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1. Introduction 

In this paper we study the spatial aspects of equilibrium states exhibited by 
infinitely or arbitrarily long rods, buckled by loads applied at their ends. Our 
methods exploit the Hamiltonian structure of the equilibrium equations and use 
regular perturbation methods based on completely integrable cases (MELNIKOV 
theory). We obtain a qualitative description of classes of solutions close to such 
limiting cases, which correspond to geometrical symmetries and the vanishing 
of certain stress components. Our results imply that there exist spatially irregular 
or chaotic equilibrium states for rods under the appropriate load conditions. 

KIRCHHOFF [1859] was apparently the first to remark the analogy between 
the equilibrium equations of a rod loaded at its end and the equations of motion 
of a heavy rigid body pivoted at a fixed point. In this analogy the arclength along 
the axis of the rod plays the r61e of a time-like coordinate. LARMOR [1884] sub- 
sequently extended the analogy to rods with initial curvature and twist; cf. Love 
[1927, w167 The discussions in KmCHHOFF and LOVE assume linear 
constitutive relations and the equations thus obtained are precisely analogous 
to the rigid body equations. However, as we show in the next section, the analogy 
extends to general nonlinear hyperelastic materials. The (non-canonical) Hamil- 
tonian structure of the rigid body equations is preserved, while the quadratic 
Hamiltonian is replaced by a general function. This structure, and the existence 
of certain integrals, derive from underlying symmetries and group structures in 
the problem. While the derivation of the rod equations is relatively well known 
(cf. ANTMAN & KENNEY [198l], ANTMAN [1984], MIELKE [1987]), the Hamiltonian 
structure is not normally emphasized and so we outline it in Section 2. Here we 
mean the Hamiltonian structure of the static problem with the arclength as time- 
like variable, in contrast to the dynamic problem which is a partial differential 
equation with time and arclength as independent variables. See KRISHNAPRASAD, 
MARSDEN, • SIio [1986] for the Hamiltonian structure in that case. 

While there is an elegant non-canonical formulation for the three degree of 
freedom rigid body equations (cf. HOLMES & MARSDEN [1983]) we find it more 
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convenient here to work with a reduced two degree of freedom system in canonical 
coordinates. In general this system is expected to be non integrable; in fact our 
main results prove this to be true near certain limiting cases. However, in the two 
cases of  zero resultant force and of circular symmetry, an additional integral 
can be found and the equations solved completely. The former ease corresponds 
to the absence of gravitational forces (moments) and the latter to the well known 
'Lagrange' top (GoLDSTEIN [1980, Chapter 5]). In both cases smooth manifolds 
of  heteroclinic or homoclinic orbits exist, and using the perturbative techniques 
of  MELNIKOV [1963] in the Hamiltonian context of HOLMES & MARSDEN [1982, 
1983], we are able to prove that these manifolds break to give transverse homo- 
clinic orbits in the presence of small resultant forces or asymmetries. Then, by 
arguments familiar in dynamical systems (SMALE [1963, 1967], GUCKENHEIMER & 
HOLMES [1988, Ch. 4-5]), it follows that spatially chaotic equilibrium states 
occur. 

This paper is organized as follows. In Section 2 we outline the derivation of 
the equilibrium equatiorts and discuss the Hamiltonian structure. In Section 3 we 
perform our first reduction, obtaining a canonical two degree of  freedom Hamil- 
tonian system. The main results are given in Section 4, together with a discussion 
of their physical implications, including a rough description of  the spatial shapes 
exhibited by rods in such 'chaotic' states. The remainder of the paper is devoted 
to proofs of  the two main theorems of  Section 4. Section 5 contains a brief out- 
line of  the second reduction and application of  MELNIKOV'S method to the result- 
ing periodically perturbed single degree of freedom system. A detailed treatment 
of  this material is contained in HOLMES & MARSDEN [1982, 1983]. The two main 
theorems are then proved in Section 6 and 7 by computation of Melnikov functions 
for appropriate limiting cases. Computational details are relegated to the Appen- 
dix. In order to make explicit computations we restrict ourselves to stresses which 
are sufficiently small in magnitude, so that linear elasticity dominates. The geome- 
tric nonlinearities are, however, unrestricted. 

2. The Rod Equations in Hamiltonian Form 

The model of  a rod treated in this paper takes the following form (ef. ANT- 
MAN [1984], KRISHNAPRASAD, MARSDEN, & SIMO [1986]). We consider a prismatic, 
elastic body with reference configuration Q = R •  3 or .Q = I •  3, 
where t E R  or t E I ~ R  denotes the axial variable and x = ( x l ,  x2) EZ', 
the cross-section Z' being a bounded domain in R 2. We assume the deformations 

of  the rod have the approximate form ~0: .q, f2 ~ R 3, with 

~( t , x ) :  r(t) + R(t)(Xo ).  (2.1) 

Here the r(t) E R a denotes the position of the deformed axis and R(t) E SO(3) 
specifies the position of the rigidly transformed cross-section. See Figure 1. Note 
that d3 ---- R(t)e3, the local coordinate axis perpendicular to the transformed 
cross-section, need not be tangent to r'(t). Thus we allow for shear deformations. 
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Fig. 1. The rod model. 

321 

However, the local coordinate system {dr, d2, d3), d i  ~ R ( t )  e~, is still orthogonal 
so that d3(t ) = d ~ ( t ) •  as in ANTMAN'S formulation. 

There are differing conventions for definition of  strains. We adopt the follow- 
ing. We set 

v = R r r "  - e3 ,  ~2 = R r R  ' (2.2a, b) 

so that Q = - O r E  so(3), and finally define u by 

u •  = g2a (2.2c) 

~W OW 
m -- n --  (2.3) 

~ u  ' a V  ' 

the components of m being bending and torsion moments -and of n, shear and 

extension forces. 
The equilibrium equations for a rod loaded only at its ends are easily expressed 

in terms of the force and moment vectors F, M in spatial coordinates (el, e2, e3). 
They simply express the fact that F and M are constants. Thus, via (2.1), in body 

for arbitrary vectors a E R 3. Since u and I2 are related by (2.2c), we sometimes 
write gJ(u) subsequently. Thus u = u ( t ) ,  v ~ v ( t )  are both 3-vectors; they are 
the strains in body coordinates. Specifically, u~ and u2 represent bending in the 
d2, d 3 and d 1, d3 planes respectively and u3 is torsion ( =  bending in dx, d2); 
vx and v2 are shears in the dl ,  d2 directions and v 9 is extension in the d3 direction; 
el. ANTMAN (~ KENNEY [1981, w 2]. 

The elastic properties of  the rod are described by a strain energy function 
IV(U, v ) : R  6 --~R, which is assumed to have a nondegenerate minimum at 
( u ,  v) ~ (0, 0), corresponding to the undeformed state r ( t )  = tea,  R ( t )  -~ L 

The stresses in body coordinates are then given by 
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coordinates, we have 

F : R n  ---- const, (2.4a) 

(2.4b) 

where 

j = _ j r :  (g2(m) Q(O n ) )  \g2(n) , Q(a)  b = a x b .  (2.11) 

Alternatively (2.10) can be written in terms of the Lie-Poisson bracket defined in 
HOLMES ~; MARSDEN [1983, eqns. (3.17-18)] for the heavy rigid body. In that  

case the Hamiltonian is simply H = �89 (m2] \ I i ]  -k Mgl na, but we note that the sym- 

plectic structure permits formulation of  equations for general Hamiltonian func- 
tions. 

Regardless of  the precise form of H, the group structure implies that the two 
functions I~ = In 12 and I2 ---- m �9 n are constants of  motion for (2.10), along 
with the Hamiltonian H itself, as one can readily verify. These are the only quan- 
tities derivable f rom F = const and M = const, that are invariant under mo- 
tions in SO(3)xR3;  i.e., invariant under changes in R and r. (Note, F - +  RF,  

(ran)' : J ( m , n ) V H ( m , n ) ,  (2.1o) 

M = R m  + r •  = const. 

