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Tutorial exercises for Mielke’s lectures

Exercise 1: Gradient structures.

(a) Consider the diffusion equation @ = div(A(z,u(z))Vu) with Neumann boundary
conditions, where u(t,z) > 0 is a density. Take any convex functions ¢ : [0,00] — R
(with ¢”(u) > 0) and define the energy £(u) = [, ¢(u(x))dz. Show that there exists an
Osager operator K(u) such that the above diffusion equation is generated by £ and K.

(b) Consider the Reaction-Diffusion equation @ = mAu + k(4—u?) for positive densities
u(t,z) > 0. Construct Kgp(u) such that the equation is induced by Kgp and E(u) =
o, (ulog(u/w) — w) dz for a suitable w > 0.

(c) Consider the PDE system for concentration ¢(¢,z) > 0 and internal energy e(t,z) € R
given by

¢ =mAc+ k(e—c?) reaction-diffusion equation

é =mle heat/energy equation

completed by Neumann boundary conditions for ¢ and e. Consider the entropy functional
S(c,e) = / S(e(z),e(z))dz with S(c,e) = a(e) — clog(c/ve) + ¢
Q
with 0”(e) < 0. Show that S is a concave function and the S increases along solutions.
of thePDE system.
tq

Exercise 2: Homogenization. Set J.(u) = |, su(v) - G(v/e)u(z)dr where G satisfies

G e C) (R;REY). Proof that the weak and strong I-limit in L*(0, /) is given by the

harmonic and arithmetic mean, respectively.

Exercise 3: I'-convergence and Mosco convergence. Consider two separable and
reflexive Banach spaces X and Z such that Z is compactly embedded in X. Assume that

(i) (&:)eepo,1 is equicoercive in Z and (i) & L& inZ.
Show that & % € in X.

Exercise 4: Sina Reichelt’s lemma. Assume (u.).cjo,q is bounded in W*(0,T’; X)
and that u.(t) — ug(t) for all ¢ € [0,7]. For suitable dissipation potentials W. show that

v, LN U, implies the liminf estimate

/ " Wo(io(t)) df < lim in / 0L (au() dt.

e—0

Hint: Approximate 1. by piecewise affine functions.



