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Ezxercise Sheet 2
Exercise 7 (Ho6lder spaces) - oral

Let G C R? be a bounded domain. For a € (0, 1], we define the Holder spaces
C*(@Q) :=={f € C°(G) | f bounded, h,(f) < oo},

ho(f) :== sup{% s,teG, s #t}
and the Holder norms || fla := ||f|lco + Pa(f)-
(a) Show that (C“(G), ]| - ||la) is a real normed vector space.

(b) Now let G := [0,1] C R. For a € (0, 1], construct a function g, € C*(G) such that
Jdo ¢ CP(QG) for every B > a. Moreover, construct a function g, € C°(G) such that
g« ¢ C*(G) for every a > 0.

(c) Show that, for 0 < a < 8 <1, the norm || - || is stronger than the norm || - |-
(d) Show that (C*(G), || - ||) is a Banach space.

Note: Often, the Holder space as defined above is denoted by C%* as to be able to di-
stinguish the Hélder space for a = 1 from the space C'(G) of continuously differentiable
functions.

Solution

(a): We show that C*(G) is a linear subspace of the space of bounded C°(G)-functions.
Let A € R and let f,g € C%(G). Then for all s,t € G with s # t it holds

(F+9)(s) = S+ 9] _ [fs) = FOI  lg(s) = 9(t)]

< ha(f) + halg) < o0,

|s — t|« s —tl |s — t]|«
[((Af)(s) = (ANH)(@)] ::|A|,|f(8)—-f(tﬂ
|s — t]|* |s — t|*

we obtain f+ g € C*(G) with ho(f +¢g) < ha(f) + ha(g) and by taking the supremum of
both sides in the second line it follows ho(Af) = |A| - ha(f) < 00, hence Af € C*(G). As
0 € C*(G), the Holder space is indeed a linear subspace of C°(G) and h,, is a semi-norm
on it by the previous considerations. Hence, || - ||o is a norm on C%(G) (as it is the sum
of the norm || - ||, and the seminorm h,,).

(b): We claim that g,(s) := s* has the desired property. As for this, we first prove that
Ja +b|* < |a|® + [b|* for all a,b € C. Let ¢ := |a] and d := |b|. Because of |a + b| <
la| + |b| = ¢ + d and thus |a + b|* < (¢ + d)* it suffices to prove (¢ + d)* < ¢* 4 d* for
¢,d > 0.1f ¢ = d = 0, this is trivial. I (¢,d) # (0,0), note that ¢ < (¢® 4+ d*)s implies

1—a

7 < (¢*+d*) "« ,as 1 —a > 0. Analogously this holds for d. Hence
c- (¢ 4d¥) < (¥ + da)i,
d- (¢ +d*) < d (™ +d*)a



and adding these two inequalities yields
(c4d)- (4 d%) < (¢ +d*) - (¢ +d*)a,

hence ¢+ d < (¢* + do‘)é after division by c¢* + d“ > 0, which proves the assertion.

Now, for all s,t € [0, 1] we obtain s* = |(s —t) + ¢|* < |s — t|* +¢* and analogously for s
and t interchanged, which implies |go(s) — ga(t)| = |s* — t*| < |s — t|*. Hence h,(ga) < 1

(in fact, it equals 1 because of % =1). But, for 1 > 8 > «, we have

|9a(5) — 9a(0)] a—B SN0

‘8—0‘5 =S o,

e g ¢ CP([0,1]).

As for the second counterexample, consider

— for s € (0,1]
I Ins ) .
g:(s) {0 for s =0

but 19 (;) 09|a(0_)| —1 0 oo for every a > 0.

(c): Let 1 > B > a. We have to show CP(G) C C*(@) and that || - ||5 is stronger
than the restriction | - [|a|c#(q) of the norm || - ||o to the Hélder space C#(G). As G is

bounded, diam(G) := sup{|s — t| | s,t € G} is a (finite) nonnegative real number. Let
K = max{1,diam(G)’~*}, let f € C°(G) and let s,t € G. If |s — t| < 1, then it holds

Then g, is obviously continuous,

[ (s) = f(OI < hg - s = 11" < ha(f) - [s — t[* < ha(F)E - |s — 2|
If, on the other hand |s — ¢| > 1, we obtain
[f(s) = FOI < hg s —t7 = ha(f) - s — )"~ |s = ¢]°
< h(f) - diam(G)P7 - [s — 2 < ha(F)K - |s — ¢]°.
In conclusion, f € C*(@) with ha(f) < K - hs(f) and thus