Differentiating (2.4a), we have R 'n  + Rn" = 0 or 

n" = - - R T R ' n  ~ - Q n  = n •  u .  (2.5) 

Differentiating (2.4b) and applying R r from the left yields R r R ' m  -? m" + 
R T ( r ' x R n  + r x ( R n ) ' )  = 0 or, in view of (2.4a), 

RrR" m + m" + Rrr" x n  = 0. (2.6) 

Using (2.2) equation (2.6) becomes 

m '  : - Q r n  + n X ( e  3 -[- v) : m x u  § n x ( e  3 -Jr- v ) .  (2.7) 

Equations (2.5) and (2.7) involve the stresses and the strains, but, as W has a 
nondegenerate minimum at u : v : 0, it is locally convex and hence the rela- 
tions (2.3) are locally invertible. We may therefore write the inverses 

u = u ( m ,  n),  v = v ( m ,  n)  (2.8) 

and there furthermore exists a real valued function H ( m ,  n): R 6 ---> R such that 

8H c~H 
u = 8 m '  e3 + v : 6--~-. (2.9) 

H and W are related via a Legendre transform; in the dynamical analogy, W plays 
the r61e of a Lagrangian and H of the Hamiltonian (cJ] ARNOLD [1978]). 

We can now write the equilibrium equations (2.5), (2.7) entirely in terms of  
the stresses as a non-canonical Hamiltonian system 
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M---> R M  + r • RF). In the rigid body analogy I t  corresponds to conservation 
of  magnitude of  the gravity vector and 12 to conservation of  the component 
of  angular momentum in the direction of  the gravity vector. 

Remark. In the above discussion it is not clear how this special Hamiltonian 
structure in (2.11) arises. Here we point out briefly how it can be deduced using 
the methods for Hamiltonian systems on Lie groups as discussed in ABRAHAM 
~; MARSDEN [1978, Ch. 4]. 

In our case the Lie group is the Euclidean group SO(3)•  3, i.e. the group 
of  rigid transformations with multiplication (R 2, re) (R~, rl)  = (R2R1,  R2r 1 -~ 1"2) 
The Lagrangian L is given by L(R,  r, R' ,  r ') = W(RrR ,  Rrr  ' - e3). Since W 
is invariant under the action of  G, it is more convenient to use the "body  coordi- 
nates" (basis (d~, d2, da)) than the "spatial coordinates" (with basis (el, e2, ca)), 
i.e. u and v + ea are the strains in body coordinates. Now L can be written as 

a function L : G x g ~ R ;  ( R , r , l " 2 ( u ) , v + e a ) - + W ( u , v ) ,  where g = T e G  
is the Lie algebra of G with Lie bracket [(f21, v2), (f22, v2)] = (f~1122 - Q2Q1, 
~ 9 ~ v 2  - 122vl). 

Similarly the corresponding Hamiltonian H is defined on G •  (g* = dual 
of  g) rather than on the cotangent bundle T*G. The variables in g*, being con- 
jugate to the variables in G, are exactly the stresses m and n in body coordinates. 
Of  course H = H ( m ,  n ) i s  given as in (2.9). 

The price for  working in body coordinates must be paid when the Hamil- 
tonian structure of  G•  is calculated, since "inertial effects" appear. Using 
Theorem 4.4.1 of  ABRAHAM & MARSDEN [1978], we obtain the symplectic form 

t r t ! tO(R,r,r(m),n)((R1, r l ,  ~ r ~ l ,  h i )  , (R2, r2, ~r'~2, / ' / 2 )  ) 

= RrR'I  : t ~  - R r R ~ :  ~ 1  + R~r'l  " n 2  - R r r ~  �9 n~ 

T I T r __  + r(m): (RTR'IRrR~ -- RrR~RTR~) + n .  (R RIR  r 2 RrR~Rrr~) 

where ~t~ 1 " ~r~ 2 : tr  (~r~T~2) and / ' ( m )  b : m • b. 
The associated vector field Xn is defined by 

, , 0H ~H , OH OH 
(D(R,r,O,U)(XH, (R2, r2, Q2, n2)) : ~-~: R2 -]- ~ r2 -[- ~ ' F "  ~-~2 -~  ~'-n " n 2 "  

A direct calculation results in 

~H OH 8H 
7" r , r l  p R ' =  R - ~ ,  = R-~n ~-~n, 

(2.12) 
r , =  r ~  OH ( ~H ~ ) 

o-T ~-fi r + �89 n | ~-d ~n | n , 

which are exactly the equations established above, w h e n / '  and m are identified. 
In addition, we remark that the invariants F = R n  and M----- R m  + r •  
are exactly the momentum mappings obtained from the invariance of L under the 
action of  G (ABRAHAM & MARSDEN [1978, Theorem 2.12]). 
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In  the analysis below we find it convenient  to fix I t  = a 2, 12 ---- ab and work  
with the reduced Hamil tonian  system restricted to this (family of)  four  manifold(s). 
In  Section 3 we show that  a symplectic structure exists such that  this restriction is 
a canonical  two degree o f  f reedom system. However,  the limiting cases which we 
study below are best described initially in terms of  the non-canonical  coordinates 
(m, n). 

The set n = 0 is clearly an invariant manifold for (2.10); restricted to this 
manifold  the equat ion becomes 

m '  : m • u ( m ,  0), (2.13) 

which has the addit ional integral Ia ---- I m 12. F r o m  MmLKE [1987] we know that, 
wi thout  loss o f  generality, we can take u to have the form 

u ( m ,  O) : (~xlm~, or or -~- o(I m ] 2) (2.14) 

where 0 < ~1 ~ ~2 and o~3 > � 8 9  q- ~2). Hence there are two generic cases: 
~ t  < ~2 < c~3 and ~1 < or < or We will also consider the special case 
c~t : ~2 < ~a, which occurs in the case o f  certain cross-sectional symmetries. 
The phase portraits  on spheres /3 : constant ,  sufficiently small, are then quali- 
tatively identical to those for  the Euler equations for the gravity free rigid body  
(GoLDSTEIN [1980, Ch. 5]). Figure 2 shows the case ~1 < o~2 < ~3. Note  the 
heteroclinic orbits connecting the hyperbolic fixed points  at m2 : 4-12, m~ : 
ma : 0. Solutions can be written down explicitly in terms of  elliptic functions 
(WHITTAgER [1937, w 69]) and the heteroclinic orbits are hyperbolic functions 
(cf. HOLMES • MARSDEN [1983]). 

m2 
ml 

Fig. 2. Heteroclinic cycles for the pure bending case. 

This limit corresponds to a rod in pure bending and torsion with zero shear and 
extension. The fixed points m2 = 4-12 correspond to circularly coiled rods:  
one o f  the classic planar  equilibria found  by EULER [1744]. 

In  the case 0r < ~3 < ~2 the phase portraits  are similar to Figure 2, but  the 
heteroclinic orbits now connect  the fixed points m ---- (0, 0, 4-m3). When  oq ---- 
c~2 < ~a the portrai t  degenerates to a family o f  circles parallel to  the equatorial  
circle m 2 q- m 2 ---- const., m3 ---- 0 and m 3 is an additional constant  of  mot ion  
(see below). 
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The existence of these integrable limits suggests that we consider a rod with 
small shear and extension. Letting 

n---- eft, IK] = 1 (2.15) 

and dropping the bars, we put (2.11) into the form 

m" = m • u ( m ,  ,n) + ,n  • (e3 + ~(0) ,  
(2.16) 

n '  = n • u ( m ,  en) ,  

An analysis of this system lies behind our first main result, Theorem 4.1. 
A second important case is provided by rods whose cross-sections are sym- 

metric with respect to the dihedral group DN with N ~ 3. (Thus, Z' is invariant 
under rotation by 2~r/N). In that case the two constants 0q and ~2, which appear 
at leading order in the function u ( m ,  0) of (2.14) are necessarily equal. I f  we trun- 
cate the Hamiltonian at quadratic terms, then equation (2.16) admits the addition- 
al integral m3, which results from the rotational symmetry of the rod at that or- 
der. This corresponds to the integrable Lagrange top, ma being the component 
of angular momentum along the axis of symmetry, and 1/0r 1/~ 2 being the (equal) 
moments of inertia. Our second main result, Theorem 4.2, concerns this case. 
Here the perturbation parameter is the scaling parameter t~, with In] = az and 
m----6rh. As ~-+ 0 we approach the rotationally symmetric Hamiltonian 

^ 2  
-- ~ (~imi) + n3 with ~1 = o~2 ( =  o0. Tile term of lowest order that breaks 

circular symmetry while respecting Dn-symmetry is then ~n-2 Re (rhl + ir~2) N. 
The fact that H contains terms of higher order in the nonlinear elastic case 

makes the present analysis more subtle than that of the dynamical analogue carried 
out by HOLMES & MARSDEN; for example delicate scaling arguments, carried out 
in Section 3, are necessary to prove Theorems 4.1 and 4.2. 

