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ABSTRACT. We consider Hamiltonian problems depending on a small parame-
ter like in wave equations with rapidly oscillating coefficients or the embedding
of an infinite atomic chain into a continuum by letting the atomic distance tend
to 0. For general semilinear Hamiltonian systems we provide abstract conver-
gence results in terms of the existence of a family of joint recovery operators
which guarantee that the effective equation is obtained by taking the I'-limit
of the Hamiltonian. The convergence is in the weak sense with respect to the
energy norm. Exploiting the well-developed theory of I'-convergence, we are
able to generalize the admissible coefficients for homogenization in the wave
equations. Moreover, we treat the passage from a discrete oscillator chain to a
wave equation with general L coefficients.

1. Introduction. Many evolutionary problems are of geometric nature and are
described by functionals and geometric structures. Dissipative systems on a state
space Q are typically given by an energy potential ® : Q@ — R, := RU {o0} and
a dissipation functional R : TQ — R, giving rise to an equation of the type of a
gradient flow:

0=0aR(u(t),u(t)) + 0uP(u(t)). (1.1)
Here, we will deal with Lagrangian and Hamiltonian systems that are defined on a
tangent or cotangent bundle of the configuration space Q. In a mechanical system in
addition to the energy potential ® we have a kinetic energy K(u,u) = & (M (u)i, )
on TQ. The Lagrangian equations read

%(&-JC(u,u)) - %(M(u)u)) — 0,0 (u).

Introducing the conjugate momentum p = M (u)d we obtain the canonical Hamil-
tonian form

W= pH(u,p) = M(u)"'p, p=-0H(u,p)=—0,2(u),
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where H : T*Q — R : (u,p) — 2(M(u)~'p,p) + ®(u). More generally Hamilton-
ian systems are defined on a general manifold P and described by a Hamiltonian
H : P — R and a symplectic form  (a nondegenerate two-form).

In all these contexts there arises the natural question about the limiting behavior
if the functionals and structures depend on a small parameter e. Assume that we
have given ®. and R. in the dissipative case, ®. and K. in the Lagrangian case, or
H. and Q. in the Hamiltonian case, where the range of ¢ is given as [0, 1], i.e., the
desired limit case ¢ = 0 is included. For each £ we also have solution u, : [t1,t2] — Q.
The general aim in this context is to analyze the types of convergence we need
to impose so that we can guarantee that the limit ug(t) = lim._ou.(t) satisfies
the limit problem with ®; = lim._.g ®. and similarly for R., etc. Of course, if
the dependence in ¢ is continuous in suitably strong topologies, then the standard
theory of continuous dependence provides the desired result.

We are interested here in relatively weak types of convergence for the functionals,
namely those that allow us to treat multiscale problems. For instance, for the wave
equation

p(Lz)ie = div(A(L2)Vue) + B(1z)u. (1.2)
with highly oscillatory, periodic coefficients the solutions will not converge for e — 0
in strong norms. The best we can hope for will be the weak convergence in the
energy norm. Under reasonable assumptions, for this case the limiting problem can
be constructed and we obtain an effective, macroscopic equation, namely

p*ﬁ,o = d1v(A*Vu0) + B*uyg,

where p* and B* are simple averages while A, is a more complicated effective
stiffness tensor related to the harmonic mean.
Defining the associated potential and kinetic energies

P.(u) =1 [, A22)Vu:Vu+ B(iz)uudz, K.(v) =3 [,p(tz)v-vde,
Po(u) = 3 [, AVu:Vu+ B uudz, and  Ko(v) =3 [ p v vde

the question is what sense do we have that ®. and K. converge to ¢y and Ky,
respectively. It turns out that the most relevant convergence is the so-called I'-
convergence for functionals, see [0, 2]. However, since we have two functionals it
is not clear that we can do the two limit calculations independently. The determi-
nation of effective Hamiltonians in multiscale problems is one of the fundamental
issues in many areas such as quantum mechanics, molecular dynamics, fiber optics,
or water wave theory [5, 3, 23, 1, 12, 9, 16, 4, 10]

In Section 2 we will address these question in an abstract setting. For this we
introduce families of joint recovery operators (Ge)->o that work for both functionals
simultaneously. We also provide counterexamples showing that nonexistence of such
a family may lead to failure in the limiting procedure, i.e., limits of solutions fail to
solve the problem associated with the limiting functionals. In Section 3 we apply
the theory to one-dimensional systems of wave equations generalizing (1.2); and in
Section 4 we treat the passage from a discrete lattice system to a continuum system.

Before going into details we point to related work that are also based on the
idea of identifying the limit problem by passing to the limit in the determining
functionals rather than in the equation itself. For gradient flows the dissipation
potential R. relates to a Riemannian metric, i.e., Re(u,%) = 1(g(u)t,u), where
ge(u) : T, Q@ — TrQ is symmetric and positive semidefinite. The question of
taking the limit for the gradient flows g.(u)i = —0,Pc(u) was addressed in [21]
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to derive the limiting behavior for the vortices in a Ginzburg-Landau model, in
[20] to analyze convergence of numerical approximations, and in [11] for the limit
behavior of domain walls in thin magnetic films. A simple linear counterexample
with @ = R? is given in [15].

Another interesting dissipative situation is the rate-independent case, where
R(q,-) is homogencous of degree 1. Then, 9, R(q,v) C T,Q denotes the set-valued
subdifferential of the convex function R(q, ), and (1.1) is a differential inclusion,
which may be reformulated as an evolutionary variational inequality, cf. [13]. For
rate-independent systems, I'-convergence is studied via the energetic formulation in
[17, 18] using the global distance D, : Q x Q — [0, 0] associated with the infini-
tesimal metric R.. In addition to the I'-convergence of ®. and D. to ®g and Dy,
respectively, one has to impose the existence of joint recovery sequences:

Vu, with u, — v Vu € Q 31, with u. — u:
lim sup (q)s (ta ﬂs)+DE (UE; ﬂs)*q)s (ta ue)) < (I)O (tv a)‘i’DO(ua ﬂ)f@o(t, u)
E—0OQ
Several applications are treated in [18], and [19] addresses the two-scale homoge-
nization for linearized elastoplasticity.

We return to our theory concerning Hamiltonian systems. Our theory in Section
2 is based on a Gelfand triple V' C X C V* of separable Hilbert spaces and closed
subspaces V. C V. We consider general, coercive, lower semi-continuous quadratic
forms of the type
Lia f V.
_ [ 3{Acu,u) foruelV,
e (u) { 0 otherwise,
and show that @, L ®g (defined in (2.3) and also written & = I'-lim._,¢ ®.) if and
only if there exists a family (F.). of recovery operators with F. € L(Vp; V) such
that

(i) Vog € Vo: Frvg — vg in V,
(i) ve€Vy, ve—=v9eVy = FrA.v.— Apvy in V', (1.3)
(iil) ve—vo &€ V) = P(v:)— 0.

Combining (i) and (ii) it follows immediately that ®.(F.v9) — Po(vp). In the case
that V. = V; and that A. has a bounded inverse one can choose F. = A-'Ag and
the stronger statement A.F.vg — Agvg in V. But applications (cf. Section 4 and
[16]) need the more general context that V. is a true subspace and that U.c(o,)Vz
is not dense.

In Sections 2.3 and 2.4 we consider linear and semilinear mechanical systems of
the form

M_iic + Dy ®-(u:) =0, wu. € Ve, (1.4)

where the kinetic energies K.(v) = 3(M.v,v) and the potentials ®. are uniformly
coercive on X and V respectively. Moreover, we assume ®. € C*(V.;R) for some
closed subspace V. C V. Using the coercivity any family of solutions u. : R — V_
with bounded energy has a subsequence and a limit function uy € C%(R,V) N
CUP(R, X) satisfying

VteR: u(t) = ug(t)inV and 1. = g in Lo(R, X).

In Theorem 2.10 we show that wug satisfies the limit problem if there exists a family
(Ge)eso of joint recovery operators G. € L(Vy; Vz) such that the following holds: If
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ue € Vo with u, — ug and sup @ (u:) < oo, then we have
(a) ug € Vo, (b) GiM.us. — Moyug in Vg,
(¢) GED®(us) = DPg(up) in V.

We discuss the question whether convergence of the initial conditions (u.(t1), e (t1))

implies convergence at other times. Example 2.8 shows that this is wrong in general,
and Theorem 2.7(c) provides sufficient conditions. In general, the convergence

(GEMuc(ty), GEMuc(t1)) — (Mouo(t1), Moup(t1)) in Vi x Vy
for some t; implies the same convergence for all £ € R.

Section 2.5 provides the corresponding results for Hamiltonian systems of the
form

(1.5)

Q2. =DH.(2:), 2z € Z..
The joint recovery condition reads exactly as (1.5) if u, V, ®, and M are replaced
by z,Z, H, and , respectively, see (2.30). Similar statements for the initial values
hold. Finally, Section 2.6 provides some results concerning strong convergence for
the case of the energy Hy(zo(t)) of the limit functions is the limit lim._,o Hc(2:(t:))
of the energies. In this case it is possible to show that G.zy — z. converges strongly
to 0in V a.e. in R.

For semigroups generated from equations of the type @ = A.u or 4 + Acu = 0
similar convergence results are known. There, convergence can be expressed in
terms of the convergence of the resolvent operators R.(\, A) = (A.—AI)~! for
e — 0. Our setting M.i + A.u = 0 involves two physically relevant structures
depending on ¢, and convergence is required in the physically relevant quantities.
The transformation u, = M; 1/2 u. leads to the simpler equation uE + A e = 0 with
A = M;1/2A5M5_1/2. However, the convergence properties of the families (u.)e
and (ug)e will be different in general.