[flloe =1+ [ flloo + half) < K- |[flloc + K- ha(f) = K- [[f],

which shows that || - || is stronger than [ - |||cs (e

(d): Let (fn)nen be a Cauchy sequence in C%(G). Then this is in particular a Cauchy
sequence in the space of bounded continuous functions on G with respect to the norm ||-||oo-
As this is a Banach space, this sequence converges uniformly to some bounded f € C°(G).
Let now € > 0. Then there exists some ng(¢) € N such that for all m,n > ny(e) we have
| frn — fulla < €, hence in particular hq(f — fn) < e. For all s,t € G we obtain

|(fn(8) = ful8)) = (fm(t) = fu(O))] < € - |5 — 2],

As f,, — f uniformly, this convergence is also pointwise, hence

|(f(s) = fuls)) = (F (1) = fu(®))[ < &-|s — 1"
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for all s, € G and all n > ng(e). This shows h,(f—f,) < e for all n > ng(e). In particular,
we get [ — foo) € C%(G) and hence f = (f — fuo1)) + froa) € C*(G). In addition, we
have proved that for every € > 0 there is an index ng(¢) € N such that h,(f — f,) < € for
all n > ng(e), i.e. ho(f — fn) = 0 for n — co. As f,, = f uniformly, this implies

an_fHa: ||fn_f||oo+ha(fn_f) 71_)—00)07

which shows that (f,,)nen converges to f in the normed space (CY(G), || - ||a)-

Exercise 8 (Banach’s fixed point theorem) - oral
Let (X, || -||) be a Banach space. Prove the following:

(a) Let M C X be closed and ® : M — M be a contraction with contraction constant
k < 1. Then ® has a unique fixed point x*, and for every xqg € M we have for the iterations
ZTpt1 = P(z,) the a priori estimate

n

K
" 2o — Do)

[ — ™[] <

(b) Let ¥ : X — X be a map such that there exist R > 0,x € (0,1) and y € X such that
for all 1,29 € Br(y) ={z € X | ||lz —y|| < R}

[Wewy) = W(z)|| < wllwy —aof|  and ly = ¥(y)l| < (1 - r)R.

Then ¥ has a fixed point in Br(y).

(c) Choose a norm in R? of the form ||(z1,x2)|| = |71| + a|zs| such that for the map
1 1 1 1
U(z):= (§$1 ~ + 4a3, T sin g + 5@)

a fixed point near 0 can be found according to (b).

Solution

(a): If ®(zq) = 1 and P(x9) = x5 for 1,29 € M, then
21 = 22|l = [|@(z1) — (22)| < K- [lzg — 22,

ie. (1 —k)- |z —xs]| <0, hence ||z — x3]| <0 as 1 — k > 0. This shows x; = xs.

Now let zy € M be arbitrary. We claim that the iterating sequence (x,)nen is a Cauchy
sequence. First of all, for all k € Ny it holds ||x11 — 24| < &% - |21 — 20||. For all m < n
we then obtain

n—1 n—1
1—£k")—(1—r"
= 2l € 32 N — el < s — ol - 3 w5 <y — - L= U=
k=m k—m. K
K™ — K"
_Hxl_xou’ﬁ.



As (%)%N is a Cauchy sequence, this shows that (z,).en is a Cauchy sequence as well.
Hence this sequence has a limit z* in the Banach space X. As M is closed and z, € M
for all n € N, it follows z* € M. Moreover,
O(z*) = ( lim xn> = lim ®(z,) = lim z,41 = 2"
n—oo n—oo n—oo

due to the continuity of ®. If we let n — oo in the estimate above, we obtain ||z* — x,,| <
£ - ||y — @ol|, as desired.

(b): By (a) it suffices to show ¥ (BR(y)> C Bgr(y). So let x € Bg(y), i.e. ||z —y|| < R.
Then |®(z) — ®(y)|| < k- ||z —y|]| < k- R, hence

[@(x) = yll < [|P(x) = @)+ ID(y) —yll < k- R+ (1 —-r)-R=ER,

i.e. ®(z) € Br(y).

(c): As to see which constant a > 0 we can choose to get a contraction constant x as in

(b), we just estimate ||®(z) — ®(y)|| as good and as far as possible for all z,y € Bg(0)
(i.e. |z1| + a|za] < R and analogously for y) and try to relate it to ||z — y||:

1 L, . . 1
[60) = 00l = |31~ )+ 4 (0 = 4d) | + - | (s = singn) + 3z~ )

<1]x —y\+4‘m4—y4|+i|sinx —siny[—i—g\x — 4|
S gl—n 2~ U2 + ¢ 1 1+ 512 = ¥

1 a 9 9 @
_(§+E)‘!xl—y1\+(4|$2+yz\'|$2+y2\+§>'|$2—y2\
< (5 15) b —l+ (40l + bl - (3 +48) +5) Loz =
<(l—i—i)-|$1—y1‘+(4'ﬁ-2—R2+2>'|$2—y2|
—\2 16 a a®> 2

1 a 16R% 1
_(§+1—6)-|x1—y1\+( I +§)-a|x2—y2|
Sk-lpr =yl +R-alze — g =k flz -y

for Kk = max{% + 165 1(;?3 + %} We have to make sure that £ < 1 and [|®(0)[| = 15 <

(1—k)-R. Now s < 1 is equivalent to a < 8 and 32R? < a*, whereas the second condition

means
16*R? }

at

1§16~(1—/€)~R:R~min{8—a,8—

ie. 1< R(8—a)and 1 <8R — 16;54. Note that these two inequalities imply the first two
as

1 32R3 1
8—a2§>0 and 1— g Z@>0
Actually, the second two inequalities are equivalent to
4R 1 8R-1

— < a<8— == .
V8R—-1— R R

If we put R = }1, this means 1 < a < 4, i.e. we can for example choose R = }L and a € [1,4]

arbitrarily (or any other pair (R, a) of positive real numbers satisfying these inequalities).




