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Exercise 46. Quadratic membrane. On the square = ]0,7[ x |0, 7| we consider the wave equation
Utp = AU = Uy, gy + Upyaz, With DIRICHLET boundary conditions wu(t, -)|sq = 0.

(a) Determine a complete orthonormal system { ®; | j € N} in L?(Q2), such that u(t,z) = cos(w;t)®;(z)
provides a solution to the wave equation for suitable w;.

(b) Show that for w? = 10 there exist two different eigenfunctions ®;, such that ®;(x1,zs) = (w2, 1) #
®;(z1,22) holds for z € Q. Discuss the nodal lines (= zero set) of the solution u(t) = cos(v/10t) (a®;+8®;).
In particular study the cases o/ € {00, 1, —1,0}.

Exercise 47. The Schrédinger equation for a free particle on the full space reads
10,0(t,z) = AU(t,z), (t,x) € R xR,
where ¢(t,z) € C is the wave function.

(a) Show that the particle number E; and the kinetic energy Fs are constant along solutions (only formal
argument for smooth and decaying solutions needed):

E\(¢) = y |¢(2)|*dz  and Eg(w):/w;Vq{)(m)de.

(b) Derive an abstract solution formula via spatial Fourier transform.

(c) Prove that for initial conditions 1y € H?*(R9) the solution v satisfies

Y € COR, B (RY)) N CHR,H*2(RY)) N --- N CF LR, H2(RY)) N C*(R, L3(RY)).

Exercise 48 (in written form). An explicit solution for the wave equation. On Q = R? consider
the wave equation uy = Au with u(0,2) = u°(x) and u(0, z) = u'(z).

(a) Calculate the explicit solution for u® = 0 and u!(x) = 1 for |z| < R and u!(z) = 0 for |z| > R. What
is the support of u(t,-)? Where is u continuous? (Hint: The initial condition is radially symmetric.)

(b) Establish the decay ||u(t)||Le = O(t~%) for ¢ — oo for a suitable a > 0.

(c) Show that the difference between the potential energy Epq(¢) and the kinetic energy Fin(t) decays to
0 like O(t7) for a suitable 3 > 0, where Eyot(t) = [ps %|Vu(t,x)|2dx and Eyin () = [ps %|ut(t,x)|2dx.

d

Exercise 49. Finite speed of propagation in general wave equations. On 2 = R® consider

sufficiently smooth solutions of the general homogeneous wave equation
p(z)uy = div (A(z)Vu(t, x)) — c(z)u(t, z),
where p,c € BC(R?Y), A € BCH(R?, R?*?) such that p(z) > pmin > 0, c¢(z) > 0, and A(x)E - € > Aminlé]?
with Apin > 0.
(a) Define the regions R(t) = {z € R | |z—x.| < r.—vt } for z, € R, 7,0 > 0, and t € ]0, 7. /v[. Show
d

. 1
dt Jr Ul + AV Vut gutde = / AVuwvu; —v(fu} + SAV- Vut Zu?) da.
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(b) Construct the smallest v, such that u(¢,z) = 0 for all z € R(t) whenever u(0,z) = 1w (0,) for z €
R(0). Conclude further that sppt((u(0,-),us(0,-)) C Br(z.) implies sppt((u(t,-),u:(t,")) C Bryoje|(T+)
for all t € R.

Please hand in the solutions of the written exercise by Tuesday, 12t" of July 2011, 12:00 h.
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