Section 3 is devoted to the homogenization of systems of hyperbolic equations
as in (1.2). For simplicity we restrict ourselves to the one-dimensional setting but
allow for vector-valued u(t,z) € R™. The main advantage of the present theory
is that it uses very weak convergence notions. Thus, we are able to homogenize
equations with general L coefficients. For general periodicity structures in R?
we let Y = [0,1) ~ (R/z)? and [-] : R? — Z? for the componentwise Gauf
bracket. For a general function a € L™°(R? x Y;R™*™) the usual ansatz for the
oscillation coefficients would be a.(z) = a(x, x) but this is not well-defined, as
{(z,12) e RExY; x € R?} is a null set in RYx Y. Thus, the usual work assumes
additional smoothness for a, cf. [5, 1] and the references therein. We avoid this

problem by using
) i= Jyale(Za] +9), 2o) dy,
which is well defined due to the averaging in the first variable.
Using this concept, we show that the solutions u. of the oscillatory wave equation

pe(@)iic(t, ) = (ac(z)v'(t, ac))l — OuF.(z,u), wult,-) € H5((0,1);R™),

have weak limits that solve the effective wave equation
ps (@)t (t, x) = (a*(x)u’(t,x))/ - c’)uF*(:c,u), u(t, € Hy((0,1); R™).

The (-). denotes the harmonic mean a* ( Jy al y) while (-)* is the
arithmetic mean, e.g., F™*( fY T y, ) dy. Note that the effective tensors
and nonlinearity may have arbltrary jumps for many x € (0,1). This leads to
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reflection effects in the homogenized wave equation and in advance it was not at all
clear that these effects are present in the original oscillatory system. The present
theory shows that the homogenization works in this case if we use weak convergence
in the energy topology.

Note also that the associated potential energy ®. converges to the correct limit
energy @ in the weak H! topology. The same holds true for the kinetic energies
Ke(v) =1 fé p-v-vdy, when we again use the weak H! norm or the strong L2 norm.
However, using weak L? convergence, which would be suggested from energetic con-
siderations, would give a I'-limit defined via the harmonic mean p,, see Proposition
3.1(b).

This shows that the idea of using the I'-limits cannot be applied naively. On the
one hand, the joint-recovery condition (1.5) justifies that in the Lagrangian setting
the topologies for the energy recovery and for the momentum recovery have to be
the same. On the other hand the Hamiltonian approach (see Section 3.3) defines
the kinetic energy in terms of the momentum p giving IEE (p) = %fol p=ppdr. In
this setting the symplectic structure enforces that the weak L? convergence has to
be used for the calculation of the I'-limit. The correct effective density matrix is
obtained as the inverse of the harmonic mean of the inverse, which is of course the
arithmetic mean.

In Section 4 we provide another example arising from discrete systems. For such
atomic systems there is some literature concerning the passage to the continuum
limit, but only in the exactly periodic case: For the general linear setting the
derivation of the elastodynamical wave equation was done in [16], using methods
from Fourier transforms and series, which may be generalized to the slowly varying
case, but not to cases with jumps in the coefficients, which occur for instance at
the phase boundaries in crystals. For some work in the nonlinear setting we refer
to [22, 7, 9, 8, 10] and the references therein.

The methods developed here will be useful in much more general contexts. For

simplicity we have restricted ourselves to the following model of an atomic chain
for (u(t)) ez € 3(Z; R™):

me(e7)iiy = ac(e7)(Uyr1—Uy) + ac(ev+e)(uy—1—uy) — e*Dy e (x, uy).  (1.6)

Our main result states that, if we embed the discrete solutions into H!(R;R™)
via Ue = E:((uy)y) such that @, is piecewise linear with u.(ey) = w., then any
accumulation point ug of families of solutions solves the macroscopic effective wave
equation

m* () Zyuo (1) = 2 (ax(x) Zu) — Dytp*(z,u), u(r,-) € H(R;R™).

2. Abstract convergence results. Here we provide a general, abstract frame-
work that allow us to pass to multiscale limits in several applications. The idea
is to use the fact that Hamiltonian systems are driven by a function, namely the
Hamiltonian H., and a symplectic structure 2.. We study the question in what
sense do H. and 2. have to converge to their limits Hy and 3. Here, we are
interested in rather weak convergence notions like I'-convergence.

2.1. Quadratic forms. The basic objects for the linear theory are quadratic forms
Q@ : X — Ry on a separable Hilbert space X with scalar product (-,-). We always
assume that these forms are homogeneous of degree 2 and uniformly convex. This
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implies the coercivity
Je>0Vue X Qu) > cul®

We allow for the value +o0o such that the domain dom@ = {u € X; Q(u) < 0}
may be a proper subspace of X. Moreover, we do not impose density, i.e.,

Xq = dom@Q
may be a nontrivial closed subspace of X.

Finally, we define a self-adjoint operator Lg : D(Lg) C Xg — X¢ in the usual
way. Using the bilinear form B : dom@ x dom@ — R, (u,v) — iQ(quv) — iQ(ufv)
we let

D(Lg) ={ue€dom@Q; 3C >0Vv e domQ : |B(u,v)| <C|v|}
and define the linear operator Lg via
Lou=w if B(u,v) = (w,v) forall ve dom@Q.
The classical theory of quadratic forms and of self-adjoint operators says that Lg
is self-adjoint if and only if the subspace dom@) equipped with the energy norm
| -llg: v~ Q)% is complete. Obviously, the latter condition is equivalent

to the property that @ : X — R is weakly lower semicontinuous. Under these

conditions ) takes the form
Q: X—=R ~u.—>{ L{Lgu,u) for u € dom@,
: 00y

00 otherwise. (2.1)

Now, dom@ = D(Léf) and Lg € E(D(Léf); D(Lélﬂ)) and we denote by
SX)={L: D(L)Cc X — X ; X CX closed, L self-adjoint } (2.2)

the set of all such operators. The associated quadratic form for L € S(X) is then
denoted by Qr, and defined as in (2.1).

2.2. T'-convergence and recovery operators. We consider a Banach space X
and denote by — and — the strong and weak convergence respectively. The notion
of I'-convergence is adjusted to the convergence of functionals ®. : X — R
related to the direct method of the calculus of variations, see [0, 2]. We say that @.
I'-converges to @y for ¢ — 0 with respect to the weak topology on X, and shortly
write &g = I'-lim._.o . or O, LN Dy, if the following two conditions hold:
(G1) Liminf estimate:
u.—uin X = Pg(u) <liminf._,o P (uc).
(G2) Recovery sequence:
Vu e X 3(Ue)eso: e —~uin X and D, (u.) — Po(u).
We first deal with families of quadratic forms ®. = Q4_ as defined in (2.1), namely

1
_ | 5(Acu,u) foru eV,
(I)E(u){ 00 for u € X\V..

Here, V is a Hilbert space with dual V*, V. are closed subspaces, and A. € L(V, V)
with AF = A, satisfy the uniform coercivity assumption

Jeg>0Ve €[0,1]VveV: d(v) > %OHUHQV. (2.5)

(2.3)

(2.4)

We also introduce the V-orthogonal projectors P. € L(V,V) with P.V = V. and
their adjoints P € L(V*,V*) with P*V* = V.
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For quadratic forms we reformulate I'-convergence using families of recovery op-
erators.

Definition 2.1. Assume that V' is a Hilbert space with dual V*. Moreover, let
(Ve)eelo,1) be a family of closed subspaces of V' and assume K. € L(V, V). Then,
(G:<)ee(o,1) With Ge € L(Vo, V) is called a family of recovery operators for (K¢ )eeo,1)
if

(R1) GV C Vg,

(R2) Vv eVp: Gevg—wvg inV,

(R3) v.eV.andv. ~vpinV = GIK.v. — Kovg in V.

The following conditions are either equivalent or sufficient for the recovery prop-
erty. They will be used in the sequel wherever they are easier to handle. However,
we refer to Example 2.3 to see that (R3)* is strictly stronger and not appropriate
in situations where U.V; is not strongly dense.

Lemma 2.2. Let V, V., K. and G. be as in Definition 2.1 except for (R2) and (R3).
Then we have (R2) < (R2)" and (R3)* = (R3), where (R2)* and (R3)* are
given by

(R2)" V¢CeV*: G 2Pi¢ inVy,

(R3)" Vv eVo: KiGevg — Kivg in V*.
If additionally V. =V for all € € [0,1], then (R3)* < (R3),

Proof. The equivalence between (R2) and (R2)* follows easily since (R2) means
that (G.vg, () converges to (v, () for all vg € V and all ¢ € V*. Using (G.vg, () =
(vo, GZC) the desired equivalence follows with (vg, () = (v, P;().

Next we show that (R3)* implies (R3). For this take any family (v:)-c[o,1] with
ve € Vz and v — vg in V. Then, for arbitrary wy € V condition (R3)* gives

<'(U0,G:K€’UE> - <K;G€w0a1)€> - <ng0,v0> - <w0,K0’U0>,

since the first term in the duality pairing converges strongly whereas the second
term converges weakly. Thus, (R3) is established.

For the opposite implication (R3)= (R3)* we assume V. = V and use a standard
result: A family (1:)ceo,1) satisfies n. — no in V* if and only if for all (ve).¢p,1] in
V with v — vg we have (1., v.) — (1o, vo), see Lemma A.1 for a proof.

