' v Hohere Analysis II: Partial Differential Equations
Summer Term 2011
A '\ Alexander Mielke, Donat Wegner
- 30. Juni 2011

Fxercise Sheet 11

Exercise 42. Non-uniqueness for the heat equation We want to show that the
equation u; = u,, has a solution v € C*(R x R) such that u(t,z) = 0 for t < 0 and
x € R, while u(t,0) # 0 for t > 0. We construct « in the form

x) = ng(t):vk, where g1 =0, g9 =g € C®(R) with g(t) =0 for t <0.

(a) Show by formal calculations that u solves the heat equation if g, = (k+2)(k+1)gxi2
and that a solution should have the form

8

k=1

(b) To show that the formula in (a) is convergent for ¢ > 0 we choose the special function
g with g(t) = e~'/*". Show the estimate

k!
9901 < g e kEN, t>0

Use the holomorphic extension of g to {t € C| Ret > 0} and g (t) = —a0)

r (r— t’“’l

(c) Prove that u defined in (a) is a C*-solution of the heat equation.

Exercise 43. Smoothing properties of the heat equation.

Consider the heat equation u; = u,, on the interval Q = |0, 27[ with periodic boundary
conditions u(t,2m) = wu(t,0) and wu,(t,27) = u,(t,0). The initial-value problem has the
solution
. _n2
u(t,) = ey with v = Zneze Yo, By 12 By,

where E,(r) = (2)"1/2¢™* forms a complete ONS in L2(€2).

(a) Show that the operator e is a bounded linear operator from L%(Q) to L2(£2) which
has operator norm 1.

(b) For k € N construct C, and oy, such that |||y 20y

per( ) S Ok(1+t_ak> holds for
all t > 0.

(please turn)
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Exercise 44. The Cole-Hopf transformation. We consider the linear heat equation

and the nonlinear transformation u = ¢(v) or v = ¥ (u).

(a) Find a function g such that v solves
v = kAv + g(0)| Vol )

if and only if u solves (1). Which ¢ give g = const.?

(b) Use (a) to show that any solution of the initial value problem v, = Av + b|Vol|?,
v(0,2) = vo(x) with v_ < vo(z) < vy satisfies v_ < v(t,2) < vy and |Vo(t, z)| < C/t'/?
for all t > 0 and = € R?, where C' depends only on v_ and v,.

Lemma of Lagrange 1736—-1813: Consider a € R and a function m € C(R), for which
there exists C' > 0 such that m(y) < C—|y|/C for y € R. Then

I(e) = 2¢log (a Jeexp (m(y)/(2¢)) dy) — my, :=max{m(y)|y € R} for e — 0.

Exercise 45 (in written form). Lax-Oleinik formula for entropy solutions.
(PETER LAX (*1926, Abel Prize 2005) and OLGA OLEINIK (1925-2001))
The viscous BURGERS equation is given via

U + Uy = EUgy, u(0,2) = f(x). (3)

(a) Show that (t,z) — v(t,z) = [ u(t,&) d§ solves v, + 302 = €vyy, use the Cole-
Hopf transform, and the explicit solution of the heat equation w; = ew,, to establish the
following exact solution formula for the viscous Burgers equation (3):

u(t,z) = ZV.(t,x) with F(z) = [ f(£)d¢ and
Vilt.) = —2zlog ((2ent) 17 [ exp (—(e—y)?/(4=t) — F(5)/(22)) dy).

(b) Use the Lemma of Lagrange for passing to the limit of vanishing viscosity, i.e. ¢ — 0,
and derive the LAX-OLEINIK formula

ult,z) = 0,V (t,x) with V(t,2) = min{ “52° 4 F(y) |y e R}, (4)

which is the unique entropy solution for the initial value problem for the BURGERS equa-
tion (3) with ¢ = 0.

Conclusion (for proofs see the book of EVANS): For the Burgers equation the entropy
solutions and the solutions obtained via the vanishing-viscosity limit are identical.

Please hand in the solutions of the written exercise by
Tuesday, 5% of July 2011, 12:00 h.
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