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Exercise 41. Elliptic and parabolic equation via Fourier transform in R%.
(a) For A € R4 symmetric and positive definite, b € R%, and ¢ € ]0, oo[ show that the
elliptic equation

— Z Awaxam u+ Zbk—u+cu—f auf R?
i,j=1
has a unique solution u € H?(R?) for each f € L*(R?).

(c) For ¢ > 0 consider the parabolic equation

Su=Au—cu+ [ for (t,z) € R"

Show that for each f € L*(R'*) there exists a unique solution u € L?*(R'™), which

satisfyies Zu, a?g u, ax am u € L2(R*H),

Exercise 42 (in written form). Cea’s Lemma (JEAN CEA 1962) Consider a sym-
metric, bounded and coercive bilinear form B : H x H — R in a real Hilbert space

H:
B(U,’U) = B(Uvu)v |B<U,U)| < ClHuHHUH? B(U,U) > CO||u||2'

(a) Let the approximation space Hy be a closed subspace of H. For F' € H* = Lin(H, R)
consider the solution v € H and the approximation uy € Hy to be defined via

B(u,v) = F(v) forallv € H and B(uy,vy) = F(vy) for all vy € Hy,
respectively. Show that uy is uniquely defined and satisfies the Céa estimate
lu —un]] < +/Ci/fco nf{ lu —wyl| [wy € Hy }, (Céa)

i.e., uy is, up to a constant, as good as the best approximant in Hy.
Hint: Show B(u—uy,u—uy) + Blwy—un, wy—uy) = B(u—wN,u—wN).

(b) Let H = H}(]0,n[) and Hy = span{sin(k-) | k = N} For a € CY([0, 7]
with a( ) [1,2] and f € L*(]0,7[) we set B(u,v) fo )0 (z) dz and F(v) =
fo x)dz. For u and uy be as in (a) provide the estlmates

1
lun — ullm < NC2||U||H2 and  ||ulluz < Col| flL2.

Hint: Combine Exercise 25 and (Céa).
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Exercise 43. Resolvents and eigenvalues of elliptic operators. Consider a bounded
Lipschitz domainQ C R?. Further, A € L*(Q;R%Y), a € L™(;RY) and o € L*(Q) are
given such that for § > 0 we have A(z)¢-& > 6|¢]? for all x € Q and all £ € R On the
complex Hilbert space H}(Q2) & iH} () we define the sesquilinear form

B(u,v) = [, A(x)Vu(z) - Vo(z) 4+ a(z) - Vu(z) v(z) + a(z)u(z)v(z)de
and call A € C an eigenvalue of B, if there exists u € H}(€2)\{0} such that
By(u,v) := B(u,v) = X [uvdz =0 for all v € H{().

If for some A € C there exists ¢o > 0 such that |By(u,u)| > col|ul|,, then X lies in the
resolvent set of B. Our aim is to show that the resolvent set is large.

(a) Find C; > 0, ¢p > 0, and A, such that |B(u,v)| < Ci||ullg||v||m and By(u,u) >
collull?: holds for all u,v € H§(Q2) and A < A,.
(b) Construct postive numbers (3,7 such that the set {A € R| [Im A > v(ReA+3) }

is contained in the resolvent set. For this consider By (u,v) = By (u,v) and bound
| Bo\(u, w)| from below via Re (By(u,u)).

Exercise 44. A bilinear form with Robin boundary conditions Consider the two-
dimensional domain Q = ]0, 7r[*, the Dirichlet boundary 'y, = { (z1,25) |21 € {0, 7}, 25 €
10, 7]} and the symmetric bilinear form

B(u,v) = / Vu(z) - Vo(z) + au(x)v(z)de + / pu(z)v(r)da with o, p € R
Q OO\I'p
on the Hilbert space Hy (Q) = {u € H'(Q) | u|r, = 0 in the trace sense }.

(a) Show that for @ > 0 and p > 0 the bilinear form is bounded and coercive. For the
weak problem B(u,v) = fQ fvdx write the associated linear problem L, ,u = f in strong
form.

(b) Let @ = p = 0 and find all eigenfunctions u for Ly (i.e. Loou = Au), which have the
form u(z) = ¥(z1)p(x2). Is the set of these eigenfunctions a complete ONS?
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