Example 2.3. We consider V = V* =V = L2((0,1)) and for all ¢ € (0, 1] and fixed
a € (0,1) we define Q(e) = (0,1) N U (ck,e(k+a)) and Ve ={u e V; spptv C

Q(e) }. Finally, we let ®.(u) = fol

The T-limit reads ®o(u) = 1 fol u(z)? dv and as recovery operators we may
choose G.u = éxau with X = Xq(e), since éxe converges weak® to 1. Note that
(R3)* cannot hold for any family of recovery operators, since A.Gcvy € V' and no

element in V5\{0} is a strong limit of points o, € V.

u(z)?dx for u € V. and oo otherwise.

For a family (A.).c[o,1] of symmetric operators as above having a family of re-
covery operators (Ga)ge(o,u we may define the symmetric operators Ay : Vo —
Vi vo — GEA.G.vy and the associated quadratic forms <I>g :V — Ry. Then, for
vg € Vy we have

1 1 1
O (Gewvg) = §<A€G5v0, G.vg) = CIDS(UO) = §<A8v0,v0> — §<ono,v0>. (2.6)

This leads to the first result concerning the sufficiency of recovery operators for the
proof of I'-convergence.
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Proposition 2.4. Fore € [0,1] let V., Ac and ®. be given as above and satisfying
(2.5). Moreover let (G:)eso be a family of recovery operators as in Definition 2.1.
If additionally

ve—=vandv g Vo = P (ve) — o0, (2.7)
then we have &y = I'-lim._.o P..

Proof. Because of ®¢(v) = oo for v ¢ Vj, condition (2.7) shows that (G1) and (G2)
in (2.3) hold for all v & Vj.

It remains to consider vy € V. Using v. = G.vy we have a recovery sequence,
as @ (Gevg) — Po(vo), see (2.6). Thus, (G2) is established. For (G1) consider an
arbitrary family with ve — v and use the identity

D (ve) = P (Gevg—ve) + (GEAv-,v0) — P (Gep).

We have just seen that the last term converges to ®o(vp). The second last term
converges because of (R3), i.e., GiA.v. — Agvg, and the limit is (Agvg,vo) =
2®¢(vp). Since the first term after the equality sign is nonnegative we can take the
liminf and obtain (G1). O

We also want to show that under the assumption that ®. L Py we always have at
least one such recovery operator. Our construction provides a canonical version but
we hasten to emphasize that this is not useful for practical purposes, since usually
the proof of I'-convergence has to be done first and therefore recovery sequences
are needed to start with. Nevertheless the following result clears the structures and
provides further insight.

The construction of the recovery operators F; : Vj — V. involves the functionals

Jewy : V= Ra; vi— O (v) — (Agvo, v).

Clearly, J. 4, is coercive, lower semi-continuous and uniformly convex. Hence, J. ,,
has a unique minimizer v.(vp) in V;, and we set

. VO - ‘/6;

Fe: { vo —  Ue(vg) = argminde 4. (2.8)
Using 0 = DJ. 4, (V:) = A0 — PXAgvg we easily find F. = AZ'P*Ay € L(Vo, Ve)
and

1
Apllveevy < EHAOHV*W—V()- (2.9)

Proposition 2.5. Let ., V., P. and A, be defined as above such that (2.5) holds.
If ®g = T-lim. o P., then (F-)eso defines a family of recovery operators.

[Fellve—ve < [ AZ veevie [P Nl v

Proof. (R1) is satisfied by construction. To show v, := F.vg — vy we use that v,
minimizes Je ,,. By (2.9) we know that |||y is bounded, hence for a subsequence
we have v, — v. By U, we denote a recovery sequence for vy as postulated by
(G2), i.e., V. — vg and P (V.) — Pg(vg) < 0o. Thus,

Dy(v) < liminf &, (ve, ) = lm (Agvg, ve, ) + liminf J. . (ve, )

oo oo koo

< (Aowo, V) + hkﬂiltgf Je vy (Ve ) = (Agvo, D) + Po(vo) — (Agvo, vo)-

Rearranging this inequality gives
0> ®o(D) + Po(vo) — (Aovo, V) = 5{Ao(vo—0), vo—0) > Flvo—0][3-

Hence, v = vy and thus the only accumulation point of the family F.vgy is vy and
(R2) is established.
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The convergence (R3) follows easily since a small computation shows F*A. =
AoPy. Because AgFy lies in L(V; V) and is independent of e, the desired weak
convergence follows from v. — vg due to the weak continuity of bounded linear
operators. O

For V. = V we have the simplification F, = AZ L Ay and we see that I'-convergence
reduces to the weak convergence of the resolvent with respect to the energy norm.
The generalization presented here allows us to avoid assumptions that involve a joint
upper bound like (A.v,v) < Cyupp|lv]|?- and, thus, are more flexible in applications.

Remark 2.6. Our construction of recovery operators is not restricted to the linear
setting. For strictly convex functionals ®. for ¢ > 0 and for differentiable ®q : Vy —
R the functional J; ,, takes the form J; ,,, (v) = ®.(v)—(DPy(vp), v). It is interesting
to note that such recovery sequences do not recover the energy level but rather the
derivative, namely the minimizer v, of J. ,, satisfies D®.(v.) = P*D®q(vg). This
is quite close to what we need for our nonlinear theory, cf. (2.20).

2.3. Linear mechanical systems. Since the kinetic and the potential energies
in mechanical systems associate with different topologies we use a Gelfand triple
V € X &2 X* C V* of separable Hilbert spaces. We denote by (-,-) the scalar
product in X as well as the duality product on V* x V and distinguish the norms
by a subscript. For each € € [0, 1] we consider functions K. and ®. denoting the
kinetic and the potential energies, respectively. In this section we assume that both
functionals are quadratic:

H(Acu,u) for ueV,

Ke(u) = %<M<€U’a ’U,> and CI)E(U’) = { 00 otherwise,

where V. C V is a closed subspace, M. € L£(X,X*) with M: = M., and A, €
LV, VF) with AY = A.. We will use the following coercivity assumption:

Jeo>0VueV: o (u) > 2|ul?,

— 2.10
3o >0V e X L2 > (Mev,0) > erflo]%. (2.10)

—X

We set X. = V. and define Q). as the X-orthogonal projector from X into
X.. Letting M, = QM. Q. : X. — X} = X, we now consider solutions of the
associated Hamiltonian system

M+ Acu =0, wu(t) €V, (2.11)
where we always assume that the energy
E.(u,u) = $(M.1, 0) + P (u) (2.12)
is finite and constant along solutions. According to (2.10) we consider weak solutions
ue : R — V of (2.11) with u. € CO(R, V) N CH(R, X.) N C?(R, V*) satisfying
V. € C2(R, V) VS <T:
S5 (Meue(t), 6:(8)) + (Acue(t), o (0) dt (2.13)
[(Metee(£), e (6)) — (Mo (), @2 (0))] g = 0.

This notion looks very weak, but using the self-adjointness of M, and A. it is easy
to see that solution u. of (2.13) satisfy u. € BC*(R, V) NBCY(R, X) N BC*(R, V*)
and energy conservation E.(uc(t), 4. (t)) = const.



62 ALEXANDER MIELKE

We now consider a family (u.).>o of solutions with energy e. = E.(u.(t),u.(t))
bounded uniformly in . We are interested in passing to the limit ¢ — 0 un-
der weak conditions. The coercivity assumptions (2.10) show that u. is bounded
in BC°(R,V) N BC*(R, X). Since V is continuously embedded into X, we have
boundedness of u. in BCI(R,X ) and we may apply the Arzela—Ascoli theorem
in CO([~T,T], Xyeax) to obtain a subsequence (ue, )xen With g \, 0 and a limit
function ug € BC°(R, X), such that

VteR: g, (t) = up(t)inV and w., — 1o in L(R, X). (2.14)

Note that the boundedness of u. in BCO(R, V) implies that the pointwise weak
convergence in X can be improved to weak convergence in V. The weak*® conver-
gence of 4., follows by the Banach—Alaoglu theorem as L>°(R, X)) is the dual of the
separable space L' (R, X).

The following result provides the first sufficient condition such that ug obtained
in (2.14) solves (2.11) for e = 0.

Theorem 2.7. For ¢ € [0,1] let Vo, M., A be given as above. Assume g =
D-lim. o ®. and that (Fr).>o as defined in (2.8) is a family of recovery operators
for (®.)e satisfying

ve € Ve andve —~vg = FIM.v.— Movy inVy. (2.15)

Now let (ug)eso be a family of solutions of (2.13) with bounded energy and ug any
limit as postulated in (2.14).

(a) Then, ug lies in BC°(R, Vo) NBCY(R, Xo) NBC?(R, V') and satisfies (2.13) for
e = 0. Moreover, FZ M, e, (t) — Motuo(t) for all t € R.

(b) Ifin addition to (a) we have that (FX Mue(t), FX Mt (t)) — (Mouo(t), Motio(t))
i Vg x Vi holds for one t € R, then it holds for all other t € R as well.

(¢) Under the additional upper bound

chpp >(0Vee [O, 1] : HME_lHV;‘—V: + ||AE| VreVe < Cupp (2.16)

the additional convergence (ue(t), we(t)) — (uo(t),uo(t)) in V x X for somet € R
implies the same convergence for all other t € R as well.

Example 2.8. Here we show that the assertion in Part (b) cannot be improved
without further condition as in Part (c). Let X = V. = R? with M. = I and
A. = diag(1,1/€?), for ¢ > 0. Then, for e = 0 we obtain Vj = span{(é)} and
(I)O((Z;)) = 1q} if g2 = 0 and +oo else. For ¢ > 0 we have the solutions u.(t) =

(ii’:ﬁf{:ﬁ‘;ﬁ), which have the bounded energy e. = E.(ue,1.) = (a®+b%). We have

us(t) = uo(t) = (“GH) uniformly in t € R. Moreover, i=(t) = (*;os{(F))

satisfies ii. — . Note that we have 1.(0) — (“°%°) but for t # 0 the second
component of u.(t) does not converge. As F, : Vo — V. takes the form F. (g) = (g)
we find FX M. (g) = (g) € V§. Thus, we are able to confirm statement (b), as
the convergence of the first component of u.(t) and u.(t) for some t implies the

convergence for all over t as well.

