for pE (1,~x~). 

Hence all solutions u E Z(R, p, 0~) of (2.4) with o~ > 0 have to lie on the 
manifold 

C M  = {(t,/z, ul, h~( t ,  f f ,  ul)) E R " + ' x Z  I (t, ff, u,) xZ} i  

which is called the center manifold of (2.2) ~ (and of (2.4)). Since u2 is determined 
by (t, if, u~), it suffices to consider the reduced equation 

d 
-d'[ ul --" L lu l  : f~(t, if, ul, h(t, #, ua)), (2.5) 

which, according to Lemma 2.1, has a unique solution ul ---- UI(#, ~) E Z~(R, p, o 0 
with u t ( 0 ) :  ~ for each ~E Z1. 
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3. Normal hyperbolieity 

To motivate the method we first consider the case of  a finite-dimensional X. 
Then it is known (CHow & HArE [1982], PALMER [1975]) that, for sufficiently 

small e, there is a homeomorphism H" with (vI, v2) = H'(ul ,  u2) = (ul, H ' (ul ,  u2)) 
such that (2.2) ~ is equivalent to 

d 
-d-f vl --  LLv~ = f~(t, Iz, v~, h~(t, #, vl)) ,  

d 
--~ v2 -- L2v2 = 0. (3.1) 

The transformed center manifold is given by v2 ~ 0 and the flow normal to it is 
d 

linear with v2 = 0 being a hyperbolic fixed point of ~ v2 -- L2v2 = 0 (i.e., 0 

is not contained in Re (spectrum (L2))). Hence we call the center manifold normally 
hyperbolic (of. Hmscl-I, PUGn & Smm [1977]). 

Obviously for every solution v: ( - - l , / ) - +  X of (3.1) with I[vj(t)]I ~ 6 for 
[t I ~ l the estimate []v2(t)l [ ~ C(~) ~e -~(l-Itl), It] < l with o~E (0,0~L) holds. 
Let A ---- (A~, A2) = (0, v2) be the difference between the given solution (vl, v2) 
and a reference solution ~ = (vl, 0) lying on the center manifold. Hence 

IIA IIx<(-t,z),oo,~) = I! v - ~ IIx<(-t,z),~,~> <- C(cO Oe -~t (3 .2 )  

where the constant C(00 is independent of l and 6. This shows that the longer the 
solution v stays small the closer it must approach a reference solution ~ on the 
center manifold. I f  v even remains small on I : (0, oo), then it converges to 
exponentially for t --> o0. 

Similar results, in particular, estimates like (3.2), can be proved directly for 
(2.2)" in the infinite-dimensional case, without the use of the homeomorphism 
H ". The idea of  the proof  is to extend a given solution u : ( - - l , / )  --~ Z of (2.2) ~ 
to a function ~ : R  ~ Z satisfying (2.2) ~ up to some error r = (r~, r2) with 
support close to t ----- :kl. Then, ~ satisfies the integral equation (2.4) up to the 
error R = K(0, r~, rE). Defining ~ to be the solution on the center manifold 
with ul(0) = ul(0) we are able to estimate the difference A = ~ --  h in the 
Z(R,  p, ~)-norm by use of the integral equation (2.4). 

Theorem 3.1. Let (H1) to (H4) be satisfied and o~ E (0, oq) be fixed. Then for  
sufficiently small e there is a constant C(o 0 such that for every ~ the following asser- 
tions hold: 

a) Every p-mild solution (tz, u, (--l ,  l)) o f  (2.2) 8, with l >  1 and ~u~(t)ll ~ 
for I tl ~ I, satisfies the estimate 

[In-  ullz((-l+l,l-l),p,~)~ C(0r - ~ t  (3.3) 

where ~ is the unique solution on the center manifoM with 21(0) : ul(0) (i.e., 
~t : U (~u,ul(O)) o f  Lemma 2.1). 
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b) For every p-mild solution (it, u, (0, ~ ) )  o.f(2.2) ~, with [[uj(t)llzj ~: 0 for  t >  O, 
there is a unique solution fi on the center manifoM such that 

II exp (o~ .) (u(-) - ~('))llz((1,oo),p,0) ~ C(o0 ~. (3.4) 

