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Fxercise Sheet 6

For one possible solution of exercise 24 we will need some facts about distances of subsets
in metric spaces, which we are going to recall briefly: Let (X, d) be a metric space. For
x € X and a subset T' C X we define the distance from x to T" with respect to the metric
d by

dist(x,T) := inf{d(z,y) | y € T} € [0, 0].

For T' = & this should mean dist(x, @) = co. More generally, if S and T" are two subsets
of X we put
dist(S,T) := inf{d(z,y) | x € S,y € T} € [0, 0].

Again, if one of the sets is empty, this expression shall be co. The most important property
for our purposes is the following:

Lemma: Let (X, d) be a metric space. If S is a compact subset of X and T is a closed
subset of X with SNT = @, then v := dist(S,7") > 0.

Proof: This is proved by showing the contraposition, i.e.: If S'is compact, T is closed and
v =dist(S,T) = 0, then SNT" # @. First note that S and T" are both nonempty (otherwise
their distance could not be 0). By the definition of the distance v as an infimum over some
subset of R, we can find sequences (z,)nen of elements of S and (y,)nen of elements of
T such that the sequence (d(x,,yn))nen of real numbers converges to v = 0. As S is
compact, there exists a convergent subsequence (Z,, Jken Of (T4 )nen With limit z € S. It
then holds

(Y, ©) < d(Yng i) + (@0, )

for all £ € N and both summands on the right hand side converge to 0 as £ — oo. Hence,
(Yn, Jken 1s a sequence of elements of T which also converges to z. This implies « € T, as
T is closed. Thus, x € SNT and therefore the intersection is nonempty. [

Exercise 24 (Local Lebesgue spaces) - oral

For a domain 2 C R? and p € [1, co] we define

LP

loc

(Q):={f:Q— R | f measurable and Vw € Q : f|, € LP(w)},

where ,,E“ means compactly contained.

(a) Show that within the system

SNe ={p, L} () = R |weQ} with p,(f) = [flollr)
of semi-norms, there is a countable family SNy = {py | £ € N} C SN¢ such that for every
w € Q there exist k € N and Cy > 0 with p,(f) < Cipr(f) for all f.

(b) Construct a metric on (L} , Tgn.) which induces the topology Ten..

2
loc

(c) Let © = (0,1). Construct three examples for a sequence (f,,)neny with f, — fin L
such that, respectively,



1. f ¢ L*Q).
2. f € L2(Q) but ||anL2(Q) — 00.
3. f e L*Q), || fallz2() bounded and || f, — fll120) >

1
1
Solution

(a): We will use the above considerations for the special metric space (R?, dy), where d;
is the Euclidean metric induced by the Euclidean norm || - ||o. The idea to solve this part
of the exercise is to exhaust € by a countable family (K, ),en of compact subsets of €
(exhaust means Q0 = (J, .y K») such that for all w € € there exists an index n € N with
w C K,,. This is realized as follows:

For every n € N (convention here: N = {1,2,3,...}, i.e. 0 ¢ N) define the set

An = {$ e ' dlSt(l‘,aQ) > l},

n

where
=00 =0\Q={yeR! |[Ve>0: B.(y) NQ#@ and B.(y)n (R\Q) £}

is the boundary of Q (recall that €2 is open, hence Q= Q). We claim that A, is a closed
subset of R%. In fact, if (2,,)men is a sequence of elements of A,, which converges in R? to
some x, then for all y € 02 and for all m € N it holds

1
— S dlSt(l’m, 69) S dQ(x’rrmy) S d2(xm7x) + d2($7y)
n

If we let m tend to oo in the gained estimate

1
ﬁ S d2($m7x) + dg(l‘,y)

we obtain % < dy(x,y). Since this is true for all y € 9Q, we get % < dist(z,09Q). To
conclude x € A, it therefore remains to show = € ). As x is the limit of a sequence of
elements of 2, x is at least an element of the closure ). But, as we have seen before, x

has positive distance to the boundary 99, hence z € Q\ 9Q = O=0.