Proof. First, note that the limit function ug from (2.14) must lie in Vg, as ®@g(ug(t)) <
liminf._o @ (us(t)) by (G1). However, @ (u:(t)) < Ec(ue, ) < E,.

Part (a) follows by inserting ¢.(t) = F.po(t) into (2.13) for € > 0. Here, ¢g €
C%(R,Vp) is arbitrary. Pushing F. to the other side in the duality pairing we can
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use (R3) to obtain (FXA.uc(t), po(t)) — (Aguo(t), po(t)) for all t € R. Similarly
we have (Mcue(t), Fepo(t)) = (FXMeuc(t), go(t)) — (Mouo(t), $o(t)) for all ¢ €
R. Thus, we obtain (2.13) for S < T, and ¢y € C2((S,T),Vy). From this and
from MO,MO_1 € L(Xo, Xo) and Ay € L(V,Vy) it follows that ug satisfies ug €
BCO(R, Vo) N BCY(R, X) N BC%(R, Vy), i.e., (2.11) holds pointwise for ug as an
equation in V. Then, it follows again that (2.13) holds for € = 0 including boundary
terms.

To show the pointwise weak convergence of FXM_ 4. (t) to Myug(t) in V" we
choose a function p € C2(R) with p(0) = 1 and p(—1) = 0 = p(0) = p(—1). For any
qo € Vo we let @ () = p(t—T)F.qo and S =T — 1 in (2.13) to obtain

(FX M. (T), qo) = (Metie(T'), (1))
= fjj:_l (Fs*MaUE (t)v %)ﬁ(t_T) + (AOPOUa (t)a QO>P(t—T) dt.

The uniform weak convergence of u. allows us to pass to the limit in the right-hand
side. Thus, the limit pu(t) = lime_o(F*M_ 1. (), qo) exists for all t € R and we have

ult) = f7_y (Mouo(t), 4o) p(t=T) + (Aguo(t), qo) p(t—T) dt.

However, as ug solves (2.13) for ¢ = 0 we may test with o(t) = p(t—T")qo to find
that p(t) = (Moto(t), go). Thus, FXMuc(t) — Moug(t) in V5 is established.

To prove Part (b) we simply use that ug is uniquely specified if (ug(t), to(ts)) €
Vo x X is prescribed. Thus, if u.(t.) — Ug in V and FFM_ 4. (t.) — Myvg hold,
then any limit ug of a subsequence in the sense of (2.14) satisfies, by Part (a), the
initial condition ug(t.) = g and g (tx) = vg. Thus, the whole sequence converges
in the sense of (2.14) and Part (a) yields Fo M t.(t) — Myto(t) for all ¢ € R.

In Part (c) we have a uniform upper bound on all operators A. and M. Hence,
from ii. = —M_ A u. we obtain a uniform bound for . in BCQ(R, V*). Thus, the
Arzela—Ascoli theorem is also applicable to 7. € CHP(R,V*). Together with the
pointwise bound of (4. (t))ee[o,u in X we obtain pointwise weak convergence in X.
Arguing as in Part (b) by using uniqueness of the limit solution, we obtain the
desired result. O

Example 2.9. We consider the finite dimensional example with X =V =V, = R?
with

Meii + Acu =0 with M. = () °.) and A. = (2 7}/%,), (217)

where o > 0 is a fixed parameter. We have V, = span{ (é)}, P, L ®q, and K, L Ko
with
B o o 1 (M) for u® =0,
Do = Ko : R = Racs () > { 2" vt

Thus, the limit problem reads Myii + Agu = 0 with My = Ay = I on V. The
solutions of the limit problem are u(t) = a cos(t+a) (é) for a,a € R.
The exact solutions of (2.17) for € > 0 can be written in the form

ue(t) = ag cos(wi ()t + B1)p1(e) + az cos(wa(e)t + B2)pa(e),
where the eigenfunctions p;(e) € R? and the eigenfrequencies w;(e) > 0 satisfy
(Ae — w3 (e)Me)pj(e) = 0, (Mep;(e), wule)) = Gy

For v € (0,2) we find wi(e) = 1+ O(¥7), ¢1(e) = (}) + O(*7%), wale) =
1/e'=/2 4 O(1), and |p2(g)| < 1. Hence, any convergent subsequence of solutions
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2 2
with bounded energies E.(uc,U:) = %wl(s)Q + %wg(s)Q converges to a solution
of the limit problem.

For a = 2 we find ¢;(c) — (%) and w3(e) = (3 +1/5)/2. For a > 2 we find
pi(e) = (}) + 0 2), wi(e) = V2 + O(e*72), and ws(e) = e*/>71/\/2 + h.o.t.
Hence, for a« > 2 the limits of subsequences of energy-bounded solutions u. have

the form
uo(t) = (ay cos(wit+ B1) + az cos(wit + 52))((1)),

where w} , = ((3 £v/5)/2)"/2 for o = 2 and (w},w}) = (V2,0) for a > 2. These
functions certainly do not satisfy the limit problem.

We now check in what regime for o our sufficient conditions hold. Note that the
recovery operator I, : Vo — V. = R? constructed in (2.8) for (Ac).cjo,1) depends
only on A, and is, thus, independent of a. We have F. = AZ'PYAy : (g) — 5(;)
and F! = (é 8) The condition (2.15) reads M_F. (g) = 5(611,a) — (g) and holds
only for a € (0,1). In the next section we will weaken the condition (cf. (2.20)) to

ue = u and (Acuc,uc) <C = FXM.u. — Myup.

This condition holds for all o € (0,2), since F} M, = (1061:) and (Acue,ue) < C
implies |(ue, (?)>| < Ce.

2.4. Nonlinear mechanical systems. We now generalize the above theory to the
nonlinear setting. The new conditions are even more general for the linear case. We
treat abstract systems of the form

M.t + D®.(u:) =0, wu. €V, (2.18)

where now ®. : V — Ry is such that ®.(u) = +oo for v € V. and ®.|y, €
CY(Vz;R). Moreover, we assume the coercivity

O (u) — 400 for |lully — co and

Jeg>0Vee[0,1]Vue X (Mou,u) > collul% (2.19)

The main observation about the theory in Section 2.1 is that the specific choice
G. = F. with F_ from (2.8) for the recovery operator is not necessary. All that we
use for proving Theorem 2.7 can be put into the following condition:

Vee (0,1 3G, € L(Vo; V2) -

if ue — up in V and sup.¢jo D, (u.) < 0o, then
(i) GEDP.(u.) — DPg(up) in V',
(il) GEM.u. — Myug in V.

(2.20)

Even for linear systems this condition is weaker than the classical recovery condi-
tion, since we only need to consider sequences that have bounded energies (cf. also
Example 2.9). Note that we do not impose that @y is the I'-limit of the family
(®2)eso for € — 0. Condition (2.20)(i) asks that the derivatives are “recovered”
correctly, cf. also Remark 2.6. However, having a weakly convergent sequence u.
inside the nonlinear term D®.(-) roughly means that we are restricted to semilinear
cases.

A function u. € L°((t1,t2); Vo) N WH°((t1,2); X) is called a weak solution of
(2.18) if for all ¢ € C2((t1,t2),V) we have

[ (Meuc(t), §(t)) + (DD (ue (1)), ¢ (1)) dt = 0. (2.21)
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We additionally impose in this abstract setting that for all e € [0, 1]

all weak solutions u. of (2.18) satisfy
E.(ue(t), (1)) = 3 (Mot (t), e (t)) + Pe(uc(t)) = const. (2.22)
and u. € CO((t1,t2); Vo) N CH((t1,12); X).

For a family (u)eso of weak solutions of (2.18) on a common interval (t1,%2)
that have bounded energies sup,.ge-(t) < oo the coercivity assumption (2.19)
provides a priori bounds for u. in CO((t1,t2); V2) N CY((t1,t2); X). Thus, as in the
previous section, we are able to extract a subsequence (u., )reny and a limit function
w € L®((t1,t2); Vo) NWH2°((t1,2); X) such that

(i)  Vte (t1,t2): ue, (t) = u(t) in 'V,

ok (2.23)
(i) e, = win L®((t1,t2); X).

The following result provides sufficient conditions that guarantee that any such limit
provides a weak solution of (2.18) for e = 0.

Theorem 2.10. Let X,V, V., M, and ®. be such that (2.19), (2.20), and (2.22)
hold. Then, any limit w as obtained in (2.23) satisfies (2.18) for e = 0. Moreover,
for all t € (t1,t2) we additionally have G%, M, ., (t) — Moto(t) in Vg for k — oc.

If furthermore the limit problem has for each (wo,vo) € Vo x Xo and each
t. € (t1,t2) at most one weak solution ug with (ug(t.),wo(ts)) = (wo,vo), then
the convergence (GEMuc(t), GEMouc(t)) — (uo(t),uo(t)) in Vi x Vi for one t
implies the same convergence for all other t € (t1,t2).

Proof. The proof is essentially the same as for the linear case. Starting from the
weak solutions (u:)cc(o,1) We test (2.21) with ¢ = G.po(t). Our a priori bounds
allow us to apply the recovery conditions (2.20). Thus, we can pass to the limit
and obtain that ug is a weak solution. Applying the regularity assumption we have
up € CO((t1,t2); Vo) N CY((t1,t2); X). Thus, for all € € [0,1] we may integrate by
parts in (2.21) and obtain

Vo € C2((t1,12); Vo) : f,2(GEDPe(ue (1)), po(t)) — (G Meite (1), o(t)) dt = 0.