Solution of the Hamiltonian system (2.10) does not specify the spatial state of 
the rod. Equipped with the stresses re(t)  and n( t )  as functions of arclength t E B 
(respectively I ) w e  must then integrate the relations (2.2a, b) 

r" = R ( v ( m ,  n )  + e3) (2.t7a) 

R'  = R g 2 ( u ( m ,  n)) ,  (2.17b) 

OH ~H 
using the functions u = ~ and v -- ~n e 3 from (2.9). This yields r = r(t), 

R --- R ( t )  and hence, via (2.1), the deformation ~(t, x). 

3. First Reduction: A Symplectie Transformation 

The Hamiltonian system (2.10) has a degenerate symplectic structure and is, 
in fact, a parameterized family of two degree of freedom systems. To reveal this 
explicitly and make elementary calculations possible, we wish to reduce via the 
momentum mapping which defines the invariants /1 = in [z and 12 ---- m .  n 
(ABRAHAM d~; MARSDEN [1978, w 4.3]). 



326 A. MIELKE • P. HOLMES 

Let the reduced phase space be denoted 

Pa,b = ((fltl, lr/) ~ ]~6 [ In  12 = a 2, m .  n = ab} (3.0) 

for real constants a ~ 0, b E R. We are especially concerned with limiting cases 
in which additional integrals t m l and ma arise. This suggests that  we pick a coor- 
dinate system in P,~,b which has 1 m l and m3 as two of  the new variables. We define 
these variables (r, s, a, ~) by 

i COS r 

m : s i n  a , 

S 

(3.1 a) 

( i  o , ( s c o s a ' ~  { - s i n  a ~  
ab coSa~si?a] + --r ~ s s i ) f f / c o s o +  a--~-~ ~ C o a  ] s i n 0 ,  (3.1b) 

n --~--~ a r 2  r 

where r : I/r z -  s 2 and r : 1/r S - b  2. Thus rn3 : s, I m l  = r and it can 
be verified that  In [2 : a z and m -  n : ab, so that  the point (m,  n) : (m(r,s ,  a), 
n(r, s, a, Q)) lies in Pa, b as required. 

To obtain the symplectic form ~ on the reduced space Pa,b in (r, s, a, ~) coor- 
dinates, we need the t ransformation matrix 

~(r, s, a, ~) 
G - -  8 ( m , n )  ' (3.2) 

where elements are computed by inversion of  equations (3.1 a, b). The variables 
r, s and cr are easily obtained in terms of  m,  n :  

r = ]/m 2 + m 2 + m 2, s : m3, a = arctan (m2/ml) (3.3a) 

and ~ is implicitly defined via 

r2na = abs - ar~ cos ~ ~ ~ : ~(r, s, na). (3.3b) 

Thus we have 

where 

G = 

- - c o s a  - - s i n a  0 0 0 0 
r r 

0 0 1 0 0 0 I 
I 1 1 

---:-- s i na  --- c o s a  0 0 0 0 '1' 
F 1" I 

/ 

- T & c o s a  --Q~r s ina  - - ~ r  + ~ 2  0 0 ~3 i 
~ ~ ~ r 2 

Pl ~ 8-~-, ~2 = ~s  and ~a -- 8na -- ar~ sin 

(3.4) 

(3.5) 
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are obtained from (3.3b). We shall not require the explicit expressions for ~t 
and 92. 

Writing the matrix J of (2.12) explicitly in m, n coordinates, we have 

J----O 

0 --m 3 /n 2 
m3 0 - m r  

- m  2 rn 1 0 

0 - n  3 n2 

n3 0 - n l  

--n2 nt 0 

0 --n3 n2 I }. 
na 0 --nl 

--n2 nt 0 (3.5) 

The new symplectic form ~ is then given by the matrix 

Jab = G J G r ,  (3.7) 

and an elementary calculation using (3.4)-(3.6) and (3.1) yields 

0 O O l ]  
0 0 1 0 (3.8) 

J~,b=[, 0 - 1  0 0 
I 

[ - 1  0 0 0 

Thus the reduced Hamiltonian system can be written 

---- Ja, b V~Ha,b(x) (3.9) 

where x = (r, s, a, 9) r and Ha,b(r, s, (r, 9) = H(rn(r ,  s, a), n(r,  s, a, 9))- The 
explicit form of Y~,b implies that (3.9) is canonical with (s, a) and (r, 9) as conjugate 
pairs of variables. 

To appreciate that this reduction process simplifies the problem, we consider 
the following Special cases. For a rotationally symmetric rod we know that 
H ( m ,  n)  is of the form 

H(m,  n) = ,r176 2 + m~, m3, n 2 q- n 2, n3, m~na + mzn2, m~n2 - m2nl) (3.10) 

(eft ANTMAN & KENNEY [1981]). Now Ha, b is given b y  

;,~ (r  2 -  s 2, s, a2(1 - ( b s -  rr_cos 9)2~ b s -  7r cos 9 
Ha,b(  r ,  S, 9) 

- r 4  ] ,  a r2  ~ , 
\ k 

(3.11) _ ~  

a -2 arr sin 9) -~2 (br + 72s cos 9), --7- 
I 

and is therefore independent of a. Thus a is a cyclic variable and s a constant of 
the motion. 

On the other hand the case a = 0  ( n = 0 )  leads to 

Ho,b(r, s, ~, 9) = H(7" cos ~, ~ cos (r, s, O, 0,0),  (3.12) 

and here 9 is cyclic and r a constant of the motion. 
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T o  pe r fo rm explicit calculat ions we restrict our  analysis to very small m 
and n. Then only the lowest order  terms o f  H(m,  n) = �89 oqm~ + n 3 -[- dg(] m 13, 
Inl ]m[, In] 2) are relevant.  We use the scaling m----- Orb, n = e O 2 h  with 
I h i = :  1 and define 

1 
/-I(fft, h, e, 6) = -~-H(Orh, e O2h) = �89 oqfft~ + eh3 + ~(~). (3.13) 

The  corresponding (a, b, r, s, a, Q)-scaling is 

a : e O2fi, b : E ~319, r = 0k, s = ~ ,  (a = b, e - :  b), (3.14) 

where  h = 1. Hencefor th  we need the (r, s, a, ~)-eoordinates in the scaled version 
only. Thus  we drop  the hats on (r, s, a, p) and b but  retain them on (rh, r~). We 
define 

1 

: �89 (0r ~2 COS 2 (7 2f_ 0~2;2 sin 2 a + 0r $2) (3.15) 

E 
+ - ~  (bs - r~ cos e) + r 

Observe  tha t  the limit t5 ---- 0 is identical to the heavy rigid body  if  e @ 0 
and  note  tha t  e is not  necessarily small ;  this is impor tan t  in our  analysis o f  the 
D2v-symmetric rod. 

In  bo th  eases the canonical  structure o f  the reduced system explicitly reveals 
the symmetr ies  implicit  in the original non-canonical  structure. 

The  case oq < o~3 < or requires a slightly different coordinate  system. In  
tha t  case the unper tu rbed  (e = 0) behavior  is essentially the identical to tha t  o f  
~t  < o~2 < ~3 with m2, m3 and n2, na interchanged. Ins tead o f  (3.1 a, b), 
we define an analogous  coordinate  system by interchanging m2 and m3 in defini- 
t ion (3.1 a) and n2 and  na in (3.1 b). Everything goes through in the same manner  as 
previously,  except tha t  the Hami l ton ian  (3.15) is replaced by 

/fib = �89 (0hi ~2 COS2 O" -~- 063r 2 sin 2 tr + 062 $2) 

+ ~22 ((bk + rs cos ~) sin a + r r  cos a sin ~) + r (3.16) 

In  the rota t ional ly  symmetr ic  case we use the same scaling but  with e ---- I. Here,  
since 0q = or 2, for  e = 0 the invar iant  spheres [rn 1 = t~ are filled with periodic 
orbits  lying in the planes m3 = const. To  get a homocl inic  solution we fix e = 1 
and t reat  the limit ~5 = 0, which is exactly the case treated in HOLMES & MARSDEN 
[1983]. 

4. The Main Results: Equilibrium States of  Buckled Rods 

We state our  main  result in terms of  the two-dimensional  systems on the reduc- 
ed phase  spaces Pa,o = ( (m ,  n)  [ ]n I ---- a, m .  n = ab): 
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Theorem4.1. Let H(m ,  O) = �89 q- d?(Im,[3). We then have the following 
cases: 

I. 0 < ~1 < o~2 < o~a. For all sufficiently small e, O > 0 and all b E ( -  1, 1) 
there exists a pair o f  periodic solutions (m, n) = (0, -q-0, 0; 0) q- d~(02) on 
P~o,,~n~b A ( H  = �89 c~2 02} which are connected by transverse heteroclinic cycles. 