Before giving a proof of this theorem we point out how these global results 
for equation (2.2) ~ (including cut-off) reduce to results for the original equation 
(2.2) (without cut-off). For u of Theorem 3.1 to be a solution of (2.2) we obviously 
have to impose the requirement that d ~ e. But this does not imply that II&j(t)ll 

e in general. However, if p = 0% the estimates (3.3) and (3.4), respectively, 
imply that II~j(t)l[ =< Iluj(t)[I -f-Iluj(t) - hj(t)ll < (1 + c(~)) 0. Hence taking 

~ e/(1 q- C(o0) guarantees that u and h are solutions of (2.2). For p < oo this 
method fails and a more careful analysis is neeeded. For instance, in Section 5 we 
use the fact that the solutions fi of (2.5) are always bounded and satisfy II~(t)ll 

g(l]hx(0) II), t C R, where g : [0, cx~) --> [0, oo) is continuous with g(0) = 0. 
Since I1~1(0)11 =/[u~(0)ll ~ ~ and tg2(t ) = h(t, it, ux(t)) = ~(lit] + [lu~(t)ll) = 
6(0), we have [[~j(t)l/=< e for small enough positive ~. 

Moreover, we give estimates for the LP-norm of u -- fi on subintervals (--2, 2) 
and (2, oo), which are more common in the theory of Saint-Venant's principle 
(cf  HORGA~ & K~OWL~S [1983], TOUP~N [1965]). 

Corollary 3.2. Under the assumptions o f  Theorem 3.1 the following estimates are 
valid: 

a) For a finite interval: 

II u(t) -- h(t)Vz dt <= C(o 0 de-~(t-2) for 0 < ;~ <~ I -- 1, 
- - 2  

[lu(t) -- h(t)llz < C(~) Oe -~- I '1 )  for  Itl <= 1 - 1, 

i f p ~ l ,  

i f p = o o .  
(3.5) 

b) For the semi-infinite interval: 
N 

\ - -  / 

[[u(t) -- h(t)tIz ~ C(00 Oe -~t for t >= 1, i f p  = oo. (3.6) 

P r o o f .  a)  Since Ilu - ~ l l z ( ~ - a , 2 ) , p , o )  <= e "2 Ilu - ~[Iz~(-2,2),p,~) 
<= e ~2 Ilu - -  Zlllz((_Z+l,l_l),p,c~) we use (3.3) to obtain (3.5). 

b) Similarly, we estimate [lu -- hHz(c-2,oo~,p,-~) =< e -~z [[u - ~tlfz((~,~,p,_~ ) 
< e -~2 Ilu - ~llzc(l,oo),p,_~), and now use (3.4) to obtain (3.6). QED. 

Proof of Theorem 3.1a. Let (it, u, (--l, l)) be an arbitrary p-mild solution of 
(2.2) ~ with l > 1. According to (H3), ul(0) E Z1 is well-defined and hence we 
let h = U(it, ux(0)) be the unique solution on the center manifold with fia(0) = 
ua(0) (cf. Lemma2.1). We extend u to a function ~ : R - - > Z  through ~ ( t ) =  
0( l - -  [tl)u(t ) for It t =< l and ~(t) = 0 elsewhere, where OEC~(R, [0, 1]), 
O ( s ) = l  for s ~ l ,  and O(s)=O for s ~ 0 .  Wehave  

d 
~ -- Lj-ffj : ff(t ,  it, u-) + rs, j : 1, 2, (3.7a) 
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where the error r i is identically zero except for l -- 1 < ]t I <  h 

dO 
rj(t) = Off(t, #, u(t)) --  ff(t,/~, Ou) + sign (t) ~ss u(t). (3.7 b) 

(Here 0 and dO/ds are evaluated at l -  l tl.) 
Using (H2) we find that ~ = S(/~, ul(0), u) + K(0, r). We set A = u -- 

where fi = S(#, ul(0), u), to obtain 

A = K(0,ff(-, #, u-) --ff( . , /z ,  ~ -- A) ~- r) .  (3.8) 

Let us consider r and ~ as fixed and let e be sufficiently small. Then the contraction 
mapping principle ensures that (3.8) has a unique solution A with 

IIA I[zc~,p,~) --<- c(00 I[g(0, r) [Iz(~,p,=) _--< ~(er (3.9) 

Now the inequality I[f~(t, #, u)[Ix1 ~ C([/z ] q- II ullz) -<__ ~ ~ implies that [[ r(t)11 =< e 
for l - -  1 ~ [ t i l l .  Hence 

[1 r llxca,,,~) <= (e -~t c c3)P dt = "~(o 0 ~e -~l. 