Now consider S and T with t; < .S < T <ty and let x = X[s,1] be the characteristic
function. Choose a sequence (xx)ken with x5 € C2((t1,t2)) and X}, = ds — 67 in
the sense of Radon measures (the dual of C°([t1,t2])). Replacing oo in the above
identity by xxpo we may pass to the limit and obtain, for all ¢y € C2((t1,t2); Vo),

f5<G:D¢€(u€(t)), QOO(t» - <G:Msﬂe(t)v ¢0(t)>dt + <G:Msﬂe(t)v SOO(t)>|K7§j =0.

Now we may undo the integration by parts again and see that weak solutions even
satisfy the weak form on subintervals including the boundary terms as given in
(2.12).

Based on (2.12), the arguments about the convergence of G¥ M., 1., (t) and the
convergence of (G:.M.u.(t), G:M_.1.(t)) works as in the proof of Theorem 2.7. O

2.5. Hamiltonian systems. Here, we consider general Hamiltonian system. We
will mainly restrict ourselves to the linear case and address the nonlinear case
only shortly at the end of this subsection. We consider a Hilbert space Z, closed
subspaces Z. and Hamiltonians H. : Z — R, with H.|z. € C}(Z.;R) and H. =
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on Z\Z.. The linear case is given by symmetric linear operators L. € L(Z.; Z})
defining the Hamiltonians

iLez,2) forz€ Z
— 2( e} 8]
He(z) = { 0o otherwise. (2.24)
As above, we assume uniform coercivity:

Je>0Vee[0,1]Vze Z: He(z) > c|z|%. (2.25)
To define the Hamiltonian flow via a differential equation we have to specify sym-
plectic structures Q. € L(Z.;ZF), i.e., Q. is skew symmetric (Qf = —Q.) and
nondegenerate:

If (Qfz.,v.) =0 for all z. € Z,, then v, = 0. (2.26)

However, in the limit ¢ = 0 we may lose the nondegeneracy. The Hamiltonian
system now takes the strong form

O.Z. =DH.(2.), z:€ Z.. (2.27)
Again we define the notion of weak solutions z. € L>((t1,%2); Z) by test functions:

Voo € CL(t112): Z2) = 2 (Qu2a(), @o()) + (DH.(2(1)), o= (1)) dt = 0. (2.28)

As in the case of mechanical systems we assume that every weak solution is slightly
smoother and conserves energy:

All weak solutions z. of (2.27) satisfy

Ze € CO((tl,tQ); Z.) and H.(z:(t)) = const. (2.29)

The above linear mechanical systems can be put into this Hamiltonian form by
introducing p = NZ 4. for some N, : X — X with bounded inverse. We then let
Z=VxX, He(u,p) = %<A6uau>V + %<N;M5N€pap>a and Q. = (NO;«M:MBNE)- In
the case N, = M, we obtain the canonical setting while N, = I gives the Lagrangian
setting. In general, the weak-convergence properties of these two systems might be
different.

The crucial assumption to obtain the desired convergence result is again the
existence of a family of joint recovery operators, i.e.,

Vee (0,1] 3G. € L(Zo; Z¢) -

if 22 = 20 in Z and sup.¢g,1) He(2:) < 00, then
(i) GEQeze — Qozo in Z;),
(ii) GEDH(z:) — DHy(z0) in Zj.

(2.30)

By (2.25) a sequence (ze)ce(o,1] of solutions of (2.27) with bounded energy is
bounded in L*((t1,¢2); Z). Thus, we may extract a subsequence that converges
weak™® to a limit function, namely

Zep =29 in L((ty,t2); Z). (2.31)

Note that this convergence is equivalent to the weak convergence
V7, m withty <7 <10 <ty f: 2, (8)ds — f: 20(s)ds in Z. (2.32)

However, weak® convergence is not compatible with nonlinearities occurring in
DH,. To exploit (2.30)(ii) we would need weak convergence pointwise in ¢. We
discuss how this can be obtained at the end of this section. At present we restrict
ourselves to the linear case, where weak™ convergence is sufficient.
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Theorem 2.11. Let Z,Z., L., and Q. be as above and assume that H. is given
through (2.24) such that (2.29) holds. Moreover, let the joint recovery condition
(2.30) be satisfied. Then, every limit zo obtained as in (2.31) from a sequence of
the weak solutions zz of (2.27) is a solution of (2.27) for e =0.

Moreover, if GEQ.z.(t) = Qozo(t) for some t € R, then this convergence holds
for all t € R without extracting a subsequence.

Proof. First, by using the linearity DH.(z.) = L.z. and the characterization (2.32)
for weak* convergence, the recovery conditions (2.30) yield

GiQ.z. > Wz and  GILcze = Lozo in L°(R; Z7).

Second, we use the weak form of (2.28) for the solutions z. and test it with ¢, (t) =
G.po(t) for pg € CH(R; Zp). Pushing G. to the other side we can pass to the limit
and find that zg is again a weak solution.

As in the proof of Theorem 2.10 we may now restrict the weak form to intervals
[S,T] C (t1,t2) giving

(0ol = [ (G020 40(0) + (GiLze0) ol at. (239

From this the results concerning the convergence of GZQ.z.(t) follows as above. We
use here that the linear limit problem Q029 = Loz has at most one solution for a
given value w = Qpzo(t.), see the following lemma. O

In the following result we include the case that {0y has a nontrivial kernel. Hence,
20(0) will not be uniquely determined through 7y = Q02z0(0).

Lemma 2.12. Let Qy, Lo € L(Zy, Z§) with Qo = —Q5, Lo = L, and (Loz,z) >
cl|z||%. Then, Qozo = Lozo has at most one solution for a given value 1y = Q020(0).

Proof. By linearity it suffices to show that 1y = 0 implies 2o = 0. We use (2.33) for
e =0 with @o(t) = 1 for t € [0,#.] and find (Q020(t:)—Q020(0)—Lo [y~ 20(s) ds, 1)
= 0 for all . Using Q020(0) = 0 and letting w(t) = fg z0(s) ds we find w €
Wi (R; Zo) and Qo = Low. From L Ho(w) = (Low,w) = (Qou,w) = 0 we
find Ho(w(t)) = Ho(w(0)) = Ho(0) = 0 for all ¢£. This implies w = 0 and, hence,
zo = w = 0, which is the desired result. O

Example 2.13. Consider the case Z = Z. = R* with Q. = (7012 ‘2), where I3 €
R?*2, The Hamiltonians are given via L. = diag(1,1,1/¢%,1). We find Z, =
span{ei, ez, €4} C R* and Lo = idy,. As recovery operators we may take the
constant family G. : Zy — R*, 2y — 2o which is the simple embedding. The above
results are applicable and using the coordinates zp = aie1 + ages + azeq we find

the limit problem
00
00
0—

that has the solution a(t) = (0, bcos(t+03), bsin(t+3))T.
Note that the original problem has the solutions
2e(t) = (ce cos(y=+t/e), be cos(t+03:), ec. sin(y:+t/¢), be Sin(t+ﬂ€))T,

with energy H.(2.(t)) = 1(c2+b?). Boundedness of energy implies boundedness
of b. and c.. Hence, we may assume convergence of (be,cc,fc,7:) to (b,c,[3,7),
by passing to a suitable subsequence. Then, we obtain uniform convergence of

,_.
o= O
~__—

o.

I

L
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the second, third, and fourth components of z.. However, the first component
converges to 0 only weak* in L*°(R). Note that GEQ.z(t) also converges in Z, since
Qe = (9, '?) moves the first component into the third one, and G = diag(1,1,0,1)
projects out the third component.

We finally address the question of how nonlinear problems can be treated in
the Hamiltonian setting. To improve the weak® convergence into a weak pointwise
convergence we need some control over the temporal behavior. One natural way of
doing this is to impose a bound on the inverses of {2.. For this we assume that Z
is continuously embedded into a bigger space Y such that we have

3Cq >0V€€[0,1] : ||Q;1Hy<_za < Cq.
For the energy we impose the existence of a continuous and nondecreasing function
Rupp : R — [0,00), such that
Veel0,1]Vze Z.: |DH.(2)||z+ < Rupp(He(2)).
Now an energetic bound H.(z:(-)) < E. gives ||[DHc(z:(-))||Loomizs) < R =
Rupp(E.) and, moreover, ||Z||pem;y) < CoR.. Thus, Arzela-Ascoli can be ap-

plied in CO([t1, t2], Yieak) and the boundedness on Z then provides pointwise weak
convergence in Z as well.

2.6. Strong convergence. In general, we should not expect strong convergence
of u. to ug, since this is usually incompatible with T'-convergence (except in the
case of Mosco convergence, where condition (G2) in (2.3) is strengthened by asking
u. — u). However, weak convergence as well as convergence of the energy implies
a stronger convergence involving the recovery operators.

Lemma 2.14. Let (K.).c0,1) be a family of operators in S(V) (see (2.2)) with
Qk.(v) = c||v||? for ¢ > 0 and all v € V, and let (G:)-c(0,1) be recovery operators
satisfying (R3)*. Then we have the implication
<K€UE; UE> - <KOUO; U0>
eSS4 HGEU‘O — UEHV — 0.