II. 0 < oq < o~ a < o~ 2. For all sufficiently small e, ~ ~ 0 and all b satisfying 

9-g20r 2 
b 2 < (4.1) 

~20~2-it-4(0~2- C~3)(~3 - 0~1) cosh2 ( Yt~162 ) 
2 I/(g2 - ~3)(~3 - ~ 

there exists a pair of  periodic solutions (m, n) : (0, 0, 4-0; 0) q- dT(02) on 
P~,,~n~b A ( H  : �89 cca 02} which are connected by transverse heteroclinic cycles. 

The second result concerns rods which are symmetric with respect to rotations 
through the angle 2zl/N about their axes in the reference configuration. In the 
(r, s, (7, ~)-coordinates this corresponds exactly to the transformation a--~ (7 + 
2~]N. Moreover we assume that the cross-section has also a reflectional symmetry; 
and without loss of  generality let the d2-axis be the symmetry axis. Then the 
Hamiltonian H- - - -H(m,  n) is invariant under the reflections S l : ( m ,  n ) -+  
(ml, - m 2 ,  - m 3 ,  - n l ,  n2, na) and S3(m, n)--~ (ml, m2, - m a ,  - n l ,  - n 2 ,  n3) 
which correspond to reflection of  material points in the rod with respect to the 
d2, da-plane and dr, d2-plane respectively. Observe that only the composition 
S ~- S1Sa maps Pa,b onto itself if b ~ 0. Since S:  (r, s, (7, ~) -~ (r, s, -(7, - ~ )  

the Hamiltonian /tb satisfies 

/-Ib(r, s, (7, ~, e, 0 )=  ~Ib(r, s, ~ + 2z~/N, ~, e, O) = I~b(r, S, --(7, --~, e, O). (4.2) 

To find the lowest order at which the first nontrivial DN-symmetric term can 
occur we have to appeal to the methods in invariant theory (cf. BUZANO, GEY- 
MONAT, & POSTON [1985]). In our case the corresponding polynomials, being 
Ds-invariant but  not rotationally symmetric, are of  the form Re (ml q- ira2) k 
(n I -~- in2) N-k where k ---- 0, 1 . . . . .  N. However, since our scaling is of  the form 
m : Orb, n = O2h, (recall e : 1 here) the lowest order term is Re (ml + ira2) N 
with order dT(0N). 

For  N => 3 and under the assumption that H = H(m,  n) is N + 1 times 
continuously differentiable, we conclude that the scaled Hamiltonian has the form 

I~b(r, S, (7, Q, e, O) : I-I~(r, s,  Q, e, O) -~- c 0N--2(r 2 -- 32) NI2 COS No" -+- dg(0N-I). 

(4.3) 

Observe that the quadratic terms are (7-independent, i.e. H(m,  n) = �89 (~(m 2 ~- m 2) 
-t- oc3 m2) -t- tP(] m 13) and thus c~ 1 = 0~ 2 = o~ ~ o~ 3. Without loss of generality 
we restrict our attention to the case e = 1. 

We can now state the second main result: 

Theorem 4.2. Let the Hamiltonian satisfy (4.2) with N ~ 3 and assume that c 
in (4.3) is nonzero. Then,for all sufficiently small O > 0 and all b with 0 < b 2 < 4]o~ 
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there exists a periodic solution m = ~be3 + r n = 62e a + d)(O a) on 

P~2,~b A H = ~2 1 q- - ~  b 2 which possesses transverse hornoclinic orbits. 

To appreciate the physical implications of these results, we must anticipate 
some of  the material outlined in Section 5. The theorems are proved by perturba- 
tion arguments involving solutions lying close to homoclinic or heteroclinic orbits 
to hyperbolic saddle points of the unperturbed systems. The existence of transverse 
homoclinic or heteroclinic points then implies, via the Smale-Birkhoff homoclinic 
theorem (GtJCKENHEIMER & HOLMES [1983, w 5.3]), that there exist solutions which 
remain in a neighborhood of  the unperturbed homoclinic or heteroclinic orbits 
and which are chaotic in the following sense. There are two (or more) disjoint 
closed sets in the phase space which the solutions pass through in any prescribed 
sequence. The sets can be chosen to lie in any neighborhood of the saddle point(s); 
in the event of a set of multiple homoclinic orbits or heteroclinic cycles, this 
implies that the perturbed solution passes near different members o f  the set in 
any order. The consequence is that nonperiodic orbits near the transverse homo- 
clinic or heteroclinic orbits are, to first order, quasi-random superpositions of 
single, unperturbed homoclinic or heteroclinic orbits. Thus, to understand typical 
global structures of perturbed orbits, and the spatial equilibrium states to which 
they correspond, we must first consider the spatial states corresponding to un- 
perturbed orbits. 

As we observed at the end of  Section 2, to obtain equilibrium shapes from the 
stresses (re(t) ,  n(t)) ,  we must integrate equations (2.17a, b) and recall the original 
spatial description of  the deformed rod of  equation (2.1). We will concentrate on 
the implications for the vector r(t) describing the position of the axis of the deformed 
rod. To arrange the discussion clearly we will only deal with the scaling limit 

= 0. Thus we scale r(t)  and R( t )  in the following way 

1 
r(t)  -~ --~ ~'(t~t), R( t )  ~ R(at ) .  (4.4) 

For  ~ = 0  we are left with 

if  rh(t) is already known. 

0 -o~3r~3 ~rh2 

or 0 - or 1/~/1 

-o~2r~2 or 0 

(4.5a, b) 

In the case 0 < ~ < oc 2 < or 3 the four heteroclinic solutions on the manifold 
I , h l  = 1, I h i  = 0 are given by 

rna(t) ~ = | - K,  K2 tanh (~/a-~a3 t) (4.6) 

rh3(t) Jl I K21/-a3Ia2 sech (I/a--~-~ t) 

where K1, K 2 E { - 1 , 1 } ,  a 1 = o r  a 2 = o ~ i - 0 ~ a < 0 ,  and a3----o~2 

- 0q > 0. It will be convenient to express the rotation matrix/~ in terms of the 
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classical Euler angles ~, 0, q0: 

where 
lq = D~ Do D,p, (4.7a) 

COS~p -sin~p 0]  1 0 0 ] 

1 D ~ =  sin~p cos~o 0 , / ) 0 =  0 cos0 - s i n 0  . (4.7b) 

0 0 1 ] 0 sin 0 cos 0 

Since F =/}r l - - - -0  for the heteroclinic orbits, we have M----/}rh = const. 
We are free to orient our spatial coordinates and, therefore, we pick M = e3 
since this simplifies the calculations. Use of the definition (4.7) yields then 

sin0 s i n g ] .  

t h = / i r e 3  = sin0 cos~o[ (4.8) 

cos 0 

Comparing this expression with (4.6), we find 

cos 0 = rh3, 9 = arctan (rhl/rh2). (4.9) 

We will also require ~p. From (4.5b) and (4.7) we derive, after some calculation, 
the relation 

,p' sin 0 = ~irh~ sin 9 + 062/~ 2 COS 99~ (4.10) 

or, with (4.8) and (4.9), 
0~l/~/l 2 @ 062/~/2 

~/)' = ~1 sin29 - / a 2  cos29~ -- rh 2 + if72 (4.11) 

Assuming without loss of generality that ~p(0) = 0, by direct integration we ob- 
tain 

~0(t) = 0r - arctan (]/a3/al tanh (t/a-~3 t)). (4.12) 

We are now in a position to compute the equilibrium shape in terms of the 
displacement vector ~(t) by integrating (4.5a). Using (4.7) we obtain 

sin 0 sin ~ o  
t 

= ~ ( 0 ) +  f - s i n 0  cos~p 
0 

cos 0 

Realizing that s = rh3 = cos 0, sin 0 = 1/1 - s 2, 
we use the relations (A.5a, b) to obtain 

1 V--ata2 
rl(t) -~ rl(0) - - -  sin 0 cos ~p + 

0r 2 0r 2 

l/-- aia2 
r2(t) = r2(0) + 1 sin 0 sin ~ + 

0r ~2 

2 
ra(t) = r3(O) + K2 i / _  aia2 

dt. (4.13) 

and ~o(t) = -~ ( t )  (cf. (6.2)), 

t 
f COS 2 0 s in  or dt, 
0 

t 
f COS 2 0 COS 0r dt, 

0 

- -  arctan (tanh (]/a--~'a t/2)). 