Since ~(t) = u(t) for ] t ] ~  l - -  1 we deduce that 

Ilu - ~lIz(<-l+~,~-~),p,~) < 11~ - f i i lz ( ( -z ,~) , , ,~> < [IA [Iz(R,~,~) < c(~) ~ e  - ~ l  , 

which is the desired result. QED. 

To derive the decay estimate (3.4) we introduce another space 

Y~ p, o~) = {y ~ Y(L p, ~) I e-~() Y(') ~ Y(L p, 0)}, 

II y lI yo(i,p,c(> = II e -  ~(') y(')[[ Y(I,p,O). 

Lemma 3.3. Let  (H2) and (H3) be satisfied. Then for  every 0r C (0, c%) the linear 
system 

d 
--~ uj -- Ljuj = gj, j = 1, 2, (3.10) 

has a unique p-mild solution uj = K~ E Z~  p, c~) for each g E X~  p, o~). 

Proof. The remarks accompanying (H3) imply that ul takes the form u~( t )=  
oo 

(K~ (t) = f e A(t-~) g~(s) ds. Introducing u ~ ---- e~tul, g~ = e~' g~(t) we obtain 
t 

o o  

u~ = f e (A-~)(t-~) g(s) ds. Young's inequality (cf. STEIN [1970]) implies 
t 

c o  

0 - ]l g~  Ilx(~,~,o)  
o 

<- C(o0 Ilg, Ilxoc~,p,~). 



HyperbolMty of Center Manifolds 363 

For u2 we proceed as follows. Since X~ p, ~) Q X2( R, p, ~), we immedi- 
ately obtain a unique solution u2 ---- K2g2 E Zz (R ,  p, d O. We only have to show 
that u2 E Zz~ o0. To this end we establish the relation 

HYllro(~a,,~) = HyH~,p ar sup e ~ liT(" + s)llr(~a,,~)- (3.11) 
s>O 

Since lie ~('-') y( t  + s)l[ ~ e ~ ]]e-~ltty(t + s)ll we have Ilyllro(x,~,~) > [[ylkup. On 
the other hand, for fixed y and e > 0 there is a s = s(e, y) such that I[ Y ]l ro(a,~,~) 
e +  tlylty~ . . . .  xv,~)- Moreover, e~ t=  e~'e -~lt-*l for t<~s .  Thus 

Ilylh-o(~,p,~) ~ e + e ~s I le-~l ' - ' ly  (')lit((- ~,,),~,0) 

= e + e ~s [lY(" + s)lln(- oo,0)r,~) ~ e + [lY[[~p. 

As e > 0 was arbitrary, (3.11) is proved. 
Now the autonomy of(3.10) implies that (K2g2(" + s)) (t) = (K2g2(')) (t + s) 

for s E lg and hence that 

Thus II u~ II~u~ =< II Kz II II g~ l[~. =< II/s [I 1[ g2 [[x~(~,p,~). This shows that u2 E Z~ o0. 
QEO. 

Proof of Theorem 3.1b. We again extend u : (0, ~ )  -+ Z to fi : N --> Z by 
-~(t) = O(t) u(t) for t >= 0 and h(t) = 0 otherwise. Equation (3.7) is still valid 
where 0 and dO/ds is evaluated at t. We are looking for ap-mild solution h of (2.2) ~ 
such that A = u -- h E Z~ p, a0. Hence A has to satisfy the equation 

d 
~7 ~J - r j  4 = f ; ( t ,  #, ~ - ~ ( t ,  ~, ~ -  ~)  + rj. (3.12) 

According to Lemma 3.3 a solution A of (3.12) with A E Z ~  oO satisfies 

A = K~ ., #, u-) - -  f f ( t ,  #, -d E A) -}- r) .  (3.13) 

Note that r and f"(.,/~, ~) -- f~(.,/,, ~ -- A) are in X~ o 0 since Hf*(t,/~, i~) - 
*t  f ( ,  ~, ~ - A)IIx < ~(8) [IA[Iz. Again, for sufficiently small e, the contraction 

mapping principle delivers a unique solution A with [IA IIzo(~,~,~) < c(o0 [[ rllxo(~,p,~). 
As in case a) the assertion follows. QED. 