Ue — U
Proof. We use the uniform coercivity and find
c||Geug — uel]? < (Ke(Geug — ue), Geug — ue)
= (K:Geug, Geug) — 2{K Geug, ue) + (Koue, ue)
— (Koug, uo) — 2(Koug, up) + (Koug, uo) = 0,

where we used K.G.ug — Koug together with G.ug — ug and u. — ug. As ¢ >0
is independent of &, the proof is finished. O

We now state a strong convergence result for linear Hamiltonian systems. A
corresponding result is valid for linear mechanical systems. If in addition to the
weak or weak® convergence of the solutions z. we also have the convergence of the
energies to the energy of the limiting solution, then the convergence statement can
be improved considerably.

Theorem 2.15. Let Z,7Z.,L.,Q). be as in the previous section and assume that
H. = Q.. Moreover, assume that a family (G:)e>0 of joint recovery operators
as in (2.30) ewxists, satisfying additionally (R3)*. Let z. : R — Z, € € [0,1], be
weak solutions of the Hamiltonian system (2.27) such that z. = zp in L°(R; Z)



WEAK CONVERGENCE FOR HAMILTONIAN PROBLEMS 69

and H.(ze(to)) — Ho(20(to)) for some ty € R (and hence all t € R). Then, for a.a.
t € R we have

ze(t) = zo(t) and ||Gezo(t) — ze(t)||z — 0.

Proof. We use Lemma 2.14 and the energy conservation H.(z:(to)) = H(2:(t))
for all t € R and ¢ € [0,1]. However, to apply Lemma 2.14 we need to show

ze(to) — z(to). For this, we use z. Az and Gezg = 20 in L (R; Z). Moreover,
we have

cl|Gezo(t) — ze(t)|I” < (Le(Gezo(t) — 2(t)), Ge20(t) — 2())

= (LeGezo(t), Gezo(t) — 22:(t)) + 2H(2:(t)).
Using H.(2:(t)) = H:(2:(tg)) — Ho(z0(to)) and L.G.zo(t) — Lozo(t) for allt € R
we find after integration over [tq,ts] that

¢ [ 1Gez(t) — 2 (t)]|? dt

< [P (LeGez(t), Gea(t) — 22:(1)) dt + 2(ta — t1) He (2:(t0))

— [, 2 (Loz(t), 2(t) — 22(t)) dt + 2(ta — t1)Ho(2(to))

= — [ 2Hy(2(t))dt + 2(t2 — t1) Ho(2(t)) = 0
This implies that, choosing a subsequence, we have G.zy(t) — z-(t) — 0 a.e. in R.

Using G.z(t) — z(t) this implies z.(t) — z(t) a.e. in R. Since the limit z. — zq is
unique, the result holds without choosing a subsequence. O

3. Applications to wave equations.

3.1. Homogenization and I'-convergence. We consider the situation of fast os-
cillating coefficients in functionals. In principle the result seems to be well known,
however, mostly the assumptions on the coefficients are more restrictive. We con-
sider an open, bounded domain Q C R with Lipschitz boundary and set Y = (R/z)?

for the unit torus of dimension d. We assume
a € L*(Q x Y REEX™) and (3.1)
Ja>0VEeR™: a(x,y)E- € > alé]? ae. in QA x Y. :

The coefficient functions a. are then defined via
as(7) = £, co. () AW, 1z)dw  where Cc(z) = e([1z] +[0,1)%). (3.2)

Here, :F means the average, [ -] denotes the componentwise application of the Gaufl
bracket, and %ac as second argument of a is understood modulo 1 in each component.

Proposition 3.1. For a and a. satisfying (3.1) and (3.2) we define

an(z) = (fyalz,y)'dy) " and a*(z) = [, alz,y)dy
as well as the following functionals on L2(Q;R™):
D (u) = [ ac(@)u(x)u(z)de, @.(u) = [, a(z)u(z)u(z)dr,
and ®*(u) = [, a*(x)u(z)u(r)de.
Then the following hold true:
(a) If ue — u (strongly) in L2(2), then ®.(u:) — ®*(u).

(b) In the weak topology of L2(Q) we have ®. Lo, A family of recovery

operators is given by G : u — (a:) tasu.
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(¢c) Define W, : H{((0,1); R™) — R;v — ®.(v') and V. (v) = ®.(v'), then V. 5
W, in the weak topology of H((0,1);R™). A family of recovery operators is given
by

ée : Hé((oa l), Rm) - Hé((oa l), Rm);
5 T _ z _
(Geu)(z) = [y (ac(y) " ac(y)w' (y) dy — § [o(ac(y)) ™ ax(y)u' (y) dy.
Proof. Note that the functionals ®., ®,, and ®* are uniformly coercive and bounded,

i.e., there exists C' > 0 such that for all ¢ > 0 and all u € L?*(Q;R™) we have
%||u||% < ®.(u) < Cl|ul|3. This implies uniform continuity:

Ve>0Vu,v € L2(QR™): [@.(u) — Pe(v)| < C(Jlullz + [[v]l2) lu—v]l2. (3.3)
ad (a). Using (3.3) it is sufficient to show the statement for constant sequences

us = u. Moreover, it is sufficient to show the result for a dense subset like

CE(BR™). Set No = {n € Z%; £(n+[0,1)%) C Q} and ¥ = e(n+(5,...,3))

such that e(n+[0,1)4) = C.(y5). With this define Q. = Upen,C-(y5), then Q. C Q
and vol(2\Q) < Ck¢, since  is bounded and has a Lipschitz boundary. We have
‘CIDE(u) — st ac(z)u(x) u(:c)d:c‘ < vol(2\ Q) |lac||sollul|% < Ce.

The same result holds, when a. is replaced by a*. Hence, it suffices to estimate the
integrals over €).. For this define the piecewise constant approximation

a(z) = fwecg(z) a*(w)dz if C.(z) C Q..

The classical result for the density of Lebesgue points of a* shows that a’(z) —
a*(x) a.e. in Q. Hence, we have ®7(u) — ®*(u), where ®¥(u) = [, afu-udz. The
remaining difference is estimated as follows

[ [ [-@)a"@]u(@) - u@)de] € X | [ [onl@)-az)]ule) -ua)da
Qe neNe ' C.(yg)
< e | o [a: @)=z u(y) - ulys) deo|
+vol(C (y7))2 ]| all ool ull soe V]| V] .
Using fca(yi)ag(m) de = fcg(yi)xya(w,y) dw dy = vol(C:(y5))ak(ys) the first

term vanishes and then }_ _\ vol(C:(yy,)) = vol(€) gives the desired convergence
result.

ad (b). We first argue as in the proof of part (a) to show that for all u in L?(£2)
we have Gou = (az) tasu — u for ¢ — 0. It suffices to consider u and v with
axu, v € CP(2;R™) and to show (Geu,v) — (u,v). As above, consider the average
of (ac)~t over C.(y5), namely
be(z) = F ac(z)'dz= £ ( £ a(w, %z)dw)fldz =[( f a(w,y)dw)fldy.

Ce(x) Ce(x) Ce(2) Y Ce(x)

Since a is measurable and bounded from above and below, we can use the density
of the Lebesgue points and the continuity of the inversion to conclude that b, (z) —
[y a(z,y)~tdy = a.(x)~! for a.e. x € Q. This proves Geu — u. Moreover, choosing
v = u we have

O (Geu) = {a:Geu, Gou) = (asu, (a) tawu) — (awu,u) = O, (u).
It remains to show the liminf estimate. For this, we use the identity

D (ue) = P (ue—Geug) + 2{aGeug, ue) — Pe(Geug).
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Now u. — wug implies that the two last terms converge to 2{a.ug, ug) — Pu(ug) =
D, (up). Since the first term on the right-hand side is non-negative, the desired
estimate follows.

ad (c). The result follows by applying part (b) to the derivative of the functions
in HY((0,1); R™). In particular, note that

@u) = as e — f ac(y) Lau () (y) dy = (Geu’) — 1 Goad (y) dy.

Using :FO y) dy = u(l)—u(0) = 0 we easily find (Geu) — ' in L2((0,1); R™).
Together Wlth the boundary conditions this implies Geu — u in HY((0,1); R™).
The convergence U, (Geug) — W.(up) is now a direct consequence of Part (b).

The liminf estimate follows exactly as in (b). Thus, ¥, L 0, is established. O

3.2. Lagrangian wave equation. In this section we show how the abstract results
of Section 2.4 apply to semilinear wave equations with oscillatory coefficients. The
emphasis here is on the fact that we are able to allow for general coefficients of
L type. The same holds true for the nonlinearity of lower order. For simplicity
we only treat the one-dimensional case, since only for this case we have available
the T-convergence result for the derivative in Proposition 3.1(c). We expect that
the analogous result also holds in higher dimensions when the nonlinearity has
sufficiently slow growth.

By Y = S! = R/z we denote the microscopic periodicity interval and by A = (0,1)
the macroscopic physical domain. Consider density and stiffness matrices

p,a € L (A x Y;R?X™) guch that Ja,r >0V € R™V(z,y) e AX Y :

- (o, )é €2 alé?, plo,p)é-€ 2 vl Y

Moreover, consider a potential F': A x Y x R™ — R such that
F e L®(A x Y;CL.(R™)), F(x,y,u) > 0. (3.5)

For € > 0 we let C.(x) = (e[Z],e[£]+¢) N A, define the oscillatory functions
F p(w,&)dw, a(z)= F a(w,%)dw, F.( = §f F(w,%,u)dw,
Ce(x) Ce(x) Ce(x)
and consider the hyperbolic systems

pe(@)un(t, r) = %(ag(x)uz(t,z)) — Dy F.(z, u(t, z)). (3.6)

Our aim is to show that the solutions of this problem converge to solutions of the
homogenized problem

o et ) = 2 (0 (@)us(t,2)) — Do (,ult, 2), (3.7)

where the effective quantities are given by

v) = [pley)dy, a*(@)= ([a(e.y) " dy) . F*ew) = [ Fle.pu)dy. (38)
Y Y Y

The following result will be a direct application of the abstract results in Section
2.4. As Hilbert spaces we choose V = V. = H}(A;R™) and X = L%(A;R™). The
total energy potential . : V' — R and the kinetic energy K. read

P (v) = [, 3ac(x)v/(z)-v/ () +Fo(z,u(z))dz and K. (v) = [, 3p-(x)v(x) v(z)dz.
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Theorem 3.2. Take any family (u:)eso of weak solutions ue € CO(R; V2)NCL(R; X)
of (3.6) which is uniformly bounded in energy. Assume that for a subsequence we
have
VteR: u., (t) = u(t) and ., —a in LO(R; X).
Then, u is a solution of the homogenized problem (3.7).
Moreover, if for some time t we have additionally (uc(t),u:(t)) — (u(t),u(t)) in
V* x V* then this convergence holds true for all t € R.