In conclusion, we have shown that A, is closed. Hence,

K, = A, N B,(0)

is closed and bounded and thus compact (by Heine-Borel, see basic analysis lectures).
Note that these compact sets K,, form a chain: K7 C Ky C K3 C ...

Now, if w € () is compactly contained in our open set €2, the closure @ is a compact subset
of Q (this is just the definition of ,compactly contained*). In particular, @ is bounded,
so that there exists an index n; € N with @ C B, (0). Moreover, 9Q = QN (R4 \ Q)
is the intersection of two closed subsets of R? and therefore itself a closed set. By the




lemma above, dist(w,0f?) is then > 0, hence even > % for some ny € N. If we put
n = max{ni, ns}, we obtain

1
dist(z, 0Q2) > dist(w, 002) > — >

for all x € w, hence w C A,. In conclusion, it holds w C @ C A, N B,(0) = K,,. In
particular, for all f € L} (), we have

loc

Po(f) = I flellzrey < I f 1oy = pra(F)-

Therefore we can put py := pg, and Cj, := 1 for all k € N to get the desired countable set
of semi-norms.

Note that we did not need the fact that the chain K; C Ky C K3 C ... is exhaustive for €2,
i.e. Q@ =J,ey Kn. But actually, we will use this in (b). However, the proof is immediate
from our previous observations: If x € 2 is arbitrary, then w := {z} is compact and
therefore compactly contained in €2, hence already contained in some K,.

(b): Firstly, the countable system SNy is Hausdorff, because if f € L? (Q) is a function
with pg, (f) = 0 for all n € N, then f|g, is zero almost everywhere on K,,, i.e. there is a
zero set N, C K,, with f|x,\n, = 0. If we put N :=J N, then f is also equal to the
zero function on the sets

neN

U K\ N) 2 | (Ku\N) = (U Kn>\N:Q\N.

neN neN neN

Being a countable union of zero sets, IV is also a zero set, hence f = 0 almost everywhere

on .

As SNy is a countable Hausdorff system of semi-norms, there is a metric d’ on L? _ with
T = Tsny (see the lectures). It therefore suffices to show Tgn, = Tgon.. Of course,
SNy C SNe implies Ton,, € Ton.. Conversely, let U € Tgn. be open with respect to
the topology induced by SN¢ and let f € U be arbitrary. Then there exist ¢ > 0 and
Wi,y ..., wy, € Q2 such that

wome =19 € Lipe | pu(g—f) <e  V1<i<m}CU.

loc

-----

By (a) we then find indices ki, ..., k,, € N with w; C Kj,, hence p,, < i, for all i. For
g € L7 .(9), the relation pry, (g — [) < e for 1 <4 < m then implies p,,(g — f) < ¢ for
1 <7 < m, hence

wmﬁggll

.....

Because of pg, € SNy and since f € U was arbitrary, this shows U € Tgn,,.

(c): We will construct sequences using the intervals (0, %) Notice that for all w € Q2 =
(0,1) the closure @ has a minimum a € (0,1) and thus w C [a, 1), so that for every such
w there exists ng € N with (0, %) Nw = & for all n > ny.

1. Let f(z) := fu(z) == \/LE for all n € N. Then clearly f, — f in L2 _((0,1)) and f
does not lie in L?((0,1)).



2. Let f,(x):=n- X(0,1): For an arbitrary w € (2 let ny be as constructed above. Then

fnlw = 0 and thus p,(f,) = 0 for all n > ny. Hence f, — f := 0 in L%oc(((),l)).
Moreover, anHL2((0,1)) = \/ﬁ

3. Let fu(x) := ‘/Tﬁ "X(0,1): By the same argument as before, we have f,, — f := 0.

But now an — fHL2((0,1)) = ||anL2((O,1)) = 411 is bounded and always Z %