Often it is desirable to estimate I] u - -  h tfz((-~,~),p,~) in terms of I[ u --  h Ifz((-l,o,p,~) 
instead of C(o 0 6 (c f  OLEINIK & YosrfIAN [1982], TOUPIN [1965]). This can be 
done by a slightly more careful analysis. We obtain 

Theorem 3.4. Let  (H1)-(H4) hold. Le t  0 < 13 < 13 + o~ < o~ L. Then, for  suffi- 
ciently small e, there is a C(o~, 13) such that: 

a) For every p-mild solution (i ~, u, (-- l ,  l)) o f  (2.2) ~ the estimate 

lIu -- hj[z((-a,~),p,~) <= C(o~, 13) e -~(1-~) Jlu - hHz((_l,_l+oue_l,o,p,~) , (3.14) 

holds for  0 < 2 < l - -  1. Here (#, h, R)  is the unique solution on the center 
manifold with ut(0) -= ul(0). 
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b) For every p-mild solution (~, u, (0, ~ ) )  of (2.2) 8 with u ~ Z((0,  oo), p, ~ + / 3 )  
there is a unique solution (#, ~, g )  on the center manifold with 

I1 u - h IIz<(x,o~)op,~) <= c(~ , /3)  e-  ~x II u - ~ IIz(<0,1),p,~) for  ). ~ 1. (3.15) 

Remark 3.5, In the case without center part (so that dim XI = 0) it is possible 
to prove these estimates also for fl = 0. These results would match those cited 
above for linear elasticity. According to our proof C(o~,/3) blows up as t3 -+ 0 if 
dim X1 > 0. As yet it is not clear whether this is only a deficiency of our method 
or whether it is really due to the center part. 

Proof of Theorem 3.4. We follow the lines of the proof of Theorem 3.1, but in- 
stead of ~ we use the extension ~t given by k(t) = fi(t) + 0(1 --  t t 1) (u(t) -- h(t)) 
for It I <  1 and h ( t ) =  h(t) elsewhere, where h is defined as above. Letting 

A = fi - fi, we deduce that 

~] = K(O, f f ( . , t t  , fi) -- f f ( . ,k t ,  ~t --  ~1) -1- 7.) 

dO 
with 7. =- O[f'( ., t z, u) --  f~(', #, fi)] + fs(.,/z, h) -- F( ' , /z ,  fi) -4- sign (t) -~s (u -- fi). 

Hence r(t) = 0 except for l -- 1 < I t [ <  1. Thus we have 

117. Ilx(~,~,~+~) =< e-~(l-1)117. I[X(l%p,#) 

__<~ C(oO e-~l ( l _ l f t [  <l (e-a' ( 2 + 2a(e)) l[ u(t) --  h(t) l]z)" dt ) 1/" 

_--< c(o0 e -~t 11 u -- ~ [Izc(-t,-t+l)~(z--1,o,p,~)- (3.16) 

Using (3.9) once again we obtain for ~ =< l -- 1 

cdt A ~ e II [Iz(R,~,~+~) < C(or + / 3 )  e ~z llT.IIxta,~,~+~). 

The last two inequalities yield the estimate (3.14). 

For the case b) we define fi, zl, and } as above, except that the argument of 
0 is replaced by t. Then the support of 7. is contained in [0, 1] and thus 

117. Ilxo(~,~,~+~) = 117. I[x((o,,),p,~+~) < e~' II 7"llx(<o,,,~,~) 

c(~ II u - h I[z((o,~),p,~). (3.17) 

For ~ L ~ I  we derive 

Statement (b) then follows from these two estimates. QED. 
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4. A first example 

To see how the theory just developed applies to elliptic problems we first treat 
the following example. 

~oxx + ~pyy + 2v 2 q-- g(% ~px, ~oy) : 0 for (x, y) E R • (0, zt), 

~p(x, O) = ~o(x, z 0 = 0 for x E R .  (4.1) 

This equation may be viewed as a model problem for some inviscid channel 
flows, ~ being the perturbation of the stream function with respect to the parallel 
flow (e l  KmCFtG~,SSNER [1982], MIELKE [1986]). 

For the abstract formulation let 2 = ~ + It, u = 0P, q0), and X : H~(0, ~) • 
Lz(O, zO. Then (4.1) takes the form 

d 
-~x u --  L('fi) u ---- f(it ,  u), (4.2) 

where D(L(~)) ----- (//2(0, ~) f~/S/~(0, z0), L(#) (% ~v) = (~, --~Pxx --  ~o), and 
f (# ,  u) : (0, --it~p --  g(% ~0y, ~0)). The spectrum of L(fi) consists of  eigenvalues 
only, given by z : -4-z n : ~ ( n  2 -- ~l/z. H e n c e L ( ~  has for fi < 1 no eigenvalue 
and for ~ E [m 2, (m + 1)2), m E ~ ,  exactly 2m eigenvalues on the imaginary 
axis. 