Remark 3.3. We emphasize that the I'-limit of the Lagrangian energy functional
E. = &, + K. in the weak topology of V' x X (which is the natural topology) is not
the limit energy. This is only true if we use the weak topology in V' x V| i.e, strong
convergence for the velocities in L?(A; R™).

Proof. Tt is easy to see that ®. € C'(V,R) with D®.(u) = f%(aeu’) + DuFo(-,u)
and that (2.19) is satisfied. In particular, we note that V' is compactly embedded
into CO(A; R™) and, hence, into X.

The limiting space Vj equals V' and the limiting quantities are defined via p*, a.
and F* in a similar manner. For the recovery operator G. : V' — V we choose éa as
defined in Proposition 3.1(c). It remains to verify condition (2.20). The condition
(ii) there means

ue — upin V =HJ(A;R™) =  Gfpouc — p up in V: = H H(A;R™). (3.9)
To verify this, note that we have u. — up in X and as in the proof of Proposition
3.1 we conclude peu. — p*up in X (arithmetic mean), and hence p.u. — p*ug in
V*. Applying (-,v) to @;‘pgue, using duality as well as Gov = vinV (implying
G.v — v in X), the desired result follows.

For condition (2 20)(1) we decompose

(G*D®.(u = [, —(acu )y G cvdr + [, DyF(x e (2))Gev(z) da.

The first term converges to (a*uo,v> by Proposition 3.1. For the second term
we again use the compact embedding of V into C°(A;R™) giving u. — ug and
Gev — v uniformly in A. Thus, we conclude [, DyF:(z,u-(z))Gev(z) do —
Sy DuF*(z,uo(x))v(x) de, where again the oscillations of F. in x are simply av-
eraged out. O

3.3. Hamiltonian wave equation. For the Hamiltonian case we restrict to the
linear case by assuming F' = 0. For a general matrix-valued function b(z,y) € R™*™
with b,b=1 € L®(A x Y;R™*™) we define b, as in (3.2). With this we introduce
the velocity variable v and the Hamiltonian H. via

1
ug=bv and H.(u,v) = 5/ bl pebev v+ acu’ -l d.
A

We keep b. general at this moment to be able to explore all possibilities that are
compatible with our method.

The underlying space is Z = V x X = H}(A;R™) x L2(A;R™), and the corre-
sponding symplectic structure reads Q. = (b1,. ~"s") and is to be considered as a
mapping from Z into Z* = H-1(A;R™) x L2(A;R™).

_For the recovery operator G. : Z — Z we may assume the diagonal form G. =
(Fé.
such that the joint recovery conditions (2.30) hold. Letting A. : Z — Z*; (Z) —

) with C'\E from Proposition 3.1(c). The second component éa has to be chosen
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(bT(ZE;; v) and using Lemma 2.2 this is equivalent to showing Q.G. (:j) — Qo (:j)

and A GE( ) — Ag (:j) for all (“) € Z. Since Ay and Qg must have the form
Ao(M) = (7 (a u')’ ) and Qo (¥) = (;“ ), we have to satisfy

Tu
Yo e LQ(A;Rm) : bl pebeGev — rv and Gov — v in L2(A;R™), (3.10a)
Vo e L2(A;R™) : peboGev — pw in H(A;R™), (3.10b)
Vu e H' (A;R™) : bl p.Geu — ' u in L2(A;R™). (3.10c¢)

In relation (3.10c) we have Geu — u (strongly) in L2(A; R™), hence we must choose
b. such that bIp.w — p'@ for all u. Thus, we are forced to take b. = pZlu
(where the slight generalization b, = p_ . with p.v — pv would also be possible).
Inserting this into the first condition of (3.10a) we see that G. must be chosen such
that B

G.v—p tpep~Tro — 0 in L2(A;R™).
Together with G.v — v and p0 — p*v this implies

r=p"(p) " tp and Gev=p " tpepTTro = pT pe (),

again neglecting a slight generalization, where r might depend on e. Finally, con-
dition (3.10b) follows since p.b.Gev = uGev converges to uv weakly in L2(A;R™),
which is compactly embedded into H™1(A; R™).

Thus, we have explored the possible approaches to transform the linear wave
equation into a Hamiltonian systems in such way that a family of joint recovery
operators exists. The essential freedom we have is the choice of y : A — R™*™
such that p, p=! € L (A; R™*™). We define the symplectic form 2 = ( T o ) and
the Hamiltonians H., ¢ > 0, and Hy via

H.(u,v) —qu p= tpvv + acu' ' dz, Ho(u,v) —qu “Luvv + ayu’-u' d.

Theorem 3.4. Let p,a € L= (A x Y;R™ ™) and p., ae, p be as defined above. For
e >0 let ze = (ue,v:) : R =V x Z be weak solutions of the Hamiltonian system

NTL‘LE == DvHE(Usave)a 7['“-}6 = DuHE(u€7v€))

and assume that z. = z = (u,v) in L®(R;V x X). Then, z is a solution of the
effective Hamiltonian system
wli = D, Ho(u,v), —piv=D,Ho(u,v).

In particular, the homogenized problem is given by the effective Hamiltonian Hy
that is the I'-limit of H. for e — 0 in the weak topology of the natural energy space
V x X.

While the above results have potential for generalization into the multi-dimensio-
nal case, we now treat a particular simple Hamiltonian form, which arises by using
the momentum p = p.4 and the strain w = «’. The wave equation p.ii = (a-u’)
can be rewritten as the system

2t = (%) ()= (i) -omen

where H.(w,p) = % fA azw-w+ p-tp-pdr. Now the relevant Hilbert space is
Zy=Xav X X Wltthv—{weLQARm'fA )de =0}
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and the symplectic form is composed via

X — V. vVt — X
ot w N d o7 av
1 { w — ()()w(s)ds’ an 2 p = fA K(~,8)p(5)ds,
with K(z,s) = —s/l for s < z and 1 — s/l otherwise. Note that (8{1)* = -0, ",

which implies that €2 is a symplectic form. From the above it is again clear, that the
effective Hamiltonian Hj is obtained as the I-limit, namely Hy(w,p) = % f A GxW
w+ (p*)~'p-pda.

4. Discrete lattice models. In this section we want to apply the abstract theory
for the passage from microscopic discrete systems to macroscopic continuum models.
While the macroscopic system will be a system of wave equations as discussed above,
the microscopic system is an infinite lattice of mass points subjected to Newton’s
law according to a background potential ¥, o and interaction potentials ¥, 3:

Myt = =DV o(uy) + Z DV, 5(uqyip = uqy) = DWyp(uy —uqyp).  (4.1)
0<|B|<R

Here, u, € R™ denotes the vector of all displacement of atoms in the cell associated
with the lattice site v € Z¢. We write u = (u,), € (2(Z%R™) and v = @ = (i) €
EQ(Zd;Rm) for vector of displacements and velocities, respectively. The system is
mechanical system with kinetic and potential energies

K(u) = Z %Mvuv'ﬂw P(u) = Z (‘IIW,O(UV)JF Z ‘I’%ﬁ(uv*’“wﬁ)) (42)

~yezZd ~yezZd 0<|BI<R

4.1. Embedding of lattices into continua. The main technique of treating the
multiscale passage is to embed the discrete system into the continuous space Z =
V x X with
V =H'(R%R™) and X =L*(R%R™).

However, the embedding has to be such that the dynamics of the discrete model
is exactly represented in the continuous counterpart in suitable closed subspaces
V. and X.. Moreover, we want to be able to find exact formulas for the energies
Ke(v) = +(M_.v,v) and ®. : V. — R and for the induced symplectic structure ..

2
For € > 0 we define the embedding operator

N >zt - H'(RY),
E.: S 4= (uy)y [:c > uvH(ézf’y)},
YEZL

where H € W1oo(R?) is the piecewise affine interpolation between the values
H(y) = 1 for y € [-1/4,1/4]% and H(y) = 0 for y ¢ [-3/4,3/4]%. The embed-
ding into L2(RY) is done in a similar spirit, namely

B oz — L2(RY),
By p=()y = [z20 % pH(ta—)),
~yEZ

where H(y) =1 for y € [~1/4,1/4]% and 0 otherwise.

The normalization constants were chosen such that for U € Cl(R?) and u. =
(U(e7y))y we have E.u. — U in HY(R?) and E.u. — U in L2(R?), which corre-
sponds in a natural way to our relation z = €7y between the microscopic and the
macroscopic scale. Note however, that the norms scale with e, namely 27p||% =
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el||E.p|j?. and | Eoullp: ~ e?|lul|Z. The construction of H and H was done such

that the symplectic form in the discrete system has a particularly simple represen-

tation in L2(R%; R™) after the embedding, namely
~ 1 ~ — ~

(x,p) - (@,p) = /Rd [(Eez)(y) - (E=p)(y) — (E:Z)(y) - (E=p)(y)] dy.  (4.3)

Thus, up to a normalization constant we find the canonical symplectic form of the
continuous problem in the cotangent bundle of L?(R; R™).

