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Exercise 49. Smoothing properties of the heat equation.

Consider the heat equation w; = u,, on the interval Q = |0, 27[ with periodic boundary
conditions wu(t,27) = u(t,0) and u,(t,27) = wu,(t,0). The initial-value problem has the
solution
. _n?
u(t,”) = ey with ev = Zneze Yo, By 2By,
where B, (r) = (27)~'/2e™® forms a complete ONS in L2(€2).

(a) Show that the operator e a bounded linear operator from L2(€2) to L2(Q2) which has
operator norm 1.

(b) For k € N construct Cj and oy, such that ||etA||L2(Q)_,H§CY(Q) < Cg(14+t~**) holds for
all ¢ > 0.

Exercise 50. Quadratic membrane. On the square © = (0, 7) x (0, 7) we consider the
wave equation uy = Au = Uy, 4y + Ugpye, With DIRICHLET boundary conditions u(t, -)|sq =
0.

(a) Determine a complete orthonormal system { ®;|j € N} in L*(Q), such that u(t, z) =
cos(w;t)®;(x) provides a solution to the wave equation for suitable w;.

(b) Show that for w? = 10 there exist two different eigenfunctions ®;, such that ®;(z;, z5) =
(29, 21) # (21, 22) holds for (z1, z2) € €. Discuss the nodal lines ( = zero set) of the so-
lution u(t,-) = cos(v/10t) (a®;+B®;). In particular study the cases a/3 € {o0,1,—1,0}.

Exercise 51 (in written form). An explicit solution for the wave equation.

On 2 = R? consider the wave equation
Uy = Aua U(O, LE‘) = uo(x)v ut(07 LE‘) = ul(x>

(a) Calculate the explicit solution for u® = 0 and u!'(x) = 1 for |z| < R and u'(z) = 0
for |x| > R. What is the support of u(t,-)? Where is u continuous? (Hint: The initial
condition is radially symmetric.)

(b) Show that ||u(t)||L~ — 0 and that the difference between the potential energy Ep o (1)
and the kinetic energy Fy;,(t) decays to 0, where

1 1
Epot(t) = o ‘§VU(t,Qj)}2d[[’ and Ekin(t) = /Rd }§Ut(t,l')‘2dl'

Try to determine the decay rates.

please turn
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Exercise 52. Finite speed of propagation in general wave equations. On ) = R?
consider sufficiently smooth solutions of the general homogeneous wave equation

p(x)uy = div (A(z)Vu(t, z)) — c(z)u(t, z),
where p,c € BC(RY), A € BCYR?, R¥™?) such that p(z) > pmin > 0, ¢(x) > 0, and
A(ZIZ’)S 6 > Amin|§|2 with Amin > 0.
(a) Define the regions R(t) = {x € R||z—z,| < r,—vt} for ., € RY r,,v > 0, and
t €10, r./v[. Show the relation

d 5 1 1
P + 5 AV Vu + §u2 dz = / AVu-vu; — U(Bu? +5AVu- Vu+ guz) da.

dt Jpg 2 OR(t) 2
(b) Construct the smallest v, such that u(t,z) = 0 for all x € R(t) whenever u(0,z) =

u (0, ) for z € R(0). Conclude further that sppt((u(0,-),u(0,-)) C Bg(z.) implies
sppt((u(t, ), u(t, ) C Bryope(wy) for all t € R.
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