Using the projection P-f: X - +  X, (%~0) : ~ Opk, qJe)sinky~->P~%9~) : 
k : I  

m 

~] (~Pk, q~k) sin Icy for fi E [m 2, (m + 1)1), m E ~ ,  and P-f : 0 for ~ < 1, we 
k = l  

split equation (4.2), using u~ : P-fuE )(1 : P-fX, u2 : u - -  ul E Xz -= ( I - -  P-~) X, 
into 

d 
ul. --  Ll(~-fi) ul = P'flU(tt, ul + Uz), 

(4.3) 
d 

- = ( I -  2 , - f ) f f i t ,  + 

To verify the hypotheses (H1)-(H4), let Z ----- (Hs+~(O, :7r)/5 171~(0, :g)) • :7r) 
and Z: -= Z / 5  Xj for some s E (�89 1). (If g(% ~0y, ~0~) ---- g(~) it suffices to take 
s ---- 0, so that Zj = Xj.) Since H~(O, ~) is continuously embedded in C([0, zr], R) 
we see that f E  C2(]g• V) with V = {0)• z~) C X. If, moreover, 
g(% ~Oy, ~o~) : (90p ~ § ~0~ q- ~Oy ~) for (% ~0y, ~o~) -+ 0, then (HI)  holds. 

From the explicit form of L : L~ | Lz the hypothesis (H2) follows with 
p = ~x~ and O~ L = Z m +  1 : ((m + 1) 2 - -  7)112> 0 .  Since d imXt  = 2m < ~ ,  
the properties of u~ = K~(~, gx) are trivially satisfied. Moreover, since g2 = 

(0, ~) E Vz(R, ~ ,  o 0, the operator/s is given by Kzgz(') -~ : M-f(. --  v) ~(v) dr, 
- - o o  

where 

M - f ( t ) g =  k=m+~ ~ l z k ,  sign(t)  e-~k l t l - -~:  g(~) sin k~/d~/ sin ky. 
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Using [l~o[[ 0,~) = ~- (M~0e) 2 we obtain 

[[M;(t)Jlv-~z <~ Ck~_rn+lSUp U ( ~ k - ~  I)e -zkltl 

C(~ max {1, I tl -~} e-Zm+llt[~ 

For o~ E (0, zm+l) it then follows that 

oo 

IIg~g~llz~,oo,~) < sup e -~Itl f []M~(t - -  T)[]v_~ z e ~1~1 ]lgllv(a,~o,~) d~ 
t~R -- oo 

0o 

f c(/z--) max {1, 1~]-~} e -(zm-bl-a)l~] d~ ]lgllv(~,oo,~) 

- -  C(~, ~, s)I[~llv(R . . . .  7. 

Thus (H2) holds, By taking Zj(ui) -~ 2(llujll~j) for a suitable 2 :1~->  [0, 1] we 
easily see that (H3) and (H4) are also satisfied. 

Thus the local behavior of (4.1) is described by Theorems 3.1 and 3.4. For 
example, in the case of a reversible equation, for which g(~, ~y, --  ~p~) = g(% py, ~2~), 
it is proved in FISCHER [1984] that all solutions on the (two-dimensional) center 
manifold are periodic with period close to 2u/z~(~), for /~ ~ (1, 4). Hence any 
solution (#, ~0) of (4.1) with ~0: ( - - l , / ) •  ~) -->~ and I#t q- lilY( x, ")]]~+,(o,=) 
+ [[ ~0~(x, .)][~(0,=) <= e for sufficiently small e = e(/~), is essentially periodic in 
x ~ (--l ,  l), i.e., periodic up to perturbations of the size C(fi) e(fi) e -~'(m(t-I~l)/: . 

5. The classical Saint-Venant principle 

We briefly introduce the notations of nonlinear elasticity and report on the 
results on Saint-Venant's problem obtained in MmLrd~ [1988b]. Then we show 
that the abstract methods developed above yield a natural formulation of Saint- 
Venant's principle for ~onlinearly elastic prisms. In particular, there is no restric- 
tion to zero cross-sectional resultants or to a special constitutive assumption as 
in BREUER & I{OSEMAN [1977] and KNoI, s & PAYNE [1983]. We only have to 
assume that the strains are pointwise small along the whole body, although the 
displacements may be arbitrarily large. 