(4.14) 
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To understand the geometric shape of these solutions we first look at the 
limits t - + ~ o ~ .  Since cos0(t)--->0 and ~o(t)-~2t---~zA1 with A I ~  

arctan (r we have for t -+ -q- oo 

[ A2 cos (~,2t -4-A0 

I sin (~x2t -q-A~) -5 d~(e-f~-~ltl), (4.15) 
1 

~(t) = ~(0) + ~A3 + a-~2 
[ ~ I ~ A ,  o 

where Az is some constant and A3 and A4 are given by 

_ ~ [ ~t~2 ~ 1 
A3 2 " - a ~ a 2  c ~  ~ ' ( - ' V  2Va~aa] c~2 A4=~/2~/-a~a2" (4.16) 

The oscillatory behavior for large t corresponds to the fact that the saddle points 
th ---- (0~, • I, 0), fi ~ 0, represent rods in pure bending, coiled onto themselves 
in one plane, here parallel to the I, 2-plane. The full rod configuration, obtained 
by numerical integration of (4.14) from t ~ - 1 0  to 10, is sketched in Figure 3. 

�9 Az r~ 

Fig. 3. Sketch of the rod configuration corresponding to the unperturbed 
heteroclinic orbits for 0 < ~1 = 2 -- 1/1/3-< c~2 = 2 < a3 = 2 + ]/3-. 

As Figure 2 indicates, on the sphere I t  h i =  1 there are four heteroclinic 
solutions. Yet we obtain only two different geometric shapes (K: = ~1) .  The 
difference between the cases K1 ---- + I and Kt = - 1  in (4.6) is obtained by 
changing ~ to q~ + ~, i.e. the centerline stays the same but the rod is first rotated 
by re around its centerline and then bent into the same configuration. 

To obtain an idea of what the chaotic equilibrium states of  such a rod may 
look like, we remind the reader that such solutions always remain near one of 
the perturbed heteroclinic solutions. These are themselves close (d~(e)) to the 
unperturbed solutions. Hence we may think of the chaotic states as fairly arbitrary 
combinations of  "elements",  each of which is, up to r an unperturbed solution 
taken over a large but finite arclength. Of  course we have to satisfy two conditions. 
First there is a "dynamical"  condition that near a saddle point there are only three 
choices for the continuing solution: either it remains there or leaves in the neigh- 
borhood of  one of the two branches of  the unstable manifold. Second, there is 
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the overall compatibi l i ty o f  the equilibrium to consider. We must  arrange each 
" 'elementary" configurat ion in N 3 in such a way that  the resultants F and M 
are the same as for  the other elements. 

The two other  cases, 0 < 0 q < 0 ~ 3 < 0 ~ 2  and 0 < 0 ~  =0~ 2 < o c a ,  lead in 
a similar fashion to the corresponding shapes o f  heteroclinic or  homocl inic  solu- 
t ions in the unper turbed case. For  0 < oq < 0r 3 < 0r 2 the four  heteroclinic 
solutions are 

Kx 1/- al/aa sech ([/a-~-2 t) ] 
/ 

rh(t) = Kz I/-a2/a3 sech(I/a--~ t)|. (4.17) 
/ 

K1K2 tanh (r t) J 

F r o m  (4.8) we obtain  cos 0 ---- K1K2 tanh (l/ala2 t) and ~0 ---- KIK2 arctan l/aa/a2. 
Hence, (4.11) yields ~o(t)----sat and (4.13) gives 

sech ( ] / a - ~  t) s in~at  
t 

~'(t) = ~(0) + f - s e c h  ( l / a - ~  t) cos or dt. 
0 

K1Kz t anh  ( i / a - ' ~  t) 

In  the limit t---> -4-oo ~(t) behaves as follows 

BI 0 

~(t) --= ~(0) + --~-B 2 + KIKz 0 + d~(e -v~-~ltl) 

~ B 3  t 

(4.18) 

/ ~ ' ~ 3  
where B 2 - -  sech | 

2 [/ala2 ~2 ]/a--~ ]" 

In  the case 0 < oq = o~2 = o~ < o~3 the unper turbed solution is a homocl inic  
solution defined by 

(4.19) 

) e( t )= - ~ 3  bt, c o s e = ~ r  - 1, 

4 
where 7 2 = - -  - b 2. N o w  F = Rfi is different f rom zero, and we may  assume 

F = e 3. In  a manner  similar to (4.8) we obtain by using (3.1) 

/,7 7 
- -  cos ~ (1 + cos ~) - - -  sin ~ sin 0 sin 0 sin ~0 
r 2 r 

br 7 
h =  ~ - s i n o ( 1  + c o s ~ ) +  --r  c o s ~ s i n 0  = s in0  c o s ~  

b 2 ~2 
r 2  r 2  c o s  Q c o s  0 



334 A.  MIELKE & P.  HOLMES 

Hence, (4.19) gives us 

c o s O = l - T s e c h 2  t . 

Using (4.13) again, we find that the foregoing implies for l'(t) the limit behavior 

-4-c  o I 
~'(t) = Cz + 0 " I + ~ te--s (4.20) 

/ a~, \ 

I •  t 

for t - +  ~ ~ .  In these two cases the asymptotic states (corresponding to the 
saddle points in (m, n)-space) are straight rods; in (4.18) in pure torsion and in 
(4.20) in mixed torsion and tension. 

5. Second Reduction: Melnikov's Method 

In this section we outline the method of MELNIKOV [1963], as generalized and 
adapted to the analysis of Hamiltonian systems having two degrees of freedom 
by HOLMES & MARSDEN [1982, 1983]. We first outline the reduction procedure 
(of. BIRKHOFF [1927, Ch. 8], WHITTAKER [1937, Ch. 12], ARNOLD [1978, w 45B]). 

We start with a Hamiltonian of the form 

He = Ho(q, p, I) + eHl(q, p, O, I, e), (5.1) 

where (q, p) are conjugate variables and (L 0) are conjugate variables in action-angle 
form, so that Ht  is 2z~-periodic in 0. For  e = 0 0 is a cyclic variable and Hamil- 
ton's equations are completely integrable. We suppose H~(q, p, 0 , / ,  0) is bounded 
on bounded sets and that Ho and HI are sufficiently differentiable for the power 
series manipulations which follow (C a will suffice). 

Our specific assumptions on the unperturbed Hamiltonian Ho(q, p, I) are that 
(1) The system 

il = c~Ho/6p, b = --~3Ho/c~q (5.2) 

possesses a homoclinic orbit xh = (q(t - to ;h) ,~( t  - to;h)) to a hyperbolic 
fixed point Xo = (qo, Po) for each total energy Ho = h in some interval J ~ R. 
Note that ~h depends on h via the action I = Ih corresponding to the homoclinic 
orbit and total energy: Ho(~h, Ih) = h. 

(2) For  h E J and (q, p) ~ -Xh(t -- to), the frequency 

~Ho 
S~o - ~ I  ~o(~h( t  - to), ID (5.3) 

of the unperturbed system Ho(-Xh, Ih) ~- h satisfies [Qo i ~ 6 > 0. 
Under these hypotheses, we may invert the equation 

H,(q, p, O, I)  = h E J (5.4) 
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in a neighborhood of the unperturbed homoclinic orbit and solve for the action Ih 
as a function of (q, p, 0; h): 

Ih = J , ( q , p ,  0; h) = or + e J r  + d~(e2). (5.5) 

SHx 
Moreover, hypothesis (2) implies that the equation dO/dt = De = Do + e 

Sl 
can be inverted for small e, and hence that "real" time t can be replaced by the 
angle 0 to give 

dq :dq / dO SHe de t sHe ~--~-- ~ - / - ~ - = . Q Z  1 ~p , ~-~= -~QZ ~q �9 (5.6) 

Implicit differentiation of  He = h yields 

SH, D, S:e = 0 SHe + De c%r ~---~ + Sq = - ~ p  ~pp, (5.7) 

so that, from (5.6)-(5.7), we obtain the reduced equation 

q, _ s J e  soae 
Sp (q' p' 0; h), p '  = ~ (q, p, 0; h) (5.8) 

d 
on each energy surface He = h E J. Here ( ) '  denotes ~--~ () ,  differentiation with 

respect to the angle variable, which plays the r61e of the new time. 
The series expansion (5.5) for J e  can be computed directly by expanding 

H o + ~ H ,  = h  with I replaced by J o + e J ~  + . . .  One obtains 

J o  = ~r P; h) = Ho(q, p ) - i  (h), (5.9a) 

- Ht(q, p, O, H6q(q, p) (h)) 
or 1 = or q, p, 0; h) = D0(q, p, Hot(q,  p) (h)) ' (5.9b) 

where Ho(q, p)-1 (h) denotes inversion of rio with respect to the variable L Thus 
(5.8) takes the form of a periodic perturbation of  an integrable Hamiltonian 
system: specifically, from (5.7) and the expansion (5.5), (5.9), we have 

&Co S J 1  q ' - -  ~ - -  
s? s? 

