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Exercise 38. Resolvents and eigenvalues of elliptic operators. Consider a bounded
Lipschitz domain Q C R?. Further, A € L>(Q;R%%), a € L=(;R?Y) and a,p € L>(Q)
are given such that for § > 0 we have A(z)¢ - & > §[€|* and p(x) > § for all z € Q and
¢ € R% On the complex Hilbert space H}(Q) & iH}(€2) we define the sesquilinear form

B(u,v) = [, A(xz)Vu(z) - Vo(z) + a(x) - Vu(z) v(x) + o(x)u(z)v(z) dz

and call A € C an eigenvalue of (B, p), if there exists u € H}(Q)\{0} such that
By(u,v) := B(u,v) = A [, puvdzr =0 for all v € Hj(Q).
If for some A € C there exists ¢g > 0 such that |By(u,u)| > collul/%:, then X lies in the

resolvent set of B. Our aim is to show that the resolvent set is large.

(a) Find C; > 0, ¢g > 0, and A, € R such that |B(u,v)| < Cy||ul|g||v]|m and By(u,u) >
collul[f: holds for all u,v € Hj(2) and Re X < \,.

(b) Construct postive numbers 3,7 such that the set {A € C| [ImA| > y(ReA+0) }
is contained in the resolvent set. For this consider By (u,v) = €By(u,v) and bound
| By (u, u)| from below via Re (Bg(u, u)).

Exercise 39. Gronwall’s lemma [1919]
(after THOMAS HAKON GRONWALL (1877-1932)).

(a) Differential form: Let y € WHL([0,T]) with y(#) > 0 and « € L([0,T]) be such that
9(t) < a(t)y(t). Show the Gronwall estimate y(t) < y(O)ef(;5 as)ds,

(b) Generalize (a) to the case §(t) < a(t)y(t) + B(t) for € L([0,T]) with 3 > 0.

(c) Integrated form:
Assume that z € C°([0,T]) with z(¢) > 0 satisfies z(t) < 29 + fot apz(s)+P(s) ds with
ap > 0 and (3 as in (b). Conclude z(t) < zpe®! + fg e (t=9) 3(s) ds.

(d) Assume that y € W([0,00]) and ¢ € L'([0, 00]) satisfy ¢(t) > 0 and $y* < 26y
for all ¢ > 0. Show that y remains bounded by |y(0)| + [J ¢(t) dt.

(please turn)
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Exercise 40 (in written form). A priori estimates).
For a bounded Lipschitz domain Q C R? we consider the general parabolic equation

c(z)uy = div (A(z)Vu(z)) + a(z) - Vu(z) + a(z)u(z) + f(t,z), (t,z) €]0,00[ x Q,
u(0, ) = up(x) in Q, (A(z)Vu(t,z)) - v(z) + B(z)u(x) =0 for t > 0, x € 09,

where the divergence is understood in the weak sense. For the coefficients assume A €
L®(Q,RY4) a € Lo(Q,RY), ¢, € L®(2), B € L>®(09Q) with 3 > 0. Moreover, A(x)¢-€ >

Sym

Anin|€]? and c(z) > cmin With Apin, cmin > 0 and f € BC([0, oo[, L2(€2)).

(a) Let Eo(t) = [,c(x)u(t,z)* dz and assume that u is a sufficiently smooth solution.
Derive the estimate

Ey(t) + 1| Vullz(q) < CoEo(t) + Csll f ()220,

where the constants c;, Csy, C3 may only depend on the coefficients.

(b) Use the Gronwall lemma to show the a priori estimate

t
”u<t>HiQ(Q)+/O IVu(s)[fa@ds < Calllu(0)F2q) + F2)e™,

where I = sup{ || f(t)||r2@) [t >0}

Exercise 41. Quadratic membrane. On the square 2 = |0, 7| x |0, [ we consider the
wave equation uy = Au = Uy, + Ugyr, With DIRICHLET conditions u(t, -)|gq = 0.

(a) Determine a complete orthonormal system { ®; | j € N} in L*(Q), such that u(t,z) =
cos(w;t)®;(x) provides a solution to the wave equation for suitable w;.

(b) Show that for w? = 10 there exist two different eigenfunctions ®;, such that ®;(z;, z5) =
(g, x1) # ®;(21, z2) holds for (xq, x3) € Q. Discuss the nodal lines ( = zero set) of the so-
lution u(t, ) = cos(v/10t) (a®;+3®;). In particular study the cases a/3 € {0, 1,—1,0}.

Please turn in solution of written exercises by
Tuesday, 30t of June 2011, 12:00 h.

Prize Task (prize = 20 Euro book coupon for the best solution turned in to
A. Mielke by July 7, 2011.)

For some d > 2 find a function f € C%(R?), such that the solution u of the Poisson
problem Au = f given via the convolution u = Ky * f does not lie in C?*(R?).
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