We restrict our attention to the case of finite prisms and leave the case of 
semi-infinite prisms to the reader. Let s = f2 z ~ ~ •  l) be the undeformed 
prismatic body, where the cross-section X with coordinates x = (xx, x2) is a 
bounded region in tg 2 with C2-boundary ~S and where ( - - l , / )  is the domain of the 
axial coordinate s. 

For a deformation ~0:(21-~- R ~ the symmetric strain tensor E = E(~0) is 
given by �89 (V~0 r V~o - - / ) .  Here the superscript T denotes transpose. The stress- 
strain relation is given in terms of  the symmetric second Piola-Kirchhoff  stress 
tensor S ~- S(x, E) = C(x) [E] -b 0(IIEII2), where C(x) is the fourth-order tensor 
of linear elasticity with components cuk~(x). C is assumed to be independent of s 
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and positive-definite: cijkt(x) EijEkt ~ c []EH 2 with c > 0. For hyperelastic 
materials there is a stored-energy function ~F =-/Or(x, E(q)) such that S----- 
~//'/OE, i.e., Sgj = BYe#/BE U. In the following we suppress the explicit x-de- 
pendence of S and "/r for simplicity of  notation. 

We consider deformations q~ satisfying the field equations 

div [Vq0 S(E(q0))] = 0 

S(E(~))  n = 0 

in ~Q1, 

on 8Z•  (--l, l). 
(5.1) 

In particular, there are neither body forces (in f21) nor tractions on the cylindrical 
surface. Note that, in keeping with the approach in Section 3, we do not specify 
boundary conditions on the terminal surfaces X• 

The cross-sectional resultants of  forces and moments, 

= ~ xf{s ) Vcp S(E(e?)) ez dx, dg = ~ xf{s } qJ x [Vcp S(E(~)) e3] dx, (5.2) 

are s-independent vectors for each solution of  (5.1). Moreover for hyperelastic 
materials the scalar 

(0~" ) 
g = f [V~o S(E(f))  e31 -- ~(E(~o)) dx (5.3) 

is also independent of s. 
Observe that (5.1) is invariant under rigid transformations, that is, for every 

(r, R) E 1% 3 X SO(3) the deformation ~ = r q- R~0 is a solution of (5.1) whenever 

is. Moreover, ~ has resultants ~ = R~ -, ~//} = r • J -  + Rdg, and ~ = g .  
These observations suggest that we express q~ by 

~o(x, s) = r(s) + R(s) x~ + w d x ,  s) , ~ (x, s) = R(s) w d x ,  s) , 

w d x ,  s) 1 + w~(x, s) 

(5.4) 

where f w i d x =  f x j w a d x =  f ( x ~ w 2 - - x 2 w l )  d x = O  for i = 1 , 2 , 3  and 

j = 1, 2. Hence r(s) and R(s) denote the mean displacement and mean orientation 
of  the cross-section X• The strains can be expressed in terms of w(., s) = 
(wds),  . . . ,  w6(', s)). 

In the variables r, R and w, (5.1) assumes the form 

d d 
--~s r = R(es + y(w)), --d-~ R = Rl"(w), (/~ = _ / , r ) ,  (5.5) 

d 
w -- Lw = F(w) in 0 l, 

(5.6) 
Bw = G(w) on ~ Z x  (--/,  l). 
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with ?(w), F(w) ---- (9(1[ w lID(L)) and F(w), G(w) ---- 0(11 wll~<L)) for w -+ 0. Here we 
consider w(., s) as an element of the Banach space X =  {w E W 1 + ~ • wO,q(z)3 I 
f widx . . . . .  0} or of D(L) = (W2+~215176 3) A X, where 0 and 
q are such that q E (1, e~), 0 E [0, 1/q), and 0 > 2/q -- 1. Although the methods 
in MIELKE [1988b] are developed only for q = 2, they generalize to w~ 
according Remark 5.6 therein. For simplicity we henceforth assume that 0 = 0, 
q > 2 .  

An additional nonlinear mapping w = W(z) = z + d)([[ zll~(L)) transforms the 
boundary conditions on ~ X x  (--l, l) into the linear condition Bz = 0. Letting 
s = Lz and D(~)  = {z E D(L) [ Bz -~ 0}, we can write (5.6) in the form 

d 
-Ns z - = f ( z )  

where f = f ( z )  = (9(lIzlID(~) is a smooth mapping from D(s a) into X, since 

wl,q(E) is continuously embedded in C~ Since the only eigenvalue of ~ on 
the imaginary axis is 0 with a six-dimensional generalized eigenspace X1, this equa- 
tion splits into 

d 
~ S  Zj - -  ,.~jZj : f j ( z l ,  Z2) , j = 1, 2. 