+ r (5.10) 
&Co S J 1  p ' =  + ~ - -  
Sq Sq 

( S:o S:o  lSUo SHo  
and the unperturbed vector field , -  Sp ' ~qq '] is simply Dot  \' ~PP , Sq ] '  a 

scaled version of the unperturbed field of the original problem, restricted to (q, p) 
space. Thus hypothesis (1) implies that, for e = 0, (5.10) has a homoclinic 
orbit to a hyperbolic fixed point. 

The standard MELNIKOV method as developed in GUCKENHEIMER • HOLMES 
[1953, w 4.5] can be applied directly to (5.10). We have 
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Proposition5.1. Le t  Xh : ~h(  0 - -Oo) ,Ph(  0 - - 0 o )  denote the homoclinic orbit 
to the fixed point Po of  the unperturbed Hamiltonian system Jo(q, P; h) in the energy 
surface H~ : h and define the Melnikov function 

oo 

ih(Oo) = f {Jo, J,} ~h(0),~h(0), 0 + 0o) dO. (5.11) 
--co 

Then for e ~= 0 sufficiently small, i f  Mh(Oo) has simple zeros, the stable and unstable 
manifolds of  the perturbed fixed point p, = Po + ~(e) of  the Poincar6 map cor- 
responding to (5.8) intersect transversely for the perturbed system J , .  I f  Mh(Oo) 
is bounded away from zero, then the manifolds do not intersect. 

Proof .  See GREENSPAN & HOLMES [1982] or GUCKENHEIMER ~r HOLMES [1983]. 
The main ideas and original proof are due to MELNmOV [1963] (cf. ARNOLD 
[1964]). 

It is unnecessary to compute J o  and or explicitly, for we have 

Lemma 5.2. (HOLMES ~r MARSDEN [1983]) 

} {  H1} (~h(t), ~h(t), ih, ~(t) + Oo) dt ' (5.12) Mh(O0) = -oo H~ ~ o  (q,p) 

where {', "}(q,p) denotes that only the variables (q, p) are used in the bracket evalua- 
tion. Ih is the (constant) action given by Ho(q,p, Ih)= h and-O(t) = 

t 
f/2(~(s), ~h(s), Ih) ds. 
0 

Proof. Consider the equation 

Ho(q,p, Jo  + e J , )  + eHl(q,p, O, Jo + eJ~) = h q- d?(e2); 

this implies that 

~Ho ~Jo eHo 0Jo (5.13) ~qq /20 Oq ~ - p -  /20 ~p 

as well as J l  = -H1//2o, as in (5.9b). Therefore 

{Jo, ' f l }  --cO J ~  &-r clJ o el J ,  
~q ~p 8p Oq 

1 ~?Ho c9 1 ~?Ho r 
(H~l/2o) + ( -  H,I/2o) 

/2o ~q ~P /2o ~P ~q 

1 ( H1} 
= (5.14) 

Since dO = / 2  dt, substitution of (5.14) in (5.11) yields (5.12). [ ]  
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Proposition 5.1 and Lemma 5.2 together yield: 

Theorem 5.3. I f  H, :- Ho -~ ell1 satisfies hypotheses (1) and(2) andthe Melnikov 
function Mh(Oo) o f  (5.12) has simple zeros, then, for e ~ 0 sufficiently small, 
there exist transverse homoclinic orbits to a hyperbolic periodic orbit on the energy 
surface H~ -: h. 

The Smale-Birkhoff homoclinic theorem (SMALE [1963], [1967], GUCKENHEIMER 
& HOLMES [1983]) then implies 

Corollary 5.4. The Poincar$ map associated with H, on the level set H~-l(h) has 
a hyperbolic, non-wandering Cantor set Oh on which the map is conjugate to a sub- 
shift o f  finite type. 

As MOSER [1973] shows, this in turn implies 

Corollary 5.5. 1-18 possesses no analytic integrals of  motion independent of  the total 
energy H8 itself. 

In the first two situations treated in this paper, rather than a homoclinic orbit 
to a fixed point we have a cycle of  four heteroclinic orbits connecting a pair of  
saddle points (cf. Figure 2). The transverse homoclinic orbits of  Theorem 5.3 
become transverse heteroclinic cycles, but otherwise it and the conclusions of  the 
corollaries stand unchanged. See HOLMES & MARSDEN [1983, Figure 5] for an 
impression of  the structure of  such cycles. 

6. Proof of Theorem 4.1 

To prove the theorem we compute Melnikov functions for suitably scaled 
versions of the Hamiltonian. Specifically, for case I, oct < oc2 < or we take 
(3.15) and for case II, oc t < oc3 < oc2, (3.16). In particular we restrict the compu- 
tations to the limit case t~ = 0; this suffices since the dependence on t~ is con- 
tinuous. The conclusions of  the theorem then follow upon application of  Theo- 
rem 5.3. Certain computational details are relegated to the Appendix. 

We remark that the unperturbed Hamiltonians Ho(r, s, a) differ only in trans- 
position of  oc2 and oc3. It  therefore suffices to consider the unperturbed hetero- 
clinic solutions only the first case. The unperturbed Hamilton's equations may be 
written 

;2 

= -T/~ ' (~) '  

ir = s(fl(tr) - oca), (6.1) 

k----0, 

clef 
b = - r /~(~)  = O(r ,  ~) 
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where 3(0) = oq cos s a + 0~z sin s o and we recall r 2 = r s - s 2. Wi thout  loss 
o f  generality we fix the unper turbed " m o m e n t u m "  r = 1. in which case one of  
the four  heteroclinic orbits connecting the fixed points (s, o) = (0, -4-~/2) takes 
the form 

s = t/--'--'--'~3/az sech ( -  I/ata3 t), 

o ---- arctan ( I / ~  sinh ( -  I/a--~3 t)) ,  (6.2) 

= - [a2t + arctan (I/a3--~ tanh ( -  t/a~a3 t))],  

where a t  = 0% - as  > 0 ,  a s  = 0% - -  a 3 ~ 0 ,  a3 = a 2  - -  a t  > 0 a n d  ax  q-  

a z  + a3 ----- 0. Moreover  0 (0  ~ 4-z~/2 and ~( t ) -+  -4- oo as t ~ • cx~ and the 
orbits lie on the level set Ho = a2/2. The other  heteroclinic orbits are obtained 
by appropr ia te  sign changes (cf. Figure 2). 

To  apply Lemma  5.2, we must  compute  

~ {  HI} (sh(t),Oh(t),rh= l, Qh(t)+~o)dt.  M(eo) = _ Ho, ~ -  (,.~) 

The  Poisson bracket  is given by 

8Ho 8(H,1/2) 8Ho 8(H, I12) 
8s 8o 8o 8s 

83/8o 
= s(a3 - fl(o)) (bs - rl: cos (e + Co)) ~ + - -  

~s 8~/8o - ~o)). 2rSfl(o ) (b q- r_ff cos (~ + 

(6.3) 

Using (6.2), we see that  the 0o-independent par t  of  (6.3) is odd in t and therefore 
vanishes in integration to yield 

r~ 83180 
M(eo) = " _ J "  }~2 -~  s(3fl(~) - 2~3) cos (~ -t- ~o) dt 

(2 ) = l / ~  /32(o) ~ - ~  (2o% - 3/3(0)) sin ~ dt sin Po, (6.4) 

where we have again used the odd/even propert ies o f  (6.2) and the differential 
relat ion 8/3/80 = 2~/~ 2, as well as setting r = 1. Equat ion  (6.4) is evaluated in 
the Appendix to  yield 

t / 1 - b Z ~  cosech (  ~ ) s i n ~ o .  (6.5) 

This funct ion has simple zeros for  all a t < a2 < a3 and [b I < l, and the p roo f  
in case I is complete.  

