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Exercise 25 (BANACH Space of Bounded Linear Operators) - written

For normed vector spaces (X, ||-||x) and (Y, |- ||y), let £L(X,Y") denote the set of bounded
linear operators X — Y.

(a) Show that the operator norm ||A||x_y = sup{ ||Az|ly | |z||x < 1} is indeed a norm.

(b) Prove that the normed vector space (L(X,Y),] - ||x—y) is complete if and only if
(Y, |l - |lv) is a BANACH space.

Hint: You may use that for every Banach space X there exists a non-trivial bounded
linear map in £(X,K) (Theorem of HAHN-BANACH).

(c) Let X and Y be HILBERT spaces. Is this sufficient for (£(X,Y),| - ||x—y) being a
HILBERT-Raum?

Exercise 26 (HAMEL Basis) - oral

A subset B C X of a vector space X is called HAMEL basis if every x € X can be written
as a unique finite linear combination of elements of B.

(a) Let X be a normed vector space and U C X be a finite dimensional subspace. Show
that U is complete and closed.

(b) Let X be a Banach space with a countable Hamel basis. Prove that X is in fact
finite-dimensional.
Hint: Use (a) and Baire’s category theorem.

Exercise 27 (A Characterisation of Continuity) - oral

Let X and Y be topological vector spaces with systems {p) |a € IX} and {p} |3 € "'}
of semi-norms which are HAUSDORFF (i.e. for every = # 0 there exists a € [ such that
Palz) > 0). Prove the following characterisation of continuity for a linear map 7" : X — Y.

T is continuous if and only if for every 3 € IV there exist N € N, a,...,ax € I¥ and
C > 0 such that for all z € X the following estimate holds.

py(Tx) < C - p)(x)
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Exercise 28 (SCHWARTZ Functions) - oral

Let S(R?) denote the set of "rapidly decreasing” or SCHWARTZ functions, defined as
follows.

S(RY) = { f € C®(R%R) |V, 1 € Ng: pry(f) < oo}
where pi(f) = sup{ (1 + |z|)*|D*f(z)| |z € R¢, a € NI, |a]y =1}.

(a) Show that S(R?) equipped with the system SN = {px; | k,l € Ny} of semi-norms is
a complete topological vector space.

(b) Show that C*(R%R) is dense in S(R?).

(c) The SCHRODINGER operator in R? is defined as
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Is Hgenroa, considered as a map S(RY) — S(R?), continuous?

Remark: We have already encountered Hggnsq in exercise 20.