4.2. Transformation of the energies and equation. Moreover, we are able to
write the kinetic and potential energies in terms of the embeddings. For simplicity,
we restrict ourselves in the sequel to the one-dimensional case as we did in Section
3, since we will rely on some results from there. We will also restrict this to the case
of nearest-neighbor interaction with a quadratic potential ¥, ;. We expect that the
analysis can be generalized using suitable elaborate notation, see e.g., [16].

We assume that the chain is microscopically periodic with a period N € N and
that the coefficients may vary macroscopically as well in a 1> manner. For this
purpose we use the functions m, a, and v, satisfying

m,a € L®(R/nz x R;R™*™) and ¢ € L= (R/nz x R; CL (R™)),

Ja>0V(n,z) eR/nz x RVEER™: (4.4)
min {m(n, )¢ - &, a(n,2)&- & Y(n, 2,8} > alg*.

We assume that the functions m, a and 1 are piecewise constant in the first variable,
namely m(n,z) = m(y,z) for v € Z/nz and |n—y| < 1/2. As in Section 3.2 (cf.
(3.2)) we denote with m.,a., and 1. the piecewise averages over the small cells
C.(x), namely

me(z) = f,_(,ym(z/e,y)dy  with C(z) = e([Z] +[0,N])

and similarly for a. and .. With this we define the discrete functions as

1
M,y =me(en), Wao(u) = 2heler, ), Uya(u) = Sac(en)u-u.

Relying heavily on the piecewise affine nature of our embedding operators the dis-
crete energies (4.2) take the form

K(p) = Y cziM;tpypy=1 [ ime(z) Y (Eep)() - (Eep)(z)da,
{I\)E(U) = ZWEZ (‘II%I(UWHA_U’V) + ‘I’%OEU’V ) R
= & [p 3]ac(2)(0: Ecu)(2) - (O Beu)(z)] + Fo(w, Eou)(x)) da,
where F.(z,u) = ZFpei(%ac)we(ac,u) with Hper(y) = Zvezﬁ(y—v). For the non-

linearity we used that E.u is constant on the small intervals (e(y—1/4),e(y+1/4)).
In particular, our construction guarantees that the discrete lattice system

me(e7)iy = —e?Dutbe (2, uy) + ac(e7) (Uyp1—y) + ac(e(y=1)) (uy—1-u,)  (4.5)

is equivalent to the Hamiltonian system on Z. = V; x X, with Hamiltonian H. and
symplectic structure 2. given by

V. = E2(Z;R™) C HY(R;R™), X, = BA2(Z;R™) C L2(R;R™),
He(u, p) = Ke(u) + - (u) with K. (E.p) = eKe(p) and . (E.u) = 33, (u),
Q) ) = Jgu Pt pda.



76 ALEXANDER MIELKE

The different rescaling in terms of ¢ for the kinetic energy, the potential energy,
and the symplectic form arise from the fact that we also rescale the time by defining
a macroscopic time 7 = et by letting u(r) = E.u(7/¢) and p = e E.p(7/¢), cf. [16, 8]
for more details. The resulting Hamiltonian system reads

(75 (d_p) - Q(;z) (Do () =DHAwp) V2 X X2 (46)

4.3. Passage to the limit. We are now able to pass to the limit in the problem
(4.6) by using our abstract theory together with the analysis for the wave equations
in Section 3. N

For this we need to construct recovery operators G. : V = HY(R;R™) — V.
for the potential energy and recovery operators ég : X = L3R;R™) — X, for
the kinetic energy (i.e., (2.30)(ii) holds) such that additionally the symplectic form
passes to the limit in the sense of (2.30)(i). Here this means

Visue—upeVo=VinV = Gru.—ugin X =L2(R;R™),

) ~ . o (4.7)
Xeope—p€eXo=XinX = Gip.—poinV*=H (R;R™).

Note that any recovery operators éa and C:'E provide weak convergence of éavo and
éapo in the better spaces V and X, respectively. However, this does not imply (4.7).
Nevertheless, we show in the following result that the canonical recovery operators
associated with the potential and the kinetic energies, respectively, do fulfill these
conditions.

Lemma 4.1. With the functions m,a, and ¢ from (4.4) we have the limits

bq = I’-lima_,o D,y fR Tay(z)u/ (z) - (z) + ¥* (2, u(z))dz
and Ko(p) = [z 3m Ip(x) - p(z)de,

where the effective functions m*, a., and ¥Y* are given by

m*(x) = & 25 1m(1,@) = oy min, @) d,
a.(2) = (% X0, alr,2) ) = (Fon aln ) "tdy)
W(%“ = Nz'y 11#(%30 u) 3%07N]¢(ﬁ7$au)dﬁ-

Moreover, the canonical recovery operators (65)6 and (éa)8 constructed as in Propo-
sition 2.5 satisfy (4.7).

Proof. We first convince ourselves that the given formulas are the associated I'-
limits, . RN ®p in V and K. L Ko in X. For this we simply interpret ®. and
K- as special cases of the functionals considered in Proposition 3.1. This needs a
generalization as we now allow for the value +o0o0 under the integrand. For instance
we implement the condition p, € X, = E.¢? (R; Rm) by allowing p. € X but defining
K. via [ ke(x,p(2)) dz with ke(z,p) = $me(x) " 'p-p for z € (—%,%) mod ¢ and
ko(x,p) = 400 otherwise. Taking the harmonic mean the values +oo turn into
0, the average is well defined, and we obtain the desired results. We assume that
éa : X — X. C X is given via Proposition 2.5 when applied to K.. For the
construction of éa we use the auxiliary quadratic form

Q:(u) = [ 2ac () (z) -/ (z) + §|u(z)|2dx for uw € V. and oo otherwise,
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where  is an arbitrary, fixed number. Since the leading term is identical to that of
®. it is easy to see that the recovery sequence (A?E for ). is a recovery sequence of
the nonquadratic ®. as well.

Second, we derive condition (4.7). Consider any family (uc). with u. — ug in
V. As é;ua is bounded in X, it suffices to test with a dense set of w € X. We
choose any w € CY(R;R™). Let sppt(w) C [~R+1, R—1] for some R > 0. Then,
sppt(Gew) C [—R, R] and Ue|[_Rr,R] — Uo|[—r,r] In L?([—R, R; R™), and we find

(é:ua,w) = f_RR Ue (é;w)dx — f_RR wowdx = (ug, w),

which is the first line in (4.7).

For C'\E we argue similarly by using CL(R;R™) as a dense set in V. Now, éav
will not have compact support, but satisfies the uniform bound |G'\Ev(x)| < Cerlzl,
Moreover, G\E’U — v in V implies strong L? convergence on compact intervals
[ R, R]. For a family (p:). with p. — pp in X we can estimate as follows

|(Gzpe,v) = (po, 0)| = |(pe, Gev) = (po,0)|
S |3;|>R (|p5|+|p0|)ceil{|mldx + ‘ j‘|3;|<Rp5 ° GEU *p() . ’Udl’|

The first term can be estimated by sup ¢ lpellx2Ce %%/ /k and, thus, can be
made small independently of £ by choosing R big enough. Then, keeping R fixed
the second term tends to 0 for ¢ — 0 because of weak convergence of p. and strong
convergence of Gev in L2([—-R, R];R™). Thus, the second condition in (4.7) is
established as well. O

We summary the finding in the main result as follows.

Theorem 4.2. Let m,a, and v be given as in (4.4). Consider a family (u.)e of
solutions in C?(R; (?(Z;R™)) such that

(Ecw(2), E-Meetit(2)) = (u,p) in L°(R; HY (R; R™) < L2(R; R™)).
Then, (u,p) is a solution of the effective, macroscopic wave equation

%u(r, z) =m*(z) " 'p(r, x), %p(r, z) = 0y (as(2)0pu(r, ) — Dytp™ (z,u)

with the effective Hamiltonian [ 5(m*)~'p-p+ Fa.u-w’' +¢*(-,u)dz. Moreover, if
for some 7 € R we have (E-u(t/e), E-M.eu(r/c)) — (u(r),p(7)), then the same
holds for all T € R.

Appendix A. .

Lemma A.1. Let Y be a reflexive or separable Banach space. Then, y, — y is
equivalent to the property that for all sequences (Nn)nen i Y™ with ny, =0 we have
(Yn ) = (y,m).

Proof. The implication “=" follows by the triangle inequality via (1,,, yn) = (7, y)+
My Yn—y) — (n,y) + 0, since y, —y — 0 and (N, )nen is bounded due to weak™
convergence.

For the opposite implication first note that taking 7, = n implies y, — v.
Second, we use that there exists 7, € Y* such that ||n,[. = 1 and (yp—y, ) =
lyn—y|| = 65 Now choose a subsequence such that limy_.o 0y, = limsup,,_, . On.

Choosing a further subsequence if necessary, we may assume 7, 21 by using the
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property of Y. We define the sequence (0, )nen as 1, = 1y, if n = ny for some k

and as 1, = 1 else. Then 7, — 7 and we have

Ong = 1Y — Yl = W i) — i) — (Y1) — (y,m) = 0.

As limsup,, o |yn—y|| = limg_ oo 0, = 0, the strong convergence is proved. O

1)
2
3
4]
5]

=

(8]

[0

(10]
(11]
(12]

3]

(14]
(15]
(16]

(17]

(18]
19]
20]

(21]
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