In  case II we obtain the Poisson bracket  f rom (3.16). As before, the Melnikov 
funct ion has a constant  (~o-independent) par t  and a par t  periodic in ~o- However,  
here the constant  par t  does not  vanish identically. After  using the properties o f  
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the unperturbed solutions (6.2) and interchanging the rf les of  062 and 06a, so that  
now fl(a) = 061 cos2 a + 063 sin 2 a, we obtain 

oo _ 

M(Qo) = b ~ - ~  (062 - fl) \ f l - - -~ sin a - cos a 2fl(a) sin a dt 

+ �9 ) ~ / o o  ~(0") [ ~ ~ ' ~  s in  o" - -  cos  o" s c o s s  (6.6) 

+ ~ ~- - -~  cos a + sin sin ~ dt + _ _ j  2fl(a) sin a cos ~ d cos ~o. 

These integrals are evaluated in the Appendix to give 

M(~o) . . . .  
2b l/1 - -  b2~  

063 r - -  063)(063 --  061) 

We conclude that,  if 

s e c h (  063z~ ) COS Po. 
2r  - 06 ) (06  - 060 

(6.7) 

0~]n z 
b 2 < , (6.8) 

062n2 _[_4(062_063)(06 3 _ 061) cosh2 ( 0637'/: ) 
2 ]/(oc 2 - 063) (063 - 061) 

then M(~o) has simple zeros and thus that  transverse homoclinic orbits exist for 
e, O sufficiently small. The proof  of  Theorem 4.1 is complete. [ ]  

Remarks  on Case H: 061 < 06a "< 062. 
In this case the Melnikov function has a constant  part  and, if  l b ] is sufficiently 

close to 1, so that  [b] < 1 but (6.8) is violated, then M(~o) has no zeros. Thus, by 

b 
- S=1 

~ S = - I  
- A  0 

a, 2 2 e 

Fig. 4a -c .  Hyperbol ic  fixed points  and  invariant  manifolds in the (a, s) cross section, 
r = 1. (a) Unper tu rbed  problem, a l  < a2 < a3 and a l  < aa < a2. (b) Perturbed p r o b -  
lem, c~1 < c~ 2 < c~ a and  a l  < aa < a2 if b 2 satisfies (6.8). (c) A possible si tuat ion if 

a l  < a3 < a2 and  b 2 fails to satisfy (6.8) so that M(Oo) has no  zero. 
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Proposition 5.1, the stable and unstable manifolds the two perturbed fixed points 
do not intersect. We observe that this does not necessarily imply that no transverse 
homoclinic orbits exist, since the stable and unstable manifolds of a single fixed 
point might still intersect, as indicated in Figure 4(c). However, the perturbation 
calculations give no information on this. 

7. Proof  of  T h e o r e m 4 . 2  

As is shown in Section 4 the scaled Hamiltonian of a DN-symmetric rod has 
the form 

fib(r, S, (r, Q, 1, ~) = /to(r, s, ~) + OIt,(r, s, Q, O) 
(7.1) 

+ c ~N-2 7N COS Na + ~(~N--I), 

where e is chosen equal to 1 and 

1 
/Io(r, s, e) = �89 ( ~ § ~ 2) + ~ (bs - 7; cos r (7.2) 

The rotationally symmetric part tSHs is even in ~ (el  (4.2)) and allows for nonlinear 
terms of lower order (d~(6M), 1 =< M ~ N - 2) than the first DN-symmetric 
term 6N--2 ~Ncos Na. 

The unperturbed equations are 

r r  
= ~'2 sin 9,  

~ = - ~ r  § -~-  -b 7 + ' (7.3) 

} = 0 ,  

b s7 
~ = ( ~ - ~ 3 )  s re r~ ~cosO"~f~(r,s,O). 

Here a is the cyclic variable. We restrict our attention to the special case s = b 
4 

with 0 < b 2 < - - ,  for which the phase portrait in the (r, 0-plane appears as in 
0r 

Figure 5. The line r = b is degenerate in the (m, n) coordinate system: for 
r = r  - -  b 2 = 0, (m, n) is independent of 9 (cf  (3.1 b)). Thus the heteroclinic 
solution lying on the level set 

b 2 -  (r 2 -  b 2) cosQ ~a 
�89 (~(r 2 - b 2) + ~3b 2) + r2 ~ - b  2 + 1 (7.4) 

connecting the fixed points ( r , r  (b, arccos ( - ~ - 1 ) ) i s  a homoclinic orbit 

to the saddle point (m, n) = (0, 0, b; 0, 0, 1) in the original coordinates. The 
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4 
c o n d i t i o n  b 2 < - - ,  necessary for the saddle to exist, corresponds to the angular 

Of 

momentum condition for a "slow top"  in the classical Lagrange analysis (cf. 
GOLDSTEIN [1980, Ch. 5]). 

Fig. 5. Unperturbed (r, ~) phase plane for equation (7.3) with s = b. 

We shall require an explicit expression for the homoclinic solution as a function 
of  r, on the set s = b, as well as an implicit relation: 

r(t)  = 7(t) = l/r2(t) - bZ = y sech (~-~ t )  , (7.5 a) 

4 
where 7 2 = - -  - -  b 2 > 0. 

To apply the Melnikov method we must compute the Poisson bracket 

H 1 c~Ho ~Ho Hi  c0O 0Ho c~Ho H1 
Ho,--ff -- ee 0 2 ~ - ~ ~r ~2  ~r " (7.6) 

From (7.3) and (7.5b) we see that, on the homoclinic orbit, O(r, s ---- b, ~) is 
constant and takes the value 

(77, 

which is nonzero since o% > Of. 
The perturbation Hamiltonian H1 divides into two parts: dHs and 

0Ho 0Ho 0Y2 
c 6 N-2 ~N cos Na. Since Ho, Hs and ~2 are even in Q, ~ , ~---~- and ~ are odd 

in ~ and {Ho, ~-L} is also odd in ~. From this fact and the evenness of r, 7, and r 

in t we deduce that this part of  the Poisson bracket is odd in t and so does not 
contribute to the Melnikov integral. Thus we need only compute the part involving 

2 
r 2 = - -  (1 + cos ~), (7.5b) 

Of 
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claN--2 ~,N COS Na. Using (7.6a, b), we obtain 

~Ho ~F ~ ~Ho F 2 
~r r ' cgQ r 2 sin ~, 

~(H1/t2) cb7 N 
cos Na, ~Q ~Q2r ~ sin r cos Na. (7.8) 

~ r  - -  f22r} 

The Melnikov integral therefore reduces to 

M(~o) = - T sin ~ cos (N(~ + Co)) dt, (7.9) 

where a ( t ) =  Dt, since s is constant. 
Using (7.8) and the fact that r, 7 are even in t while sin 0 is odd and t" = (72/r 2) 

sin ~, we may rewrite (7.9) as follows: 

(~sin(N(f2t))Nr-rN-2 rdt)sin(Nao). M(~o) = c 

Integrating by parts and substituting from (7.5), we obtain 

M(~o) = e ( / Z  -Ncos (N~t)-rN(t) dt) sin (Nao) 

= -NeyN(s 

_ -2Ne'/V-l(s s -  (2N$2 ~ldzt sin (Ntro). 

2NS2 
Writing the integral of (7.10) as IN(to), to -- - -  

oW 
by parts twice we deduce the recurrence relation 

to2 _~ N 2 
IN+2(to) -- N(N + 1) IN(to)' 

b N ( 1 -  ~ 2 ) ,  by integrating 
V 

N --> 0. (7.11) 

This relation, together with the evaluations of I~ and I2 by the calculus of  residues, 
namely 

/1(to) = z~ sech ( - ~ ) ,  

(7.12) 

Iz(to)= mo cosech ( - ~ ) ,  

guarantees that IN(to) ~= 0 for all N ~ 1 and or y 4: 0. We conclude that the 
Melnikov function (7.10) has simple zeroes under the hypotheses of the theorem. 
Applying Theorem 5.3 completes the proof. [ ]  

Remark. We have assumed N ~ 3, so that the explicit a-dependent term in the 
Hamiltonian appears at higher order. In the case N---- 2 the relevant term is 
c~ 2 cos 2a, which occurs at the same order as the rotationally symmetric part Ho. 
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In this case we have 

bs - 7~ cos 
H = �89 (r2(o~ + 2 c cos 2tr) -t- o~as 2) + r2 (7.14) 

Here  the problem reduces to the per turbed Lagrange top considered by HOLMES 

osin t o,aott  t,,o,-- 

q - ( e ~ - ~ )  cos 2a, we see explicitly tha t  the condi t ion c ~= 0 corresponds to  

inequality o f  the (inverse)-moments o f  inertia, oq =t= o~2. 