Moreover, defining the local contact force and couple n and m: 

Y : Rn, ~g : Rrn + r • ~ ,  (5.7) 

we find that z ~ - Z ~ ( n , m ,  z2 ) -=A(n ,m)+(9 ( ln iZ+lm[2+Hz2 l l2 )  ) with 
A :1~6-+ X~ invertible. Problem (5.1) is thus locally equivalent to the system 

d d 
~--ssr= R(e3 + e(n,m, zz)), --d-~sR= RF(n ,m,  z2), (5.8a) 

d d 
-~ss n = - - f ' ( ' " )  n, ~srn = - -F( . . . )  m + n•  (e3 + 7( ' " ) ) ,  (5.8b) 

d 
-~s zz -- 5Yzz = f2(n, m, z2). (5.8c) 

d d 
(To derive (5.8b) one uses --ds o~ = ~ - ~ ' =  0.) We recall that r and R are decoup- 

led from (5.8b, c) due to the symmetry of (5.1) under rigid-body transformations. 
As is shown in MInL~ZE [1988 a and b], the system (5.8b,c) satisfies the Hypotheses 
(H1)-(H3) of Section 2, if we let Vj = Xs, Zj = D(~j)  and p = q. Furthermore, 
(H4) follows from the work ofBoNIC & FRAMWON [1966], since 0 = 0 and q > 2 
allows us to take Zj(zj) ---- _g(ll zj IID~-~p) for a suitable Z : 1% --> 1%. 

Hence there is a local center manifold for (5.8 b and c) with z2 = h(n, m) = 
d)(fnl2-k Iml2). Substituting z2 = h(n,m) into (5.8a and b) gives a twelve- 
dimensional ordinary differential equation having exactly the form of Kirchhoff's 
rod equations [1859]. See also ANTMAZq & KENNEY [1981] for the case of general 
nonlinear constitutive, laws. Here the constitutive relation (n, m)+~ (~,, F ) =  



Hyperbolicity of Center Manifolds 369 

(7(n, rn, h(n, m)), ['(n, m, h(n, m))) is obtained in a mathematically rigorous way 
from the three-dimensional material behavior given by  S = S(x, E), x E ~. These 
rod-like solutions on the center manifold are called the nonlinear Saint-Venant 
solutions of (5.1), as they generalize the well-known Saint-Venant solutions of  
linear elasticity. 

Moreover, the reduced equation 

d 
d --f~(n,m)n, - - f i ( n , m ) m + n •  -k~,(n,m)) (5.9) Ts  n = Ts  m = 

has the first integrals /1 = In I z and 12 = n" m. Hyperelastic materials admit 
3 

the additional first integral /3 = I3(n, m) = g(W(z(n, m))) ---- �89 Y~ aomim J q- 
i , j= l  

n~ + e(lnt 2 + [nl" Iml + Ira?) with (aij) positive definite. Rotationally sym- 
metric prisms have /4 = rn3 for a first integral (cf. HOLMES & MIELKE [1988]). 
In both cases all solutions on the center manifold are bounded in s and satisfy 
In(s)? + Ira(s)? < C(tn(O)l + Im(0)l) for s e a  and a fixed positive C. (If 
the prism is not rotationalIy symmetric, then (5.9) exhibits chaos in the sense of  
existence of Srnale horseshoes.) 

So far these are the results of MmLKE [1988 b] concerning the existence of the 
center manifold and the structure of the reduced equation. Now we consider 
arbitrary solutions of (5.1) with small strains and large l. We show that each solu- 
tion is close to a corresponding Saint-Venant solution, having the same resultants 
o~ and all. The difference between these two solutions decays exponentially with 
the distance from the terminal surfaces. 

To obtain these results we apply Theorem 3.1 to the system (5.8b, c) to obtain 
an estimate relating the given solution (n, m, z2) to the center manifold solution 
(n, rh, z2) uniquely defined by (h(0), rh(0)) = (n(0), m(0)). The smoothness of  the 
transformation w ~ (n, m, z2) and of its inverse imply estimates relating the given 
solution w: (--l, l)-+ D(L) of (5.5), (5.6) and the reference solution ~ = 
W(z(h, n~)), where (h, rh) satisfies (5.9). 