Appendix. Computation of Melnikov Functions for Theorem 4.1 

We give the necessary calculations to evaluate the first order  approximat ions  
of  the Melnikov functions in equations (6.4) and (6.6). 

In the case 0 < oq < o~2 < or the relevant parts  of  the Hami l ton ian  are 

Ho = �89 ((r 2 - s 2) fl(t~) q- 0r 
H1 ~r bs 

- -  r3fl(a---- ~ cos e r3fl(a) �9 (A.1) 

F r o m  (6.2) we deduce that  the heteroclinic solution with r = 1 satisfies 

s(t) = r  S(t), fl(a) --  ~ - ~ 1 - s  2 ' ( A . 2 a + b )  

T(t) S(t)  
sin <r(t) ----- -- 1 / ~  , cos tr(t) = 1 / - a l / a 2  ~ _ S  2 , (A.2c + d) 

sin ~(t) = r 2 1 i/~_s~ (I/a3/a~ T(t) c o s  c~2t - s in  c~2t) (A.2e) 

1 (cos o~2t + Caa/al T(t) sin o~2t) (A.2f)  cos 0(t) = 1 / - a l / a 2  r  2 

where al  = o~3 - or a 2  ~--- o~t  - -  oca ,  a 3  = or:2 - -  or and 

S(t)  = sech (]/~1a3 t), T(t)  ---= tanh ( ] / a - ~  t ) .  

We fur ther  need the relations 

d~ = ~ dt -~ - f l  dt, da = ;7 dt = -s(o% - fl) dt,  

8H  ~2 013 2 Off 
-- 0--~= �89 e--g = �89 (1 - s ) ~ ,  

d 
d-'7 ( r  - -  s 2 s i n  Q) : --0~ 2 r  - -  s 2 c o s  Q - ~  a 3 r - - a l / a  2 S 2 ( t )  c o s  o~2t , 

d 
d---i (~/1 - s 2 c o s o )  = 0 r 1 6 2  - S2 s ino  -}- a3r t. (A.5b) 

(A.3a  + b) 

(A.4) 

(A.5 a) 
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The  M e l n i k o v  integral  then  yields 

~SHo 8(Half2) OHo 8(H,/Q)~ 
M(9~ = / \ 8s 8a 8a -~s "] dt 

= f {s(o,~ - fl) [bs - ~ / ~  t/1 - s 2 cos (9 + 9o)1 
R 

b I/1 - -  b2 
+ � 8 9  ~)fl +r s ~ 

8tr 

6qT 
Since s, fl cos 9 are  even in t and  sin 9, ~ a  are  odd  this integral  simplifies, af ter  
use o f  (A.4),  to  

M(0o) ----- b" 0 + ]/1 - b 2 I* sin ~o, 

s~ / -  
1" Z 

l/1 - s 2 f12 
(2o~a - 3fl) sin 9 dr,  

as in e q u a t i o n  (6.4). Express ing  fl in te rms  o f  s via (A.2b) ,  we have  

s* = f g(s) ~ sin 9 dt, 
R 

where  

a n d  

g(s) - 
s ~/1 - s 2 

(a2 - aas2) 2 (2a3(1 - s 2) - 3(c% - aas2)) 

a(s)  = f g(O ds - -  
( 1 -  s : )  3/2 t / 1  - s 2 

~,~ - ~ , ~  

Hence ,  u p o n  in tegra t ion  by  parts ,  we have  

f g(s) "s sin Q dt = G(s) sin Q - f G(s) ~ cos 9 dt 

I / 1  - s 2 
= fl s i n g +  f t / 1  - s 2 c o s g d t  

sin 9 - -  sin 9 + - -  S2(t) cos o~2t dt. 
0r 2 

The  last  equal i ty  is a consequence  o f  (A.5a) .  N o w  

I * =  [ (1 - s 2) 
-_- 

(A.6) 

) i a3V  1 1/1 _ sZs inQ + - -  S2(t)cos~2t dr, 
2" --oo 0r - -  
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so that the boundary terms vanish and, letting ~ = ]/a~a3 t, we are left whith 

1 ] /  ( ~x2 ) 
I * = - -  a3 f s e c h  2('r) cos ~ v  dr 

oc2 r - - a 2 t t  \ g a l a s  / 

( .~2  ] (A.7) 1/_----~la~ cosech \ 2 l / a ~ a  ] ,  

from which we obtain (6.5). The final integral is evaluated by the method of resi- 
dues. 

For the case 0 < 0r < o~a < o~2, as indicated in Section 4, we use the (r, s, a, 0 "  
coordinates for the vectors (m~, ma, m2) r and (nl, ha, n2) r rather than for m 
and n. Thus, the unperturbed solutions are given by the formulae (6.2), (A.2) 
and (A.3), as above, but with o~2 and or interchanged and the heteroclinic orbits 
now connect the points m = (0, 0, 4-1). The perturbation Hamiltonian, H1, 
however is quite different. From (3.16) we have 

/40 = ~ ( (~  - s 2) ~(~) + ~2s2), 

/ / i  br sin a r 
- -  r3fl r a f i ( s s i n a c ~  + r c o s a s i n o )  D 

where now fl(a) = oq cos 2 a + 0% sin 2 a. 
The Melnikov function is 

M(9~ : 9 ~  1, 8s ~a ~a ~s "} dt. 

With r ---- 1 and after omitting the odd terms in the integrand, we are left with 

M(9o) ---- b i t  + I/1 - b 2 (/2 - h )  cos Co, (A.8) 

where 11, 12 and Ia are the integrals defined implicitly by comparison of (A.8) 
and (6.6). For the first, we have 

~ = f r - - - 2 7  ( ~  - fi(~)) ~ N  - - 3 - /  2~(~) ~ sin~ dr. (a.9) 

Using b = s(fi - o~2) from (6.1) (with a3 4-+0('2) and fl'(a) = 2k/72, we may re- 
write (A.9) and obtain 

n / 2  e~  . 

11 f - -  d ( - s i n a i  / -  _ssm z 
= t / 1 - s z ~a \ ~ ]  da - _.] fl(a) ] / ~ - s  2 j dt 

- hi2 

_ _ - - z - 7  ( - s i n , q  
hi2 hi2 

,~/2 _ I" . s.sin g_ ds f s sin a ds 

-~12 -~2  fl(a) t/1 - s 2 da da 4-_=12 fl(a)--~--~_ s 2 aa 
d~ 

2 , (A.IO) 
o~ 3 

since the two last integrals cancel one another. 
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In the 9o-dependent part of (A.8) we have 

oo Is d ( s ina i  d ( cos a l l  
12 = _oo f s(~2 - fl(a)) cos 9 ~ -  a - fl(a)] § s i n g ~ -  - ~ - ] ]  dr, (A.11a) 

f( 1 - s 2) eft 
/3 = 2 ~ 5  e~  sin ~ cos  9 dr. (A.11 b) 

- - o o  

Using s(fl - c~2) = b again we have, in terms of da, 

~/2[ d (  sina'\ d (  cosa] ]  
I2-- _f~/2 s c o s q ~ -  fl--~-~)+ s i n 9 7 / - ~ a - - - ~ ] j d a ,  

or, after integration by parts and transformation back to dt: 

hi2 r ] 
/2 f [sin d d da = - ~/2 t a ~ (s cos 9) + cos a ~aa (sin 9) fl-(-~') 

[ d d 9) ] dt 
: -~ f  s i n a - d - [ ( s c o s g ) + c o s a - ~ ( s i n  j f l ~ ) .  (A.12) 

Note that, in integration by parts, the boundary terms vanish since s and cos a -+ 0 
as a - +  ~zzt/2. In 13 we use (A.4) to obtain 

I 3 =  - o o f b S i n a c ~  (A.13) 

Thus, from (A.12) and (A.13), we have, after cancellation and using ~ =- -f l(a):  

12 - 13 = f [s sin a sin 9 - cos a cos 9] dt. (A.14) 
- - o o  

Finally, we use the relations (A.2) (with a2 ~ a3, so that a~ --> - a l ,  a2 --> -a3 ,  
a3 -+ - a 2 )  and the fact that S 2 + T 2 -~ 1 to reduce (A.14) to the form 

I2 - I3 = - f S( t )  cos  or dt 

_ 1 

~ala2 

Vala2 

- -  f sech T cos dT 
-oo \t/a---~-a% / 

- -  sech \ ~ / .  

Thus from (A.8), (A.10) and (A.15), we have 

s e e n / ~ !  cos 9o, 
M(9~ = c~3 ]/ala2 \21/ ala2 ] 

which gives (6.7). 

( h .  15) 

(A.16) 
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