The general assumption of  smallness on w is 

II w(.,  s)II w2,p(z3 • w~,p(x~3 <- ~ <-- ?'o 

for all sE (-- / , / ) .  From (5.4), (5.5), we deduce that 

(5.1o) 

l [w,,, w,,2w4) 
V~o = R(s) I +  ~ w2,1 wz,2 w5 

\W3,1 W3,2 W6 

(Xl q[- W 1 
+ 7(w) +/~(w) x2 + w2 

W3 
e31 

where wij = Owi /Oxj .  Thus, (5.10) implies that 

I[V~or( ., s) V~o(., 0 - II[w~,p(,~) ~ C a  ~ COo. (5.11) 

However, using Korn's inequality for LP-spaces (e l  ORAZOV [1989]), we can show 
.that (5.11) also implies (5.i0), with CO substituted for O. 
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To derive estimates for the full deformation 9 ---- r + R(x~ + wl, x2 + w2, w3) r 
we still have to estimate the corresponding translations r and rotations R. To obtain 

----- ~ + R(xx + f~ ,  x2 + w2, ffa) r we integrate (5.5) with w = # ---- W(z(h, rh)) 

and initial condit ion (r(0),/~(0)) = r((0), R(0)). Let  M(s) = Rr(s) R(s) --  L 
Then 

d 
M : MI-'(~) --  F(w) M + I'(ff) --  F(w), M(O) : O. 

Since I P(~3) [, I -P(w) I :< 0(8) = (9(t~) for 8 --> 0, we obtain ]M(s) [ :< 

Hence for small enough 8 the estimate 

II M[[~3 • 3((_t,l~,p,=~ ~ C II ff - w IID(L)<C--~,O,p,~) (5.12 a) 
s 

holds. Similarly, the relation r(s) --  ?(s) = f {/~(r(w) -- r(w)) -- RM(e3 + e(w))}da 
0 

leads to 

II r - r f /~( ( -z ,z ) , , ,~9  --< C lift - wl[D(z)( (_~,o ,~ ,~)  �9 ( 5 . 1 2  b) 

Note that  (5.7) and the special choice of  initial conditions imply ~ = i f ,  ~/d : J / / .  

Theorem 5.1. Consider a prismatic body with cross-section Z and constitutive 
law S : S(x, E). Then there is a positive ~z ~- ~r~(X, S) with the property that 
for all cr E (0, cr L) and p > 2 there are positive constants C and 8o such that the 
following assertion holds: 

For all l > 0 and all solutions q~ E W2'p(~, X (--[~ l)) 3 of(5.1) satisfying (5.11) 

with 6 ~ 8o there is a Saint-Venant solution ~ of(5.1) with ~ = ~ ,  ~/~ = i l l  
such that 

lifo(., .) -- c?(', "){lrv2,p(z• <~ C Oe -~(t-a) for all 2 E (0, I). (5.13) 

Proof.  By applying Theorem 3.1 a to (5.8b, c), we find that  1[ w -- wl[o(Ll((-t,0,v,~) 
<~_ CSe  -~t. From (5.12) we then deduce that  [[r - -  F l [ ~ a ( ( _ / , 0 , p , ~ )  "q-IlR~k 

- -  ]]!Z~SxS((_l,l),p,~) ~ C 8e -~I. Using the relations 

~ - - ~ =  r - -  ; + R w ~ - -  ff,~ - -  R ( R r R - -  I)  x~ + ff,~ , 

W 3 - -  W 3 W 3  

w6 we 1 + w6 

we obtain I1~0 -- (viIw2,p(z)((_l,O,p,~) + [[8(9 --  (v)/Osllwx,v(x~)((_l,0,v,~) ~ c 8e -~l. 
Moreover ,  029/(~s) 2 can be calculated by (5.1) in the form 829/(~s) 2 = g(~o, O9/ds), 
g being a smooth function f rom some open set in W2'p(S) a • WI'v(X) a into LP(S) 3. 
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Hence 11~2(9- ~)/(Os)zHLp(~)((_t,O,p,~)~ C Oe -~l follows from the estimates for 
9 -  ~ and ( ~ 0 -  ~)/Os. Now the desired estimate (5.13) follows by noting 
that  

+ 

and by using the same technique as in the proof  of  Corollary 3.2a. QED. 
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